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We consider higher-derivative quantum gravity where the renormalization-group-improved effective
action beyond the one-loop approximation is derived. Using this effective action, the quantum-corrected
Friedmann-Robertson-Walker (FRW) equations are analyzed. The de Sitter universe solution is found. It is
demonstrated that such a de Sitter inflationary universe is unstable. The slow-roll inflationary parameters
are calculated. The contribution of the renormalization-group-improved Gauss-Bonnet term to the
quantum-corrected FRW equations as well as to the instability of the de Sitter universe is estimated.
It is demonstrated that in this case, the spectral index and tensor-to-scalar ratio are consistent with

Planck data.
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I. INTRODUCTION

Recent more precise observational WMAP data [1] as
well as corrected Planck constraints [2] increased the
interest in the theoretical models for the inflationary
universe. There are a large variety of inflationary models
(for review, see, for instance, Refs. [3]) which may comply
with observational data, at least to some extent (see also
Ref. [4] about the BICEP experiment).

In fact, during recent years there was much activity
concerning the quantum effects of general relativity in the
construction of the inflationary universe (for an introduc-
tion and review, see Ref. [5]). Furthermore, recent study [6]
indicates that the quantum effects of specific models of
(nonrenormalizable) higher-derivative F(R) gravity may
give consistent inflation which complies with Planck
data. The next natural step is the extension of the quantum-
corrected inflationary scenario for the multiplicatively
renormalizable higher-derivative gravity (for a general
review, see Ref. [7]). A very interesting attempt in this
direction has been recently made in Ref. [8]. Note that
since it is multiplicatively renormalizable, higher-derivative
quantum gravity is based on the use of a higher-derivative
propagator. As a result, such a theory eventually leads to a
problem with unitarity which is related to the well-known
Ostrogradski instability of higher-derivative theories. In
fact, some attempts to resolve this problem were made by
proposing that unitarity may be restored at the nonpertur-
bative level. However, there is no complete proof of the
nonperturbative restoration of unitarity. Hence, so far this
theory may be considered as an effective theory teaching us
different general aspects of quantum gravity.
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The purpose of the current work is the study of the
inflationary universe in general higher-derivative quantum
gravity [7]. Making use of the fact that one-loop beta
functions of such a theory are well known and their
asymptotically free regime is well investigated, we apply
the renormalization group (RG) considerations to get the
RG-improved effective action in general higher-derivative
gravity. This technique is well developed in quantum field
theory in curved spacetime [9]. It permits us to get the
effective action beyond one-loop approximation, making a
sum of all leading logs of the theory.

The paper is organized as follows. In Sec. II, we present
the renormalization-group-improved effective action of
the multiplicatively renormalizable higher-derivative
gravity. In order to do so, the one-loop effective coupling
constants are used. Subsequently, the quantum-corrected
equations of motion are derived on the flat Friedmann-
Robertson-Walker spacetime. In Sec. III, using the asymp-
totic behavior of the gravitational running constants, the
de Sitter inflationary universe is constructed. The asymp-
totically free regime is discussed in detail. Section 1V is
devoted to the study of the dynamics of such quantum-
corrected inflation. It is shown that de Sitter space is
unstable and can lead to a large amount of inflation.
Slow-roll conditions are discussed and the expressions for
slow-roll parameters are found. In Sec. V, we consider the
contribution from total derivative and surface terms (the
topological Gauss-Bonnet term and the d’Alembertian of
the curvature) to the RG-improved effective action. It is
demonstrated that with these terms the spectral index can
be compatible with Planck data. Conclusions and final
remarks are given in Sec. VL

© 2015 American Physical Society
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II. RENORMALIZATION-GROUP-IMPROVED
EFFECTIVE ACTION AND QUANTUM-
CORRECTED FRW EQUATIONS

In this section we start from the general action of
the higher-derivative gravity which is known to be a
multiplicatively renormalizable theory (see Ref. [7] for a
general introduction and review). The starting action has
the following form,'

I:/ d*x\/—g
M

R
X <—2 — A+ aR, R" + bR? + R, R + dDR> ,
K
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(2.1)

where g is the determinant of the metric tensor g,,,, M is the
spacetime manifold, R, R,,, R,,:, are the Ricci scalar, the
Ricci tensor, and the Riemann tensor, respectively, and
O=g¢g*V,V, is the covariant d’Alembertian, with V,
being the covariant derivative operator associated with
the metric g,, . Here, k2 >0, A, a,b,c, and d are constants
which characterize the gravitational interaction. The above
Lagrangian contains some terms not important in four
dimensions. First of all, we note that (IR is a surface term
which does not give any contribution to the dynamical
equations. Second, we have

> G R?
R, RWY = ———+—,
m 2 2 + 3
R2
Rﬂ,,égR/""f" =2C2-G+ 3 (2.2)

where G and C? are the Gauss-Bonnet term and the
“square” of the Weyl tensor,

G = R?> —4R,,R" + R, -, R,

1
C? = 2R = 2R, R" + Ry, R (2.3)

The Gauss-Bonnet term is a topological invariant in four
dimensions, and we can drop it from the action. Thus, we
can rewrite the higher-derivative terms with the help of the
Weyl squared tensor.

Let us express the constants which appear in the starting
action in terms of more convenient coupling constants
which stress that the theory under consideration is an
asymptotically free one. In order to do it, we follow the
notations of Ref. [7]. To take into account quantum gravity

'Note that higher-derivative theory of the type in (2.1) as well
as other higher-derivative modified gravities may even pass solar
system tests, for instance, due to the chameleon scenario [10] and
SO on.

PHYSICAL REVIEW D 91, 083529 (2015)

effects, we use the RG-improved effective action. The
calculation of the RG-improved effective action has been
developed in multiplicatively renormalizable quantum field
theory in curved spacetime. In general terms, this technique
is described in detail in Refs. [7,9]. Recently, the
RG-improved scalar potential in curved spacetime has
been applied in the study of inflation [11]. In the simplest
version [9], the RG-improved effective action follows from
the solution of the RG equation applied to the complete
effective action of the multiplicatively renormalizable theory.
The final result is very simple: one has to replace constants in
the classical action by one-loop effective coupling constants
where the corresponding RG parameter is defined as a log
term of the characteristic mass scale in the theory.

Applying the above considerations to higher-derivative
quantum gravity, one can get the RG-improved effective
action as the following:

R w(t) 1

1= [ @ Lzm “n R

C* = A(1)].
(2.4)
The effective coupling constants A= A(¢), o= w(),

k> =«*(f'), and A = A(#) obey the one-loop RG equa-
tions [12]:

%:_ﬁ2225_<%>,12’ (2.5)
% —Mwp, + p3) = -2 (13—0 2 + % + %) (2.6)
fl—’jzkzy:ﬁl(?w—%—%), (2.7)
CZ} = (524)2 2rAlr) = (::122)2 @ $>
+/1A<238+31w>. (2.8)

Note that *(¢') is positive defined, and in general A(¢') and
A(7) are also positive defined to have a positive contri-
bution to the Weyl tensor and a positive effective cosmo-
logical constant in the action; on the other hand, w(¢') is
expected to be negative to have a positive R* term. In the
above expressions, 3,34 and y correspond to [7]
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The RG parameter ¢ is given by

f R]2
! = Eolog {—] ,

R, (2.10)

where #, > 0 is dimensionless constant introduced for the
sake of completeness and Ry, is the mass scale for the Ricci
scalar. We set R, as the value of the Ricci scalar in the
current nearly de Sitter universe (R, = 4A, A being the
cosmological constant), such that 7(R = Ry) = 0 today,
while in the past 0 < #(Ry < R). Note that the de Sitter
solution of the current accelerated expansion is a final
attractor of Friedmann universe.
For Eq. (2.5) we also have the explicit solution

()
RN EF O

where A(0) is the integration constant corresponding to the
value of 1 at /' = 0, namely A(7 = ty) = A(R = Ry) = A(0).

One important remark is in order: when we introduce
the effective running constants in (2.1), we also get a
contribution from the Gauss-Bonnet and [JR in the
RG-improved effective action, since it is not more possible
to write the Gauss-Bonnet term like a total derivative and
IR in terms of a flux in three dimensions. This fact will be
discussed in below, but for the moment we work with the
simplified action.

Let us consider the flat Friedmann-Robertson-Walker
(FRW) spacetime, whose general form is given by

(2.11)

ds* = =N(1)%d? + a(1)*(dx> + dy* + d2%),  (2.12)

where a = a(t) is the scale factor depending on the
cosmological time ¢ and N = N(t) is an arbitrary lapse
function, which describes the gauge freedom associated
with the reparametrization invariance of the action. For the
above metric, the Ricci scalar and the square of the Weyl
tensor read

RTINS

where the dot denotes the derivative with respect to the
cosmological time . The fact that the Weyl tensor is zero on
the general form of the metric indicates that its contribution

. 662
L(a,a,N,R,R) = -N&®A(t) — -2 14

6aa®(k2(¢))
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to the action and, therefore, to the derivation of the field
equations of the theory is null. In fact one can write on
FRW background

Sl = 517 /TC%) + (V0 335
1 2
— V), .14
but
Tlt,)a(y——g@) ~0, (2.15)

and it is well known that the square of the Weyl tensor does
not enter in the Friedmann-like equations.

To derive the equations of motions, we will use a method
based on the Lagrangian multiplayer [13-16]. If we plug
the expression for the Ricci scalar (2.13) into the action
(2.4), we get the higher-derivative Lagrangian theory. In
order to derive a standard (first order) Lagrangian theory,
we introduce a Lagrangian multiplier £ as [13,14],

R w(t)

I—/Md“\/—_g{m—WR — A1)

B0

where we have taken into account (2.13). By making the
derivation with respect to R, one finds

B o(f) 1 ,dr
g_—szjL;—A(t)ﬁ, (2.17)
where
L[ R AR, d (o) dA7)
A= eme ar TR W(3A<ﬂ)>+ ar ]
(2.18)

since it is understood that the functions x(¢'), A('), A(')

and (") depend on R throught 7 as in Eq. (2.10).
Therefore, by substituting (2.17) and making an inte-

gration by parts one obtains the (standard) Lagrangian

12R &?

()N N (1))
W / /o, aZa
* % [31((2'))] (;z_; R) mjv

a*\ [dA(Y) (di'\? ' .
1= ) H A S| R
+6a<N)[ ar (dR> i <t)dR2}

o) anle N 12a R
a _end | teant
3A() N> a®>  aN?

R & dr
N (= A1)
+ 6a <6+a2N2> (t)dR

(2.19)

083529-3



R. MYRZAKULOV, S.D. ODINTSOV, AND L. SEBASTIANI PHYSICAL REVIEW D 91, 083529 (2015)

If we derive this Lagrangian with respect to N(¢) and, therefore, we choose the gauge N(t) = 1, we get

6.2 6¢ 2(.2(4 / ) 12R d , dt’ .
0= —aA(r) + St S0l (t))+§j{(tﬂ))a3{R2—12Ra_z_ . }—12Ra2d_<w(t)>< R>
a a

(1) (2())? df' \3(f') ) \dR
R & dr . [dA(Y) [(di\? da* .
3122 Al — — 2 - At R. 2.2
+ 6a <6 a2> (t)dR 6aa [ 07 (dR) + (t)dRz} (2.20)

The variation with respect to a(t) leads to

0= -3a’A(?) +

()
A7)

(a* + 2da) + 20

)
. ) d (o(f),; & (o
(R2a? - 4Ri2 ~ 8k ira — 8Rita — 4Ra?) — 240 <w( >[Ra2 + Rad) =12 <i)((t,))>Ra2

6 <za2<,<2(ﬂ))2_2aa<,<2(ﬂ)> @ (2 "f)))
(1) (K*(1))? K> (1 K

+

. . dr’ . . [dA(?) (di\? d*t
+ (3a®R — 6a%> — 12ad)A(?) R (12aa R +64°R) { o R> + A(?) dRz]
S [BPA) (df\3  _dA(Y) [(di &Y &t
- 6a’R* — 3 — A(t) ==, 2.21
. [ dr”? <dR> 370 \ar)ae T A g (221)

where we have set N(¢) = 1 again and d/dt = R(df' /dR)d/dt . Finally, the variation of the Lagrangian with respect to R,
remembering that ¢ is a function of R, returns to be the expression in (2.13), and by putting N(7) = 1, we have

) oz

We obtained a system of three second order equations (2.20)—(2.22), where one is redundant (in the absence of matter
contributions), namely it can be derived from the other two.
Equations (2.20) and (2.22) can be rewritten as

0= A(r)+ O __OH de(r) (%—R> + 20 opiy — omi) - 1202 <“’(’/)>(1'e¢6)

(1) (A7) dif \ R ) " 3A(/) dr' \3A(1)
+6(H? + H)A(?) % —6H {dégl) <%> “ A7) ;—62} R, (2.23)
R = 12H? + 6H, (2.24)

where we have introduced the Hubble parameter H = @/a and we have used (2.10) to write df'/dR = t;,/R. In the
following expression, we explicitly develop Eq. (2.23) in terms of the functions A(#'), w('), k*(¢'), and A(#') by using the set
of equations (2.5)—(2.8) and Eq. (2.24) for the Ricci scalar,

_ 120(-6H?H —2HH + H*)  Hay(400* — 260 — 3)(4HH + H) _6H*

0 -
A 2cw(2H* + H) K

y
- 3601<4a)3(20H2 + i)
— 2k2 2w (24 H? (0 (@(20w (100w 4 409) — 2121) 4 210) + 15) + 12H (w(@(20w (100w + 409) — 2121) + 210) + 15)
+k2A (40 (1616w — 355) — 45)) — 1522 (02w (40(50w + 97) — 25) = 71) = 5)) — 180x*w*(2H? + H)

x (202w (4w(2w + 3) + 1)(2H? + H) + A(=400* + 26w + 3))) + 150(2H* + TH*H + HH + H?)

x (120x*@* (40 (2w + 3) + 1)(2H? + H)? + 42 Aw(6H? (—400? + 260w + 3) + H(6(13 — 200)w + 9)

—2K2A(28@ + 1)) = 322(200? + 1))) + 10H(8w? + 12w + 1)(4HH + H) — A. (2.25)

(H(4HH + H)(2ty(120c* @’ (4o + 3) (20(100w + 549) + 25)(2H? + H)?
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Here, A= A(?), o = w(t'), ¥* =«*(¢') and A = A(#'). One
should remember that ¢ is related to R as in Eq. (2.10), and
only A(¢) is given by (2.11). Note that the above approach
suggests the consistent way to account for quantum effects
of higher-derivative gravity. Note also that different
approach to take into account such quantum effects at
the inflationary universe was developed in Ref. [8].

On the de Sitter solution Ryg = 12H§S, where Hgg is a
constant, the system is simplified as

0= 0 agomt (@ e 420 1 3) + 1)
=——— 5 (2w

K2 48(k*)’w?

+4i2 A (6H? (—40w? + 26w + 3) — 22 A (28w + 1))

-322(200* + 1)) — A, (2.26)

where the functions A, w,x* and A are assumed to be
constant and H = H .

Hence, we obtained consistent system of quantum-
corrected FRW equations from the RG-improved effective
action corresponding to higher-derivative quantum gravity.

III. THE ASYMPTOTIC BEHAVIOR OF THE
EFFECTIVE COUPLING CONSTANTS
AND THE DE SITTER SOLUTION
FOR INFLATION

In order to solve the system (2.25), we need to inves-
tigate the asymptotic behavior of the implicitly given
effective coupling constants w(?'),x*(?), A(#), when
{ — oo, namely, at the high curvature limit (R — oo0)
describing inflation [see (2.10)]. Equation (2.6) has two
fixed points at

w; = —0.02, W, = =547, (3.1)
and the analysis of the solution around the fixed points
o(t') = w5 + dw(t), with [6w(?')| <« 1, leads to

do(t') = (')

20 183
= A" = —
ar ()<3“’+10>wm

(4 N(10,, 183 5
do(?)) \ 3 107 12

= —A(f) (@w + @)

sw(r')

D12

sw(?).

[

. : (3.2)

such that,

G
(14 4(0)p,1')1

1 /20 n 158
= — —a) —_—
=5 \3 5

leo] < 1,

o(t') =w, +

’

@12

(3.3)
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where ¢ is a constant and we have introduced A(7') as in
(2.11). We immediatly see that g = 2.37 for w; rendering
the solution stable when 7 — oo, but for w, one gets

= —(0.37 and the solution is unstable when # — . Thus,
we expect that for large values of 7' the function w(#’) tends
to the attractor w,. Since between w; and w, the derivative
dw(t')/df with 0 < A(?') is positive, o(7') grows up with
¢ and approaches to ®; being (f) < w;. When
w, < o(1') < w; we may estimate from (3.2),

(3.4)

do(f) M) (20
dr 2 (_

> 01 = o0l

Therefore, the solution (3.3) is rewritten as (see third Ref.
in [12]),

(14 4(0)p21)""

o E (501—602)~
p<3> 5o

o) =w, +

leo] < 1. (3.5)

Note that related study for the behavior of above
dimensionless coupling constants in relation with
dimensional transmutation is given in Ref. [17].

In order to study the behavior of x*(#) and A(#), we
introduce

A(f) = () A1), (3.6)

and Eq. (2.8) with Eq. (2.7) lead to

_ M) 1
a =73 (5 +4a)(t’)2>

+AAE) (?a)(ﬂ) +5- %) .3

In the asymptotic limit w(#') = w; we get

32(0)(1 + 200?)

A=- 4o, (1+ 4(0)B,1) (=1 + 30w, + 6,0, + 400}
+ Ko (1 + A(0)Bat)V/P,
W—?a)H—S—%wl— 13.2. (3.8)
As a consequence,
A1) = Ro(1 + A(0)y1) V112, (3.9)

where the constant 1~XO is assumed to be positive. On the
other side, from Eq. (2.7) we have at o(¢') = w,,
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K2(1') = kg(1+ A(0)Bot )72,

10 13 1
Z=|—w,———-—] =10.27, 3.10
<3 177 4a)1> (3.10)
such that finally
/ AO NX/p
A(t) = 2\2 (1 +’1(O)ﬂ2t) //2,
(x5)
X =(W-=2Z)=-734. (3.11)

Let us summarize the results. From the investigation of the
asymptotic region, we can derive the effective running
coupling constants of the model (2.4) as

n___ A0 _ c
ORI
() = (1 + A0)pr 7.
1

(1+2(0)B,1)0>

A(F) = A (3.12)

Here, Ay = Ay/(x3)? and |cy| < |w;|, and we will omit its
contribution at large ¢'. One remark is in order. In principle
these expressions correspond to the behavior of the coupl-
ing constants in the high energy limit, when # — co and
Ry < R, R being the Ricci scalar at the present time, and
they are valid as soon as w(?') is close to @;. However, we
may assume that the structure of the coupling constants
keeps the same form at every epoch, since in fact out of
inflation the curvature of the universe drastically decreases,
# — 1, and the coupling constants are expected to be
constant: in fact, we can consider (') sufficiently close
to —w; at every time; namely, we will not consider the
additional corrections at small curvature. In particular, at the
present de Sitter epoch with R =R, and #, =0 (see
Eq. (2.10) and the comment below), we must find

(3.13)

where Mp; is the Planck mass and A is the cosmological
constant, which is much smaller than the curvature at the
inflation scale. By considering A(0) of the order of the unit to
avoid the R?-correction at the present epoch, at the time of
inflation one can put A(#") = 0.

Let us assume that R = Rg describes the curvature of
(de Sitter) inflation. Since it must be Ry < Ry = 12H(215,
where R, = 4A, one has

Rys A A
log [R_o] = log [H3sk3] — log |:§K‘2] = —log |:§K2 .

(3.14)

PHYSICAL REVIEW D 91, 083529 (2015)
Thus, from (2.10) we get

: (3.15)

! = —t}log Pxﬁ}, 1<,
namely ¢ expresses the rate of the curvature of the current
Universe with respect to the Planck mass on logaritm
scale: this approximation is valid as soon as Rgg is near to
M3, during inflation, where “near” is understood as “with
respect to the cosmological constant scale.” In fact, the
solution of Eq. (2.26) depends on the value of today A(0),
which fixes the bound of inflation. From (2.26), we derive
the following solution,

o 00146 00146 1
ds™o0 t6 (/1(0) t/)0.77 t61.77 (/1(0))0.77 [_ log [% K(z)]]o.w ’

(3.16)

where we have taken into account that 1 < ¢. If we use the
recent cosmological data [1] for the evaluation of A in
Planck units (see also Ref. [18]),

A =1.7x 107121, (3.17)

and we set for simplicity #, = 1, we finally obtain
19 x 107
For example, for 4(0) = 1, we have
-2 _(4AK3)R =453 x 1071PR < R,
34(0)
1.7 x 10712 A _
fM%n = <§> < H3g =3.8x107%M3,.
(3.19)

The first condition guarantees that at the present epoch the
R3-contribution to the action (2.4) is negligible with respect
to the Hilbert-Einstein term R,/k3, where Ry = 4A. The
second condition shows that de Sitter solution of inflation
takes place at very high curvature near to the Planck scale,
such that the approximation (3.14) is well satisfied. We also
note that during inflation,

[/
~ 16 x 1M%< — 2 g2 =5 1 108w,

(1) 3(7)

(3.20)

and the second term in (2.4) is dominant with respect to the
Hilbert-Einstein contribution at the early Universe, thanks
to the fact that the running constant x*(#') increases back
into the past.
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IV. DYNAMICS OF INFLATION

In this section, we would like to analyze the behavior of the model (2.4) at high curvature, when the de Sitter solution
describing inflation (3.16) takes place. First of all, in order to have the exit from inflation, one must show that the solution is
unstable. Hence, we can try to describe the inflation in terms of the e-folds number and slow-roll parameters.

A. Instability of the de Sitter universe

Let us consider the following form of Hubble parameter which is used in Eq. (2.25),
H = Hys + 6H(1), [6H ()| < 1, (4.1)

where 6H (1) is the perturbation with respect to de Sitter inflation. By making use of Eq. (2.26) and (3.12)—(3.13) with
co, A =0 in Eq. (2.25), and by multiplying it by «J, one has at the first order in H(f) = 5H,

O.913t{)> 0.0017 + 0.0031, 0.3461, — 0.086¢'
t/3

0= (K03H) [tf) ((Hdslco)2 <34.344 - (Haso 2(2(0)7) + 72((0) 70T ) + 19.152¢ (H gskp)?

(k26H)
WUSTOP 12 (Hgsko)* (6.38412 + £(11.448¢ — 0.2281)))
0.043121)(Hasko)?>  0.00177  0.087¢t7 (Hysko)? 2 x 107471,
(/1(0)#)0.77 (2(0)#)1.54 (ﬂ<0)2‘1>0'77 (/1(0)1‘/)154
0.223 0.1724(0)z,
+ (HdsKo)(sH |:</1(O>[/)0'77 “F (,1(0)[/>1'77 - 30'528t6<HdSK0)2 . (42)
|
If we assume We would like to note that if we ignore the contribution

from 6H in (4.4), we get
1« (HdsK0)2I/2‘27, (43)

® 5\ . _
the above expression is simplified as 3 [(=216Hs)5H (1) = 720H(1)] = 0, (4.8)

DySH + 7'[19.152(Hggsko ) (kg6H) + 6.384(k26H)] = 0, which is the equation for perturbation around the de Sitter
(4.4) solution in pure R?> theory with Lagrangian L =

—(w/(34))R?, /3] being constant. From this equation

where it is not possible to know if the solution is stable or not,
since 6H mainly goes like 6H ~ const in the time and even

D — 0.223 30.5287 (H 5 45 a small contribution from the coefficient in front of §H ()
0= (2(0)7)077 — 30.5281(Hasko)” ). (4.5) could make the solution unstable so that a further
analysis is required. In particular, the fact that the coef-
Thus, the solution of the equation reads ficient in front to R? is not a constant contributes to the
instability of the solution, since for the Lagrangian £ =

6H = hexp [AL1], —(o(7')/(3A(f")))R* we get the equation

Hgys / 0.627Dy ) . .
+ |: 2 ( (HdsKo)zt/ 32 [( 216Hds)5H 725H]
d (o(l)

|he] <1, (4.6) 24H 45)?(6Hyg)® ~—— SH=0, (49

where A, are the integration constants corresponding to
plus and minus signs inside A, . By choosing the sign plus ~ where we have omitted the additional contributions to

in (4.6), the solution is unstable under the condition 5H,5H. The term related to SH corresponds to the last term
of Dy in (4.5), and, if it is dominant, it makes the solution
D, < 0. (4.7) (4.6) unstable.
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Let us discuss the conditions (4.3) and (4.7). If

0.007

10 (A(0) )07 < (Hgsko)?,

(4.10)

both of the conditions are well satisfied and by taking into
account the de Sitter solution (3.16), we see that this
formula holds always true and it is independent of the
bound on inflation encoded in A(0). It means that the de
Sitter solution is unstable with

0.223
Dy=————+—, 4.11
TR 1
where we have used (3.16). Moreover,
H st
A, = 0.796%, A_ = —3Hgs, (4.12)

where D, has been considered very small. For example,
by setting Hysk with (3.16)—(3.17) and by putting #;, = 1
and A(0) = 1, one derives
SH = h_e—5833><10‘6Mp]t + h+eS.54><10‘6Mp]t' (413)

During inflation, as soon as t < 1/A,, avoiding the
contribution of h4_ which quickly disappears, one may
estimate

SH=h,, bSH=h,A,, b6H=h.A% (4.14)
where A, is the instability parameter. The duration of
inflation At is of the order of magnitude

1
At ~—,
Ay

(4.15)

but may continue after the linear approximation of the
perturbation. In the case of (4.13), one has

4
Ar B0 (4.16)

Mp,
The inflation solves the problems of initial conditions of
the Friedmann universe (horizon and velocities problems),
if a;/ay < 107>, where a;, a, are the time derivatives of
the scale factor at the big bang and today, respectively,
and 107 is the estimated value of the inhomogeneity
(anisotropy) in our Universe. Since in the decelerating
universe, a(t) decreases by a factor 10?8, it is required that
a;/ay < 10733, with a; the scale factor at the beginning
of inflation and a; the scale factor at the end of inflation.
If inflation is governed by a (quasi—) de Sitter solution
where a(r) = exp (Hyst), we introduce the number of
e-folds N as

PHYSICAL REVIEW D 91, 083529 (2015)

t
N = ln<ﬁ> = /fH(t)dt,
a; 1

and inflation is viable if N > 76, but the spectrum of
fluctuations of CMB say that it is enough N = 55 to have
thermalization of the observable Universe. In our case,

(4.17)

H Y
NszsAt~A—dS:1.26( ) (4.18)

m
+ 0
due to the fact that the Hubble parameter is almost a
constant during inflation. In order to obtain a viable

inflation, it must be

l,/
61 < <t’> (4.19)
0
It means that, from (2.10) and (3.17),
3.1Ry x 10* < R, (4.20)

and this condition is always satisfied for realistic inflation.
For the case of (3.18), where the Hubble parameter during
inflation is 117 times larger than today and the duration of
inflation is given by (4.16), we get

N ~ 339, (4.21)
and it is guaranteed that the thermalization of a portion
of the Universe is much larger with respect to the
observed one.

It is clear that a large e-folds number, which corresponds
to a huge amount of inflation, may be related to the fact that
the Universe remains extremely close to the de Sitter
spacetime during inflation. In fact, even if we cannot
impose any upper limit to the e-folds number without
additional data about the decay of the primordial accel-
erated expansion (the so-called “false vacuum”), and we
expect that the homogeneity and isotropy continue for
some distance beyond our observable Universe, the pri-
mordial perturbations at the end of inflation depend on the
e-folds. As a consequence, as we will see in the next
subsection, a large e-folds number could generate the
wrong predictions for the spectral index. In the last part
of the work, we will find how it is possible to make inflation
shorter, according to a correct prediction of such an
index.

B. Slow-roll parameters and the spectral index

During inflation the Hubble parameter must slowly
decrease, and the following approximations must be met:

2 < 1.

(4.22)

’ H
<1, —
HH
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Thus, one introduces the slow-roll parameters,

H H H 5 1.
=———-———"=2c———,
1 2¢H

(4.23)
whose magnitude must be small during inflation, and H is
assumed to be negative. In particular, since the acceleration
is expressed as
a . )
—=H+ H?, (4.24)
a
we see that the Universe expands in an accelerated way as

soon as € < 1. By integrating the formula for the (positive
and almost constant) ¢ parameter in (4.23), we also get

1 1

Hif)=——, tyg = ,
() G(st +[) ds eHdS

(4.25)

0 = 24%€[480H*k* w*
—1522 (020 (4w (50w + 97) — 25) — 71)
+ 1540 (—480H*c*0* (40 (2w + 3) +
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where 74g is a positive time parameter, and when the time
increases, the Hubble parameter decreases. In the limit
t/tys < 1, one has

H(t) = Hys — Hget, (4.26)
and by taking into account (4.14), we get
—h)A i\ (=h
€= % = 0.796272 <—9> M, (4.27)
(Has) g ds

where h, <0 and A, is given by (5.19). This relation is
consistent with a direct evaluation of the slow-roll param-
eter € (4.23) in the slow-roll limit (4.22) of the equation of
motion (2.25),

(4w + 3)(20(100w + 549) + 25) + 2k*2Aw(4(355 — 1616w)a + 45)
—5)] + 720% 0 (T2H**we + 6H?A — k2 AN)
1)(8¢ + 1) + 4x*Aw(3H? (4w — 3) (10w + 1)(7e + 2)

+2k2A (28w + 1))+42(60w* + 3)). (4.28)
By using (3.12)-(3.13) with ¢ = A = 0, one obtains the solution
3x10747, 0.0864(0)#(Hxo)*  0.112(Hx,)>
PO~ o™~ ey 703200 (HKo)*
€= 0.003(z;)? 0.913(7, ) (Hxo)* 2/ 0.301(0) 4’ (4-29)
- I/S(/l(())t/)l‘ﬂ + + tO(H ) (W 61. 056(HKO) ) - 19152#(HKO)
|
and under the condition (4.3), we derive Moreover, for the n slow-roll parameter in (4.23) with
(4.14), one has
0.006 0.398
€= (4.30)

t’(/l(O)t’)O'W (HK0)2 Ty

By expanding H(¢) around the de Sitter solution (3.16), we
finally get

—2(0.006) sH
= K
P 0)7) T (Haso)
0.012 €

=IO Hgy Ay Y

where Eqgs. (4.14) and (4.27) are considered: the equation is
well satisfied by using (3.16) again and (5.19). Thus, the ¢
slow-roll parameter is related to the (initial) amplitude of
perturbation and by using (4.18), one may estimate

_(h)AL (hy)
T (Hy)? " (HsN' (4.32)

A, 0398 1
2H 4 t’ 2N’

n=-— (4.33)

Both of the paramters e, || (4.32)—~(4.33) are very small
during inflation, and the slow-roll approximations (4.22)
hold true. We also note that, since |k, | < Hgs,

e < |nl, (4.34)

like in other scalar-tensor theories for inflation,
where usually e~ 1/N?, as in (4.32) if we consider
(=h,)/Has ~1/N.

Given the slow-roll parameters, one can evaluate the
Universe’s anisotropy coming from inflation by introduc-
ing the spectral indexes. To be specific, the amplitude of
the primordial scalar power spectrum reads
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2172
2 X 435
R 8r2e’ (4.35)
and for slow-roll inflation the spectral index n, and the
tensor-to-scalar ratio are given by
ng=1—4n, r = 48¢?, (4.36)
where we use the results for modified gravity [19]. The last
Planck data [1] constrain these quantities as

ny = 0.9603 £ 0.0073, r <0.11. (4.37)

For our model, one has the scalar power spectrum

/

t
AR = 1.25585(HdsK0)3 (l‘_/) (—K%th)_l,
0

(4.38)

and the spectral index and the tensor-to-scalar ratio,

2A 2
ng=1-"Fn~l-=,
Hgs N
48A2 (=h)? 1
r= 2+( ;) < —, (4.39)
HdS HdS N

where we have used (4.34). We see that the tensor-to-scalar
ratio can satisfy the Planck results, with the e-folds of
realistic inflation being quite large. On the other side, in
order to find the spectral index n, in agreement with the
Planck data (4.37), we must require

24 r
21 <= (=25117(~) ) <31
Hgs X

Since A | /Hyg depends on the ratio between the curvature
of the Universe at the time of inflation and the curvature of
today’s Universe, it results particulary high and does not
satisfy this condition, contributing to render near to one the
spectral index n, of the model. For example, in the case of
(3.18) where the Hubble parameter during inflation is 117
times larger than today and the e-folds N ~ Hyg/(AL) =
339 as in (4.21),

(4.40)

(=h.)?
5
ds

n,=0994,  r=0.0004 (4.41)

Since (—h,/Hgs) < 1, the tensor-to-scalar ratio is much
smaller than 0.11, but the spectral index does not satisfy the
Planck data. This should be compared with analysis of
inflationary parameters for general F(R) theory in fluidlike
presentation [20] which maybe consistent with Planck data.

The large e-folds number and the ng spectral index
too close to one are consequences of the small value
of A, (5.19), which depends on d(w(r')/3A(¢))/dr, as
we explained under (4.9). In particulary, the fact that

PHYSICAL REVIEW D 91, 083529 (2015)

d(w(t')/3A(¢'))/dt = —p3/3, where f3; is given in (2.9),
such that 3 < 1, makes this term too small compared with
the coefficients in front of 5H(r), SH (1) in the equation for
perturbation (4.8). In the next section, we suggest a
possible solution of the problem returning to the general
action (2.4) with the Gauss-Bonnet and [JR terms which
have been omitted in the above study.

V. THE ACCOUNT OF GAUSS-BONNET
AND IR TERMS AND THE
SPECTRAL INDEX

As was mentioned in Sec. II, to construct the Lagrangian
of higher-derivative gravity, the Gauss-Bonnet and [IR
terms must also be taken into account. They may give a
nonzero contribution to the dynamical equations if the
coefficients in front of them are not constant but depend on
the curvature. This is precisely what happens when one
solves the RG equation and gets the RG-improved effective
action. In the first part of this work we did not consider
such contributions. Let us analyze their role on the
dynamics of the inflation induced by higher-derivative
quantum gravity. Let us consider the following additional
piece to the action (2.4),

Took = — /M oG ()G - C(D)OR),  (5.1)

where G is given by (2.3) and y(7'),{(¢) are effective
coupling constants depending on 7 (2.10) and, therefore, on
R. We assume

y(t) =yo(l + i),

(1) = Lo(1 + e, (5.2)
where 7, () are generic constants and c;, are numerical
coefficients whose explicit values are not necessary in the
below analysis. As is explained in Ref. [7], this is a result of
the one-loop quantum calculation of these terms (vacuum
polarization). For a recent discussion of the contribution of
the GB term in higher-derivative gravity, see Ref. [21].
Actually, the calculation of surface terms may be done in
less or more than four dimensions, with subsequent dimen-
sional continuation.

Hence, when ¢ < 1, at the low curvature limit, y(¢'), {(¢')
tends to constants, the derivatives do not diverge, and (5.1)
turns out to be zero; on the other side, when 1 < ¢, at the
high curvature limit, they give a significant contribution to
the dynamical equations of motion. The Gauss-Bonnet
represents a new curvature invariant. On the FRW metric,
it (2.12) reads

2442

G= BN

(aN —anN). (5.3)
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Adding to the Lagrangian (2.16) the piece (5.1), we make an
integration by parts with respect to [JR, where [IR =

(\/ _g)_laﬂ(gﬂy\/ _gavR> = _(\/ _g>_18t<\/ _gatR)7 and
introduce a new Lagrangian multiplier ¢ for the Gauss-
Bonnet term [15], such that

Igor = / d4x\/_[( )G—i—a[G 241325 (dN—izN)}

dc dt
~(Grait))

Here the second expression has been derived from the

o= —y(?). (5.4)

variation with respect to G, and AEA(N, N,a,éz) is
the explicit form of the Ricci scalar as a function of the
metric (2.13),

s S o2) -]

Thus, A(7') in (2.17) reads

6H? 6H dx*(1) (1R
(@) (CEOP <?> -

()
3(7)

0=-A()+

dAW) (N> oo 1o o dr(f) GR
‘6H[7(E ~ Al g | R 24 =

6% [2A(4H? + 3H)R + BHR?| + 18H[2A(4H? + 3H)R + BHR?] —

d2

275 (AHR).

where
d¢(?') 1
A=—=,
< dr R
_ @) (1) _di(r)
C | d? \R ar R*|’
and the Ricci scalar R is given by (2.24). The derivative of
the Lagrangian with respect to the Gauss-Bonnet leads to the
Ricci scalar in (2.13), and the derivative with respect to the
Ricci scalar leads to the Gauss-Bonnet one in (5.3), which
reads in the gauge N = 1,

(5.9)

G = 24H*(H* + H). (5.10)

In the de Sitter solution Rys = 12H3, Ggs = 24Hi, with
H s being constant, Eq. (2.26) is corrected as

[6RH — 12HR] — b (M) (Rty) + 6(H? + H)A(?') fo

/ /
6H[dy(t)t G

PHYSICAL REVIEW D 91, 083529 (2015)
R d(!) d (o)
A() = R*—
() [ )2 dr * dr (3&(:’)

(7]
MO D))

5.6
dr dar (5-6)

and the additional piece of the Lagrangian (2.19) turns
out to be

LG,DR(NNNG a CIRR)

dy(r)dr .|  8a’dy(r)dr .
( )[ dt' dR ]+N3 dt' dR
dcar .
3 __A2
+ (Na )<dt’dA >

where the first piece comes from the integration by parts of
the second derivative metric functions of the Ricci scalar, the
second term comes from the ones of the Gauss-Bonnet, and
the last piece corresponds to the [1R term. Note that now the
Lagrangian depends on the higher derivatives of the metric
due to the introduction of AZ. Equation (2.23), in the gauge
N =1, is derived as

(5.7)

a7 \3(7) R

7 07] — 3AR? - 2BRR

36(3H + H)AHR — 72H (AHR)

(5.8)

6H> 7

T 48(kK) 2’
+4i2 A (6 H? (—40w? + 260 + 3) — 22 A (28w + 1))

(480H* (k*)?? (402w + 3) + 1)

d
A+ 12H4—yt0,

-322(200° 4 1)) — a7

(5.11)

where the functions 4, w, k%, A, and y, dy/dt’ are constants in
the time. By using (3. 12)—(3 13) with ¢y = A =0, and
1 <« ¢, we obtain the solution

o 322762
4570 ™ (22085.2 — 34725.2(dy/d)) 1y (A(0)7)°7T°
dy
ar = (5.12)
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where |dy/d'| < ¢? is used and we require that such a derivative is negative [yoc; <O in (5.2)]. Thus, given
the form of y,(#'), the de Sitter solution depends on the current value of A( = 0) = 1(0). Obviously, the JR-term does
not give any contribution to the de Sitter solution. By using again the parametrization (3.12)—(3.13) with ¢, = A = 0, and,
therefore, by multiplying (5.8) by kj, and by perturbating it with respect to the de Sitter solution (5.12) as in (4.1),

we get

Ko
73 (Hgsko)

< [KoOH (1 (H gsko)* (6.3841" + 11y (—18y, (') + 1884 (1) — 6y, (1)1 + 11.448)—0.2281;7)

— 0.043¢21) (Hysko)2(4(0)7) 077 1 0.00142(A(0)7)"5* 4 0.0877 1,2 (Hysko)2 (4(0)) 077
+2 X 10_4t/[6(ﬂ(0)t/)_1'54) + (HdsKo)éH(tQ(HdsKo)“(19.152t/2 + t/t6(—54}/tr([/) + 724}/(#)
—24y, (£t + 34.344) — 0.9132,2) — 0.086127)(Hasko)>(1(0)) 077 + 0.003£)2(2(0)¢')~1-5*

03467 1)2(H ko) (A(0)) 077 +0.0017 2 (A(0)')~5Y] + (Hasko)5H %
6(% - (Hasro) (487, (1) 30.528))} —0.  H()=He+6H(1). [BH()|<1.  (5.13)

where we introduced the notation

dy(1') dy (7
]/,/(t/) = R 7[’;’(t/) = / s

d?(tt,) ar® (5.14)
gl/(t/) = dt/ .

If one assumes (4.3) and takes into account that
lye ()], ¢, (7)< ¢, and |y, (7)] < 1, this expression is
simplified as

DoSH + '[19.152(Hysko) (kodH) + 6.384(k25H)] = 0,

(5.15)
where
~ 0.223
DO = W — (30528 — 487/1/([/))[/0(HdSK0)2 .
(5.16)

Thus, the solution of the above differential equation reads

SH = hyexp|A,1],

- H / 627D
AL = ﬁ<_3i 9_L720/) ’
2 (Hgsko)“t
|hy] < 1, (5.17)

where /. are the integration constants corresponding to the
signs: plus and minus inside A, . The solution is unstable if
D, < 0, namely,

0.223074

W < [30528 - 48yt’(t/)]t6(HdSKO)2v

(5.18)

and, by using (5.12), one sees that this inequality is always
satisfied independently on the value of y,(#'). As a conse-
quence, (4.3) which we have used to derive (5.15) is verified,
and it is interesting to note that D, evaluated with respect to
the de Sitter solution (5.12) is equal to D in (4.11) evaluated
with respect to the de Sitter solution (3.16), from which we
can understand that the Gauss-Bonnet term contribution to
the stability of the de Sitter solution behaves like the one of
the R? term (see (4.8)—(4.9) and the related comment). By
using (5.12), one gets

~ H st
A, =36019 x 107° % (22085.2 — 347252y, (1)),

A_= —3Hds, (519)

where Dy, is taken to be small. Thanks to the presence of the
Gauss-Bonnet term in the action, the instability parameter

A 4 can be increased with respect to the case considered
before. Let us introduce our ansatz (5.2). We obtain

, 322.762
0 [22085.2 — 34725.2yc, ]t (A(0)7)077”

2
Hjgx

c; <0, 5.20
Y0C1

~ H st}

A, =36019 x 107 p; 0 (22085.2 - 34725.2;/001),

A_ = _3HdS' (521)

As a consequence, the instability parameter A+ is larger than
A, in the absence of Gauss-Bonnet correction if yyc; is
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negative, namely, by taking 0 < ¢; and yy < 0, the Gauss-
Bonnet contribution to the action is positive [see (5.1)]: the
analysis of inflation is similar to the previous case, but the
e-folds and, therefore, the spectral index n, are smaller.

To be specific, the  slow-roll parameter (4.33) and the
spectral index ng in (4.36) read

18 x 10767(22085.2 — 34725 2y0c1)
n=- ;
t
| _ 72038 x 1071(22085.2 — 34725.27¢c/)
t/

)

ng =

s

(5.22)

since we can still use (4.34). The spectral index n; is
consistent with Planck data (4.37) if

l,/
450 < -5 (22085.2 ~ 34725.270c1) < 653.  (5.23)

If we set 4(0) =1y, =1 and take (3.15) together with
(3.17), we get from (5.23),

—4.61 <ypc; < —2.98. (5.24)
For example, for ¢; = 1 and y, = —3 we find
ng = 0.96740, (5.25)

which is in agreement with the Planck data (4.37). The de
Sitter solution results to be H3g =3.17 x 107'M3,, and
inflation takes place near to the Planck scale, such that
(3.15) is valid. In this kind of model, as we noted in
Sec. IV B, the e-folds N ~2/(1 — ny), and in the present
case we have N ~ 60: this is an order of magnitude/lower
bound of the e-folds which permits the thermalization of
the observable Universe [the acceleration finishes when
€ = 1, and, therefore, the exact amount of inflation depends
on the initial amplitude |4, | as in (4.32)]. Thanks to the
Gauss-Bonnet contribution in the action, we can see that
the value of the e-folds has considerably decreased (see for
example [(4.21)], rendering correct the prediction of the
spectral index. In the present example, a viable inflation is
obtained for 1 < /1), which is always true due to the large
curvature scale of inflation.

We have demonstrated that the contribution from the
RG-improved Gauss-Bonnet term can modify the insta-
bility of de Sitter solution describing inflation given a
viable spectral index. In our derivation, we have taken into
account also the IR contribution, but, due to the ansatz
(5.2), it disappears. However, we furnished the formalism
to treat the Lagrangian (5.1) with generic coefficients: if
they grow up in the early-time Universe, they modify the
dynamics of inflation and can lead to a model compatible
with the Planck data.
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As a final result of the work, we are able to present the
very general quantum-corrected Lagrangian constructed
with second-degree corrections to the Einstein gravity,

R )

1= [Vt 5

/ R 2
+¢(#)OR — A(t’)] . f= %Olog {R—O] ,

1
R? + 70 C?-y(!)G

(5.26)

where #, is a number and Ry, = 4A is the curvature of
today’s Universe, with A being the cosmological constant.
The one-loop running coupling constants A(#'),w(?),
x*(¢),A(?),y() and {(¢') are found from higher-derivative
quantum gravity. They can be written as

N A(0)
M) = G20y (133/10)7)°
o(l') = o,
K2(¢) = k2(1 + 4(0)(133/10)¢)°77,
A7) = Ao (5.27)

(1 +2(0)(133/10)¢)033"

with w; = —0.02, k§ = 16x/M3,, Ay = 2A. The expres-
sions for w(#'), k?(¢') and A(¢') are derived by investigating
the asymptotic behavior of the running constants at high
curvature. However, the derivatives of the coupling con-
stants obey a set of RG equations that we have taken into
account in our analysis. The form of y(¢#) and ¢(7) is
given by

r(t) =yo(1 +¢17),
S(7) = &o(1 + cot'),

C170 < O, (528)
Y0-Co and ¢y, constants. Finally, 4(0) is a number related
to the bound of inflation. At small curvature (¥ < 1), the
action (5.26) reads

R 002 1
I= [ d*y=g|—+—=R*+——C2 =24/,
/M g[K 0% Ta0 ¢

0
,_ o, [R]?
r=5 log [RJ , (5.29)
and the contributions of the Gauss-Bonnet and [JR terms
disappear when the coefficients become constant.
Inflation is described at high curvature for 1 < 7, near to
the Planck mass. The model possesses a de Sitter solution
which depends on A(0). This solution is always unstable
and the model exits from inflation. It is possible to calculate
the behavior of perturbations and show that the slow-roll
conditions of inflation are satisfied with the ¢ slow-roll
parameter much smaller than the # slow-roll parameter.
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The amount of inflation (e-folds) is sufficiently large, the
tensor-to-scalar ratio r is very close to zero, and due to the
contribution of the RG-improved Gauss-Bonnet term in
the action, the spectral index n, satisfies the Planck data.
The RG-improved [JR term does not play any important
role in the dynamics of inflation.

After inflation, the reheating process with the particle
production must take place to recover the FRW universe.
These processes occur when the curvature (Ricci scalar)
oscillates and eventually in the presence of the interaction
between the gravity and matter quantum fields. At the end
of inflation # — 0 and the model turns out to be a quadratic
correction R? of Einstein’s gravity (on FRW metric the
square of Weyl tensor gives a zero contribution): this model
has been well investigated in the literature, and it has been
demonstrated that it is compatible with the reheating
scenario.

VI. DISCUSSION

In this work we investigated the inflationary universe,
taking into account quantum gravity effects in frames of the
RG-improved effective action of higher-derivative quantum
gravity. The effective coupling constants in higher-derivative
quantum gravity obey a set of one-loop RG equations found
in Refs. [12] and may show the asymptotically free behavior.
These one-loop RG equations which define the effective
coupling constants are used to derive quantum-corrected
dynamical FRW equations. In order to find the explicit form
of the running coupling constants, their (asymptotically free)
behavior at the high-energy scale is used.

The model possesses a de Sitter solution at high
curvature to describe the expanding inflationary universe.
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The bound of the de Sitter solution depends on the value of
the running constant of the R?> term today. We have
demonstrated that the de Sitter solution is always unstable
and takes place near the Planck scale. Thus, it is possible to
evaluate the instability parameter of the model and the
amplitude of perturbations. The slow-roll conditions are
well satisfied, and the # slow-roll parameter is much larger
than the e slow-roll parameter: their behavior with respect
to the e-folds N seems to be the same as the ones in scalar-
tensor theories (see review [22]) for inflation (¢ ~ 1/N? and
[n| ~1/N). The amount of inflation of the model is
sufficiently large, and the tensor-to-scalar ratio r is very
close to zero. However, in order to have the correct spectral
index n, compatible with the Planck data, it is necessary to
take into account the contribution of the RG-improved
Gauss-Bonnet term in the action. Note that the other
RG-improved surface term ([JR) does not play any
important role during inflation. At low energy, the effective
running constants become constant, and we recover the
Friedmann universe.

It would be very interesting to compare the inflationary
predictions (including the exit and reheating) of higher-
derivative quantum gravity with those of Einstein quantum
gravity in more detail. This will be considered elsewhere.
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