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We derive light-cone cubic interaction vertices involving fermions and bosons of arbitrary spin by
demanding closure of the Poincaré algebra. We derive the three-point scattering amplitude corresponding to
these interaction vertices and find that they possess interesting factorization properties identical to the case
of three-boson scattering.
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I. INTRODUCTION

One aim in this paper is to develop a framework that
allows us to derive, from first principles, Lagrangians
describing interacting fields of arbitrary spin. The motiva-
tion for this symmetry-based approach stems from the early
work in [1] where the authors derived cubic self-interaction
vertices for bosonic fields. We revisited their work [2]
motivated by (1) recent developments [3,4] in the spinor-
helicity approach to scattering amplitudes and (2) extending
their approach to more general cubic vertices. This [5]
yielded a Lagrangian origin for the Kawai-Lewellen-Tye
relations [6] and more general factorization properties. In
this paper, we extend this framework to include fermions
and scattering amplitudes involving matter fields and
thereby find that they too exhibit similar factorization
properties. Some of our results overlap, as expected, with
those in [7,8].
A more general aim is to develop a framework where we

can, potentially, derive consistent Lagrangians describing
interacting fields of higher spin. One motivation for this is
to explicitly see the no-go theorems [9], regarding inter-
acting higher-spin fields, in action. In other words, we
should see the breakdown of this symmetry-based approach
at the quartic level. However, the approach presented here
sacrifices both manifest locality and manifest Lorentz
invariance in order to focus on the physical helicity states.
Since most no-go theorems assume both manifest locality
and Lorentz invariance, this issue may prove interesting.
Another reason why this framework is worth developing

is to study arbitrary spin theories in nonflat space-time
backgrounds. This framework may be extended easily to
AdS4 (for related results, see [10] for the case of spin ¼ 2).
At the quartic vertex level, this approach could lead us to
the key ingredients for the (Fronsdal) Vasiliev program
[11]. In other words, an attempt to derive a consistent
quartic interaction vertex involving higher spin fields in
AdS4 should force us to include an infinite tower of higher
spin fields, thus providing a Lagrangian origin to the
Vasiliev equations of motion.
An additional utility of this procedure is to attempt a

construction of the elusive N ¼ ð2; 0Þ theory in six

dimensions [12]. This can be done by closing the six-
dimensional superconformal algebra. Such an approach has
proved successful in the past. See [13] for a derivation of
N ¼ 4 Yang-Mills theory by closing the PSUð2; 2j4Þ
algebra.

II. FREE ARBITRARY SPIN FIELDS
IN LIGHT-CONE GAUGE

Manifest Lorentz covariance in describing massless fields
in (3þ 1) dimensions requires the use of tensors or spinor
tensors of appropriate rank. Since massless fields in (3þ 1)
dimensions have only 2 physical degrees of freedom,
preserving manifest covariance comes at the cost of intro-
ducing unphysical degrees of freedom. Consequently, con-
structing interactions in such a formalism is cumbersome.
A light-cone gauge construction of interaction vertices is
more natural as it deals exclusively with the 2 physical
degrees of freedom. However, this description sacrifices
manifest covariance so closure of the Poincaré algebra must
be enforced.

A. Free bosonic fields

In this section, we briefly outline the free theory of
massless bosonic fields of arbitrary spin in light-cone
gauge. Light-cone coordinates in Minkowski space-time
with signature ð−;þ;þ;þÞ are defined by

x� ¼ x0 � x3ffiffiffi
2

p ; x ¼ x1 þ ix2ffiffiffi
2

p ; x̄ ¼ x1 − ix2ffiffiffi
2

p ð1Þ

with the corresponding derivatives being ∂�; ∂̄ and ∂.
The physical degrees of freedom in this theory are the

positive and negative helicity states. We will denote these
by ϕ and ϕ̄, respectively. The value of the helicity is
determined by the action of the rotation generators on them.
The action describing a massless, spin-λ bosonic field is

S ¼
Z

d4x
1

2
ϕ̄□ϕ: ð2Þ

The Poincaré generators acting on free fields are
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δp−ϕ ¼ i
∂∂̄
∂−

ϕ ¼ −δpþϕ;

δpþϕ ¼ −i∂þϕ ¼ −δp−
ϕ;

δpϕ ¼ −i∂ϕ; ð3Þ

δjϕ ¼ iðx∂̄ − x̄∂ − λÞϕ;
δjþϕ ¼ ðxþ∂ − x∂þÞϕ;

δjþ−ϕ ¼
�
xþ

∂∂̄
∂þ − x−∂þ

�
ϕ;

δj−ϕ ¼
�
x−∂ − x

∂∂̄
∂þ þ λ

∂
∂þ

�
ϕ: ð4Þ

The three remaining generators are the appropriate complex
conjugates. We follow the pole prescription in [14] to
define the nonlocal operator 1

∂þ.

B. Free fermionic fields

We can similarly describe free fermions in light-cone
gauge by building suitable projection operators to eliminate
the unphysical degrees of freedom. We will work with a
single component Grassmann valued field. Details regard-
ing this are presented in the Appendix. The light-cone
action for fermionic fields of half-integer spin λ is

S ¼
Z

d4xiψ̄
□

∂−
ψ : ð5Þ

The corresponding Poincaré generators represented on
fermionic fields are

δjψ ¼ iðx∂̄ − x̄∂ þ λÞψ ; δjþψ ¼ ðxþ∂ − x∂þÞψ ;

δjþ−ψ ¼
�
xþ

∂∂̄
∂þ − x−∂þ −

1

2

�
ψ ;

δj−ψ ¼
�
x−∂ − x

∂∂̄
∂þ þ

�
λþ 1

2

� ∂
∂þ

�
ψ ð6Þ

and their complex conjugates. Note that ψ̄ carries helicity
of λ which is a positive half-integer, in contrast with the
bosonic case where ϕ̄ carried negative helicity. Another
difference, from the bosonic case, is the presence of a third
piece in δjþ− .

III. INTERACTING ARBITRARY SPIN FIELDS

To begin the construction of interaction vertices, we start
with the Hamiltonian for a free theory involving a massless
boson of spin λ and a massless fermion of spin λ0.

H ¼
Z

d3x

�
−ϕ̄∂∂̄ϕþ iψ̄

∂∂̄
∂−

ψ

�

¼
Z

d3xð∂−ϕ̄δHϕþ iψ̄δHψÞ ð7Þ

where

δHϕ≡ fϕ;Hg ¼ ∂þϕ: ð8Þ

Here f; g denotes the Poisson bracket.
To describe an interacting theory we add nonlinear terms

order by order in a coupling constant α to the Hamiltonian.
From the Poincaré algebra, it is clear that some of the
generators also pick up nonlinear corrections. These are the
dynamical generators (involving ∂−), and the form of their
corrections is

δjþ−ϕ ¼ δ0jþ−ϕ − ixþδαHϕþOðα2Þ;
δj−ϕ ¼ δ0j−ϕþ ixδαHϕþ δαsϕþOðα2Þ;
δj̄−ϕ ¼ δ0j̄−ϕþ ix̄δαHϕþ δαs̄ϕþOðα2Þ; ð9Þ

where δαH is the first-order correction to δH. δαs and δαs̄
represent corrections to the spin part of the transformations
(irrelevant to calculations presented here [1]).
We make a preliminary Ansatz for δαHϕ1 of the skeletal

form ϕ̄1ψ2ψ3 where the fields ϕ1, ψ2 and ψ3 have spins λ1,
λ2 and λ3, respectively. λ1 is an integer while λ2 and λ3 are
half-integers. From (9), we can see that the corrections to all
other dynamical generators can be expressed in terms of
δαHϕ. The precise form of the Ansatz is

δαHϕ1 ¼ αA∂þμ½∂a∂þσψ2∂b∂þρψ3�; ð10Þ

where μ; ρ; σ; a; b are integers and A is a numerical factor
that could depend on the variables and spins.
To ensure that the theory resulting from such a vertex is

Lorentz covariant, we demand the closure of the Poincaré
algebra at this order in α. We begin by demanding closure
with the simplest kinematical generators.

½δj; δαH�ϕ1 ¼ 0; ½δjþ− ; δH�αϕ1 ¼ −δαHϕ1;

which impose the following constraints on a; b; μ; ρ
and σ.

aþ b ¼ λ1 þ λ2 þ λ3 ≡ λ

μþ ρþ σ ¼ −2: ð11Þ

We then demand

½δ−j ; δH�αϕ1 ¼ 0;

½δj̄þ ; δH�αϕ1 ¼ 0; ð12Þ
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which yield the following constraints,

Xλ
n¼0

An

�
−ðμn þ 1þ λ1Þ∂þðμn−1Þ∂ð∂n∂þρnψ2∂ðλ−nÞ∂þσnψ3Þ

−
�
σn þ λ2 þ

1

2

�
∂þμnð∂ðnþ1Þ∂þðσn−1Þψ2∂ðλ−nÞ∂þρnψ3Þ

−
�
ρn þ λ3 þ

1

2

�
∂þμnð∂n∂þσnψ2∂ðλ−nþ1Þ∂þðρn−1Þψ3Þ

�

¼ 0; ð13Þ

Xλ
n¼0

Anfn∂þμnð∂ðn−1Þ∂þðσnþ1Þψ2∂ðλ−nÞ∂þρnψ3Þ

þ ðλ − nÞ∂þμnð∂n∂þσnψ2∂̄ðλ−n−1Þ∂þðρnþ1Þψ3Þg ¼ 0:

ð14Þ

The solution to these constraints is given below. As these
calculations are similar to the bosonic case, we refer the
reader to [5] for further details.

An ¼ ð−1ÞðnÞ
�
λ

n

�
; σn ¼ −λ − λ2 þ n −

1

2
;

ρn ¼ n −
�
λ3 þ

1

2

�
; μn ¼ −ðλ1 þ 1Þ:

Thus (10) reads

δαHϕ1 ¼ α
Xλ
n¼0

ð−1Þn
�
λ

n

�
1

∂þðλ1þ1Þ

×

�
∂n ∂þðλ−nÞ

∂þðλ2þ1
2
Þ ψ2∂ðλ−nÞ ∂þn

∂þðλ3þ1
2
Þ ψ3

�
: ð15Þ

Using this, from (7) we obtain the Hamiltonian and thus the
action

S ¼
Z

d4x

�
1

2
ϕ̄1□ϕ2 þ iψ̄2

□

∂−
ψ2 þ iψ̄3

□

∂−
ψ3

þαϕ̄1

Xλ
n¼0

ð−1Þn
�
λ

n

�
1

∂þλ1

×

�
∂n ∂þðλ−nÞ

∂þðλ2þ1
2
Þ ψ2∂ðλ−nÞ ∂þn

∂þðλ3þ1
2
Þ ψ3

��
: ð16Þ

This action may be supplemented with a variety of
other interactions. In particular, the algebra tells us that if
ϕ1 has odd helicity and is to have cubic self-interactions,
then it must carry an internal symmetry group with an
antisymmetric structure constant [5]. We can thus have two
kinds of vertices with the schematic forms taϕ̄a

1ψ
b
2ψ3b and

ϕ̄a
1ψ

b
2ψ

c
3fabc. The first of these has the bosonic field in the

adjoint representation of the gauge group (ta is its generator)
with the fermionic fields in any other representation. The
second vertex has all three fields in the same representation,
linked by an antisymmetric structure constant.
For example, consider the case where ðλ1; λ2; λ3Þ ¼

ð1; 1
2
;− 1

2
Þ. With an SU(3) internal symmetry, the first kind

of vertex is the coupling of gluons to quarks in QCD, with
the second variety corresponding to the cubic coupling in
N ¼ 4 SYM. If we compare this second type of vertex,
we find an exact match with [15] [line 5, Eq. (3.13)].

IV. RELATION TO SCATTERING AMPLITUDES

We now evaluate the three-point amplitude resulting
from the vertex in (16). We introduce spinor helicity
notation following the conventions in [4]:

hkli ¼
ffiffiffi
2

p ðkl− − lk−Þffiffiffiffiffiffiffiffiffi
k−l−

p ; ½kl� ¼
ffiffiffi
2

p ðk̄l− − l̄k−Þffiffiffiffiffiffiffiffiffi
k−l−

p : ð17Þ

The cubic vertex from (16) in momentum space is

α

Z
d4p
ð2πÞ4

d4k
ð2πÞ4

d4l
ð2πÞ4 ð2πÞ

4δ4ðpþ kþ lÞ

×
ðk−l − l−kÞλ
pλ1− k

λ2þ1
2− l
λ3þ1

2−

~̄ϕ1ðpÞ ~ψ2ðkÞ ~ψ3ðlÞ: ð18Þ

To obtain the amplitude, we simply put all three fields on
mass shell. Along with the constraint (p2 ¼ 0) on the
momenta, this yields a numerical factor for bosonic fields
and a factor proportional to the square root of momentum
for fermionic fields (from the Appendix). The final ampli-
tude has the following form:

hpkið−λ1þλ2−λ3Þhkliðλ1þλ2þλ3Þhlpið−λ1−λ2þλ3Þ: ð19Þ

This has exactly the same form as the amplitude for
scattering of three bosons derived in [5]. This is consistent
with the general result for three-point amplitudes derived in
[8] using S-matrix arguments, in [7] using little group
scaling and in [16,17] using a Fock-space approach.
In contrast to the purely bosonic case [5], an exact

factorization in the fermionic case only happens at the level
of the scattering amplitudes. Nevertheless, the Lagrangian
in (16) provides an of-shell origin for this generalized
Kawai-Lewellen-Tye-like property. It would be interesting
to move beyond the tree-level approximation and discover
if such factorizations hold at one and higher loop levels.
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APPENDIX

In this appendix, we present the details of light-cone
reduction of spinors. We work in a space-time with metric
signature ð−þþþÞ. The 4 × 4 Gamma matrices are

γ0 ¼
�
0 1

1 0

�
; γi ¼

�
0 σi

−σi 0

�
;

C ¼
�
iσ2 0

0 −iσ2

�
: ðA1Þ

At the heart of the light-cone formalism is the separation
of dynamical and kinematical degrees of freedom. To this
end, we define the following matrices:

Pþ ≡ 1

2
γþγ− ¼

0
BBB@

0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0

1
CCCA;

P− ≡ 1

2
γ−γþ ¼

0
BBB@

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1

1
CCCA ðA2Þ

where

γþ ¼ 1ffiffiffi
2

p ðγ0 þ γ3Þ ¼
1ffiffiffi
2

p
�

0 −1þ σ3

−1 − σ3 0

�
;

γ− ¼ 1ffiffiffi
2

p ðγ0 − γ3Þ ¼
1ffiffiffi
2

p
�

0 −1 − σ3

−1þ σ3 0

�
: ðA3Þ

It is easy to see that they are projection operators as they
satisfy

P2þ ¼ Pþ; P2
− ¼ P−;

PþP− ¼ 0; Pþ þ P− ¼ 1:

We can now begin the procedure of light-cone reduction.
Let

Ψ ¼

0
BBB@

χ1

χ2

χ3

χ4

1
CCCA ðA4Þ

be a Dirac spinor with Grassmann valued components.
Imposing the Majorana condition Ψ ¼ CΨ̄T yields

χ1 ¼ χ̄4; χ2 ¼ −χ̄3: ðA5Þ

Define

Ψþ ¼ PþΨ; Ψ− ¼ P−Ψ: ðA6Þ
Acting the projection operators on the Dirac equation yields
the following two equations:

∂−Ψ− ¼ 1

2
γ−γi∂iΨþ; i ¼ 1; 2; ðA7Þ

∂þΨþ ¼ 1

2
γþγi∂iΨ−; i ¼ 1; 2: ðA8Þ

This first of these is kinematical and can be solved to yield

χ1 ¼
∂̄
∂−

χ2: ðA9Þ

The entire spinor can now be written in terms of χ3 ≡ χ as

Ψ ¼

0
BBB@

− ∂̄
∂− χ̄
−χ̄
χ

− ∂
∂− χ

1
CCCA: ðA10Þ

This completes the reduction procedure. Using (A10) in
the Dirac Lagrangian and keeping track of Grassmann
signs, we arrive at the form (5).
To calculate scattering amplitudes, we need to solve the

dynamical equation (A8). Use of (A7) in (A8) yields the
Klein-Gordon equation as expected. The positive frequency
solution is

Ψ ¼ uðpÞeipx ¼

0
BBB@

u1
u2
u3
u4

1
CCCAeipx: ðA11Þ

Imposing the constraints (A5) and (A9) yields

Ψ ¼

0
BBB@

− p̄
p−
ū3

−ū3
u3

− p
p−
u3

1
CCCAeipx: ðA12Þ

We normalize the spinor using

Ψ†
þΨþ ¼

ffiffiffi
2

p
p− ⇒ 2ju3j2 ¼

ffiffiffi
2

p
p−; ðA13Þ

arriving at

Ψ ¼ 2
−1
4 p

−1
2−

0
BBB@

p̄

−p−

p−

−p

1
CCCAeipx: ðA14Þ

This also applies to the negative frequency spinor.
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