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Dirac lattices, zero-range potentials, and self-adjoint extension
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We consider the electromagnetic field in the presence of polarizable point dipoles. In the corresponding
effective Maxwell equation these dipoles are described by three dimensional delta function potentials.
We review the approaches handling these: the self-adjoint extension, regularization/renormalization and the
zero range potential methods. Their close interrelations are discussed in detail and compared with the
electrostatic approach which drops the contributions from the self fields. For a homogeneous two
dimensional lattice of dipoles we write down the complete solutions, which allow, for example, for an easy
numerical treatment of the scattering of the electromagnetic field on the lattice or for investigating
plasmons. Using these formulas, we consider the limiting case of vanishing lattice spacing, i.e., the
transition to a continuous sheet. For a scalar field and for the TE polarization of the electromagnetic field
this transition is smooth and results in the results known from the continuous sheet. Especially for the TE
polarization, we reproduce the results known from the hydrodynamic model describing a two dimensional
electron gas. For the TM polarization, for polarizability parallel and perpendicular to the lattice, in both
cases, the transition is singular. For the parallel polarizability this is surprising and different from the
hydrodynamic model. For perpendicular polarizability this is what was known in literature. We also
investigate the case when the transition is done with dipoles described by smeared delta function, i.e.,
keeping a regularization. Here, for TM polarization for parallel polarizability, when subsequently doing the
limit of vanishing lattice spacing, we reproduce the result known from the hydrodynamic model. In case of
perpendicular polarizability we need an additional renormalization to reproduce the result obtained
previously by stepping back from the dipole approximation.
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I. INTRODUCTION

Recently in [1-3], the interaction of the electromagnetic
field with a monoatomically thin sheet polarizable perpen-
dicularly was considered and different results were found.
As an attempt to understand these results we start from a
two dimensional lattice of polarizable point dipoles in three
dimensional space and reconsider the standard treatment. In
this way, for a scalar field one arrives at the equation

<—a)2 - A+ 9263()( - an)>¢>(x) =0, (1)

where the points a, [n = (ny,n,,0), n; integer] form a
plane two dimensional lattice of delta functions (“Dirac
lattice”).

Equations of such type, with delta function potential, are

known in different areas:

(1) The one-dimensional analog of Eq. (1) with an
equally spaced lattice, a, = an, is the well-known
Kronig-Penney model (“Dirac comb”) [4], which
now serves as a popular textbook example.

(2) In two and three dimensions, the delta functions in
(1) are ill defined. For a single delta function this
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was observed in [5] and solved by the method of
self-adjoint extensions.

(3) Inquantum mechanics, putting w®> = 2mE/h*,Eq. (1)
is a Schrodinger equation with delta function poten-
tials. It appeared as a generalization of the Kronig-
Penney model and provides an approximation for
scattering of short wavelength particles. It is known as
method of zero-range potential (see [6] and references
therein). Also, sometimes it is called point interaction.

(4) In quantum mechanics, in two or three dimensions,
using methods known from quantum field theory,
this equation is considered with some regularization
supplemented by subsequent renormalization of the
coupling g. This was discussed in [7], and more
recently in [8], in application to delta functions on a
manifold using a regularization in terms of separable
potentials and application of renormalization group
techniques. A finite dimensional analog of this is
known as Koster-Slater perturbation technique [9].

(5) In classical electrodynamics with appropriate ex-
pression for g (see below), this equation describes
the electric field in the presence of point dipoles,
polarized by an applied field and by the field from all
other dipoles. In this case, renormalization is equiv-
alent to removing the self force.

It must be mentioned that in each area the above-
mentioned methods are well developed, however, the
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communities using these are quite disjunct. We find it
useful to represent these methods together in one place
demonstrating their close interrelation. We keep formulas
as simple as possible to facilitate broader understanding
and restrict ourselves to the examples relevant to the
discussion of the polarizable sheets.

The recent discussion of thin polarizable sheets started
with [1,10]. For a polarizability perpendicular to the sheet
no interaction with the electromagnetic field was found. In
[2] a response was found starting from a plane lattice of
dipoles polarizable perpendicularly to the sheet. However,
for a shrinking of the lattice spacing to zero, which
corresponds to the long wavelengths limit, it became
singular. In [3], also starting from a lattice, the limit of
vanishing lattice spacing was taken in the equations. For
polarizability parallel to the sheet, equations result which
are equivalent to those of the hydrodynamic model, studied
in [11]. These are of the type of Eq. (1), however with a one
dimensional delta function, §(z), and have a well defined,
unique solution. For perpendicular polarizability, however,
an equation results, which has in addition a term with the
second derivative of the delta function, §”(z). In order to
match this term in the equation, the ansatz for the solution
must itself contain a delta function. This is physically
sound since the field ®(x) describes in this case the normal
component of the electric field of a double layer which
is known to have a delta function on the sheet. However,
in this case the product ®(x)5(z) is singular. As a way out,
in [3] it was discussed that one needs to step back from the
underlying dipole approximation. This way, a finite result
was obtained, which is different from [1] and from [2]. It is
an aim of the present paper to discuss the limit of vanishing
lattice spacing in a broader context and to gain more insight
into the different limiting procedures involved.

We mention that interest is these limiting procedures
comes also from the question, to which extent one can
approximate a lattice of dipoles by a continuous sheet. The
standard reference is here the perfect conductor, which
serves as good approximation to the real conductor for long
wavelengths.

In electrodynamics, we consider the electric field in the
presence of polarized point dipoles. The corresponding
formulas are well known (see, e.g., [12]). Here we follow
the notations used in [3]. Putting ¢ =1 and assuming
harmonic time dependence ~exp(—iwt), we have two
equations,

(—w? = A)E(x) = 4n(w? + VoV)> pyd(x — a,).

Pn = &E(an)’ (2)

where the first line is the equation for the electric field in the
presence of the point dipoles p, located at a,, and the
second line describes the polarization of one dipole by
the electric field at the location of the dipole. In this way,
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the commonly used dipole approximation is assumed. In
Eq. (2), VoV is the dyadic product of the gradients. In
general, all vectors are denoted by bold letters, for instance,

x=(xy2) =2, x =y, ()

and similar for the momenta. The sheet is always in the
(x, y)-plane and the lattice

a, =an, n=(n,n,,0) (4)
is quadratic with spacing a. In the second line in (2), & is the

polarizability. It has the dimension of length®. We take it as
a diagonal matrix and consider two cases,

jo)

= diag(e, |, 0) for in-plane polarizability,
diag(0,0, a3)

a for perpendicular polarizability.  (5)
If thinking of the dipoles as bound charges e with non-
relativistic motion, for ) and a3 known expressions of
the type

P s (6)

with intrinsic frequency @ hold in the simplest case. It is to
be mentioned that the sign may change in dependence on
the frequency. For @y, = 0 we get the polarizability for free
charges as assumed in the hydrodynamic model [11].
However, in this paper we do not use these details.

Next we insert the dipole moments from the second line
in (2) into the first line and we obtain an equation like (1),

(—w2 — A —4n(a* + VoV)&zn: 5(x — an)> E(x) =0,

(7)

and get an effective Maxwell equation. It must be men-
tioned that this equation is a direct consequence of Eq. (2).
However, it is common not to use this equation in
electrodynamics, see for example Chapter 17 in [12].
Below we will comment more on this point. Keeping aside
for a moment the difficulties with the singularity, this is a
vector equation. It can be diagonalized since the polar-
izations separate for the polarizabilities (5) and the geom-
etry (4) into TE and TM modes,

~a, 9.0,
E(x)=| 0, |EmXx)+ | 9,0. [Em(x) (8)

with A = 92 + 85. For in-plane polarizability we get an
equation for the TE mode where VoV does not contribute,
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whereas for the TM mode it becomes the in-plane Laplace operator, VoV — A, For perpendicular polarizability we have
for parity reasons only the TM mode. In the following we denote this case be “P.” We consider the equation for the normal
component of the electric field, E5(x), and here we have to substitute VoV — 92. Together, in all three cases we get the

modification

(—w2 —A+gP> 5(x - a,,)) d(x) =0 (9)

of Eq. (1) or (7) where for g and P one needs to substitute according to

(10)

mode | coupling | field
TE g—aqp, P=-4re’, D(x) - Erg(x),
™ g—ap. P=—4x(w’+A)), O(x) — Emy(x),
P g— a3, P=—4n(w*+5?), d(x) — E3(x).

‘We mention that the TE mode differs from the scalar case only
by the substitution of the coupling constant, while the other
two cases have in addition derivatives in their couplings.

The paper is organized as follows. In the next section we
consider the equation with a single delta function and
discuss in detail the singularity, the regularization and
renormalization, which are used in Sec. III for multiple
centers. As an application we consider then the scattering
on a two dimensional lattice. In Sec. V we discuss the
transition to a continuous sheet with different orders of the
limits involved.

II. APPROACHES FOR A SINGLE THREE
DIMENSIONAL DELTA FUNCTION

In this section we consider the approaches to Eq. (1) fora
single delta function located at the origin, a, = 0,

(—w? — A + g83(x))B(x) = 0, (11)

where §(x) = 6(x)8(y)d(z) is a three dimensional delta
function, x = (x,y,z) € R3 and A is the three dimensional
Laplace operator. As it stands, this equation is not well
defined. In three (and in two) dimensions this equation can
be given a precise meaning by several of the methods,
which we review in this section.

A. Self-adjoint extension

We begin with the method of self-adjoint extensions.
This was first done in [5], later generalized in [13] and quite
a number of further places. The idea is, roughly speaking,
to restrict the domain of the operator to regular solutions
where it is only symmetric, and then to add a singular
solution which makes the operator self-adjoint. In doing so,
a new parameter agg appears which can be called extension
parameter and the original one, g, loses any meaning. In
this way, any potential with support in one point is

I
described. This solution appears only in the s-wave (orbital
momentum / = 0). Higher / are not affected (these “do not
feel” the delta function) since any regular solutions behave
~r! for r — 0. In this way, the solution has an expansion

P(x) = c<i+aSE+ O(x)), (12)

x|

where c is an overall normalization constant and agg is the
extension parameter. This extension is unique in the s-wave
sector (see Sec. I B). Another, equivalent form of writing,

d
lim <—aSE + —> |x|®(x) =0, or

|x|=0 d|X|
lim d In (|x|®(x)) (13)
asg = — .
SET xsodx|

is in terms of a boundary condition at the origin.
The solution to Eq. (11) for x # 0, i.e., outside the delta
function, can be written in the form

eiw|x\

B(x) = e 4 f (14)

x|

It can be interpreted as incoming plane wave with wave
vector k and an outgoing spherical wave with frequency w
[with @ = |k| from Eq. (11)], which is centered around the
delta function. In this setup, f is the scattering amplitude.
Expanding this solution,

<I>(x):1+%+iwf+m, (15)

and comparing with Eq. (12), we identify

| 1
agg — ? + iw, or —_—

065027-3



M. BORDAG AND J. M. MUNOZ-CASTANEDA

which is a relation between the extension parameter agg
and the scattering amplitude. In this way, the solution (14)
is extended to the whole plane, i.e., including x = 0.

The scattering amplitude f has the appropriate analytic
properties. It is a meromorphic function with a single pole
on the imaginary axis in @ = i(—agg), which for agg < 0
corresponds to a bound state. The normalized bound state
wave function is

— asg|x|
%) =\ S (17)

and (—agg) is the binding energy.

B. The three dimensional delta function in the general
theory of self-adjoint extensions

In the past years Asorey, Munoz-Castaneda et al. devel-
oped a new formalism to characterize the most general case
of self-adjoint extensions for operators relevant in math-
ematical physics in terms of an unitary operator U (see
Refs. [14—18]). Here, we apply this formalism to a three
dimensional delta function, which was not done so far.

In general, if M is a d-dimensional manifold with
boundary OM = X, the set of self-adjoint extensions of
the Laplace operator on M is in one-to-one correspondence
with the unitary group U(L?(M)). This correspondence
allows to characterize each self-adjoint extension by an
unitary operator U. In particular, for a given unitary
operator U € U(L?*(M)), the corresponding self-adjoint
extension A is fully determined by the domain of
functions D(Ay) C L>(M) that satisfy the boundary
condition

pyls — i0wly = Uluyls + i0,pl5). (18)

where the constant y is a positive coupling constant with
units of L~! that characterizes the interaction with the
boundary X. When the size of the boundary is finite, the
coupling constant ¢ can be set to unity without loss of
generality since the spectrum of A;; and its eigenfunctions
only depend on the unitary operator U that characterizes the
self-adjoint extension (see Refs. [15,16]). In particular, the
existence of bound states in the spectrum of A, only
depends on the matrix U and not in the value of x.

In the case of a singularity concentrated on a point as it is
the delta function, one must introduce a regularization in
order to define the singular pointlike potential. For this
reason it cannot be set to one. Assuming that the singularity
is placed at the origin, the operator U is defined on a sphere
of radius ¢ around the singularity. Note that in such a case
the boundary X is a sphere of radius ¢ and the physical
space of the system is given by the condition r > e.
Therefore we have 0, = —0, and Eq. (18) turns into

HWlr—e + 10— = Uc(pey|,—c — i0,y,—.).  (19)
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The radius € is here the regularizing parameter that must be
made O at the end. As it will be seen below, we need to
allow the coupling constant x4 to depend on the regulari-
zation parameter, u — y,. Therefore Eq. (19) can be written
as a boundary condition,

im(uew|,—c +i0pl,—c) = imU. (pey|,—c = i0,),—)-
(20)

When the singularity preserves spherical symmetry, the
operator U, that characterizes the corresponding self-
adjoint extension, is box-diagonal when the wave function
is decomposed in spherical components. Therefore for each
value of the orbital angular momentum L, we will have one

. . . (L)
boundary condition characterized by a finite matrix U,
of order 2L x 2L (see Refs. [19,20]). Any quantum state
wi(x) with defined energy k* can be decomposed in

spherical coordinates as

wi(x) = Z Z Ri 1 (r)Y m (L), (21)

00
L=0 M=-L

where Y;,,(Q) are the spherical harmonics, and Ry 7, is
the radial function that obeys the differential equation,

1d d L(L+1
7 (VZ;RLM(”)) +%RLM(”) = K2Ry (7).

(22)

The general solution to the radial differential equation is
given by

Rym(r) = Apy (k) jo(kr) + Bpy(k)y. (kr), (23)

where j; (r) and y; (r) are the spherical Bessel functions.
Notice that since the boundary condition in general does
not require regularity of the radial function at the origin, the
coefficient of y; (kr) cannot be made equal to zero. Hence,
for fixed L, the corresponding boundary conditions have
the form

HeWr—e £ i0,p],—
L

= Z (MeRiLm(€) £ iR 10 (€))Y1ar(R2)  (24)

for any L. Since the spherical harmonics are orthonormal,
these should be taken as the basis of a 2L vector space of
boundary data for fixed L. The boundary data can be
represented as two 2L-dimensional column vectors,
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MR -1 (€) &+ iRi_L_L (€)

‘1)395 HeRi i (€) £ iR}y (€) |- (25)

ﬂeRk,LL<€) + iR;c,LL (e)

Now, the most general boundary condition that preserves
the total angular momentum can be written as

o) =y, o), U, eUQRL+1), L=0123,...

(26)

This boundary condition is characterized by a set of
matrices {U;|U; € U(2L + 1)}, ,+. Notice, that when
the boundary condition is defined by U; = l,; 42741, One
obtains the boundary condition R} ; _, (¢) = 0 which is a
Neumann boundary condition. If U, = —l,; . 1474 gives
rise to €Ry 7 (€) = 0 which must be satisfied for any € > 0
before taking the limit ¢ — 0 which happens if and only if
Ry 1r(€) =0 which is a Dirichlet boundary condition.
When taking the limit ¢ — 0 for the cases of Dirichlet
and Neumann boundary conditions, the coefficient B;;, in
Eq. (23) must be equal to zero which gives rise to functions
regular at the origin. It is of note that when the point
potential is spherically symmetric, the matrices U; must be
diagonal and the boundary condition (26) becomes

R?{,LM(G) = pctan (0.(L, M)/2)Ry 1y (€) (27)

for each radial function Ry ;.

Within this formalism, it is also possible to
define a multipole boundary condition by interpreting
the L-decomposition of the boundary condition given
above as a multipole decomposition of the point potential.
Therefore, when U # —ly; 1xop .1 justforagiven Ly > 0,
then one should interpret the point potential as the short
range approximation for the potential of a L-multipole
(Ly = 0 would be the monopole or point charge, Ly = 1
the dipole, L = 2 the quadrupole, and so on). As it is well
known the delta function potential represents the short
range approximation of a point charge (this is the same as
the zero range approximation discussed in the next sub-
section). Therefore, to represent the delta function potential
as a boundary condition, only the monopole term in the
multipole decomposition of the boundary condition should
be nontrivial and U(L‘S) = —[ for all L > 0.

To determine the L = O component we have to take into
account that in this case U;_y = ¢ € U(1). Therefore the
boundary condition for the L = 0 components reads

PHYSICAL REVIEW D 91, 065027 (2015)
HeRio(€) + iR} o(€) = ePep Ry o(€) — iR} o(e).  (28)

To determine y,. and 6, in terms of ¢ and the extension
parameter agg introduced in (12), we need to write down
condition (13) in a suitable manner. Previous to taking the
limit [x| — 0 in Eq. (14) we can write condition (13) over a
small sphere of radius e,

(1 —easg)Ryo(€) + €Rj o(€) =0

-1
= Rl o(€) = LT Reole). (29)

Provided e # 41, we can write the condition (28) as
Rj.o(€) = petan (0./2)Ry (€). (30)
Comparing the last two expressions we obtain the condition

-1
U tan (Be/2) e

(31)
Keeping in mind that the only dimensional parameter
entering the boundary condition (18) is u,, we obtain
the relations

u. = 1/e, tan (0,/2) = eagg — 1, (32)
connecting the parameters of the self-adjoint extension in
Sec. II B and in the present subsection.

It is of note that the renormalization group equations for
the parameters y,. and 6, are

d/’te _ 2. dee _ Aasg
de -V e T Taney P
This dynamical system also characterizes the three dimen-
sional delta function up to two integration constants.
The generalization of the definition of the delta function
potential for an electromagnetic field can be achieved using
the theory of self-adjoint extensions for the quadratic Yang-
Mills operator around a pointlike configuration (see
Refs. [21-23]).

C. Zero-range potential

In quantum mechanics, Eq. (11) with @ = v2mE/h is a
Schrodinger equation for a particle with mass m moving in
a delta function potential. For a generic spherical sym-
metric potential V(r) in place of the delta function one
considers the scattering of the particle off the potential and
comes to a partial wave scattering amplitudes f;(k)
(1=0,1,2,..., k=|k|). For small momenta k, or for
large wavelength of the scattered particle, these can be
expanded,

filk) = —a ik + - (34)
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(see, e.g., [24], Chapter 11), where qa, is the scattering
length, which is a property of the potential. For small &,
Eq. (34) provides an approximation for the scattering
amplitude. If restricting in addition to s-wave scattering,
comparison with Eq. (16) shows the relation

1
ay = —— 35
0= (35)

between the extension parameter and the s-wave scattering
length. For the s-wave, in the next term in expansion (34),

1
fo(k) :—a0+§r0k2+~~~, (36)

the parameter r( is interpreted as range of the potential.
Putting ry = 0 motivates the naming “method of zero-range
potential.”

This method was actively used since the mid 1960s; see,
for example, [6] and also the more recent paper [25], which
has an exhaustive bibliography. Some most recent appli-
cations are [26] and [27]. The equivalence to the method of
self-adjoint extension was shown in [28].

D. Regularization and renormalization

In this subsection we consider another approach which
follows a line of reasoning known in quantum field theory.
Following [7], we start with a Fourier transform,

o) = [ SEsemie), (7)

and get from (11)

(—@? +p*)p(p) + g2(0) =0 (38)
with * = k2. This equation can be easily solved,

$(p) = (27)°8(p — k) - pgch_((zz , (39)

assuming Jw > 0. The first term is the homogeneous
solution. Inserting (39) into (37) we get for x =0 the
equation

®(0) = 1 — g®(0)I(—w* — i0), (40)
where
[ d&p 1
0= @

carries the divergence. This divergence is one way to see
that the delta function in Eq. (12) is ill defined in
dimensions higher than one. At once, this integral gives
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the opportunity to introduce a regularization, i.e., to change
the initial formal expression in a way that it becomes well
defined. A convenient way is to change the dimension,
3 — n, in the integration and, following the aim of dimen-
sional regularization, to consider the analytic continuation
of I(z) in n. Another way is to restrict the integration,
Ip| < A, by a momentum cutoff with A — oo at the end.
Thus one substitutes

I(2) » IN2) = /

pl<a (27)* p* + 2

3 A
dp 1A £+0(1)

272 4n A
(42)

and has explicitly the singularity for A — co. Rewriting
Eq. (40) with this regularization and solving for g®(0),

1
gfp(o):l+A+M+...’ (43)

g 272 4z

one defines by

1A
PR (44)

a new, renormalized coupling constant g, which is sup-

posed to be finite for A — oo. This is on expense of the
initial coupling constant g, which is now g = (J-— A1
and which goes to zero. Finally, inserting g®(0) from (43)
with (44) for A — oo into (39) we get the solution which

after Fourier transform back becomes

Bx) = et - )
= e - — .
i + 24z|x|
This is just the solution (16) with the identification
-1 4
f=—. respectively, agg = iy (46)
g—’r’ +iw Gy

In this way, one obtains after renormalization the same
result as from self-adjoint extension, Eq. (16). The freedom
in the renormalization [one can add to (44) any constant]
corresponds to the freedom in the choice of the extension
parameter agg.

At this place it should be repeated that the initial
parameter g in the process of renormalization loses its
meaning completely. The new, renormalized parameter g,
can be given a meaning by relating it via (46) with the
scattering amplitude or using (17) with a bound state level.

The cutoff regularization introduced with Eq. (42) is
equivalent to the use of a regularized delta function &(e, x)
in Eq. (11) which is nonsingular and has the property

limé(e, x) = §(x). (47)

e—0
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However, for any nonzero &, one comes this way to an
equation with a generic potential. Especially when con-
sidering several such potentials in an equation like Eq. (1),
variables do not separate and the equation becomes hard to
investigate. There is a way to avoid this difficulty by
considering the regularized equation in the form

(~0? = A)D(x) + g6, (€. %) / dys,(e.y)B(y) = 0. (48)

where we introduced two regularized delta functions which
may be different from one another.

Starting from here, we consider in parallel to the scalar
case, Eq. (1), also the electric field obeying Eq. (2), with s
single dipole located at the origin, a, = 0. We use this
freedom in the choice of the regularized delta functions for
accommodating the cases we are interested in. Thus we
demand

12%51(8, X) = P§(x), Ei_}m052(e, x)=46(x), (49)
with P =1 for the scalar case and with P either P —
—4n(w* + VoV) (and g - —4z@) or, according to formula
(10), for the electromagnetic case. Clearly, for ¢ — 0, using
(49), we get back to Eq. (11) for the scalar case. For the
electric field we substitute ®(x) - E(x) in (48) and get
back Eq. (7).

Rewriting Eq. (48) in the form

[ avkixy)aw) = o (50)
with the integral kernel

K(x,y) = (—0* — A)5(x —y) + g6, (e.X)55(e.y), (51)

it is seen that we have an equation with a separable
potential. Defining the Green function by

/de(X, 2)G(z,y) = 6(x —y), (52)
the explicit solution is
G(x.y) = Go(x =y) = [ dx'dyGolx = X e.x)
X ¢y 82(e.¥)Go(y —y) (53)
with
to= 5+ [ dxdyi(ex)Golx —ya(ey)  (54)

and the free Green function obeying (w? — A)Gy(x —y) =
5(x —y). Its explicit form is

PHYSICAL REVIEW D 91, 065027 (2015)

dp Pl ei(u|x|
Go(x—y) = = . 55
ox =) / Py =0 aax Y

The solution (53) can be easily checked by inserting
into (52).

From (53), a solution corresponding to an incoming
plane wave with wave vector k can be obtained by

B(x) = [ dvdsG(x.y)Gg'(y - D)™ (50
and with (53) it can be written in the form
O(x) = e*x — / dx'Gy(x — x')8, (e, x") !
X / dy's,(e,y )e ™, (57)

For ¢ > 0 it turns into the solution (14) with the
identification

-1
4ﬂ¢0 '

This way, the equivalence of the separable regularization
with the previously considered approaches is seen.

An especially convenient choice for the regularized delta
function is the heat kernel,

(58)

=ty

_exp(=3)

Ke) =" gaepin

(59)

with its property lim,_oK,(x) = 8(x) and the pleasant
formulas

Go(x) = / " dseEK,(x),

0

/ dZGO(X - Z)KS(Z - Y) - /oo dse_s‘ssz+e(X - Y),

0
(60)

which follow from (55) and (59). The parameter ¢ regu-
larizes the singularity in the integration over the proper time
s at s = 0. We use imaginary frequency, @ = i¢, in order to
avoid inconvenience with powers of i. We use the heat
kernel regularization in the following way. For the scalar
case we take (&, x) = K,.(x). For the polarizations of the
electromagnetic case we take J;(e,x) = PK,.(x) which
with (10) turns into

TE: 6, (e, x) = 4728%K,(x),
TM: 5y (e, X) = 4m(E — A K (x),
P: 5 (e, x) = 4n(& — 02K ,(x), (61)
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and for all cases we take 6, (¢, x) = K,(x). Now we insert
these definitions into Eq. (54). For the scalar case we get

] o0
Py = g +/) dS€_S'52Ks+26<O) (62)

and for the electromagnetic cases we get

1 o
o [t

1 © 2
P = a—H + 4nA dse™ (& = A))K y120(X) x>

1 e 2
¢g = a—s + 47[/0 dse ¢ (52 - a?)Kerze(X)h(:O‘ (63)

Calculated for € — 0, these expressions become divergent
according to

1 1 iw
scalar
=—+ +—+0(Ve),
0 g (2ﬂ)3/2\/g 4 (\/7)
1 ?
TE 3
= —+ - +iw’ + O(\Ve),
e (ve)
1 1 ? iw’
™
=—++ - +——+0(Ve),
0 q 6\2re3?  3\2me 3 (Ve)
1 1 »’ 2iw?
p
=—+ - + + 0(Ve),
% as 122232 632 3 (ve)
(64)
where we turned back to real frequencies, £ = —iw, and

give rise to the renormalizations of the couplings,

grlen = ; + (2”)31/2\/5 for scalar,
2
arlf’“ - 0}” - \/%, for TE,
2
all - al” e 21783/2 - 3;)%’ for TV,
% = 0%3 + - 2171'83/2 - 6;)22%’ for P. (65)

It is seen that all these renormalizations are different one
from another and depend in the electromagnetic case on
frequency. In terms of the renormalized couplings, we get

1 io .
¢(s)ca1ar — F + E’ gE — a‘r‘en + la)3,
w1 i b 1 2i0’
0 :(l‘rlen+77 ¢0:@+ 3 (66)
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Finally we consider the wave functions which follow from
Eq. (57) with € — 0 and (55). In the scalar case we get

1 eiw\x\

P(x) = ekx — ,
X = g I

(67)

repeating the identification (58) and Eq. (67) coincides
with Eq. (14).
In the electromagnetic cases we get, using (61),

) > eiw\x|
Erg(x) = e® + ——— |
" #i° Ix
ETM(X) o elkX + 1 (w + AH) elw‘xl ’
b" x|
) 1 iw|X|
Ep(x) = e+ (@ ) (69)
0

which are the expressions for the electric fields in the
presence of one point dipole with polarizability according
to (5), provided proper definition of the ¢y's which will be
given in the next subsection.

E. Electrostatic approach

In electrostatics, also if including retardation, one con-
siders an applied electric field, in our case a plane wave,

Eqp(x) = Ege™. (69)

appl

It polarizes the dipole with dipole moment p, located at the
e[u}\x\

origin, whose electric field (w? —l—VoV)Wp, together
with E,,p(x), adds up to the total electric field,

eiw|x\

E(x) = Ege™™ + (0 + VoV) =

p. (70)

The dipole is assumed to be polarized by a local field,
E .. (x), according to the second line in (2),

p = aEj, (0)7 (71)

at the location of the dipole. Now, in case of a single dipole,
the local field is assumed to coincide with the applied field
at this position,

Eloc (0) = Eappl (0) (72)

and from (70) one comes to
eim|x\ .
B(X) = By (x) + (07 + Vo0 £ )il (0). (73

4r|x|

This is the electric field including the response of the
dipole. It is to be mentioned that in this procedure no
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singularities appear and that the result is perfectly fine and
in (73) the polarizability & is the original one from Eq. (2).
For instance, from the second term one can derive the
scattering amplitudes of Thomson scattering, Rayleigh
scattering etc. The properties of the dipole enter through
its polarizability and no ambiguity appears.

Now we compare this approach with the previously
considered ones. Inserting for & from (5) and selecting with
(8) the corresponding modes and components of the
electric field, one comes to the conclusion that one needs
to include the terms with i’ in (64) into the renormaliza-
tion, thus defining

1 1 ?
=—— +iw’, for TE,
aH a|| vV 2re
1 1 1 ’ i’
- 4 - +—, for T™M,
af" ay 6y2zeY? 3V2me 3
1 1 1 * 2iw?
— =4 — + , forP, 74
ay  az 12\27e3?  627e 3 (74)
and one comes to
1 1 1
TE _ ™ _ P _ 75
0 a‘rlcn ’ ¢0 aﬂen ’ ¢0 agen ( )

in place of (66) and for the a™". we have to take the original
ones appearing in (73), or with (5) from (2). As already
mentioned, the renormalization is not unique. In the approach
of using an equation like (7) with subsequent renormalization
of the parameters &, like in the scalar case, these lose their
meaning. The renormalized parameters a™", (65), can be
related via Eq. (68) with the scattering amplitudes like in the
scalar case. In the electrostatic approach, because of dis-
regarding the self fields, one does not have an equation like
(7) but the system (2) with the prescription resulting in (73).
In this case no renormalization is needed. It is, if comparing
this approach with that of Sec. II D, that the renormalization
(74) is suggested in order to obtain the same result.

It must be mentioned that this electrostatic approach is a
kind of workaround. It is a known fact that Egs. (2),
considered together, are singular like Eq. (7). The work-
around is generally accepted and it gives in all known cases
the correct result. For detail we refer to Chapter 17 in [12].

III. MULTIPLE CENTERS

In this section we consider a plane lattice of delta
functions at the locations

X, =an, with n = (n;,n,,0), (76)

(n; integer) forming a homogeneous lattice in the (x,y)-
plane with spacing a. This lattice has translational invari-
ance and, for instance, for the difference between two
locations

PHYSICAL REVIEW D 91, 065027 (2015)

Ay — Ay = Ay (77)

holds.

We start with formulas with are valid for an arbitrary
location of the centers. For the scalar field we have the
equation

<—w2 —-A+ 921;53(;; - a,,)> B(x) =0, (78)

which was already mentioned in the Introduction, Eq. (1).
We use the approaches discussed in the preceding section
for a single center. Equation (78) is for the scalar field
which we consider first. The extension to the electric field
is given below.

Within the method of self-adjoint extensions we have first
to restrict the domain to functions regular at the locations of all
delta functions and then to add the singular modes. In this way,
the solutions have expansions around each delta function,

0(x) = o1ty s+ Olx-m)). ()

|X_an|

with extension parameter agg. This is equivalent to use
boundary conditions (13) at each a,,. We chose the same
parameter agg for all locations not to break the homogeneity
of the lattice.

The solutions for x # a,, i.e., outside the centers, read

piwlx—ay|

ax) =M+ Yt (80)

|X_an|

These may be interpreted as an incoming plane wave and
outgoing spherical waves from each center. Expanding this
solution near a,,

and comparing with (79), we identify

eikam . fn eim\am—an\
osg = —— + iw + S

— , 82
fm n#:mfm'am_an ( )

which is a system of equations for the f,,

ei®lam—an| )
fo=ckam (83)

(asg — i®) fm — m n

n#m

The inhomogeneous solution of this system, being inserted
into (80), delivers the solution describing the response to
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the applied plane wave. The homogeneous solution, if
existing, describes intrinsic excitations or bound states,
depending on the application considered.

Obviously, in the approach with the zero range potentials
one comes to the same equations. A similar picture appears
with the approach with regularization and renormalization
which we consider now in more detail in terms of separable
potentials. For several centers, the kernel (51) takes the
form

K(x.y) = (-0? - A)3(x - y)
+g25,(s,x - an)52(£7 ay _y) (84)

and for the Green function one has

G(x.y) = Go(x—y) = 3 / dx'dy Go(x - x')

x 51(e, X" — a,) Py s (e, am = ¥)Go (Y — y)
(85)

with
1
GPom = 5 + / dxdyb,(e,a, —y)Go(y —X)5, (e, x — ay,).
(86)

Inserting (85) into (52) results in
Z¢n.n’ ;/{m = 5n.mv (87)

which is analog to Eq. (83) in the extension approach.

The generalization of the solution (56) corresponding to
an incoming plane wave follows from Eq. (85) in the same
way as before from Eq. (56),

D(x) = e*x — Z / dx'Go(x — x')8, (e, x' — ay)
nm
< il [ (e, am = y)e. (55)

Taking ¢ — 0 in the regularized delta functions in this
formula, one comes to

eiw\x—an\

O(x) = ™ = gl e (89)

|X_an|.

Comparison with Eq. (80) gives

PHYSICAL REVIEW D 91, 065027 (2015)

-1 .
fa="— Pphelkn (90)

establishing the relation to the extension method.
Starting from here we restrict the discussion to the plane

lattice given by Eq. (76) and make use of the translational

invariance (77). In that case, solution (80) has a Bloch wave

property,
O(x + a,) = e*nd(x). (91)
As a consequence,
fa = foe'™ (92)
holds and Eq. (83) turns into

N eiw|am—an\+ikan N
(asg — iw)e™ @ — E ————— | fo =",

n#m |am - anl
(93)
having simply the solution
fo= ! (94)
07 agp — i — Jy (0. k)
Here we introduced the notation
1 . .
Ji(0.k) = Zﬁezw\an\ﬂkan, (95)
Ap

which is the generic form of the sums appearing in the
considered type of problems. For w =0 and k =0,
J(0,0) is an Epstein zeta function. In (94) the convergence
of the sum comes from Jw > 0.

With (94), (92) and (90), the solution (89) can be written
as

O(x) = e™* + foF, x(x), (96)

where we introduced the notation

exp(io|x — a,| + ika,)
Fuy(n) = S SRl ) o)

n
which is a weighted sum over the spherical waves outgoing
from each center. In (96), the coefficient f,, can be rewritten
using (16) and (94),

f

S =T (k)

(98)

where f is the scattering amplitude for a single center. The
denominator in (98) is clearly the result from multiple
scattering within the lattice of delta functions.
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Next we consider the corresponding formulas with the
regularization in terms of separable potentials following
from (85) and (86) making now use of the translational
invariance (77). For the regularized delta functions we use
directly the heat kernel (59). In this way we get

X) = e/ — Z/ dse_S§2Ks+s(X - an)
nm /0
% q);,lme—skz-&-ikam (99)

for the solution (88), where we turned again to imaginary
frequencies like in (38). Further we used

/dng(am _ y)eiky _ e—ek2+ikam (100)
following from (59). From (86) we get
6[1 m ® Jpy-2)
$om =—— + dse™** Ks+2£(an—m)v (101)
g 0
which 1is, in fact, a function of the difference,

$nm = ¢Pn-mo. This allows one to invert the matrix
¢n.m by Fourier transform. Defining

p(k) =D noe™™ (102)
n
we get
-1 ,ika, 1 ika,
Zq[)n’me m — M@ n (103)
m
and the solution (98) takes the form
— ,ikx 1
(I)(X) =e - 471_&(1() Fs,w,k(x) (104)

with

Fe.m,k (x) = 47TZA dse—S§2_ek2+ikan KHg(X _ an).
n

(105)
J

Pk =

_352

y TM
¢ ren Z / dS 3/2
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This is the sum of the smeared (regularized) outgoing
spherical waves from each center. For ¢ — 0 it turns into
(97) and the relation

-1

holds.
Next we have to consider the renormalization. It is
hidden in Eq. (101) in the diagonal contributions,

1 o0
¢n,n = 5 + A dse_xgszJﬁe(O)’

(107)
which is just ¢y in Eq. (62). It is obvious that the divergent
contributions come only from the diagonal elements due to
the decrease of the heat kernel in (101) for a,,_,, # 0. In this
way, all formulas of Sec. II. 3 related to the renormalization
apply here too.

Especially for the scalar case we get then in (102)
with (65)

309 = et Y [T s R au)en .

(108)

where the prime at the sum means, as usual, to drop the
term with n = 0. Here we can put ¢ = 0 and get

~ 1 ] Ji(w, k
Lo Ji(o.k)

g, 4n 4n (109)

with J (@, k) defined in (95). Inserted into (104) and taken
for ¢ = 0, this repeats just (96) with (94) and (46).

The same can be done for the electric field using the
modes corresponding to (10) and the renormalization
according to Eq. (74). Basically, it amounts in inserting
the operator P defined in (10), in front of the heat kernel in
(108) and carrying out the derivatives. Using Eq. (61), we
get, already for € = 0,

Z/ 95 ) 3/247:5 exp<—4—+zkan>

2 2
<§2 + S —%) exp (—% + ika,,),
s

(110)

k) = — Z/ ds (as 53/2 <§+ )exp(——+tka>

Carrying out the integrations over s and using the notations (95) we come to
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) = - o?

ren

- 1
¢TM<k) pre + iwJy(w,k) —

agen

which are the formulas coming for the electric field in place
of (109) for the scalar field.

Now the solutions for the electric field are given by
Eq. (104) with inserting P from (10) in front of F, , (X),
Eq. (105), which follows from (61) and the substitution of
¢(k) by that from (111) for the corresponding cases.
Taking the limit £ — 0, one comes to the formulas

Erp(x) = ™ + (F%(k)wsz,k(X)’
En(x) = e + (pj @ A Fux().

. 1
Ep(x) = e** 4 -

" (k)

where for the 47) one needs to insert from (111). We mention
that the polarization vector usually appearing in front of the
plane wave contribution is absorbed in (8) and does not
appear here. In fact, F, \ (x) with P from (10) applied, are
the well-known formulas for the electric field from a dipole,
written here for the specific cases considered.

(@? + 02)F i (%), (112)

IV. SCATTERING ON A TWO
DIMENSIONAL LATTICE

In this section we consider the solutions found in the
preceding section for a plane lattice in a scattering setup in
two cases, for outgoing spherical and plane waves. In both
cases, the incoming wave is the same plane wave as before.

For the spherical setup one considers an outgoing
spherical wave at |x| — oo,

etw\x|

D(x) ~ M4 f ——

[x|—co |

, (113)

where f. is the scattering amplitude. For a single center,
the solution (14), has already this form since the second
term in the solution is everywhere, except on the origin, a
single outgoing spherical wave and f,. = f holds.
For multiple centers (76) we have as usual for |x| — oo,
|x —a,|=|x|—akn + -, (114)
where X = x/|x| is the scattering direction. From (97)
we get

Ji(w, k),

- 0*J (0, k) —

PHYSICAL REVIEW D 91, 065027 (2015)

J3(w, k),
i, (w,K) + J3(w, k), (111)
eia}\x\ o
Fa).k (X) ~ - e—ta(uxn-'rlakn’ (115)
[x|—>00 |X| o
and from (96) and (113) the scattering amplitude
:foze—iawﬁn-&-iakn (116)
n
follows. Doing Poisson resummation we get
27
Fro=fo* 25 @) —kj+=—n (117)

with a two dimensional delta function and the subscript “||”
denotes the directions parallel to the plane. In this way, only
scattering in the directions given by

. 1 2w
X = <k|| ——n>

is allowed. These are just the von Laue conditions. Within
the zero range potential approach this was pointed out
in [29].

Next we consider an outgoing plane wave. For this it is
useful to rewrite F,\ (x), Eq. (97), using (55),

dp eP(x—an )+ikan
Fox(x Z/Zn’p—a} —i0"

Doing again Poisson resummation and carrying out the
integrations over p;, one comes to

(118)

(119)

Fox(x)
(s

dps exp (i(ky + 2 n)x; +ips2)
27% (K +%2n)? + pi - -0

(120)
The integration over ps can be carried out too,
F k(x) _ 4_” Leirnlz\-ki(k”#‘—fn)x” (121)
@ a? £~ 2T, ’

where we defined
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2 2
Fn:\/a)z—(k||+—ﬂn) s
a

inheriting a positive imaginary part, 3, > 0, from w.
Inserted into (96), the solution becomes

(122)

eir,,\zHi(k”#(—fn)x”

a r,

(123)

Being interested in scattering solutions not decreasing for
|z] = oo, one needs to have real I',. This implies the
restriction

a
|n\ < —(a} — k”),

<5 (124)

thus restricting the summation in (123) to a finite sum. A
restriction to small n appears, for instance, for a small lattice

spacing a, or, with @ = , /kﬁ + k3, for small k5. However,
scattering with n = 0 is always possible. For the plane wave
scattering setup on a homogeneous plane lattice it is useful to
introduce Bloch waves in the parallel directions. Dividing
the wave vector of the incoming plane wave,

2r
where q is the quasi-impulse, g; <2 (i = 1, 2), we represent

the solution in the form

PHYSICAL REVIEW D 91, 065027 (2015)
and get from (123)

(I)n(z) = én,meik3Z + M—l €ir"‘"“zl.

2 To. (127)

Here m denotes the zone of the incoming wave. The
response has scattered waves with, in general, all numbers
n. From considering this solution for |z| — oo, it makes
sense to define the reflection coefficients

A,

: (128)

or, with (106),

—i

rn:m, (129)

and I', (122) is the wave number of the scattered wave
moving in the z-direction (123). Since we have to account
here only for functions not decreasing at infinity, the
restriction on n to such values for which TI',, is real, holds
as before.

Finally we consider the electric field. The structure of the
formulas for the scattering into a plane outgoing wave
remains the same except for the modifications coming from
the P’s in (10) and for f,, for which we have to use f, —

—1/(47¢(k) in (104) with ¢ (k) from (111). Carrying out

B(x) = e'aX ZCDH (z)e’%ﬂ“"l\ (126) the derivatives in P under the sign of the summation, we get
n in place of (123)
J
) i eil"n\zHi(k"Jr%n)xH
Epx)=e®™———F N 0> —
w0 = g 2
) i 2x \2\ eilulel+ilky+3an)x,
Epy(x) = e* — ————— <w2—<k —i——n) )—
TM( ) a2¢TM(k) ; I a r,
' i eiTnlzl+i(k+2n)x)
Ep(x) =™ — @ =T% +ild(z)—— 130
p(X) ey Zn:( (z)) T (130)
The delta function in the last line is the one known for the TE — % 2
normal component of the electric field on a double layer. It arp (k)
does not enter, of course, the asymptotics for |z| — oo, SIM —2xi
which we are interested in. Equation (130) can simplified a a2¢TM(k) "
bit using (122). b —2xi 2 \2
Introducing in parallel to (126) the corresponding I'n = W k|| + ;n ) (131)

Bloch waves, one comes to the reflection coefficients
given by

which come in place of (128).
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V. THE TRANSITION TO A CONTINUOUS SHEET

Formally, for vanishing lattice spacing, a — 0, the
scattering centers become dense and form a continuous
sheet. However, this limiting process is quite singular and
unexpected results may appear. First of all we mention that
in the solution (123), for a — 0 only n = 0 delivers a
nonvanishing solution. From (122), using o” = kﬁ + k2,
we have then I'y = k5 and this solution is

d(x) = eik"x||(eik3z + reik3|z\) (132)
with
o
= ’g’f 0 (133)
a k3

or r = ry from (128). Here, the factor a—lz = p has to be

interpreted as density, which must be kept finite.
Using Eq. (98) for f, and

2mi

Jl(a), k) = a2—k3 for a — 0, (134)

which follows from (95) by substituting, in leading order,
the summation by integration, we get

-1
rzw. (135)
1_27rif

Further we insert from (46),

-1
iZ = Ara? .2 92 (136)
a % +ia*w
where the second term in the denominator vanishes for
a — 0 since in the first term a”/g, must be kept finite.

Using that in (135), we get

po L (137)

1— 2iky’
PYr

which is the reflection coefficient r, (128), resulting from
the solution derived in the preceding section for a — 0.

The transition a — 0 can also be done in Eq. (78).
Thereby we ignore the problems that the delta function in
this equation is singular and, thus, that this transition has a
rather formal character. The term with the delta functions
can be written as

gZé(a —a,) = gZ5(x” —an)s(z). (138)

For a — 0, the summation index n becomes continuous
and the sum turns into an integral, which can be carried out,
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9 a0 = an) ~ g / dns(x; —an) =% (130

As said above, the p = 1/a? is interpreted as finite density.
With (139), Eq. (78) turns into
(=0 — A + gpd(z))®(x) = 0. (140)

It has now a one dimensional delta function potential and is
well defined. Taking Fourier transform,

Oy (2) = /dx”e—"k"ub(x), (141)
the scattering solution is
Ci)k" (z) = 7 4 reksk (142)
with
-1
r= P (143)

9P

These formulas are well known, we use those from the
Appendix in [3]. Comparison with (137) shows the
reflection coefficients are the same provided the relation
g = g, holds. This way, taking the limit a — O first in the
equation, or first solving the equation and taking the limit
afterwards delivers the same reflection coefficient and it
provides another relation for the renormalized coupling
constant, and by means of (16), it provides a relation to the
parameter of the self-adjoint extension.

For the electric field we start from Eq. (130) and consider
first the TE mode. Again, for a — 0, only the term with
n = 0 survives at |z| — oo in the sum and the reflection
coefficients (131) become r, — r like in (133). For the TE
mode we get from the first line in (131)

—2riaw?
e o (144)
a“go(k)ks
with
olk) = s = 22 (145)
O aj" a’ks ’
which can be rewritten in the form
L (146)
- _ a’ks
27zim2(11|e“

With this reflection coefficient, the scattering solution is the
same as (132) with ETE(x) in place of ®(x). Equally well it
can be obtained from (130) for a — 0.
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Like in the scalar case we consider for comparison the
transition @ — 0 in the equation,

<—w2 - A —draya?d 5(x - a,,)) E(x) =0, (147)

following from (9) with (10). Doing the same operations as
in Egs. (138) and (139), we get

(—o® + kj =02 - 471'(1”6025(2))EE|F(Z) =0, (148)

where we also introduced the Fourier transform like in
(141). We get the same equation as (140) with the change
g— —471'3”(1)2. This same substitution, as seen, connects
(143) with (146). Thus for the TE mode we have, like in the
scalar case, a well-defined transition to the continuous
sheet. These formulas coincide with the hydrodynamic
model and with [3], which is an expected result.

Now we come to the TM modes for both, parallel and
perpendicular, polarizabilities. The solutions for a lattice
with finite a involve ¢™ (k) and ¢ (k) which are given
by Eq. (111). For a — 0, the lattice sum J5(w, k), (95),
converges and behaves as

J3(O),k)a:0?. (149)
Consequently,
MU ~ B~ (150)
a—0 a3 ’ a—0 Cl3

hold. This behavior is by one power of 1/a too singular. A
factor 1/a” can be absorbed into the density as done before,
but any additional factor cannot. As a consequence, we do
not get any sensible result for @ — 0. This singularity was
pointed out in [2] for the perpendicular polarizability. A
somehow unexpected result is that it appears also for one of
the polarizations (TM) in the case of parallel polarizability
(which was not considered in [2]).

Let us consider the transition a — 0 also on the level of
the equation (9). For the TM mode, the formal transition
using Eq. (139) cannot be done directly because of the
derivatives in A;. We attempt to handle this by Fourier
transform,

Erm(x) :/(Zl;) ’knank” (2) (151)

and get
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(=0 + ki + 82)Ek" (z)

~ary Y (o7 = (i + 2 ) ) B 0(2) =0

where we used

/ dx e~ ™% (p? + A”)Zé(xn —an)E™(0)

27\ ?
a n
As expected, the derivatives turned into the corresponding

momenta.
If now doing the transition a — 0, in case the solution

EM +2n (0) decreases for n # 0, only the term with n =0

(k” +%”n> )Ek 2 (2). (153)

survives. This is just what happened for the scalar case and
for the TE mode, where it resulted in the well-known
result (140).

The decrease of £/ k-+2n (0) can be guessed by solving the

equation as in Sec. II. C. In doing so for the TM case, from
the factor (@® — (ky + 2£)?) one observes that this decrease
is not present for the TM mode. A similar observation can
be made if doing Fourier transform (151) with the solution
(130). It is again the factor (w? — (kj + 22n)?), which the
TM mode has more, which prevents the decrease. As a
consequence, a transition a — 0 in Eq. (152) does not
restrict the summation to n = 0.
It is to be mentioned that the restriction to n = 0, if doing
it nevertheless, results in the equation
(—* + kﬁ

- 0? — 4oy (* — kﬁ)ﬁ(z))ETM(X) =0

(154)

for the TM mode. The scattering solution, written in
parallel to (132), has a reflection coefficient

-1
mM=—"7">
- 2riay ks

(155)

where we used @’ = kj + k3. This equation and this
reflection coefficient are the same as in the hydrodynamic
model for a continuous sheet.

A similar picture appears for the TM mode in the case of
perpendicular polarizability. The equation following for-
mally from (9) is

(—w2 — A —4zaz(0® + 8%)26()( - an))EP(x) =0.

(156)
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After doing Fourier transform (151), it becomes

(~” + kj = P2)E, ()
—47[0132 > = R)EY .. (0)5(z) = 0.

ky+2n (157)
Here the problem is in the second derivative of the delta
function, §”(z), which appears in addition to (154). How
this problem could be handled was shown in [3] by going
beyond the dipole approximation. This is, however, not a
topic of the present paper. In addition to §”(z), Eq. (157)
has for @ — 0 also the problem that the restriction ton = 0
does not appear either. Here the missing decrease of

Eiu 2 (0) for k; = co cannot be seen directly from the

equation as before, however from the solution (130). It has
with T',, a nondecreasing factor.

In this way, in both TM cases, the derivatives, resulting
from those in the first line in the right sides of Eq. (2),
prevent a transition to the continuous sheet.

VI. TRANSITION TO CONTINUOUS SHEET
KEEPING A REGULARIZATION

We have seen that after renormalization, the regulariza-
tion can be removed, € — 0, delivering meaningful results.
These agree with the electrostatic approach where the self
fields are excluded. Further we have seen that a part of these
results becomes singular when the lattice spacing becomes
small, a — 0. In this section we ask the question what
happens if we first take a — 0, keeping & > 0. The result
should be a sheet of finite thickness given by &. Further we
consider what happens if we take, after a — 0, also € — 0.

We start with the scalar case. The solution is given by
(104). For F, , x(x) we use (105) and (59). For a — 0, the
summation over n turns into an two dimensional integra-
tion according to

1
> glam) = [ dng(o). (158)
for some function g(n), and we get
. 1 .
B(x) =™ 4+ ——— o (z)e™1™ 159
() = 8 b el (159)
with
—ik3 o ds
ho(z)=—2= [ — =
(2) Tr ) e
2
Z 2 2 2
We accounted for &= —-iw, which gives

\/& +kj =—iks. The function h,(z) describes the
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z-dependence on the solution to the regularized equation.
It is decreasing,
—7%/4e

(161)

h€<Z) ~ e
|z|>00

such that the separable regularization gives a sheet of finite
thickness without scattering. It is only for e = 0O that it turns
into the scattered plane wave,

ho(z) = el (162)

This property gives rise to the definition

1

= 163
2ia’k;p(k) (163)
of a reflection coefficient such that the solution can be
written in the form
D(x) = e + 1 h,(z)e™1, (164)
In this way, the wave function, if first taking a — 0 and
subsequently ¢ — 0, turns into the same as when doing the
limits the other way around, Eq. (132), with r, in place of .

Actually, the same happens with ¢(k), entering (163).
From (108) we get with (158)

P(K)jag = — +

1 / © —s(&+kj)-2ek]
a’ar Jo s+ 2e
(165)

The term iw/4x present in (108) is subleading for a — 0
and was dropped. If now in (165) taking € — 0, we get

i

—, 166
2612](3 ( )

BK) o) = 5+

which gives in (163) just the same reflection coefficient as
given by (137). Thus, for c;ﬁ(k), the limits commute too.

Now we consider the TE case for the electric field. Going
through the same formulas which resulted in (112), but
keeping €, we get

ETE(X) — eikx + rg’Ehg(Z)eikaH (167)
with
2riw?
e T (168)
azk3¢ (k)
and
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2 TE —s(E2+k2)-2¢k?
¢ (k) aﬂen_ 8( ”) ‘ .

477.'61)
/ Vs + 25
(169)

It can be seen that this integral is finite for € — 0 and results
in the same reflection coefficient (146) as before. Thus, also
for the TE mode, the limits do commute.

For the TM mode we get the same way as before
from (112)

E™(x) = ™ 4 rMp, (z)e™i (170)
with
2rik
M= 171
a*¢p™ (k) o

This formula appears in such a simple way since the
derivatives in Aj act only on eI A slightly more

complicated picture we observe in QZTM<k>. Here we have

from (110), restoring &, for finite a,

p™ (k) = —

“n

_ a;, 4(szé)+lk”an
x <a) s+2€+4(s+2s)>e

(172)

/ dse=s¢
N (s +2¢) (s +2¢€)32

Aslong as € > 0, we can use (158). For e = 0 we could not

do that because of the singularity at s = 0. This is,

basically, the moment where the limits do not commute.
Using (158) in (172), we get

1 VAzk} [~ ds

7™ _ —5(E2+Kk?)—-2¢ek?
k 0 =——— e I I,
¢ ( )\a 0 aﬂen a2 0 \/H-—ZE
(173)
which has also a finite limit for € — 0,
~ 1 2rik
™M O)) === (174)

q

(we remind that the factor a is the inverse density and should
be considered as finite). Comparison with (150) shows
now the difference resulting from the orders of the limits.

The reflection coefficient following from (148) is just the
same as (155) and, thus, in the hydrodynamic model,
provided one makes in (174) the choice aﬂe“ =q.

Finally, we consider the TM mode for the perpendicular
polarizability. We get from (112)

2mi

P _ ,ikx
P = )

(@* + 02)h,(z)e™im. (175)
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Again, for € > 0 we have a decreasing function of z. For
€ — 0 it turns into
. 2 2 _ (K2 ik
lim(e? + 02)he(2) = (kj = 25(z))e’ 2, (176)
This way, the delta function in the normal component of the
electric field returns. However, it does not influence
scattering and we can define a scattering coefficient,

ik
Rl (177)
a’kyg (k)

like in the previous cases. The function g;ﬁP(k) entering here
follows from (110) using (158)

~ 1
¢P(k)|a—>0

C

ren

Vs + 2¢

1 2 2 A2
2 —s(&%+kj)—2¢k ) 178
x <w 2(s + 28)) ¢ (178)

However, this function, opposite to (173), does not have a
finite limit for € — 0,

)
1 2mk|| N 2
gt atks  a’yfe

In this way, for perpendicular polarizability, taking the limit
a — 0 first, does not help.

It is interesting to remark that, when removing the
singular term in (179) by hand, or by including it into
a5", insertion of (179) into (177) gives

¢ (k) =

(Ve).  (179)

—1

1 llzk3 ’
- Z”ikzaren
I3

P =

(180)

which is just the reflection coefficient obtained in [3],
Eq. (48) (up to a redefinition of @ by 4x). This is, given the
singularities, a rather formal coincidence.

VII. CONCLUSIONS

In the preceding sections we considered all known
approaches to a single three dimensional delta function
potential and a two dimensional lattice of such potentials.
There are basically two approaches, the self-adjoint exten-
sion method and regularization/renormalization. Although
different, both approaches are related and deliver the same
results. We reviewed these relations in detail as well as their
relation to the “zero range potential” method in quantum
mechanics. As a nice technical tool we reviewed also the
regularization in terms of separable potentials.

The initial motivation for this paper comes from two
dimensional polarizable sheets in electrodynamics. There
the situation is a bit different. Usually one starts from the
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system (2) of coupled equations for the electric field in the
presence of polarizable point dipoles and for the dipole
moment induced by the electric field in dipole approxi-
mation. Inserting the dipole moment into the equation for
the electric field, an equation with three dimensional delta
function potential results. In the generally accepted electro-
static approach, as discussed in Sec. II E, the last step is
accompanied by dropping the self fields of the dipoles. It is
shown, this is equivalent to a specific choice of renorm-
alization. In fact, by this procedure, the equations alone,
i.e., without dropping the self fields, do not form a closed
set. As discussed in [12], Chapter 17, this procedure gives
the correct result in almost all cases. To our opinion, it is an
open question how this procedure can be justified as a
limiting case from full quantum electrodynamics.

Using any of the above approaches, the problem of the
interaction of the electromagnetic field with a lattice of
dipoles can be formulated correctly. For example, within a
scattering setup, the wave functions and the reflection
coefficients can be written down (Sec. IV) in the form of
known lattice sums, Eq. (95). Formulas like (111) and
(130), (131) allow one to calculate any quantity in question,
plasmons or the Casimir force between two parallel lattices
for instance. Also it should be possible to calculate the
quantum mechanical bound levels on a lattice generalizing
[30], where this was done for a one dimensional lattice of
zero binding energy.

In the limit of vanishing lattice spacing, a — 0, one
comes formally to a continuous polarizable sheet. However,
when using a regularization, there is a second limit. For
example, in the regularized equation (48) itis ¢ — 0 and a
finite € corresponds to a smearing out of the delta functions.
As it is easy to imagine, these limits do not commute in
general. It is only for a scalar field and for the electro-
magnetic TE polarization in case of a sheet with parallel
polarizability, that these limits do commute. For TE
polarization, a result comes out which is known from
the hydrodynamic model for a continuous sheet. For the
TM polarization in both cases of polarizability, parallel and
perpendicular to the sheet, these limits do not commute.

In the case of first doing the limit ¢ — 0 of removing the
regularization first, for the TM polarization the limit a — 0

PHYSICAL REVIEW D 91, 065027 (2015)

is singular as seen in Egs. (149) and (150) for the reflection
coefficients. For the perpendicular polarizability this was
observed in [2], and elaborated in the recent paper [31], for
the parallel polarizability this is new and it was not
expected. One can discuss that the reason for this singu-
larity does not depend on the direction of the polarizability
but results from the derivatives in the couplings in Eq. (10).

It must be mentioned that for parallel polarizability, the
equations turn formally into that of the hydrodynamic
model. Actually, this is the reason to expect for the TM
polarizability a finite result. We showed at which place it is
impossible to do a — 0 in the equations and where the
difference between TE and TM polarizations shows up.

In the case of first doing the limit ¢ — O of vanishing
lattice spacing first, for the TM polarization in case of
parallel polarizability, one comes to a well-defined reflec-
tion coefficient and the subsequent limit ¢ — O gives the
result expected from the hydrodynamic model. This result
is a bit counterintuitive since here the smeared delta
functions largely overlap forming a sheet of finite thick-
ness. This sheet is quite specific due to the separable
regularization. For a sheet of finite thickness with homo-
geneous permittivity it is known (see, for instance Sec. V in
[3]) that the limit of thickness to zero must be accompanied
by an increase of the polarizability (or permittivity) in order
to get a nonzero result. In the separable regularization,
considered here, this is not the case.

A similar picture appears for the perpendicular polar-
izability (here we have only the TM polarization). However,
in addition here a singularity appears which results from the
delta function the normal component of the electric field has
on a double layer. By removing this singularity by hand, the
same result appears which was obtained in [3] by stepping
back from the dipole approximation.

In summary, for the electromagnetic field, the results
depend on the order of taking the different limits involved.
In the sense of an approximation, mentioned in the
introduction on the example with the ideal conductor,
we can formulate the results as follows. For the scalar
field and for the electromagnetic with TE polarization, the
continuous sheet is a good approximation. However, in the
other two cases, it is not.
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