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Assuming that axiomatic local field theory results hold for hadron scattering, André Martin and S. M.
Roy recently obtained absolute bounds on theDwave below threshold for pion-pion scattering and thereby
determined the scale of the logarithm in the Froissart bound on total cross sections in terms of pion mass
only. Previously, Martin proved a rigorous upper bound on the inelastic cross-section σinel which is one-
fourth of the corresponding upper bound on σtot, and Wu, Martin, Roy and Singh improved the bound by
adding the constraint of a given σtot. Here we use unitarity and analyticity to determine, without any high-
energy approximation, upper bounds on energy-averaged inelastic cross sections in terms of low-
energy data in the crossed channel. These are Froissart-type bounds without any unknown coefficient or
unknown scale factors and can be tested experimentally. Alternatively, their asymptotic forms, together
with the Martin-Roy absolute bounds on pion-pion D waves below threshold, yield absolute bounds
on energy-averaged inelastic cross sections. For example, for π0π0 scattering, defining

σinel ¼ σtot − ðσπ0π0→π0π0 þ σπ
0π0→πþπ−Þ, we show that for c.m. energy

ffiffiffi
s

p
→ ∞, σ̄inelðs;∞Þ≡

s
R
∞
s ds0σinelðs0Þ=s02 ≤ ðπ=4ÞðmπÞ−2½lnðs=s1Þ þ ð1=2Þ ln lnðs=s1Þ þ 1�2 where 1=s1 ¼ 34π

ffiffiffiffiffi
2π

p
m−2

π . This
bound is asymptotically one-fourth of the corresponding Martin-Roy bound on the total cross section, and
the scale factor s1 is one-fourth of the scale factor in the total cross section bound. The average over the
interval (s,2s) of the inelastic π0π0 cross section has a bound of the same form with 1=s1 replaced by
1=s2 ¼ 2=s1.
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I. INTRODUCTION

Recently we [1] have obtained bounds on energy
averages of the total cross section without any unknown
constants such as an overall constant factor or the scale
factor in the logarithm. The purpose of the present work is
to obtain analogous bounds on the energy-averaged inelas-
tic cross section without any unknown constants. The
background and the basic postulates are again summarized
below to make this work self-contained.
The Froissart [2] bound on the total cross section σtotðsÞ

for two particles at c.m. energy
ffiffiffi
s

p
,

σtotðsÞ ≤s→∞ C½lnðs=s0Þ�2; ð1Þ

(where C; s0 are unknown constants) was initially proved
assuming the Mandelstam representation. This assumption
might not be valid, for example, if there are rising Regge
trajectories. Fortunately, [3] it was possible to prove this
bound rigorously in the much more general frame work of

Wightman’s [4] axiomatic local field theory as applied to
hadrons. Later, the needed analyticity properties, and
polynomial boundedness at fixed momentum transfer
squared t, were obtained by Epstein, Glaser and Martin
[5] in the even more general framework of the theory of
local observables of Haag, Kastler and Ruelle [6]. It has
nevertheless been questioned [7] if these properties apply to
hadrons made of quarks and gluons. Zimmermann [8] has
shown that local fields can be associated to composite
particles. We decide to believe that this proof applies to the
present situation. We postulate that the analyticity and
polynomial boundedness derived from local field theory
holds for hadrons.
In the proof of the Froissart bound in [3] a crucial role is

played by the use of unitarity to enlarge the Lehmann ellipse
of analyticity [9] for the absorptive part Aðs; tÞ to show that
the right extremity t0 of the enlarged ellipse in the t-plane
stays nonzero and positive when s → ∞. For many proc-
esses, for example for ππ; KK;KK; πK; πN; πΛ scattering it
is known [10] that t0 ¼ 4m2

π, mπ being the pion-mass.
(Except when especially necessary to show the dependence
on pion-mass, we shall choose units mπ ¼ 1). Using
unitarity and validity of dispersion relations with a finite
number of subtractions for−T < t ≤ 0, Jin andMartin [11])
proved twice subtracted fixed-t dispersion relations for
jtj < t0. From this Lukaszuk and Martin [12] fixed the
constant C in the Froissart bound to obtain
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σtotðsÞ ≤s→∞ σmaxðsÞ; ð2Þ
where

σmaxðsÞ≡ 4π=ðt0 − ϵÞ½lnðs=s0Þ�2; ð3Þ
with ϵ an arbitrarily small positive constant. The Froissart-
Martin bounds have inspired much work on high-energy
theorems (see e.g. [13,14]) and on models of high-energy
scattering [15]. Further, Martin proved a bound on the total
inelastic cross section σinelðsÞ at high energy [16] which is
one-fourth of the above bound σmaxðsÞ on the total cross
section, and, Wu, Martin, Roy and Singh [17] obtained a
bound on σinelðsÞ which improves that bound if σtotðsÞ is
known,

σinelðsÞ ≤s→∞ σtotðsÞð1 − σtotðsÞ=σmaxðsÞÞ: ð4Þ

The motivation for getting a bound on the inelastic cross
section is the almost general belief [15] that at high energies
hadron total cross sections cannot exceed twice the inelastic
cross section. Hence, gaining a factor of 4 in the inelastic
cross section gains a factor of 2 in the total cross section.
One shortcoming of these bounds from the standpoint of

rigor is that [18] they are deduced by assuming that the
absorptive part Aðs; tÞ; 0 ≤ t < t0 is bounded by
Const s2= lnðs=s0Þ for s → ∞, whereas axiomatic field
theory results only guarantee that

CðtÞ≡
Z

∞

sth

dsAðs; tÞ=s3 < ∞; 0 ≤ t < t0; ð5Þ

where sth is the s-channel threshold. From the practical
point of view, a more serious shortcoming is that they
involve the unknown scale factor s0 in the argument of the
logarithm and the unknown arbitrarily small but nonzero
constant ϵ.
In the case of the total cross section, both these short-

comings were removed recently [1]. Bounds on energy
averages of the total cross section were obtained in which
the scale s0 is determined in terms of CðtÞ. CðtÞ can be
bounded rigorously in terms of pion mass alone for π0π0

scattering. Thus we obtained the absolute bound [1],

σ̄totðs;∞Þ ≤ πðmπÞ−2½lnðs=s0Þ þ ð1=2Þ ln lnðs=s0Þ þ 1�2
þOðln lnðs=s0ÞÞ;

s−10 ¼ 17π
ffiffiffiffiffiffiffiffi
π=2

p
m−2

π ; ð6Þ

where,

σ̄totðs;∞Þ≡ s
Z

∞

s
ds0σtotðs0Þ=s02: ð7Þ

We also obtained somewhat improved bounds by using the
additional phenomenological inputs for the D-wave scat-
tering length [19] for pion-pion scattering.

We prove here analogous bounds on energy averages of
the inelastic cross section. We choose the same normal-
izations as in Martin-Roy [1]. Fðs; tÞ denotes an ab → ab
scattering amplitude at c.m. energy

ffiffiffi
s

p
and momentum

transfer squared t normalized for nonidentical partcles a; b
such that the differential cross section dσ=dΩðs; tÞ is given
by j4Fðs; tÞ= ffiffiffi

s
p j2, with t being given in terms of the c.m.

momentum k and the scattering angle θ by the relation,

t ¼ −2k2ð1 − cos θÞ; z≡ cos θ ¼ 1þ t=ð2k2Þ: ð8Þ

Then, for fixed s larger than the physical s-channel
threshold, Fðs; cos θÞ≡ Fðs; tÞ is analytic in the complex
cos θ -plane inside the Lehmann-Martin ellipse with foci
−1 and þ1 and semi-major axis cos θ0 ¼ 1þ t0=ð2k2Þ.
Within the ellipse, in particular, for jtj < t0; Fðs; tÞ has the
convergent partial wave expansion,

Fðs; tÞ ¼
ffiffiffi
s

p
4k

X∞
l¼0

ð2lþ 1ÞPlðzÞalðsÞ; ð9Þ

with the unitarity constraint,

ImalðsÞ ≥ jalðsÞj2; s ≥ sth: ð10Þ

Correspondingly, the optical theorem gives, for nonident-
ical partcles a; b,

σtotðsÞ ¼
4π

k
Imð4Fðs; 0Þ= ffiffiffi

s
p Þ

¼ 4π

k2
X∞
l¼0

ð2lþ 1ÞImalðsÞ: ð11Þ

For identical particles, e.g. for π0π0 scattering, or for
pion-pion scattering with isospin I, the partial waves
alðsÞ → 2aIlðsÞ in the partial wave expansion, i.e.

FIðs; tÞ ¼
ffiffiffi
s

p
4k

X∞
l¼0

ð2lþ 1Þ2aIlðsÞPlðzÞ; ð12Þ

σItotðsÞ ¼
4π

k2
X∞
l¼0

ð2lþ 1Þ2ImaIlðsÞ; ð13Þ

and we have the same formula for the differential cross
section in terms of Fðs; tÞ, and the same form of the
unitarity constraint, ImaIlðsÞ ≥ jaIlðsÞj2; s ≥ 4, as for non-
identical particles. At threshold, FIð4; 0Þ ¼ aI0, the S-wave
scattering length for isospin I.
It will be seen that proofs of the bounds for inelastic

cross sections are considerably more involved than those
for total cross sections, but the basic principles are the
same. We give detailed derivations for the case of
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nonidentical particles a ≠ b and also quote the identical
particle results when needed.

II. CONVEXITY PROPERTIES OF LOWER BOUND
ON ABSORPTIVE PART IN TERMS OF TOTAL

INELASTIC CROSS SECTION

We obtain a lower bound on the absorptive part of Fðs; tÞ
(for s ≥ sth and 0 ≤ t < t0) in terms of the inelastic cross
section σinelðsÞ. Following [20] we prove that the bound
is a convex function of the inelastic cross section. The
absorptive part has the partial wave expansion,

Fsðs; tÞ≡ Aðs; tÞ ¼
ffiffiffi
s

p
4k

X∞
l¼0

ð2lþ 1ÞPlðzÞImalðsÞ: ð14Þ

The corresponding expansion of the inelastic cross
section is

σinelðsÞ ¼
4π

k2
X∞
l¼0

ð2lþ 1ÞðImalðsÞ − jalðsÞj2Þ: ð15Þ

Actually we shall vary ImalðsÞ subject to the positivity
restrictions (due to unitarity),

ImalðsÞ ≥ 0; ð16Þ

to minimize Aðs; tÞ, given

σinel;imðsÞ≡4π

k2
X∞
l¼0

ð2lþ1ÞðImalðsÞ−ðImalðsÞÞ2Þ: ð17Þ

The bound will be seen to be an increasing function of
σinel;imðsÞ. Further,

σinel;imðsÞ ≥ σinelðsÞ; ð18Þ

therefore, the bound will still hold when we replace
σinel;imðsÞ by the experimentally accessible σinelðsÞ. We
work at a fixed s; so, unless specially needed, we shall
suppress the s dependence of ImalðsÞ, σinel;imðsÞ and
σinelðsÞ. The Lagrange multiplier method with positivity
constraints on partial waves gives the variational solution
ðImalÞ0,

ðImalÞ0 ¼
1

2

�
1 −

PlðzÞ
PλðzÞ

�
; l ≤ L;L ≤ λ < Lþ 1

ðImalÞ0 ¼ 0; l > L; ð19Þ

where the integer L and the non-negative fraction λ − L are
to be determined so as to reproduce the given σinel;im; here
PλðzÞ for noninteger λ and z ≥ 1 is defined by

PλðzÞ ¼
1

π

Z
π

0

ðzþ cosϕ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
Þλdϕ: ð20Þ

If A0ðs; tÞ denotes the absorptive part with partial waves
ðImalÞ0 and Aðs; tÞ that with arbitrary positive partial
waves with the given σinel;imðsÞ, we obtain by direct
subtraction,

4ðk= ffiffiffi
s

p ÞðAðs; tÞ−A0ðs; tÞÞ

¼ PλðzÞ
XL
l¼0

ð2lþ 1ÞðImal − ðImalÞ0Þ2þ

×PλðzÞ
X∞
l¼Lþ1

ð2lþ 1Þ
�
ðImalÞ2 þ Imal

�
PlðzÞ
PλðzÞ

− 1

��

≥ 0: ð21Þ

The last inequality follows because for z ≥ 1, and λ ≥ 0,
PλðzÞ is an increasing function of λ. We then have

4ðk= ffiffiffi
s

p ÞAðs; tÞ ≥
XL
l¼0

ð2lþ 1ÞPlðzÞ
1

2

�
1 −

PlðzÞ
PλðzÞ

�

≡ AðλÞ; ð22Þ

where

σinel:im
k2

4π
¼

Xl¼L

l¼0

ð2lþ 1Þð1=4Þ
�
1 −

�
PlðzÞ
PλðzÞ

�
2
�

≡ ΣIðλÞ: ð23Þ

Note that ΣIðλÞ and AðλÞ are monotonically increasing
continuous functions of λ; hence, λ and AðλÞ may be
considered functions of ΣI , and

dA=dΣI ¼ ððdA=dλÞ=ðdΣI=dλÞÞ ¼ PλðzÞ; ð24Þ

which is always positive and also continuous at integer λ,
although ðdA=dλÞ and ðdΣI=dλÞ are discontinuous there.
Hence,

d2A=dΣ2
I ¼ ððdPλðzÞ=dλÞ=ðdΣI=dλÞÞ > 0; ð25Þ

which is discontinuous at integer λ, but always positive.
This completes the proof that AðλðΣIÞÞ is a convex function
of ΣI; i.e. at a given s the lower bound on Aðs; tÞ is an
increasing and convex fuction of σinel:im and, hence, of σinel.

III. EXPLICIT EVALUATION OF THE BOUND

Explicitly,

AðλðΣIÞÞ ¼
Z

ΣI

0

dA
dΣ0

I
dΣ0

I ¼
Z

ΣI

0

Pλ0 ðzÞdΣ0
I; ð26Þ
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where λ0; L0 corresponds to the value Σ0
I of σinel:imk

2=ð4πÞ.
When 0 < Σ0

I < ð1 − z−2Þ=4≡ ΣIð1Þ we get L0 ¼ 0 and
the corresponding part of the integral can be evaluated
exactly. Hence,

AðλðΣIÞÞ ¼ ð1 − z−1Þ=2þ
Z

ΣI

ΣIð1Þ
Pλ0 ðzÞdΣ0

I: ð27Þ

In the remaining integral L0 ≥ 1 and we shall prove that for
Σ0
I ≥ ΣIð1Þ,

ðλ0Þ2 ≥ 4Σ0
I: ð28Þ

Proof.—From the partial wave expansion for
ΣIðλ0Þ≡ Σ0

I , we obtain

4Σ0
I ≤ ðL0Þ2 þ ð2L0 þ 1Þ

�
1 −

�
PL0 ðzÞ
Pλ0 ðzÞ

�
2
�
: ð29Þ

The integral representation for PλðzÞ given before yields,
for z > 1,�
PL0 ðzÞ
Pλ0 ðzÞ

�
2

≥ expð−2ðλ0 − L0Þ lnðzþ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
ÞÞ

≥ 1 − 2ðλ0 − L0Þ lnðzþ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
Þ; ð30Þ

where the last inequality uses expð−xÞ ≥ 1 − x. At high
energies lnðzþ

ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
Þ goes to zero, and we assume

moderately high energies (k > 6mπ) such that, with
t < 4m2

π ,

lnðzþ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
Þ < 1=3: ð31Þ

Then,

4Σ0
I ≤ ðL0Þ2 þ ð2L0 þ 1Þ2ðλ0 − L0Þ lnðzþ

ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
Þ

≤ ðλ0Þ2 − ðλ0 − L0Þðλ0 þ L0 − ð2=3Þðð2L0 þ 1ÞÞÞ
≤ ðλ0Þ2; for L0 ≥ 1; ð32Þ

which completes the proof.
Since Pλ0 ðzÞ is an increasing function of λ0, we obtain,

AðλðΣIÞÞ ¼ ð1 − z−1Þ=2þ
Z

ΣI

ΣIð1Þ
P ffiffiffiffiffi

4Σ0
I

p ðzÞdΣ0
I: ð33Þ

Using the integral representation for PλðzÞ given before and
the analogous representation

I0ðzÞ ¼
1

π

Z
π

0

expðz cosϕÞdϕ ð34Þ

for the modified Bessel function, and the elementary
inequality

lnððzþ cosϕ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
Þ ≥ ðcosϕÞ lnððzþ

ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
Þ;

z > 1;

we obtain [20]

PλðzÞ ≥ I0ðλ lnððzþ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
ÞÞ ð35Þ

≥ I0ðλ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
=zÞ; z > 1: ð36Þ

Substituting the above inequalities, the integral over Σ0
I in

the expression for the lower bound can be evaluated
exactly, and we have the exact result (without any high-
energy approximation),

4ðk= ffiffiffi
s

p ÞAðs; tÞ ≥ AðΣIÞ >
ð1 − z−1Þ

2

þ ð1=2Þðlnððzþ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
ÞÞÞ−2½x0I1ðx0Þ�jx0¼u

x0¼u1
; ð37Þ

u≡ lnððzþ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
ÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2σinel=π

q
;

u1 ≡ lnððzþ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
ÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − z−2

p
; ð38Þ

and the slightly weaker but simpler result,

AðΣIÞ >
z2

2ðz2 − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ΣIðz2 − 1Þ

p
z

I1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ΣIðz2 − 1Þ

p
z

�

þ ð1 − z−1Þ
2

−
1

2
I1

�
z2 − 1

z2

�
: ð39Þ

Note that at high energies z − 1 → 0, and the last two terms
give only a small positive contribution,

ð1 − z−1Þ
2

−
1

2
I1

�
z2 − 1

z2

�
≈ ðz − 1Þ2=4; z − 1 → 0:

ð40Þ

Hence, at sufficiently high energies, but without any high-
energy approximation, we have the bound given by
Eqs. (37)–(38) and the slightly weaker but simpler bound,

Aðs; tÞ > k
ffiffiffi
s

p
4t

z2

zþ 1
xI1ðxÞ;

x≡
ffiffiffiffiffiffiffiffiffiffiffi
zþ 1

2z2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tσinelðsÞ

π

r
: ð41Þ

IV. BOUND ON ENERGY-AVERAGED INELASTIC
CROSS SECTION

Multiplying by s−3 and integrating over s, we obtain a
lower bound on Cðs1;s2ÞðtÞ which is the contribution from s1
to s2 to CðtÞ,
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Cðs1;s2ÞðtÞ≡
Z

s2

s1

Aðs0; tÞ ds0

ðs0Þ3

≥
Z

s2

s1

ds0

ðs0Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − 4=s1Þ

p
16t

x01I1ðx01Þ; ð42Þ

where s2 > s1, and we used 2k0=
ffiffiffiffi
s0

p
>

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − 4=s1Þ
p

, and
2z21=ðz1 þ 1Þ ≥ 2z2=ðzþ 1Þ ≥ 1 for s0 in the interval
ðs1; s2Þ, and

z1 ≡ s1 − 4þ 2t
s1 − 4

; x01 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z1 þ 1

2z21

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tσinelðs0Þ

π

r
: ð43Þ

The lower bound on Cðs1; s2ÞðtÞ is an average with the
normalized weight function

ρðs0Þ ¼ s1s2
ðs2 − s1Þðs0Þ2

ð44Þ

of an integrand which is a convex function of σinelðs0Þ. The
convexity is readily proved; using ðxI1ðxÞÞ0 ¼ xI0ðxÞ, and
denoting

t1 ¼ t
z1 þ 1

2z21
¼ t

ðs1 − 4Þðs1 − 4þ tÞ
ðs1 − 4þ 2tÞ2 < t; ð45Þ

we have

dðx01I1ðx01ÞÞ
dσinelðs0Þ

¼ t1
2π

I0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1σinelðs0Þ

π

r �
: ð46Þ

Since the right-hand side is an increasing function of
σinelðs0Þ, we get the convexity property,

d2ðx01I1ðx01ÞÞ
dσinelðs0Þ2

> 0: ð47Þ

Since the average of a convex function is greater than the
convex function of the average [21], we have the bound

Cðs1;s2ÞðtÞ ≥
s2 − s1
16ts1s2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 4=s1Þ

p
x1I1ðx1Þ; ð48Þ

where

x1 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1σ̄inelðs1; s2Þ

π

r
; ð49Þ

σ̄inelðs1; s2Þ≡
Z

s2

s1

ds0ρðs0Þσinelðs0Þ: ð50Þ

To get bounds on σ̄inelðs;∞Þ, and σ̄inelðs; 2sÞ, we just
choose the corresponding values for ðs1; s2Þ.Thus we
obtain, without any asymptotic approximations in s,

Cðs;∞ÞðtÞ ≥
1

16ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 4=sÞ

p
x1I1ðx1Þ; ð51Þ

x1 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1σ̄inelðs;∞Þ

π

r
; ð52Þ

and

Cðs;2sÞðtÞ ≥
1

32ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 4=sÞ

p
x2I1ðx2Þ; ð53Þ

x2 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1σ̄inelðs; 2sÞ

π

r
; ð54Þ

where

t1 ¼ t
ðs − 4Þðs − 4þ tÞ
ðs − 4þ 2tÞ2 < t: ð55Þ

A. Asymptotic bounds

Since we want asymptotic upper bounds on the energy-
averaged inelastic cross sections, we can assume without
loss of generality that the arguments x1; x2 of the modified
Bessel functions tend to infinity and obtain

16stCðs;∞ÞðtÞ
ffiffiffiffiffiffi
2π

p
> ð

ffiffiffiffiffi
ξ1

p
exp ξ1Þð1þOð1=ξ1ÞÞ; ð56Þ

ξ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tσ̄inelðs;∞Þ

π

r
; ð57Þ

and

32stCðs;2sÞðtÞ
ffiffiffiffiffiffi
2π

p
> ð

ffiffiffiffiffi
ξ2

p
exp ξ2Þð1þOð1=ξ2ÞÞ; ð58Þ

ξ2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tσ̄inelðs; 2sÞ

π

r
: ð59Þ

We now use the elementary lemma proved in [20] and [1].
Lemma.—If ξ > 1, and y ≥

ffiffiffi
ξ

p
exp ξ, then

ξ < fðyÞ≡ ln y − ð1=2Þ ln
�
ln y −

1

2
ln ln y

�
: ð60Þ

With fðyÞ as defined above, we obtain the asymptotic
bounds,

σ̄inelðs;∞Þ ≤s→∞
π

t
ðfð4s=s0ÞÞ2; ð61Þ

where

FROISSART BOUND ON INELASTIC CROSS SECTION … PHYSICAL REVIEW D 91, 076006 (2015)

076006-5



1

s0
¼ 4tCðs;∞ÞðtÞ

ffiffiffiffiffiffi
2π

p
; t ¼ 4m2

π − ϵ; ð62Þ

and

σ̄inelðs; 2sÞ ≤s→∞
π

t
ðfð8s=s0ÞÞ2: ð63Þ

Notice that the coefficients of ðln sÞ2 in these bounds on
the inelastic cross section are one-fourth of those in the
corresponding bounds on the total cross section at high
energies, and the scale factors in the inelastic case are also
one-fourth of those in the corresponding total cross-section
bounds [1],

σ̄totðs;∞Þ ≤s→∞
4π

t
ðfðs=s0ÞÞ2;

σ̄totðs; 2sÞ ≤s→∞
4π

t
ðfð2s=s0ÞÞ2: ð64Þ

In the case of pion-pion scattering, we may remove the
unknown ϵ in t ¼ 4m2

π − ϵ rigorously by using absolute
bounds on the D wave below threshold derived in [1], or
use phenological inputs on the D-wave scattering length
and set ϵ ¼ 0. The main qualitative difference from the case
of nonidentical particles is that only even partial waves
occur in π0π0 scattering, We first show that in spite of this
difference, the bounds of this section at moderate energies
as well as the asymptotic bounds on inelastic cross sections
hold for π0π0 scattering.

V. BOUNDS ON PION-PION INELASTIC
CROSS SECTIONS

We shall exploit isospin invariance,

Fπ0π0→π0π0 ¼ 1

3
F0 þ 2

3
F2

¼
ffiffiffi
s

p
4k

X∞
l¼0;2;

ð2lþ 1Þ2aπ0π0→π0π0
l ðsÞPlðzÞ;

Fπ0π0→πþπ− ¼ 1

3
F0 −

1

3
F2

¼
ffiffiffi
s

p
4k

X∞
l¼0;2;

ð2lþ 1Þ
ffiffiffi
2

p
aπ

0π0→πþπ−
l ðsÞPlðzÞ:

ð65Þ

Unitarity, then, implies

Imaπ
0π0→π0π0

l ≥ jaπ0π0→π0π0
l j2 þ jaπ0π0→πþπ−

l j2

¼ 1

3
ja0l ðsÞj2 þ

2

3
ja2l ðsÞj2: ð66Þ

Hence, we define the inelastic cross section considering
π0π0 → πþπ− also as an elastic channel,

σπ
0π0

inel ≡ σπ
0π0

tot − σπ
0π0→π0π0 − σπ

0π0→πþπ−

¼ 8π

k2
X∞
l¼0;2;

ð2lþ 1Þ

×

�
1

3
ðIma0l − ja0l j2Þ þ

2

3
ðIma2l − ja2l j2Þ

�
:

Note that

σπ
0π0

inel ≤ σπ
0π0

inel;im

≡ 8π

k2
X∞
l¼0;2;

ð2lþ 1Þ

×

�
1

3
ðIma0l − ðIma0l Þ2Þ þ

2

3
ðIma2l − ðIma2l Þ2Þ

�
:

ð67Þ

As before, we vary the ImaIl subject to positivity
constraints and the given σπ

0π0
inel;im to minimize the absorptive

part,

Aπ0π0→π0π0ðs; tÞ

¼
ffiffiffi
s

p
4k

X∞
l¼0;2

ð2lþ 1Þ

× PlðzÞ2
�
1

3
ðIma0l Þ þ

2

3
ðIma2l Þ

�
: ð68Þ

The minimum is reached when

Ima0l ¼ Ima2l ¼
1

2

�
1 −

PlðzÞ
PλðzÞ

�
; l ≤ L;

Ima0l ¼ Ima2l ¼ 0; l > L; L ≤ λ < Lþ 2: ð69Þ

The minimum is an increasing and convex function of
σπ

0π0
inel;im. The lower bound on the absorptive part, therefore,

remains valid if we replace σπ
0π0

inel;im by σπ
0π0

inel . Again, defining

4ðk= ffiffiffi
s

p ÞAπ0π0→π0π0ðs; tÞ≡ Aπ0π0ðλÞ; ð70Þ

σπ
0π0

inel
k2

4π
≡ Σπ0π0

I ðλÞ; ð71Þ

we prove that if lnðzþ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
Þ < 1=6, which holds at

moderately high energies, Σπ0π0
I ðλÞ < λ2=4 if L ≥ 2.

Finally, proceeding as for nonidentical particles, we obtain
a bound without any high-energy approximations,

Aπ0π0ðλðΣπ0π0
I ÞÞ ≥ ð1 − 1=P2ðzÞÞ þ

Z
Σπ0π0

I

Σπ0π0

I ð2Þ
P ffiffiffiffiffi

4Σ0
I

p ðzÞdΣ0
I:

ð72Þ
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This yields the exact bound,

4ðk= ffiffiffi
s

p ÞAπ0π0ðs; tÞ
≥ ð1 − 1=P2ðzÞÞ þ ð1=2ÞαðzÞ−2½x0I1ðx0Þ�jx0¼v

x0¼v1
; ð73Þ

αðzÞ≡ lnððzþ
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
ÞÞ;

v≡ αðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

π
σπ

0π0
inel

r
;

v1 ≡ αðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − P2ðzÞ−2Þ

q
; ð74Þ

a slightly weaker bound is obtained by replacing αðzÞ
by the smaller quantity

ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
=z, and noting that

ð1 − 1=P2ðzÞÞ − ð1=2ÞαðzÞ−2½x0I1ðx0Þ�jx0¼v1 is then positive
at moderately high energies. Thus, we obtain a slightly
weaker but rigorous bound,

Aπ0π0ðs; tÞ > k
ffiffiffi
s

p
4t

z2

zþ 1
xI1ðxÞ;

x≡
ffiffiffiffiffiffiffiffiffiffiffi
zþ 1

2z2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tσπ

0π0
inel ðsÞ
π

s
; ð75Þ

which is identical to the result given earlier for nonidentical
particles. Therefore, the asymptotic bounds of the last
section on energy averages of inelastic cross sections also
hold for π0π0 scattering.

VI. ABSOLUTE BOUNDS ON π0π0 INELASTIC
CROSS SECTIONS

In [1] we derived absolute bounds on π0π0 D waves
below threshold and onCðtÞ in terms of pion mass alone for
0 < t < 4. In particular,

f2ðtÞ <t→4−
4 − t
120

ð34þ 6.25ð4 − tÞ þOð4 − tÞ2Þ; ð76Þ

and

Cπ0π0→π0π0ðtÞ <t→4−
17π

4ð4 − tÞ ; ð77Þ

where flðsÞ ¼
ffiffi
s

p
4k 2a

π0π0→π0π0
l ðsÞ. We now use these rigor-

ous bounds in conjunction with the asymptotic bounds on
inelastic π0π0 cross sections to remove the unknown ϵ ¼
4 − t in these bounds. The price to pay for the rigor is that
we cannot choose t ¼ 4. For the upper bound on
σ̄π

0π0
inel ðs;∞Þ, the optimum choice is

ϵ ¼ 4 − t ¼ 8

lnðs=s1Þ
; ð78Þ

which yields

σ̄π
0π0

inel ðs;∞Þ
≤s→∞ ðπ=4ÞðmπÞ−2 × ðlnðs=s1Þ þ ð1=2Þ ln lnðs=s1Þ þ 1Þ2
þOðln lnðs=s1ÞÞ; ð79Þ

where the scale factor s1 is given by

1=s1 ¼ 34π
ffiffiffiffiffiffi
2π

p
m−2

π ð80Þ

and is one-fourth of that for the total cross section case [1].
For the upper bound on σ̄π

0π0
inel ðs; 2sÞ, the optimum choice is

ϵ ¼ 4 − t ¼ 8

lnðs=s2Þ
; ð81Þ

which yields

σ̄π
0π0

inel ðs; 2sÞ ≤s→∞ ðπ=4ÞðmπÞ−2
× ðlnðs=s2Þ þ ð1=2Þ ln lnðs=s2Þ þ 1Þ2
þOðln lnðs=s2ÞÞ; ð82Þ

where the scale factor s2 is given by

1=s2 ¼ 2=s1 ¼ 68π
ffiffiffiffiffiffi
2π

p
m−2

π : ð83Þ

These are bounds from first principles on a cross section
fundamental in strong interaction physics. But for phe-
nomenological comparisons, it is more useful to use some
crossed channel low-energy data to get stronger bounds,
particularly on the scale of the logarithm.

VII. PHENOMENOLOGICAL COMPARISONS FOR
PION-PION SCATTERING

(i) First, the basic lower bound (from unitarity alone) on
the absorptive part Aðs; tÞ in terms of the inelastic cross
section, given by Eq. (41), or in terms of the total cross
section (Eq. (21) of [1]) can be compared directly with
phenomenological estimates of the absorptive part at
energies where such estimates are available [22,23]. This
can be done for the amplitudes

Fπþπ0→πþπ0ðs;tÞ ¼ 1=2ðF1 þ F2Þðs; tÞ;

Fπ0π0→π0π0ðs; tÞ ¼ 1

3
F0 þ 2

3
F2ðs; tÞ;

which have positive absorptive parts for s ≥ 4, 0 < t < 4.
A violation of the bounds will indicate that the input
absorptive part violates unitarity.
(ii) Second, bounds on energy averages of cross sections

in the intervals ðs:∞Þ and ðs:2sÞ in terms of phenomeno-
logical inputs for c.m. energies less than

ffiffiffi
s

p
follow from

unitarity, analyticity and crossing. The crossing relations,
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1

2
ðF1 þ F2Þðs; tÞ ¼ 1

3
ðF0 − F2Þðt; sÞ;

Fπ0π0→π0π0ðs; tÞ ¼ Fπ0π0→π0π0ðt; sÞ; ð84Þ

and the Froissart Gribov formula yield

Cπþπ0→πþπ0
ðs:∞Þ ðt ¼ 4Þ

¼ 5π

16
mπða02 − a22Þ − Cπþπ0→πþπ0

ð4;sÞ ðt ¼ 4Þ ð85Þ

and

Cπ0π0→π0π0

ðs;∞Þ ðt ¼ 4Þ

¼ 5π

16
mπða02 þ 2a22Þ − Cπ0π0→π0π0

ð4;sÞ ðt ¼ 4Þ: ð86Þ

Here, as in [1], we defined the l-wave scattering lengths aIl
as the q → 0 limits of the phase shifts δIlðqÞ divided by
q2lþ1 where q is the c.m. momentum. The Bern group [19]
already has estimates of the D-wave scattering lengths, and
has recently obtained [24] estimates of the absorptive part
integrals up to

ffiffiffi
s

p ¼ 1; 6 GeV,

Cπþπ0→πþπ0
ð4m2

π ;sÞ ðt ¼ 4Þ ¼ 1.48 × 10−3; Cπ0π0→π0π0

ð4m2
π ;sÞ ðt ¼ 4Þ

¼ 2.031 × 10−3:

Hence, the bounds on energy-averaged cross sections
σ̄π

0π0
inel ðs; 2sÞ and σ̄π

þπ0
inel ðs; 2sÞ, as well as σ̄π

0π0
inel ðs;∞Þ and

σ̄π
þπ0

inel ðs;∞Þ implied by Eqs. (51)–(55) can be directly
tested against the corresponding experimental values.
(iii) Third, explicit asymptotic bounds on the averages of

the inelastic cross section in the intervals ðs;∞Þ and ðs; 2sÞ
are given by Eqs. (61) and (63), and in terms of the
corresponding averages of the total cross section, in terms
of a scale parameter s0 ; s0 is given by Eq. (62) in terms of
Cðs;∞Þ, an integral over absorptive parts in the interval
ðs;∞Þ. Substituting the values of the D-wave scattering
lengths given by [19],

a02 ≈ 0.00175m−5
π ; a22 ≈ 0.00017m−5

π ; ð87Þ

we have, choosing for s a value up to which absorptive parts
can be reliably estimated,

π0π0∶ s−10 ¼m−2
π 16

ffiffiffiffiffiffi
2π

p
ð2.05× 10−3 −Cπ0π0→π0π0

ð4;sÞ ðt¼ 4ÞÞ;
ð88Þ

πþπ0∶ s−10 ¼m−2
π 16

ffiffiffiffiffiffi
2π

p
ð1.55×10−3−Cπþπ0→πþπ0

ð4;sÞ ðt¼ 4ÞÞ:
ð89Þ

These equations give much stronger bounds than
the absolute bounds, e.g., using only positivity of
Cπ0π0→π0π0

ð4;sÞ ðt ¼ 4Þ, we get

s0 ≥ 12m2
π;

which is 800 times the absolute bound s0 ≥ :015m2
π . As the

absorptive part integrals in the D-wave scattering length
sum rules are rapidly convergent, even for the moderate
value of

ffiffiffi
s

p ¼ 1; 6 GeV, Colangelo et al. [24] obtained a
further big improvement in the values of the scale factor
when phenomenological values of absorptive parts up toffiffiffi
s

p ¼ 1; 6 GeV are utilized,

π0π0∶ s0 ≥ 1312m2
π πþπ0∶ s0 ≥ 356m2

π; ð90Þ

which are not very far from the scale factors used in
phenomenological fits [23]. We should remember that
the phenomenological values may be dependent on the
particular parametrization used to fit experimental cross
sections. The implicit bounds (51)–(55) discussed in (i) and
(ii) are without asymptotic approximations and, therefore,
can be compared directly with experiment.

VIII. CONCLUDING REMARKS

In this paper on inelastic cross sections and the previous
one on total cross sections [1], we believe we have put the
Froissart bound on solid ground by using the notion of
average cross sections which avoids completely the prob-
lem of the scale in the Froissart bound. These averages can
be chosen rather arbitrarily, but once you have chosen one
you must stick to it. The simplest averages that we use are
the ones from s to infinity and from s to 2s. The averaging
interval must be sufficiently large if one wants to preserve
the coefficients appearing in the Lukaszuk-Martin bound.
The only unknown is the value of a certain integral on the
absorptive part for some positive t. In the special case of
pion-pion scattering, all unknown constants are eliminated.
The advantage of introducing the bound on the inelastic
cross section is that, asymptotically, it is 4 times smaller
than the one on the total cross section. So if you accept that
the elastic cross section cannot be larger than the inelastic
cross section, the limiting case being an expanding black
disk, you gain a factor 2 on the bound on the total cross
section. However, not everybody agrees with this; for
instance, Troshin and Tyurin [25] believe that at high
energy the scattering amplitude is dominantly elastic. It is
tempting to make a rather daring and nonrigorous sugges-
tion: if the amplitude is essentially elastic (a small inelastic
part is unavoidable according to well-known theorems),
then the effective large Lehmann ellipse has a right
extremity at t ¼ 16m2

π , and the Froissart bound is divided
by 4.
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In any case, a factor of 2 or 4 is not sufficient to bring the
absolute bounds near the experimental values [26–28]
including the most recent experiments at LHC [29], which
indicate a definite increase of the cross sections compatible
with a ðlnðsÞÞ2 behavior. There is little doubt that this trend
will continue when LHC reaches higher energies. Towards
quantitative improvement, we may find unitarity bounds on
the energy averages of the inelastic cross section given the
total cross section as an input, in addition to absorptive part
integrals at positive t [30].
However, as explained in Sec. VII above, if we

are prepared to make phenomenological inputs such as
the D-wave scattering lengths and low-energy absorptive
parts, the situation with respect to experimental compar-
isons improves dramatically [23].
What canwedoon the theoretical side? In the case of pion-

pion scattering, Kupsch [31] has constructed an amplitude,
crossing-symmetric satisfying “inelastic” unitarity and

saturating the Froissart bound [31], but he does not give
numbers. The result of Gribov [32] shows the importance of
satisfying elastic unitarity in the “elastic strips” [33]. This
might help, butwe do not knowhow, and there is the problem
of finding people interested in working on this.
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