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Exploring degeneracies in modified gravity with weak lensing
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By considering linear-order departures from general relativity, we compute a novel expression for the
weak lensing convergence power spectrum under alternative theories of gravity. This comprises an integral
over a “kernel” of general relativistic quantities multiplied by a theory-dependent “source” term. The clear
separation between theory-independent and -dependent terms allows for an explicit understanding of each
physical effect introduced by altering the theory of gravity. We take advantage of this to explore the
degeneracies between gravitational parameters in weak lensing observations.
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I. INTRODUCTION

In recent years, weak gravitational lensing has been put
forth as a promising method of testing gravitation on
cosmological scales [1-8], with some exciting first con-
straints having been found already [9,10]. Moreover,
advances in relevant data analysis (for example, [11])
and the coming next generation of lensing-optimized
surveys mean that we will soon be in a position to take
full advantage of the potential of weak lensing.

Stronger constraints on gravity are obtained by combin-
ing weak gravitational lensing with other probes. One
observable which is commonly touted as providing par-
ticularly complimentary constraints to weak lensing is
fog(a). Here, f(a) is the linear growth rate of structure,
defined as

dIn Ay (a)

fla) =2 (1)
where Ay, (a) is the amplitude of the growing mode of the
matter density perturbation, and og(a) is the amplitude of
the matter power spectrum within spheres of radius
8 Mpc/h. The combination fog(a) can be constrained
through measurements of redshift-space distortions in
galaxy surveys.

In [12], an expression for fog(a) was derived in the case
of linear deviations from the model of general relativity (GR)
with ACDM. Here we build on this work by constructing a
similar expression for P,(#), the angular power spectrum of
the weak lensing observable convergence (k). The main
advantage of our expression is that it clearly distinguishes the
physical source of all modified gravity effects to P.(¢),
which allows for a more thorough interpretation and under-
standing of these effects than previously possible. While we
focus on P (Z) in this work, recall that the two main weak
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lensing observables, convergence and shear, can be trivially
interconverted [13]. Therefore, we treat convergence as a
proxy for weak lensing more generally, and all expressions
which we derive could be equivalently and easily formulated
in terms of shear.

This paper is structured as follows: In Sec. II, we detail
the derivation of the expression for P, (#). Section III
discusses how weak lensing degeneracy directions between
gravitational parameters can be understood with the help
of our expression. Finally, Sec. IV provides forecast
constraints on deviations from GR + ACDM from future
surveys, and interprets these constraints using our expres-
sion for P,(#). We conclude in Sec. V.

II. CONVERGENCE IN MODIFIED GRAVITY:
THE LINEAR RESPONSE APPROACH

In what follows, we use the scalar perturbed Friedmann-
Robertson-Walker metric in the conformal Newtonian
gauge, with the following form:

ds* = a(7)?[-(1 +2W)dz* + (1 = 2®)dx;dx']. (2)

Our parameterization of alternative theories of gravity
makes use of the quasistatic approximation (see, for
example, [14]). The quasistatic approximation states that
within the range of scales relevant for current galaxy
surveys, the most significant effects of a sizable class of
modified theories can be captured by introducing two
functions of time and scale into the linearized field
equations of GR. These functions play the role of a
modified gravitational constant, and a nonunity (late-time)
ratio of the two scalar gravitational potentials,

2V2®(a, k) = 8xGa’u(a, k)pyAy(a, k)

P(a, k)
) ®)

In GR, both y(a, k) and u(a, k) are equal to 1.
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Clearly Eq. (3) can only be an effective description of
more complicated, exact sets of field equations [15-24].
However, several works have numerically verified the
validity of the quasistatic approximation in many gravity
theories (notably those with one new degree of freedom) on
the distance scales considered here [25-29].

We first compute the power spectrum of the convergence
in general relativity, and then generalize to alternative
theories of gravity. We make the simplifying assumption
that radiation can be neglected for all redshifts of interest in
this paper. That is, we take QSR (z) + QSR (z) = 1.

A. Calculating convergence: General relativity

The convergence, x, describes the magnification of an
image due to lensing. This effect is captured by the
geodesic equation for the displacement of a photon trans-
verse to the line of sight. In the cosmological weak lensing
context of general relativity, this is given by

—— (x0") = =22, (4)

where, b indicates a partial derivative with respect to 6°, y is

the radial comoving distance, and ;(é = (y0', y6%) is a two-
component vector representing on-sky position. This equa-
tion can be integrated to obtain the “true” on-sky position of
the light source as a function of the observed on-sky
position. The convergence is then given by taking the two-
dimensional on-sky Laplacian (V?) of this expression,

1

) =5 [ @Vl 00

where g(y) is the lensing kernel,

o0 =2 [“a(1-2)we) @

x

W(y) is the normalized redshift distribution of the source
galaxies, and y, is the comoving distance at a — 0.

We compute the power spectrum of the convergence
following closely the method laid out in [30]. In the small
angle approximation, it is straightforward to find

ij 1 i1-0 e © / /
P(1) —Z/JZHWMK dyg:(x) /OZ dy'g;(¥')
3 N
) / éi:f%(mk“efkﬁ-f] (7)

where X labels three-dimensional position such that x =
(x01,x605,x) and X' = (0,0,4). i and j label the source
redshift bins to be considered.

Performing the integrals over 8, and 6, and then over k;
and k,, we have
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i 1 [xs g Yoo
P = [ ™ [ )

dk 2 . /
X / — Py (,/k%z)k“e*w-ﬂ. (8)
2r X

Finally, the Limber approximation [31,32], valid here on
l; 10 [1], is employed, such that k; < f, and therefore

k= % The small angle limit also means that Pg/(l) =
PL/(¢), where ¢ labels an angular multipole [33]. We find

P (f) = %‘%X‘” d;(%%@x)- )

We have computed here the power spectrum of the
convergence; that of the shear could be straightforwardly
calculated by replacing Eq. (5) with the appropriate, similar
definition.

B. Calculating convergence: Modified gravity

As indicated in Eq. (3), generally in non-GR theories
® # WU. So, in modified gravity Eq. (4) becomes

d2
W(Xeb) = —(Cb,b + \I’,b)- (10)

The convergence then becomes

oo = | 4000 + @0l

- i/m dx HE@ V2[®(0.x) + T (0. x)]g(r(x)) (11)

where hereafter we will use x = In(a) instead of y or a, and
we have converted the integration measure to x using
dy = —c/Hdx, where H = aH is the conformal Hubble
factor. Note that x here is distinct from the three-dimen-
sional position variable X.

To calculate the power spectrum of the convergence
under modifications to GR, we follow [12] and perturb our
field equations about those of the GR + ACDM model. Our
reasoning here is that current observations only permit
theories which can match GR + ACDM predictions to
leading order; we are interested in determining next-to-
leading order corrections that are still permitted. Note that
we are building a theory of linear perturbations in model
space, which is distinct from spacetime perturbation theory.
We define the perturbations of the quasistatic functions u
and y about their GR values using

u(x k) =1+ du(x, k)
y(x, k) =1+ 8y(x, k). (12)
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In addition, we introduce a perturbation about the standard
value of the effective equation of state of the nonmatter
sector, w(x),

w(x) = =14 p(x). (13)
and we define the useful related quantity
u(x) = /xﬂ(x’)dx’. (14)
0

We now consider how these linear perturbation variables
propagate through to x and hence Py’(¢). First, from
Eq. (3), we can write

O(x, k) + ¥(x, k) = <1 + y(xl, k))q)(x, k)

~ (2= 6y(x, k))D(x, k). (15)

In order to express our results as corrections to
GR + ACDM, we need to relate ®(x,k) to Pgr(x, k).
There are two effects to be accounted for. First, the
relationship between ®(x, k) and matter density perturba-
tions can be altered. Second, if the field equations are
modified, Ay, (x,k) will evolve at a different rate, and
hence will be displaced from its GR value. To account for
this we introduce the deviation &, (x,k) = Ay (x, k)/
ASR(x, k) — 1. In [12] it was shown that 5, (x, k) is given
by the following integral expression:

(16)

5a (x, k) :% /_ " QGR(¥)1(x. )88, (¥, K)d¥.

The integrand above separates into two parts: 6S/(X, k),
which encapsulates all deviations from GR + ACDM, and
QSR (%)I(x, %), which is a weighting function containing
GR + ACDM quantities only. It will be useful for us to
present the explicit form of 65/ (x, k) here, derived in [12],

88 (x, k) = ou(x, k) — 5y (x, k)
_ OGR
% BOSR(1 + for(x))u(x)

+ fer(x)B(x)].

+
(17)

The explicit form of /(x,X) can be found in [12].
With these modifications in hand, the parameterized
Poisson equation becomes
—2i>®(x, k) = 87Ge>pSR(x) Ay (x, k) (1 + Su(x, k))
= 3HER () Q5 (x) AT (x. k)

X (14 6a(x, k) (1 + Su(x, k)) (18)

where in going from the first to the second line, we have
used the fact that the combination HZg(x)QSR(x) is
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unchanged by our modifications to the background expan-
sion rate, as shown in Appendix A. Hence, ®(x, k) is given
in terms of ®gg(x, k) by

D(x, k) = Pg(x, k)(1 4 64 (x, k) + ou(x. k). (19)

Combining Egs. (15) and (19), we now have an
expression for ® + ¥ in modified gravity in terms of the
GR potential plus perturbative correction factors,

D(x, k) + U(x, k) = Pgr(x, k)(2 = 5y(x, k)

4265 (x. k) + 28u(x. k). (20)

So, referring to Eq. (11), k becomes

wol@) = [ ax L Pl i

X (2 4 26u(x, k) — Sy(x, k) + 264 (x, k))]. (21)

At this stage, it becomes more convenient to work directly

with the power spectrum Py’ (£). This can be computed to
linear order in deviations from GR + ACDM, in direct
analogy to the method outlined for the GR case in Sec. Il A.
We find

Ny 4 c
P =5 [ vt GG P (s o)

X (14 26u(x, k) — y(x, k) + 26(x, k) (22)

where we have defined G;(y(x)) = 'g%f;)).

There are still two non-GR effects to account for, both
originating from the modified expansion history. If
B(x) # 0 in Eq. (13), H(x) and y(x) will scale differently
with the time variable x. Using the expression for 6H(x) =
H(x) — Hgr(x) derived in Eq. (A4) in the Appendix, we
find that

) = Fon (1 - Hmé))

- —éux — QCR(y
~ Har(x) <1 2 () QM())) (23)

and hence

9% [ sy (1))

= oo~ [ Omu(x’)(l _QGR())dY (24)

where 0y = ¥ — ¥Gr-
The deviation of y(x) from its GR value will also affect
quantities which depend on y(x), such as G(y(x)) and
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TABLE L. Here we summarize the various corrections to the GR expression for Py (£), including a brief description and the number of

the equation in which they are introduced.

Correction Description Equation
O(x, k) + U(x, k) =(1+ m)@(x, k) Nonunity ratio of scalar potentials (15)
D(x, k) = Ogr(x, k) (1 + Sa(x. k) + Sp(x, k)) Altered Poisson equation (19)
o = a1 — 2u(x)(1 = QR (x))] Altered H(x) (23)
x(x) = xor(x) +3 S s u) (1 - QR (x))dx Altered y (24)
9In G, 9 G,
Gi(x)G;(x) = Gi(xar)G;(xar) [1 n (dl@ﬁ,}((x) + (’)ln)((;{)) . %} Altered G(y) (26)
An(k~* PSR (x=0.,k GR
PSR(5) = PG} (ﬁ) X [1 - OA SO, %} Altered P$ (28)
PSR (£ /y(x)) [34]. We allow for this by expanding these in 19 (H(x)\*
Fo (/x(%)) [34]. We this by expanding Py(x.k) = -5 Q3 (x)D(x)2Pa(x = 0, k).
ylor series around ygg, to first order, k"4 \ ¢

4 4 OlnP Sy
(L) (L)1 20 2]
? MG ® GR Olny vor X GR (25)
Gi(x)G;(x) = Gi(xer)G;(xcr)
< s alnGi(;()+8lnGj(;() Sy
Olny Olny vor XGR
(26)

where oy is given by Eq. (24) above. We have now
accounted for all modified gravity effects, and these are
summarized in Table L.

Finally, it will be more convenient for us to work in terms
of Ps, the matter power spectrum, instead of Pg. We do so
via the following expression, where for clarity we tempo-
rarily omit the label “GR” on all quantities:

(27)

Here D(x) is the usual growth factor of matter perturba-
tions. Inserting Eq. (27) into Eq. (25), we find

4 4
(o)
X GR

" [1 _OIn(k™* PSR (x = 0,k)) (5_)(}
dlnk k=¢/xgr X GR '
(28)

Drawing together, then, Egs. (22), (23), (26) and (28), and
using Eq. (27), we obtain our final expression for the
convergence power spectrum under modifications to gen-
eral relativity,

P(¢) =—
2 16 Xor(x)?

9 /0 dx gi()(GR(x))gj()(GR(x))

GR 4 2 ng}R(x) GR ()2
o (L ot " agren

R(*

x {1 +%u(x)(1 — QR (%)) + 28u(x, k) — &y (x. k) + 265 (x, k)

. (am Gi(x)

Olny Olny

The major advantage of Eq. (29) is that it neatly separates
the convergence power spectrum into the familiar GR
expression (the nonbracketed quantity) and a correction
factor (the bracketed terms). It is then easy to pick out
contributions from:
(i) the modified clustering properties (described by ou
and dy),
(i1) the modified expansion history (described by f, u
and dy), and

dInG;(y) OIn(PSR(x = 0,k)/k*)
B dlnk )

(29)

&y (x) } .

or XGr(%)

(iii) the modified growth rate of matter density pertur-
bations [encapsulated in d,, see Eq. (16)].
It will be useful for us to write Eq. (29) in a form which
explicitly highlights the GR expression and the correction
factor,

PU(£) = /_ " K £) (1 + 08w (x. ). (30)

(Se]

Here we have defined the “kernel” term,
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K(x, £) = ggi()(GR(x))gj()(GR(x) PgRC( 3 >

16 xR (x)? ar(x)
« D () 5 G1)

and the “source” term,

85w (x.£) = Su(x)(1 ~ QR () + 200 (x. k) = 3y(x. K

. oInG.
2880 K) + <31;1c;,%(;() ;if;’()
B OIn[P§R(x =0, k)/kﬂ) Sy (x)
Olnk vox XGR(X) ’
(32)

III. UNDERSTANDING DEGENERACIES WITH
THE LINEAR RESPONSE APPROACH

We have at hand an expression [Eq. (29)] for P/(¢)
under modifications to general relativity. Let us now
investigate what this can teach us about the degeneracies
between gravitational parameters in weak lensing obser-
vations. Note that we restrict ourselves to discussing
degeneracies between parameters describing modifications
to gravity. We do not examine degeneracies between
gravitational and cosmological parameters, nor do we
investigate degeneracies with the galaxy bias. We leave
these questions for future work.

In this section, we consider the case in which oy and dy are
independent of scale, due to the fact that the scale depend-
ence of these functions is expected to be subdominant to their
time dependence [14,24,35]. We will briefly investigate scale
dependence later, in Sec. IV C. Additionally, as we are
working in the quasistatic approximation, our analysis is
restricted to the regime of validity of linear cosmological
perturbation theory. Various values of #,,,,, which ensure this
to be true are suggested in the literature (see for example
[1,2]). Adopting a conservative approach, we select £, =
100 here and for the remainder of this work.

We first remind the reader of how degeneracy directions
may be calculated. Then, using Eqs. (17) and (29), we
explore how the degeneracy directions of weak lensing and
redshift-space distortions in the space of the parameters of
Su(x) and 8y(x) are affected by the chosen Ansdtze for
these functions. Note that here and for the remainder of this
work, we compute the GR + ACDM matter power spec-
trum using the publicly available code cAMB [36] and using
the best-fit ACDM parameters of the 2013 Planck release
(including Planck lensing data) [37].

A. Calculating degeneracy directions

Degeneracies exist when an observation can probe only
some combination of the parameters we wish to constrain.

PHYSICAL REVIEW D 91, 083504 (2015)

The degeneracy direction is the relationship between
parameters in the fiducial scenario (here, in GR-+
ACDM). For example, if this relationship is a = b, then
the relevant observation can probe only a — b, not a or b
individually.

In the case of weak lensing, degeneracy directions can be
understood in the following schematic way. First, define the
fractional difference between Pi’(#) in an alternative
gravity theory and in GR + ACDM,

P (¢) = Pir(?)
PiGr(?)

SPH(¢) = (33)

To find the degeneracy direction, we find the relationship
which exists between parameters when 5P’ (£) = 0. If we
consider a two-parameter case (call them a and b),
straightforward algebra allows us to find an expression
of the form

a="D()b (34)
where D(#) may be a complicated expression, but depends
only on GR + ACDM quantities. The degeneracy direc-
tion, we see, depends on ¢ in the weak lensing case.

In order to calculate 5Px’ (£), we need to specify W, the
normalized redshift distribution of the source galaxies in
the redshift bin i. We select a source number density with
the following form:

n(z) « 22”5, (35)

and we select a =2, #=1.5, and z, = z,,/1.412 where
Z,, = 0.9 is the median redshift of the survey, mimicking
the number density of a Dark Energy Task Force 4
(DETF4)-type survey [2,3]. In this section, we will simply
consider all galaxies between z = 0.5 and z = 2.0tobe in a
single redshift bin, with W(y) given by normaliz-
ing Eq. (35).

To break parameter degeneracy in a two parameter case,
a second observable with a different (ideally orthogonal)
degeneracy direction is introduced. Here, we choose this
second observable to be redshift-space distortions, as it is
known to provide nearly orthogonal constraints to weak
lensing. We will therefore often employ results from [12].
Particularly, we reproduce here their equation for the
deviation of fog(x) from its GR value, analogous to our
Eq. (33),

og(X) — O'GRX
Sfog(x) :f S(f)ﬁg’R]EX;s )

- /_ m G (x. %)88,(¥)di
(36)

where 65 /(x) is given as in our Eq. (17), and G;(x,X) is a
general relativistic kernel given in Eq. (34) of [12]. Note
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that fog(x) above is independent of k, because we are
considering a case where y and y are functions of time only.
The degeneracy direction of a measurement of fog(x)
can then be computed in a directly analogous way to that
described above for weak lensing. The sole difference is
that instead of depending on multipole #, the degeneracy
direction is dependent on the time of observation, x.
With this information in hand, we now explore degen-
eracy directions of weak lensing and redshift-space dis-
tortions in the space of the parameters of u(x) and &y(x).

B. Degeneracy directions in the jij-X, plane

As mentioned above, redshift-space distortions are the
preferred choice of an additional observation to break weak
lensing degeneracy in this scenario. Upon closer examina-
tion, this statement hinges upon the chosen time-dependent
Ansatz for the functions which parameterize deviations from
GR. As there is no clear front-runner among alternative
theories of gravity, typically a phenomenological Ansatz is
chosen, in which deviations from GR become manifest at
late times in order to mimic accelerated expansion. It is for
this type of phenomenological Ansatz that redshift-space
distortion and weak lensing observations are known to
provide complementary constraints [9].

However, it may also be desirable to constrain the
parameters of a specific theory of gravity. The functions
which parameterize the deviation of an alternative gravity
theory from GR can, in principle, take on a wide range of
time dependencies. Is the combination of weak lensing and
redshift-space distortions still an effective way to break
degeneracies and constrain the parameters of the theory we
consider? A priori, this is unknown.

To explore this issue, we consider now the degeneracy
directions of weak lensing and redshift-space distortions
under two different Ansdtze for the functions which
parameterize deviations from GR. For this section only,
we make the simplifying assumption that #(x) = 0 (i.e. the
expansion history is ACDM-like). We expect that the effect
of this assumption on our qualitative findings will be small.

First, we perform a simple operation on &x(x) and &y (x)
to obtain a more observationally motivated set of functions.
Let us call these ji(x) and Z(x), in keeping insofar as
possible with the notation used in [9]. The choice of this set
of functions allows nearly orthogonal constraints in the
Ho-Zo plane for the phenomenological choice of time
dependence. The mapping between the two sets of func-
tions, as shown in Appendix B, is given by,

fi(x) = 6u(x) — oy (x). (37)

We can rewrite the linear response source terms for both
weak lensing [Eq. (32)] and redshift-space distortions
[Eq. (36)] in terms of ji(x) and X(x) (in the #(x) = O case),

PHYSICAL REVIEW D 91, 083504 (2015)

581 (x) = 25(x) + 3 / * QOR(3)1(x, D) () di

—0o0

88(x) = i(x). (38)

We see that §S,(x) depends solely on fi(x).

The expression for Sy, (x) requires slightly more pause.
It depends on X(x), but it also contains another term, which
comprises an integral over ji(x) and some general relativistic
quantities. By comparing with Eq. (16), we can easily
recognize this term as 25,(x). This term quantifies a
correction to the degeneracy direction of weak lensing away
from X, = 0. It is clearly dependent upon the Ansatz of
time dependence chosen for ji(x). Particularly, we note that
due to the integral nature of the correction term, choices of
A (x) which persist significantly over longer times will result
in greater deviations to the degeneracy direction.

We now consider two Anscitze for ji(x) and X(x). First,
consider a phenomenological Ansatz, for which we know
weak lensing and redshift-space distortions to be an
effective combination in constraining gravity theories.
This choice is a specific case of the form proposed in
[38] and has been used in, for example, [9]. It is given by

GR X
fi(x) = Ho Q(;/Ex (:) 0)
GR X
() = %o ot O (3

where Q§R (x) is the time-dependent energy density of dark
energy in the fiducial ACDM cosmology.

We insert Sy (x) [Eq. (38)] into Egs. (33) and (36) with
our chosen ji(x) and X(x). We then follow the procedure
sketched in Sec. IIT A to find the degeneracy directions of
weak lensing and redshift-space distortion in the jiy-Z,
plane. In this particular case the degeneracy direction of
redshift-space distortions does not depend on time. This is
because 65 (x) is dependent on only one parameter, fi,, and
therefore the only degeneracy direction is jig = 0.

The degeneracy directions for this Ansatz can be seen in
Fig. 1 (left). In the case of weak lensing, we have plotted
the degeneracy direction for £ = 50; directions for other
multipoles # = 10-100 differ only within 5%. We see that,
indeed, the degeneracy directions are nearly orthogonal,
with only a slight correction of the weak lensing degen-
eracy direction away from X, = 0.

Now, consider selecting an Ansatz with a very different
time dependence. To guide our selection, recall that we
expect choices of f(x) which persist over longer times to
result in a greater value of the integral term in Eq. (38), and
hence a greater deviation of the weak lensing degeneracy
direction from X, = 0. Therefore, with no attempt to
correspond to any particular gravity theory, we select the
simplest possible choice which persists over long times:
constant jii(x) and X(x),
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FIG. 1 (color online).
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Degeneracy directions of weak lensing (¢ = 50, dashed red) and redshift-space distortions (solid green) in the

fip-Zo plane, where ji(x) and Z(x) scale as Q§R(x) (left) and as constants (right).

Z(X) = 20

() = . (40)
In reality, we use step functions beginning at z = 15 rather
than true constants to allow for the numerical computation
of the degeneracy directions. The degeneracy directions are
calculated as before, and are plotted in Fig. 1 (right).
Clearly, they are less orthogonal than in the previous case,
as expected from the comments above.

What does this example tell us about the effectiveness of
combining weak lensing and redshift-space distortions?
The Ansatz for fi(x) and X(x) given by Eq. (40) deviates
from GR + ACDM at all times after z = 15. As mentioned
above, most cosmologically motivated alternative theories
of gravity present deviations from GR + ACDM at late
times only, mimicking accelerated expansion. Therefore,
we treat the case of Eq. (40) as a heuristic “upper bound” on
the cumulative effect produced by the integral term of
Eq. (38). The effect of this term can be quantified by
considering the angle of the weak lensing degeneracy
direction with respect to the vertical. We find that for
the range of # which we consider and for the Ansatz given
by Eq. (40), the maximum possible value of this angle is
6 ~ 50°. Although the degeneracy directions in this case are
certainly no longer orthogonal (6 = 0), they are suffi-
ciently distinct that we expect the resulting constraints to be
reasonable (if not ideal). We have therefore shown that the
effectiveness of combining weak lensing with redshift-

space distortions in the #(x) = 0O case is relatively robust to
the chosen form of zi(x) and X(x).

IV. FORECAST CONSTRAINTS FROM
FUTURE SURVEYS

In addition to providing an understanding of degener-
acies, our expression for Py (£) enables the forecasting of

constraints. The straightforward form of Eq. (30) renders
the calculation of Fisher matrices very simple, and clarifies
the interpretation of the resulting forecasts. We take
advantage of these features to forecast constraints on
gravitational parameters for a DETF4-type survey, as
defined in the classification of [39]. We focus on combined
constraints from weak lensing and redshift-space distor-
tions, with some consideration given as well to baryon
acoustic oscillations.

As mentioned above, the forecasts presented here
employ the technique of Fisher forecasting (see, for

example, [40]). The key quantity of this method is the
Fisher information matrix

*InL

:F(lb N _<8paapb>

where p; are the relevant parameters and L is the like-
lihood. For redshift-space distortions, we straightforwardly
build on the results of [12] to construct the appropriate
Fisher matrix. However, for weak lensing we require a
slightly different expression. Although our Eq. (29) allows
for the cross-correlation of source galaxy redshift bins, we
have until now considered only a single wide redshift bin.
In practice, weak lensing data are normally considered in a
number of tomographic redshift bins. In [41], the Fisher
matrix for such a situation is shown to be given by

(41)

fmax

Fap = Z

1
(¢4 5)rwmicahcacaies @)
f:fmin
where , a is a derivative with respect to p,, fy is related to
the fraction of the sky observed (fgy, = 0.375 for a
DETF4-type survey), and C is an N;, X N, matrix where
N}, is the number of tomographic redshift bins. C represents
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the observed power spectrum of the convergence, and is
given by the following expression [41]:

<7’12m>5ij

1

Cii(¢) = P (¢) + (43)

where 7; is the number density of galaxies per steradian in
bin i and (y2,) is the rms intrinsic shear, equal to 0.22 for a
DETF4-type survey.

Computing the appropriate value of 7; requires the
selection of source redshift bins. In practice, once in
possession of data, the selected bins are those which are
maximal in number while maintaining shot noise suffi-
ciently below the signal. For our forecasting purposes, we
instead follow, for example, [2] and [3]. We select redshift
bins by subdividing n(z) of Eq. (35) into 5 sectors, such
that the number of galaxies in each bin is equal. The value
of 7 for the total redshift range for a DETF4-type survey is
given by i = 3.55 x 108, so the value in each tomographic
bin is simply 72; = /5.

In the following subsections, we use the Fisher formal-
ism to compute forecast constraints in a number of
scenarios. We first consider constraints on the parameters
of Su(x) and &y (x) in the case where we fix the expansion
history to mimic ACDM. We then incorporate expected
measurements of wy and w, from baryon acoustic oscil-
lations (BAO) to forecast constraints on the parameters of
Su(x) and Sy(x) in the case where we marginalize over the
parameters of f(x). We finish by discussing the directions
of best constraint in the parameter space of the scale
dependent Ansatz for pu(x, k) and y(x, k) put forth in [14].

A. ACDM-like expansion history: f(x) = 0

We first consider constraints on the parameters of Su(x)
and 8y (x) in the case where the expansion history is fixed to
be ACDM-like. As in Eq. (37), we transform Su(x) and
8y (x) to fi(x) and Z(x), and we choose the time dependence
given by Eq. (39).

To compute these constraints, we calculate the 2 x 2
Fisher matrix for lensing, for redshift-space distortions, and
for both observations combined. For this, we requires

Ofog(x) Ofoy(x)

expressions for the derivatives e 0%y and
0 ( . (rid\ _ OP(2)
— P,Iéj f + m_t J - - 44
OHg ) i Mo 44
0 . {y2 )8;; ap’i(-j(f)
v P]l(,j £ mt/ 7 ) . 45
0% < @)+ n; 0% (45)

These are found in a straightforward manner from Egs. (29)
and (36); we present them in Appendix C.

The resulting forecast constraints are illustrated in Fig. 2.
As discussed in Sec. III, the degeneracy directions of the
two observables are nearly orthogonal in this case.
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FIG. 2 (color online). Forecast constraints for weak lensing
(orange), redshift-space distortions (green) and both observables
combined (blue) for a DETF4-type survey, in the jij-X, plane
with f(x) fixed to 0. Contours represent the 68.3% and 95.4%
confidence regions.

Combining them results in promising forecast constraints
on ji, and X,. We see that we can expect a DETF4-type
survey to provide constraints at a level of approximately
4% in this plane, in the case where $(x) is assumed to be
fixed at 0.

B. The effect of marginalizing over {w,, w,}

In reality, B(x) is not fixed to zero, but rather the
associated parameters will also be constrained with some
nonzero error. While weak lensing and redshift-space
distortions will provide some constraints on these, it is
BAO measurements which are expected to provide the best
constraints on the expansion history of the Universe.

In this section, we use a CPL-type Ansatz for f(x) as
proposed in [42,43]: B(x) =wy+ 1 +w,(1—e*). We
incorporate forecast BAO constraints on w, and w, and
use these to obtain expected constraints in the fiy-X, plane.
We first marginalize over only w, while holding w, to its
fiducial value of 0; then we examine the effect of allowing
w, to vary as well.

1. Marginalizing over wy; w, =0

We first demonstrate how constraints in the jij-X, plane
are affected by marginalizing over wy when w, is held fixed
to its fiducial value of 0.

Because we are now incorporating information about
three parameters (fiy, Xy and wy), our Fisher matrices are
3 x 3 in dimension. In order to compute these, we now

require additional derivatives of PL/(#) and fog(x) with
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Forecast constraints from weak lensing, redshift-space distortions and BAO in the case where w, has been

marginalized over and w, has been fixed to 0. The left-hand panel shows the confidence region for jiy when X, is marginalized over,
while the right-hand panel shows the confidence region for X, with ji, marginalized over. Black, solid: w, fixed; red, dashed: BAO error

on wy = 1% (DETF4); green, dotted: BAO error on wy = 5%.

respect to wy; all are listed in Appendix C. Because
transverse measurements of BAO are independent of non-
background gravitational effects [44], the Fisher matrix of
BAO is nonzero only in the (wg, wy) component. The value

of this matrix component is equal to ——, where 0y, BAO 1S
wp.BAO

the 1-o error on wy from BAO measurements.

To explore the effect of marginalizing over w,, we

consider three levels of constraint from BAO:

(1) For comparison: the case where w is fixed to its
fiducial value. This is identical to the case consid-
ered in Sec. IVA.

(2) The case where 6,, gao = 1%. This scenario mimics
best-case constraints from a DETF4-type survey.

(3) The case where o,, gao = 5%. This lies between
current best constraints and scenario 2 above.

The resulting constraints from the combination of weak
lensing, BAO and redshift-space distortions are shown in
Figs. 3 and 4. Figure 3 shows in the left-hand panel the
forecast constraints on ji, for cases 1-3 above when
marginalizing over w, and X; the right-hand panel displays
the same for X, when marginalizing over w, and j,,.
Figure 4 shows the 68.3% forecast joint constraints on
Ho-Z 1n scenarios 1-3 while marginalizing over w, only.

We note from Fig. 4 that the degeneracy direction of the
combined constraint in the py-X, plane changes consid-
erably between the three scenarios. ji and X, are mildly
negatively correlated in scenario 1, whereas in scenario 2
they are positively correlated, and in scenario 3 even more
s0. This can be understood by considering the joint forecast
constraints in the jip-w, and Xy-w, planes, marginalized in
each case over the other non-w, parameter. These are
displayed at a 68.3% level in Fig. 5 for scenario 3. Both i,
and X, are shown therein to exhibit a positive correlation
with w,. This implies that ji, and %, are also positively

correlated with each other, except in the case where wy is
fixed or constrained so tightly that this effect is negated. As
the constraint on wy is loosened, moving from scenario 1
through scenario 2 to scenario 3, this positive correlation
becomes more pronounced.

We notice also from Fig. 4 that the constraint on X is
relatively insensitive to the level of BAO constraint on wy,
whereas the constraint on jij changes considerably between
scenarios 1-3. This is consistent with Fig. 5, in which we
see that the degeneracy direction in the fiy-w, plane has a
far greater positive slope than that in the £,-w, plane. These
degeneracy directions, and hence the relative sensitivity of
ip and X constraints to w, constraints, can be understood

0.05}
(=]
< 0.00}

—-0.05¢

—0.10¢

—-0.15¢

~0.15—-0.10—0.05 0.00 0.05 0.10 0.15
¥

FIG. 4 (color online). Forecast 68.3% confidence regions in the
Ho-Zo plane, marginalizing over wy, for the case where w, = 0.
Black, solid: wy fixed; red, dashed: BAO error on wy = 1%
(DETF4); green, dotted: BAO error on wy = 5%.
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FIG.5. Forecast constraints at a 68.3% level from weak lensing,
redshift-space distortions and BAO measurements, in the case
where 6, gao = 5%. The top panel displays these joint con-
straints in the fip-w, plane, marginalizing over X,, while the
bottom panel does the same in the Xj-w, plane, marginalizing
over jiy. In both cases, w, is fixed to 0.

by considering the expressions for P’ (#) [Eq. (29)] and
5fog(x) [Egs. (17) and (36)]. Both P/ (£) and §fog(x) are
given by integrals in time over a kernel and a source term.
In the case of Sfog(x), the general relativistic kernel
G(x, x) is significant back to z = 15, whereas in the weak
lensing case, the kernel is nonzero only as far back in
redshift as the furthest source galaxies (z = 2 in this case).
In the current model of f(x), deviations from a ACDM
expansion history are more significant at early times,
whereas ji(x) and X(x) are both chosen to be significant
only at late times (below z = 5). Therefore, the &fog(x)
integration from z =15 favors sensitivity to the back-
ground expansion variable w, over fij, whereas the weak
lensing integral, significant only from z =2, results in
relatively greater sensitivity to X,. This results in the
relative sensitivity of the ji, constraint to the w, constraint
level, as seen in Fig. 4. Note that we have not accounted
here for any uncertainty in galaxy bias models at high
redshifts, which may have significant effects on the
sensitivity of fog(x) to the background expansion at early
times.

PHYSICAL REVIEW D 91, 083504 (2015)

Finally, we note that there is clearly a direction in the
Hy-Zo plane which is entirely insensitive to the change in
wy. This is in fact expected due to the nature of the contours
displayed. Given the hypothetical 3D confidence region in
the space of iy, Xy and wy, the marginalized constraint of
scenario 3 is equivalent to projecting this ellipsoid into the
Ho-Zo plane. When we reduce the error in only the wy
direction as in scenario 2—that is, reducing the error in the
direction orthogonal to the plane of projection—the result-
ing projection will, by simple geometrical considerations,
coincide with the first projection in two locations. The same
argument can then be extended to the case of fixed wy,
which involves simply taking a slice of the 3D ellipsoid at
the location of the fiy-Z, plane.

2. Marginalizing over {wy,w,}

We now consider the case where we do not fix w, to zero.
In this scenario, there is information present about 4
parameters (ug, 2o, Wg, W,), SO all Fisher matrices are
4 x 4. In addition to the previous derivative expressions,

we now need derivatives with respect to w, of P¢’(¢) and
fog(x). Once again, these are computed from Egs. (29) and
(36), and listed in Appendix C. In this scenario, the BAO
Fisher matrix is slightly more complicated, as the entire
2 x 2 block related to wy and w, is nonzero.

In analogy to the above, we consider three scenarios:

(1) The scenario where w, and w, are fixed to their
fiducial values. Again, this for comparison, and is
identical to the case considered in Sec. IVA.

(2) The scenario where the BAO Fisher matrix repre-
sents the best-case expected constraints from a
DETF4-type survey. In this scenario, the compo-
nents of the BAO-only covariance matrix (the
inverse of the Fisher matrix) are given by:
Cowo = 0.0010, C,0 = —0.0038 and C,,,0 =
0.016 [45].

(3) The scenario where the BAO-only covariance matrix
is obtained by multiplying the covariance matrix
listed above in scenario 2 by an overall factor of
(8.2)2. This corresponds to the case where the
projected 68.3% error on w, from BAO is 5%
and all other elements of the covariance matrix
are scaled up accordingly.

The left-hand panel of Fig. 6 presents the combined
weak lensing, redshift-space distortion and BAO forecast
constraints on ji, while marginalizing over wy, w, and Z;
the right-hand panel does the same for constraints on X,
while marginalizing over wy, w, and ji,. Figure 7, mean-
while, presents the 68.3% confidence regions in the jiy-Z
plane while marginalizing over w, and w,,.

We see that the forecast constraint on X is now slightly
more sensitive to the level of BAO constraint on wy and w,,
than in the above case where w, is fixed. This is particularly
noticeable in scenario 3, in which the expansion history is
the least well constrained. Turning to ji,, we see from Fig. 6
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FIG. 6 (color online).
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Forecast constraints from weak lensing, redshift-space distortions and BAO in the case where w, and w, have

been marginalized over. The left-hand panel shows the confidence region for ji; when X is marginalized over, while the right-hand
panel shows the confidence region for X, with ji; marginalized over. Black, solid: w, and w, fixed; red, dashed: scenario 2 described in

Sec. IV B 2; green, dotted: scenario 3 described in Sec. IV B 2.

that the forecast constraint remains sensitive to our knowl-
edge of the expansion history in much the same way as in
the w, fixed case. That is, the constraint in scenario 3 is
broadened considerably relative to that in scenario 2, and
both are slightly broader than in the above case where w,
fixed. Finally, examining the combined plot in Fig. 7, we
see that the confidence regions therein are slightly larger
than those in the corresponding Fig. 4, where w, is fixed
(other than for scenario 1, which is the same in both figures
by design).

We surmise that allowing for a time dependence in the
equation of state of the effective dark energy component
[via B(x)] loosens the expected constraints on fiy and X,

0.05 foms
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FIG. 7 (color online). Forecast 68.3% confidence regions in the
Ho-Zo plane, marginalizing over w, and w,. Black, solid: w, and
w, fixed; red, dashed: scenario 2 described in Sec. IV B 2; green,
dotted: scenario 3 described in Sec. IV B 2.

but not catastrophically so. In fact, the level of constraint
provided by BAO measurements on the expansion history
of the Universe appears to have a greater effect on forecast
constraints in the fiy-X, plane than does our assumption
regarding the time dependence of that expansion history.

C. Scale-dependent u(x,k) and y(x, k)

Until this point, we have neglected any scale dependence
of u(x, k) and y(x, k), focusing only on time dependence.
We now consider a scale-dependent Ansatz.

It has been shown that in the quasistatic regime and for
local theories of gravity, u(x,k) and y(x,k) can be
expressed as a ratio of polynomials in k with a specific
form [14]

_ i) + Pa(x)K?
1+ p3(x)k?
1+ p3 ()&

pa(x) + ps(x)k*

y(x, k) )
u(x. k) = ) (46)

This form has recently been considered in [24], in which a
principle component analysis was undertaken for a com-
bined future data set including weak lensing and galaxy
count measurements from the Large Synoptic Survey
Telescope, as well as Planck measurements and upcoming
supernova data. Therein, the primary goal was to provide
insight into future constraints on u(x, k) and y(x, k) as well
as on the overall scale dependence. Here, we use the Fisher
matrix formalism to find the level of forecast constraint on
various parameter space directions from a DETF4-type
survey. Our expression for P’ will then allow us to
understand the related degeneracy structure of the param-
eter space.
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Because we are interested only in broadly understanding
the best-constrained directions of the parameter space, we
fix f(x) =0 for simplicity. In GR + ACDM, p,(x) =
ps(x) =1 and p,(x) = p3(x) = ps(x) = 0. Therefore,
in keeping with our linear response approach, we define

pi(x) = 1+46pi(x)

pa(x) = dpa(x)

p3(x) = 8p;(x)

pa(x) = 1+ 8py(x)

ps(x) = ops(x). (47)

Then, by dropping higher-order terms in 6p;(x), we find
expressions for u(x, k) and y(x, k),

p(x, k) =1+ 8p3(x)k* = 8py(x) — 6ps(x)k>
y(x, k) =1+ 8py(x) + 8pa(x)k* = Sps(x)k>. (48)

Our previous choices for du(x, k) and y(x, k) have been
consistent with Eq. (48); we have simply assumed that
6p(x), 5p3(x) and Sps(x) have been subdominant, and let
—0p4(x) = ou(x) and 6p; (x) = &y(x).

It will be useful to have the equivalent expressions for
A(x, k) and Z(x, k). We find them using Eq. (37),

fi(x, k) = =6p;(x) — 6pa(x)
+ k2 (=6pa(x) + 26p5(x) — 5ps(x))

2(x,K) = =56 (x) = 3ps )

0(=30m00+ 20 - opst) ). (49)

As usual, in order to forecast constraints using Fisher
matrices, we must select an Ansarz for the functions 5p;(x).
From Eq. (46), we see that in fact, while 5p (x) and 5p4(x)
are dimensionless, 6p,(x), dp3(x) and Sps(x) must have
dimensions of length squared. We choose a form similar to
that of Eq. (39) for both sets of functions, introducing a
mass scale where necessary to account for their different
dimensionalities,

GR
(14) Qf (x)
Spaay(x) =p “GR/ -
4 * QR(x=0)
(235) 2 GR
V4 c QA (x)
5p(2,3,5)(x) = (§0H0)2 QgR()C _ 0) . (50)

Thus, the parameter space is five-dimensional, with param-
eters {pi. p3. pi. pé. py}- The scale ¢/20H, has been
chosen as it provides sensible numerical eigenvalues. We
will see below that the numerical value of this scale is
irrelevant to our results.
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To compute the Fisher matrices we require derivatives of

P’ and fog with respect to the parameters p). These are
computed in a straightforward manner from Eqgs. (29) and
(36), and are presented in Appendix C. As can be seen
there, or as is obvious from Eq. (46), some of these
derivative expressions are dependent upon k. In the weak
lensing case, this is trivially dealt with, as the Limber

approximation allows us to set k= f However, the

derivatives of fog with respect to p3, p3 and pj are truly
k dependent.

In order to treat this case, we abandon the usual (general
relativistic) notion that all scale dependence of fog is
factored out, and instead divide our forecast observations
into five bins in k. As in [12], we let these bins have edges
k = [0.005,0.02,0.05,0.08,0.12,0.15], stopping short of
entering the regime where nonlinearities dominate. We
select the error on the measurement in each k-bin based on
the assumption that a DETF4-type survey, which covers a
large fraction of the sky, will result in tighter measurements
of large-scale modes than of small-scale modes. To model
this, we divide the total error budget of each redshift bin,
given by [46], into the five k-bins listed above. The first
redshift bin (between k = 0.005 and k£ = 0.02) receives 4%
of the error budget, the next two bins (k = 0.02-0.05 and
k = 0.05-0.08) receive 12% of the error budget each, and
the final two bins (k = 0.08-0.12 and k = 0.12-0.15)
receive 36% of the error budget each.

We can now construct the Fisher matrices for weak
lensing and redshift-space distortions, recalling in the
redshift-space distortions case to sum over bins of scale
as well as of redshift. We invert the total combined Fisher
matrix to obtain the covariance matrix, and diagonalize to
obtain five eigenvectors with corresponding eigenvalues.

Before examining and interpreting these eigenvalues and
eigenvectors, we pause to consider more fully the impli-
cations of the difference in dimensionality of 6p;(x) and

8pa(x) vs 8py(x), 8p3(x) and 5ps(x). In Eq. (50), p9, p§

2

and pg have essentially been scaled by o™ This scaling

factor is arbitrary, and using a different scaling factor would
alter the numerical value of the eigenvalues of the covari-
ance matrix. Therefore, although all eigenvalues of the
covariance matrix are dimensionless, any forecast con-

straint on p9, pJ or p2, or on any combination thereof, must

2

be multiplied by GoHL) (or the appropriate scaling factor).

This provides a physically meaningful value with dimen-

sions length squared, which represents a constraint on the

0 2
(2,3,5

) X Gomg Without introducing a prior,
it is impossible to meaningfully compare numerical con-
straints on parameter combinations within two different
parameter subspaces: that of p? and p{ and that of p9, p}
and p?.

First, consider those eigenvectors in the subspace of p!
and pg. We list them here, along with the square root of the

combination p
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associated eigenvalue v'¢2. This acts as a measure of how
well the parameter space is constrained in the direction of
the eigenvector. We have

& = 0.8p; —0.004p, + 0.001p; + 0.6p, + 0.002ps

with V62 = 0.01, and

& = —0.6p; +0.0003 5 +0.00025 + 0.8 p4 — 0.0006 s
~—0.8p, +0.6p, (52)

with Vo? = 0.02. Clearly, due to the numerical nature of
the Fisher matrix calculation, some subdominant contri-
butions in the directions of p,, p; and ps persist; we ignore
these. We see here that @, the better constrained of the two
parameter space directions, is essentially a weighted sum of
the directions p, and p,. @, is the vector orthogonal to a;,
and consists of a weighted difference.

In order to interpret the level of constraint placed on the
eigenvector directions, we consider Eq. (49). Recall that
because we have chosen an Ansatz for 6p;(x) which is non-
negligible at late times only [Eq. (50)], Z(x,k) is the
dominant non-GR + ACDM contribution to P’ (¢), while
only ji(x, k) contributes to fog. In examining Eq. (49), it is
clear why a sum of directions p; and p, is forecast to be
better constrained than a difference: both X(x,k) and
j(x, k) are directly sensitive to weighted sums of 5p;(x)
and 5p4(x).

We now consider eigenvectors in the subspace of pg, pg
and p?. These are given by

& = 0.0005p, + 0.3p, — 0.8 + 0.0009p, + 0.5ps

=0.3p, — 0.8p3 + 0.5ps (53)
with V6% = 1075,
@y = —0.004p; —0.8p, + 0.1p3 — 0.002p4 + 0.6ps

=~ —0.8p, 4 0.1p5 + 0.6p5 (54)

with Vo2 =4 x 10, and

as=—1x10"%p,; +0.6p, +0.6p3 +5 x 1075 p, + 0.6 ps
=0.6pp, +0.6p5 +0.6ps (55)

with V62 = 2. Recall that it is not meaningful to directly

compare these V62 values with those for eigenvectors a;
and a,.

In order to understand the relative constraints on the
eigenvectors in this subspace, we first find the relationships
between parameter values along the eigenvector directions.

PHYSICAL REVIEW D 91, 083504 (2015)

We then use these relationships in Eq. (49) to find simpler
expressions for X(x, k) and fi(x, k):
(i) In the direction as, p3=—1p% and p?=—3pJ.
Q(\;R(x) k2 d
, an

S(x k) =10 &
> 3 (20H,)* QGR (x=0)

Therefore,

_ . pic? Q?R(x) )
O e =

(i) In the direction ay, p3=—8pJ and p?=6p).

1. P QF@) o

Z(x, k) =—3 208, ) Qﬁﬁ\(x:O) k=,
_ 4P Q?R(x) o

and j(x, k) = 41(}—%&?,9()‘:0) k=

(iii) In the direction as, pY=p3 and pJ=pi.
¥(x,k) =0, and j(x, k) = 0.

With this manipulation, it can be seen why the direction a3
is better constrained than a4. The expressions for Z(x, k)
demonstrate that a small change in parameter values along
direction a5 has a numerically larger effect on the value of
¥(x, k) than does a small change along direction ay, by a
factor of 4. Although fi(x, k) is affected slightly more by a
change along the @, direction than along the a5 direction
(by a factor of %), this effect is clearly subdominant. It is
also plain to see why the direction as is by far the worst
constrained of this set. As long as p3 = p = p?, both
X(x,k) and f(x, k) are entirely insensitive to the value
taken by these parameters.

It is tempting to attempt a comparison of the above
results directly with those of [24]. However, this would be
misleading, as the principle component analysis employed
in that work allows the functions p;(x) to take any time
dependence, whereas we restrict the time dependence to
that given in Eq. (50). Additionally, the authors of [24]
choose to impose a prior upon the variance of each function
pi(x), enabling them to meaningfully discuss constraints
on directions which combine the two parameter subspaces
which we have considered. Nevertheless, there is some
small comparison we can draw: in [24] it was found that the
functions p;(x) cannot be individually constrained, and we
similarly find no evidence of any well-constrained direction
corresponding to a single pj.

V. CONCLUSIONS

The goal of this work has been to understand how weak
lensing measurements are affected by the individual physi-
cal effects of alternative theories of gravity. In this spirit, we
have chosen to prioritize clarity. We have therefore
restricted ourselves to considering gravitational parameters,
and have not included uncertainty in galaxy bias or in the
standard cosmological parameter values at this time.

We have constructed an expression for the power
spectrum of the weak lensing observable convergence, as
given in Eq. (29). By considering only small deviations
from GR + ACDM, we have derived an expression which
separates into an integral over two terms: a general
relativistic kernel, and a source term which encompasses
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all deviations from general relativity. This source term is
composed of additive terms which are themselves each
representative of a different effect due to modifying general
relativity. This neat separation, first of the full expression
into kernel and source and then of the source expression
into physical effects, allows degeneracies between gravi-
tational parameters to be physically interpreted. We note
also that our expression is reliable in the ACDM-like case
of f(x) = 0, whereas complimentary works employing a
fluid model have found this limit difficult to constrain [47].

With Eq. (29) in hand, we first investigated degeneracies
in the simplified case of a ACDM-like expansion history,
showing how the degeneracy direction of weak lensing in
the fip-X, plane relies on the time-dependent Ansatz for
i(x). However, we also demonstrated that even for an
extreme Ansatz, weak lensing and redshift-space distortion
measurements remain nondegenerate in this plane, and
hence are a viable combination of observables to offer joint
constrains on jip and X.

We then moved on to exploit the potential of our
expression as a valuable tool in conducting and interpreting
Fisher forecasts of weak lensing observations. We found
that the linearity of our expression in the gravitational
parameters meant that it was technically simple to compute
the required Fisher matrices. Perhaps more importantly, the
simple form of our expression was also found to provide
physical interpretation of the degeneracies which presented
themselves in the forecast of multidimensional constraints.

We first demonstrated this use of our expression by
allowing the effective equation of state of the dark energy
component to take a CPL form, given in Sec. IV B. We
found that in the case where w, = 0 and a phenomeno-
logical Ansatz for j(x) and X(x) is assumed, forecast
constraints on ji; from weak lensing and redshift-space
distortions are highly sensitive to the level of constraint on
wy from BAO. Forecast constraints on X, on the other
hand, were found to be nearly unaffected. The separation of
our expression into source and kernel made evident the
stark difference between the redshift dependences of the

kernels of P’ and fog. This provided a clear explanation
for the higher sensitivity of redshift-space distortions to
early time effects, and hence to changes in w,. Relaxing the
requirement that w, = 0, we then saw that constraints in the
Ho-XZy plane were only moderately affected by marginal-
izing over w,. This offers the exciting prospect that the
analysis of data from a DETF4-type survey may be able to
allow for a time-dependent background expansion without
sacrificing much constraining power in the jiy-Z, plane.
Finally, we used our expression for P’, in combination
with that for fog, to understand the best-constrained
directions in the space of parameters of the scale-dependent
Ansatz given in [14]. By varying the parameter values along
the eigenvectors of the Fisher matrix within the source

terms of P%/ and of fog, we could understand analytically
why different directions in the parameter space were
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forecast to be well or poorly constrained. Using again a
linear response approach, we were able to explain why a
weighted sum of the parameters not associated with scale
dependence is forecast to be well constrained, and why a
direct sum of the parameters associated with scale depend-
ence is totally unconstrained. This work expands upon the
work of [24], both by forecasting for a different survey, but
also by providing clear reasons for the forecast constraints
found, something that is nontrivial to do using a principle
component analysis method.

The methods we have developed to better understand the
effect of altering the theory of gravity could in principle be
extended to understanding degeneracies in other scenarios
of observational cosmology. We hope that we have pro-
vided here the groundwork for such developments. As
previously noted, in the interest of clarity we have not
included uncertainty on the galaxy bias or on standard
cosmological parameters in our forecasting. Ideally, these
would be included to provide more accurate forecasting and
more general conclusions. However, in seeking to include
these additional parameters, the clarity of Eq. (29) is
compromised, and as such we anticipate that future work
in this direction will necessarily involve the sacrifice of
the descriptive power shown here. In such future work,
forecasting methods involving sampling the posterior of
the joint probability distribution of the relevant parameters
are likely to be more appropriate.
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APPENDIX A: DERIVATION OF
H2 Qume = H*Qulcr

Here we derive (a) the formula for §H(x) used in
Eq. (23), and (b) the relation H2Qy; g = H>Quy|gr used
in Sec. II B.

First we write the Friedmann equation as

87nG
H2(x) = = alpw(a) + po(a)
= SZG [pMOe_x JFPD()E_de/(HBWD()C/))}

= H{Qppe™ [1 + Re¥e ™ ks dX/ﬁ(X/)} (A1)
where in the second line we have changed the independent
variable to x = In a, and used the energy density evolution
for a fluid with a general equation of state @wp. In the third
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line we have defined R = Q,/Q4y0, identifying the present
fractional energy density in the dark fluid (€2p) with that of
the apparent cosmological constant today (£2,,). We have
also made use of wp(x) =—1+p(x), as introduced
in Eq. (13).

We define u(x) = [f f(x')dx" as in Eq. (14), and assume
as in Sec. II B that for a viable cosmology |f(x)| < 1 and
|u(x)| < 1. Then, expanding the exponential and taking a
square root leads to

H(x) = Ho/Quoe3[1 + Re** (1 = 3u(x))]z

~ Ho\/Quoe [l + Re¥ ]2 [1 - % (M)]

1 +Re*
B 3 (u(x)Re*
—HQ@P EG:EEH

(A2)
where in the second line we have used a Taylor expansion
to linear order. Finally, we use the (easily derived) result
that in ACDM, and assuming negligible radiation,

Re3*
(1- ) =

~ 1+Re* (A3)

to obtain

SH(x) = H(x) ~ Har(x) = 5 Har(3)u(x) (1 - FF)
(A4

With this result in hand, it is simple to show that the
combination H?Q,, does not change under the perturba-
tions about the GR + ACDM model. Expanding to first
order about the fiducial model,

H?Qy = (Hor + SH)2(QSR + 6Qy) (A5)
SH 69
~ HER QSR <1 S T”g) + O(6H?).
Her QS
(A6)

We call upon the following result derived in Appendix A of
[12] (for brevity’s sake we will not repeat the derivation
here):

Q= 3u(x)QSR[1 — QFR]. (A7)
Substituting Eqgs. (A4) and (A7) into Eq. (A6) one finds
H2Qy = HERQSR, as stated in the text.

APPENDIX B: CONVERTING BETWEEN
{0p(x k)07 (x.de)} AND {f(x k), %(x k) }

We derive here the relationship, given in Eq. (37),
between two sets of functions which parameterize
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deviations from GR + ACDM in the quasistatic limit:
{u(x, k), 8y(x,k)} and {f(x,k),Z(x,k)}. In doing so,
we will refer heavily to Egs. (4) and (5) of [9]. For
reference, we reproduce them here, changing to our time
variable x =In(a) and making some minor notational
alterations in order to maintain our conventions,

Wl K) = [1+ A K) WS (. K)
U(x, k) + D(x, k) = [1+Z(x, k)] (Vg (x, k) + DPeg (x. k).
(B1)

We have labeled the general relativistic potentials with an S
due to the fact that they are slightly different from what we
call Ugg(x,k) and Pgg(x, k). Uep(x, k) and P (x, k)
follow a general relativistic Poisson equation and slip
relation, but they may generally still have a different value
than Wgg(x, k) and $ggr(x, k), due to any difference in the
history of the growth of overdensities.

Now, from Eq. (18) above, we see that

D(x, k) = (14 6u(x, k))(1 + 65 (x, k)) Per (x. k). (B2)
In fact, ®gp (x, k) = (1 4 85(x, k))Pgr(x, k), so that we
have

D k) = (1 + Su(x. ) Dg(x.b).  (B3)

We also know from Eq. (3) that in the quasistatic regime,
D (x, k) = (1 + 8y(x, k))U(x, k). Therefore,

1 + 6u(x, k)

\Il(x7k) = 1 +5]/(X k) (I‘éR(x’ k)
1 + 6u(x, k)
T oy k) VR R

(B4)

where the second line comes from the fact that
P2 (x, k) = Uiy (x, k). Referring to Eq. (B1), we see that
A(x. k) = 8u(x. k) — 6y(x. k).

as in Eq. (37).
From here, we can use Egs. (B3) and (B4) to write
(suppressing time and scale dependence for brevity)

(BS)

1+ 6u
1+ oy
_1+du
140y

14 6u
[ St (1 +5u>] (D¢ + Yir)

U+ =

e + (14 6u) P

D + (1 +6u) P
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and by comparison with Eq. (B1), we have that
1
X(x, k) = dulx, k) — Eéy(x, k) (B7)
as in Eq. (37).

APPENDIX C: DERIVATIVES OF P2 AND foy

We present here the derivatives of P/ and fog which
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are determined in a straightforward manner by differ-
entiating Eqgs. (29) and (36). For brevity, we will use
K(x,2) as defined in Eq. (31) to denote the general
relativistic kernel in the definition of Py/(#), and
G(x.X) as defined in Eq. (34) of [12] to denote the
general relativistic kernel in the case of redshift-space
distortions.

First, the derivatives with respect to ji, and X, are

are required for forecasting in Sec. IV. These  given as
|
OP () _ [ XK (x " ARQOR ()1 (x, % 79?2(%)
0 [ askin|s [ asagpeies g
OPE(£) [0 QR ()
o5, 2/—00 dxK(x,?) Fiﬂ{’zx —0)
Ofog(x) [~ o QSR(x)
8;0 —/_w Gf(x,x)mdx
Ofog(x) _
3280 =0. (C1)
Next, derivatives with respect to w, and w,,
P [ a3 [ awtte 0 - QR EIBARE + fon@)5 + Fon(m] + 5 (1 )
OInG;(x) OInG;(x) OIn(P§R(x =0,k)/k*) 3 x X )
+< dny T omy T omk )XGRz;(GR(x)LdxHGR(x)(l_Q’(‘}me)}
P /_i dxK(x, ) (% [x = (" = D](1 - QG (x))
43 [ dwt (1 - QO EAP R + fon() - (€ = D] + fen(D(1 - e9)
OInG;(x) OlnG;(x) OIn(P§R(x=0,k)/k*) 3 (x x—(e"-1) _
+ (Lpoi) , nGila)_In(FTes )5 [t Sha-agm) ()
ool x x _ OGR X/
P [ Gyt | 3051 + S+ o)
og(x x — QUR(y/ , ,
D) " Gnn { o S0 W0+ S = (¢ = D+ Forl)(1 = ) fax. (€3

Finally, derivatives with respect to {p},
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0 ,l</ 4 QGR X . / / o QOR (¢
I;Té)_—/_wd XKC(x, L”){W()O)—f—3/_wdxl(x,x)ggl (X)QXIRAT(—)O)]
M__ 0 K (x QR (x) Z e AOGR(y QUR (') e
gt = [0 et gy [ aeitn 008 g
Of(x) 2

&jgf):/_(:odxlc(x,f){3

Iy QgR (x= 0))((2312(?‘

)+6/_x dx'1(x, x' ) QSR (x')

oP (?) Or
apg A (x
aPli(J(f) /0 { QGR( ) 22
— == dxK(x,?
I S b e e
N GR
—3f668(x b _ —/ G(x, x)igéi( (x >O) dx’'
Po
Ofog(x, k) / QGR( N,
e Gy( k*dx'
ap? © ol QGR( =0)
GR
o) s [* g foa( (x )mkzdx,
pO (¢
Ofog(x, k) / G QGR( " v
aPo o f QGR( O)
Ofog(x, k) / QX’R(x) 5
—_ G( k*dx'
aPo o f QGR( =0) v

3 + 3/x dx'1(x, x) QSR (x')

QWR(y) 2 ]
A (v = 0) 12 (¥)
o () }

0 Q X x
= —/_m dxK(x,?) {290121\7(__)0)—{— 3/_00 dx’I(x,x’)QﬁR(x')m

Q%R (x/) f2 :|
QFF (x = 0) & (¥')
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