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The cosmological scenario where the Peccei-Quinn symmetry is broken after inflation is investigated.
In this scenario, topological defects such as strings and domain walls produce a large number of axions,
which contribute to the cold dark matter of the Universe. The previous estimations of the cold dark matter
abundance are updated and refined based on the field-theoretic simulations with improved grid sizes. The
possible uncertainties originated in the numerical calculations are also discussed. It is found that axions can
be responsible for the cold dark matter in the mass range ma ¼ ð0.9–1.4Þ × 10−4 eV for the models with
the domain wall number NDW ¼ 1, and ma ≈Oð10−4–10−2Þ eV with a mild tuning of parameters for the
models with NDW > 1. Such higher mass ranges can be probed in future experimental studies.
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I. INTRODUCTION

Due to the developments of astronomical and cosmo-
logical observations in recent years, it was revealed that our
Universe is filled by a nonbaryonic and highly nonrela-
tivistic (cold) matter component called dark matter. The
nature of dark matter cannot be explained in the frame-
work of the Standard Model (SM) of particle physics,
which strongly suggests that new physics exists beyond
the SM. So far, the weakly interacting massive particles
(WIMPs) motivated by supersymmetry (SUSY) are
regarded as leading candidates of the dark matter.
However, this WIMP scenario becomes less plausible after
the recent results of the Large Hadron Collider that no
evidence of SUSY has been observed yet (e.g., Ref. [1]). In
this context, the axion, which is an alternative possibility to
explain dark matter, is now getting more attention.
The axion [2,3] appears as a (pseudo) Nambu-Goldstone

boson associated with the spontaneous breaking of the
Peccei-Quinn (PQ) symmetry, which is introduced as a
solution of the strong CP problem of quantum chromo-
dynamics (QCD) [4,5]. In order to compensate the
CP-violating term in the QCD Lagrangian, the axion field
a has a following coupling with the gluon field,

Lagg ¼ −
g2

32π2
a
Fa

Gaμν ~Ga
μν; ð1:1Þ

where g is the gauge coupling constant, Gaμν is the gluon
field strength, and ~Ga

μν is its dual. Fa is so called the axion
decay constant, whose value must be much higher than the
electroweak scale in order to avoid experimental constraints
[6]. It was pointed out that the axions are produced in the
early Universe due to the misalignment mechanism [7–9],
and that they behave like the nonrelativistic matter.
The physics of the axion is closely related with the early

history of the Universe. In particular, the cosmological
scenario becomes different according to whether the PQ
symmetry is broken after inflation or not. If the PQ
symmetry is restored during inflation, the isocurvature
perturbations induced by the quantum fluctuations of the
axion field during inflation affect the observational results
of the cosmic microwave background, putting a stringent
constraint on the axion models if the inflationary scale is
sufficiently high [10–17]. On the other hand, if the PQ
symmetry is broken after inflation, topological defects such
as strings and domain walls are formed, and we must take
account of their evolution in the early Universe.
The interesting consequence of the axion models is that

the formation of hybrid networks of topological defects,
where strings are attached by domain walls, occurs at the
epoch of the QCD phase transition if the PQ symmetry is
broken after inflation. Let us call such configurations
the string-wall systems. The evolution of these string-wall
systems becomes different depending on the value of an
integer number NDW called the “domain wall number”. It is
known that they are short-lived if NDW ¼ 1, and long-lived
if NDW > 1.
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In the scenario described above, it is expected that an
additional number of axions are produced because of the
decay of strings and domain walls, and that the estimation
of the axion abundance is different from the usual one
predicted by the misalignment mechanism [18,19]. This
possibility was investigated extensively by several groups,
but there were some controversies about the significance
of the contribution from strings and domain walls (see
descriptions in the subsequent sections). Recently, these
controversies have been addressed by developing field-
theoretic simulations of topological defects in the expand-
ing Universe. In Ref. [20], the evolution of global strings
were investigated with 3D simulations in a box of 5123

grids, and the spectrum of axions produced from them was
estimated. Then, in Ref. [21] the evolution and the decay of
string-wall systems were studied with 2D simulations in a
box of 40962 grids. Furthermore, in Ref. [22] the formation
and the decay of the string-wall systems for the models with
NDW ¼ 1 was investigated with 3D simulations in a box of
5123 grids, and the spectrum of axions radiated from them
was estimated. The similar analysis was performed for the
models with NDW > 1 in Ref. [23]. As a result of the series
of studies, it becomes clear that the contributions from
strings and domain walls can be larger than the misalign-
ment component, and that the constraints on the model
parameters become more severe than before.
The computational methods established in the previous

studies enable us to estimate the total abundance of the
axion dark matter including the contributions from topo-
logical defects. Then, it is important to ask for the accuracy
of these theoretical estimations, since their results might
have a relevance to various experimental researches on dark
matter axions. In light of this fact, here we aim to update the
previous results and to clarify the sources of uncertainty on
the determination of the axion abundance in the scenario
where the PQ symmetry is broken after inflation. The main
improvement achieved in this paper is that the decay time
of string-wall systems in the models with NDW > 1 is
estimated in detail by the use of 2D simulations with grid
sizes 81922, 163842, and 327682. Due to the large box sizes
of the present simulations, it becomes possible to inves-
tigate the decay of string-wall systems in the cases with
NDW ¼ 5 and 6, which were not studied in the previous
work [21] because of the limitation of dynamical ranges.
By performing additional 3D simulations in a box of 5123

grids, we also discuss the uncertainties contained in the
estimated mean energy of radiated axions, which were not
addressed in Refs. [20,22,23]. Furthermore, for the sake
of completeness, we reevaluate the contributions from the
misalignment mechanism and strings in addition to those
form string-wall systems.
The outline of this paper is as follows. In Sec. II, all

production mechanisms in the scenario where the PQ
symmetry is broken after inflation are described in detail.
Some new results of the numerical simulations are shown

in Sec. III. Then, we describe observational constraints and
briefly comment on the prospects in comparison with future
experiments in Sec. IV. Finally, we make conclusion and
discussion in Sec. V.
Throughout the paper, we work in the spatially flat

Friedmann-Robertson-Walker (FRW) background with a
metric given by

ds2 ¼ −dt2 þ RðtÞ2½dx2 þ dy2 þ dz2�;
where t represents the cosmic time, and RðtÞ is the scale
factor of the Universe. A dot represents a derivative with
respect to the cosmic time, i.e., : ¼ ∂=∂t.

II. PRODUCTION MECHANISMS OF AXION
COLD DARK MATTER

In this section, we review the cosmological aspects of
axions and describe production mechanisms of them. If we
assume that the PQ symmetry is broken after inflation, we
must take account of three production mechanisms: mis-
alignment mechanism, decay of global strings, and decay
of string-wall systems. The energy density of relic axions
can be estimated as a sum of these three contributions.

A. Misalignment mechanism

In the invisible axion models, we introduce a complex
scalar field Φ, which is a singlet under the SM SUð2ÞL ×
Uð1ÞY gauge group and charged under the global Uð1ÞPQ
symmetry. Let us call this scalar field PQ field. The PQ
symmetry is spontaneously broken when the PQ field
acquires a vacuum expectation value jhΦij ¼ η at some
high energy scale. After that, the axion field aðxÞ can be
identified as a phase direction of the PQ field [i.e.,
Φ ∝ expðia=ηÞ]. This axion field acquires a periodic
potential due to the nonperturbative effect of QCD when
the temperature of the Universe becomes less than
Oð0.1–1Þ GeV. At that time, the classical axion field is
probably displaced from the minimum of its potential, and
this vacuum misalignment causes the coherent oscillation
of the axion field [7–9].
The nonperturbative effect of QCD with finite temper-

ature was discussed by several authors [15,24–26] to model
the temperature dependence of the axion mass maðTÞ.
Among them, in Ref. [15] the axion mass was studied based
on the interacting instanton liquid model (IILM) [27],
which gives a concrete framework to treat the QCD effect
for all temperatures, in contrast to the earlier results [25,26]
based on the high temperature dilute gas approximation.
In this paper, we adopt the power law formula for maðTÞ
obtained in Ref. [15] by fitting the result of the IILM
calculation:

maðTÞ2 ¼ cT
Λ4
QCD

F2
a

�
T

ΛQCD

�
−n
; ð2:1Þ
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with cT ¼ 1.68 × 10−7, n ¼ 6.68, and ΛQCD ¼ 400 MeV.
This power law behavior should be truncated when it
exceeds the following zero temperature value

mað0Þ2 ¼ c0
Λ4
QCD

F2
a

; ð2:2Þ

with c0 ¼ 1.46 × 10−3.
We define the time t1 corresponding to the beginning of

the coherent oscillation from the following condition:

maðT1Þ ¼ 3Hðt1Þ; ð2:3Þ

where T1 is the temperature at the time t1, and Hðt1Þ is the
Hubble parameter at that time. In the radiation dominated
background, the Hubble parameter HðtÞ can be related to
the cosmic temperature T via the Friedmann equation,

H2 ¼ 8π3G
90

g�ðTÞT4; ð2:4Þ

where G is the Newton’s constant, and g�ðTÞ is the
relativistic degrees of freedom at the temperature T [28].
From Eqs. (2.1), (2.3), and (2.4), we obtain

T1 ¼ 2.29 GeV

�
g�;1
80

�
−1=ð4þnÞ

×

�
Fa

1010 GeV

�
−2=ð4þnÞ� ΛQCD

400 MeV

�
;

ð2:5Þ

where g�;1 ¼ g�ðT1Þ.1 Note that Eq. (2.5) is valid only if
the condition [Eq. (2.3)] is satisfied before maðTÞ reaches
the zero temperature value [Eq. (2.2)]. This requirement is
always satisfied for the range of the axion decay constant
108 GeV < Fa < 1011 GeV considered in this paper.
Let us estimate the energy density of axions produced by

the misalignment mechanism. Assuming that the potential
for the axion field is dominated by the quadratic term of
the form 1

2
m2

aa2, we can write the energy density of these
axions at the initial time t1 as

ρa;misðt1Þ ¼
1

2
maðT1Þ2θ̄2iniF2

a; ð2:6Þ

where θ̄ini is the initial misalignment angle. Note that
the quantity R3ρa;mis=ma is conserved over time once the
adiabatic conditionH ≪ ma is satisfied [28]. Therefore, the
energy density at the present time t0 can be estimated as

ρa;misðt0Þ ¼ ρa;misðt1Þ
mað0Þ
maðT1Þ

�
Rðt1Þ
Rðt0Þ

�
3

: ð2:7Þ

The dilution factor can be computed in terms of the entropy
conservation: ðRðt1Þ=Rðt0ÞÞ3 ¼ 45s0=2π2g�;1T3

1, with s0
being the entropy density at the present time.
So far we have assumed that the potential of the axion

field is quadratic and that the quantity R3ρa;mis=ma is
exactly conserved just after the time t1. Strictly speaking,
these two conditions are inaccurate, and the deviations
from these approximations lead to some correction factors
[13,25,26,29,30]. First, the anharmonic effect becomes
important for large values of θ̄ini. We can model this effect
by replacing a factor θ̄2ini in Eq. (2.6) with fðθ̄iniÞθ̄2ini, where
fðθ̄iniÞ is a function that approaches 1 for jθ̄inij ≪ 1 but
takes a value greater than 1 for jθ̄inij≳ 1. Second, the
deviation from the adiabatic approximation at the initial
stage of the coherent oscillation leads to lager energy
density than the naive estimation performed in Eq. (2.7).
This effect was calculated in Ref. [26] and it was shown
that the correction factor fðθ̄iniÞθ̄2ini should be multiplied by
a factor of 1.85. Taking account of these correction factors,
we estimate the fraction between the energy density of
coherently oscillating axions and the critical density of the
Universe today ρc;0 as

Ωa;mish2 ≡ ρa;misðt0Þh2
ρc;0

¼ 7.03 × 10−4 × fðθ̄iniÞθ̄2ini
�
g�;1
80

�
−ð2þnÞ=2ð4þnÞ

×

�
Fa

1010 GeV

�ð6þnÞ=ð4þnÞ� ΛQCD

400 MeV

�
;

ð2:8Þ

where h is the parameter for the Hubble constant
(H0 ¼ 100h km · sec−1 Mpc−1).
If the PQ symmetry is broken after inflation, we expect

that the value of θ̄ini varies randomly over the horizon scale
∼t1 at the QCD phase transition. Therefore, we can replace
the factor fðθ̄iniÞθ̄2ini with its average

fðθ̄iniÞθ̄2ini → hfðθ̄iniÞθ̄2iniiav
≡ 1

2π

Z
π

−π
fðθ̄iniÞθ̄2inidθ̄ini ¼ cav

π2

3
; ð2:9Þ

where the coefficient cav ≡ hfðθ̄iniÞθ̄2iniiav=hθ̄2iniiav repre-
sents the deviation from the value hθ̄2iniiav ¼ π2=3 in the

1The temperature dependence of g� causes an ambiguity on the
determination of T1. Within the range of the axion decay constant
108 GeV < Fa < 1011 GeV, the value of T1 given by Eq. (2.5)
varies from 1.5 to 5.4 GeV for fixed values of g�;1 ¼ 80 and
ΛQCD ¼ 400 MeV. However, the value of g�ðTÞ changes from 85
to 80 as the temperature decreases from 5.4 to 1.5 GeV [15]. This
ambiguity leads to a minor correction to the result for the relic
axion abundance, at most by a factor ð80=85Þ−ð2þnÞ=2ð4þnÞ ≃ 1.02
[see, e.g., Eq. (2.10)].
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absence of the anharmonic effect [fðθ̄iniÞ ¼ 1]. The numeri-
cal calculation in Ref. [25] showed that cav ¼ 1.9–2.4.
Similar results were obtained in Refs. [13,29,30] by using
some analytical modelings for the behavior of fðθ̄iniÞ around
θ̄ini ∼ π. Here we use cav ¼ 2 as a typical value for the
anharmonic correction. Using this value in Eq. (2.8), we
finally obtain

Ωa;mish2 ¼ 4.63 × 10−3 ×

�
cav
2

��
g�;1
80

�
−ð2þnÞ=2ð4þnÞ

×

�
Fa

1010 GeV

�ð6þnÞ=ð4þnÞ� ΛQCD

400 MeV

�
:

ð2:10Þ

B. Global strings

The global Uð1ÞPQ symmetry is broken when the
temperature of the Universe becomes T ≲ η, and the PQ
field acquires a vacuum expectation value jhΦij ¼ η. This
process can be modeled by the dynamics of the complex
scalar field Φ with the following potential

VðΦÞ ¼ λ

4
ðjΦj2 − η2Þ2: ð2:11Þ

Spontaneous breaking of the global Uð1ÞPQ symmetry
induced by this potential leads to the formation of line-
like objects called global strings. These strings continu-
ously produce axions, which can contribute to the cold dark
matter abundance [18].
The results of various numerical studies [20,31–38]

indicate that the evolution of the strings can be described
by the scaling solution, in which the energy density of
strings is given by

ρstringðtÞ ¼
ξμstring
t2

; ð2:12Þ

where

μstring ¼ πη2 ln

�
t

δs
ffiffiffi
ξ

p
�

ð2:13Þ

is the energy of a string per unit length, δs ≃ ð ffiffiffi
λ

p
ηÞ−1 is the

core width of the string, and ξ is a numerical coefficient
which we call the length parameter.
The value for the length parameter ξ can be determined

from the result of the simulation of global strings
[20,31–34,36–38]. However, the obtained value of ξ for
global strings contains a large systematic uncertainty,
because of the poor understanding of the emission rate
of Nambu-Goldstone bosons [see Refs. [22,36,38,39] for
detailed discussions]. Following Ref. [22], here we adopt

the rough estimate that ξ has a central value 1 with 50%
uncertainty (i.e., ξ ¼ 1.0� 0.5).
The strings continue to radiate axions from the time

of the PQ phase transition, which we denote as tc, to the
time of the QCD phase transition ∼t1. Here we use the
approximation that axions are treated as massless particles
for t < t1.

2 The time evolution of the energy density of
strings due to the radiation of axions can be modeled by the
following equations:

dρstring
dt

¼ −2Hρstring −
dρstring
dt

����
emission

; ð2:14Þ

dρa;string
dt

¼ −4Hρa;string þ
dρstring
dt

����
emission

; ð2:15Þ

where ρa;string is the energy density of axions radiated from
strings, and ðdρstring=dtÞjemission is the energy loss rate of
the strings due to the radiation of axions. From Eqs. (2.12)
and (2.14), we obtain

dρstring
dt

����
emission

¼ πη2ξ

t3

�
ln

�
t

δs
ffiffiffi
ξ

p
�
− 1

�
: ð2:16Þ

On the other hand, Eq. (2.15) can be reduced to

dEa;string

dt
¼ RðtÞ4dρstring

dt

����
emission

; ð2:17Þ

where Ea;stringðtÞ ¼ RðtÞ4ρa;string is the comoving energy
of radiated axions at the time t. Combining Eqs. (2.16)
and (2.17), we estimate the comoving number of radiated
axions at the time t > t1 as

Na;stringðt > t1Þ ¼
Z

t1

tc

dt0
1

Rðt0Þω̄aðt0Þ
dEa;string

dt

¼
Z

t1

tc

dt0
Rðt0Þ3
ω̄aðt0Þ

πη2ξ

t03

�
ln

�
t0

δs
ffiffiffi
ξ

p
�
− 1

�

ð2:18Þ

where ω̄aðtÞ is a mean energy of axions radiated at the
time t.
In the literature, there is a controversy on the determi-

nation of the mean energy of radiated axions ω̄aðtÞ. In
Refs. [18,40–43], it was claimed that ω̄aðtÞ is comparable
to the horizon scale at the time t. However, authors of
Refs. [44–46] suggested that the spectrum of radiated
axions becomes hard because of a turbulent decay process,
and that ω̄aðtÞ can become larger than the value of the order
of the horizon scale. Later, the evolution of global strings in

2The production of axions from strings for t > t1, where the
mass of the axion cannot be ignored, is discussed in Sec. II C.
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the expanding Universe was investigated based on the field
theoretic simulations in Refs. [20,33], and the spectrum of
axions radiated from string networks was estimated. The
spectrum peaked at the scale corresponding to the horizon
(∼2π=t), which supported the claim of Refs. [18,40–43].
Here, we follow this hypothesis and parametrize the mean
energy of radiated axions as

ω̄aðtÞ ¼ ϵ
2π

t
; ð2:19Þ

where ϵ is some numerical factor.
Using Eqs. (2.18) and (2.19), we can estimate the

number density of radiated axions at the present time t0:

na;stringðt0Þ ¼
Na;stringðt > t1Þ

Rðt0Þ3

≃
�
Rðt1Þ
Rðt0Þ

�
3 η2ξ

t1ϵ

�
ln

�
t1

δs
ffiffiffi
ξ

p
�
− 3

�
; ð2:20Þ

where we ignored the contribution at t ¼ tc in the last
equality. The ratio between the present energy density of
axions radiated from strings ρa;stringðt0Þ ¼ mað0Þna;stringðt0Þ
and the critical density is given by

Ωa;stringh2 ¼ 2.94× 10−2 ×
ξN2

DW

ϵ

�
β0

58

��
g�;1
80

�
−ð2þnÞ=2ð4þnÞ

×
�

Fa

1010 GeV

�ð6þnÞ=ð4þnÞ� ΛQCD

400 MeV

�
;

ð2:21Þ

where

β0 ≡ ln

�
t1

δs
ffiffiffi
ξ

p
�
− 3≡ β1 − 3; ð2:22Þ

β1 ≃ 60.8 −
1

2
ln

�
ξ

1.0

�
þ lnNDW þ 1

2
ln

�
λ

0.1

�

−
n

2ð4þ nÞ ln
�
g�;1
80

�
þ 8þ n
4þ n

ln

�
Fa

1010 GeV

�

− 2 ln

�
ΛQCD

400 MeV

�
: ð2:23Þ

In Eq. (2.21), we used the relation between η and Fa
[see Eq. (2.25)].

C. String-wall systems

When the temperature of the Universe becomes
T ≲Oð0.1–1Þ GeV, axions acquire the mass because of
the QCD effect, and the formation of domain walls occurs
at that time [47]. The structure of domain walls is specified
by the integer number NDW, whose value is related to the

degree of degeneracy of the low energy vacua. Recall that
the quantity θ̄ ¼ a=Fa has a periodicity 2π because of the
periodicity of the QCD θ-vacuum. On the other hand,
generically the field a might have a periodicity greater than
2πFa. Hence the domain wall number corresponding to the
degree of degeneracy of vacua can be counted as

NDW ≡ ðperiodicity of aÞ
2πFa

: ð2:24Þ

If the axion field corresponds to the phase of a single
complex scalar field Φ ∝ expðia=ηÞ, the field a has a
periodicity 2πη, which leads to the following relation:

NDW ¼ η

Fa
: ð2:25Þ

For simplicity, in this paper we consider the models in
which the relation (2.25) holds.3

The axion field shifts as a → aþ cη with an arbitral
constant c under the PQ symmetry, which induces the
shift ∝ cðη=FaÞGaμν ~Ga

μν in the effective Lagrangian [see
Eq. (1.1)]. This change in the Lagrangian must be com-
pensated by the anomaly induced by quarks charged
under Uð1ÞPQ. Therefore, Eq. (2.25) implies that the
domain wall number can be calculated in terms of the
Uð1ÞPQ-SUð3ÞC-SUð3ÞC anomaly coefficient [47,49,50].
For instance, in the Kim-Shifman-Vainshtein-Zakharov
(KSVZ) model [6,51] we have NDW ¼ 1, while in the
Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) model [52,53]
we have NDW ¼ 2Ng with Ng being the number of
generations.
Taking account of the degeneracy of vacua, we can

describe the potential for the axion field a as follows:

VðaÞ ¼ m2
aη

2

N2
DW

�
1 − cos

�
NDW

a
η

�	
: ð2:26Þ

This potential has NDW degenerate minima given by
Φk ¼ η expð2πik=NDWÞ with k ¼ 0; 1;…; NDW − 1, and
it explicitly breaks the global Uð1ÞPQ symmetry into the
discrete subgroup ZNDW

. This ZNDW
symmetry is also

spontaneously broken at t ∼ t1, and then NDW domain
walls corresponding to the boundaries of NDW degenerate
vacua are attached to strings. The width of domain walls is
estimated as δw ≃m−1

a and the surface mass density of
domain walls is given by

σwall ≃ 9.23maF2
a; ð2:27Þ

3In the case where the axion field is represented as a
combination of multiple scalar fields, the estimation of NDW is
not so straightforward as Eq. (2.25) [48].
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where the coefficient 9.23 includes the contribution from
the structure of the neutral pion field [23,54].
Just after the time of the QCD phase transition ∼t1, the

tension of strings dominates over that of domain walls.
However, they become comparable at the time t2 defined by
the following condition:

σwallðt2Þ ¼
μstringðt2Þ

t2
: ð2:28Þ

Denoting T2 as the temperature at the time t2, from
Eq. (2.28) we find

T2 ¼ 1.41 GeV

�
β2
62

�
−2=ð4þnÞ�g�;2

75

�
−1=ð4þnÞ

×

�
Fa

1010 GeV

�
−2=ð4þnÞ� ΛQCD

400 MeV

�
; ð2:29Þ

where g�;2 ¼ g�ðT2Þ4 and

β2 ≡ ln

�
t2

δs
ffiffiffi
ξ

p
�

≃ 61.8þ 4

4þ n
ln

�
β0

62

�
−
1

2
ln

�
ξ

1.0

�

þ lnNDW þ 1

2
ln

�
λ

0.1

�
−

n
2ð4þ nÞ ln

�
g�;2
75

�

þ 8þ n
4þ n

ln

�
Fa

1010 GeV

�
− 2 ln

�
ΛQCD

400 MeV

�
:

ð2:30Þ

After the time t2, the dynamics of the system is dominated
by the tension of domain walls.
From the sequence of the formation, evolution, and

decay of the string-wall systems, additional axions are
expected to be produced [19]. The fate of these string-wall
systems is different between the case with NDW ¼ 1 and
that with NDW > 1. In what follows, we discuss these two
cases separately.

1. Short-lived domain walls

First, we consider the models with NDW ¼ 1. For the
case with NDW ¼ 1, one domain wall is attached to
each string. Such string-wall systems are unstable, and
decay because of the tension of walls soon after the
formation [55].
We expect that the curvature radius of domain walls at

the formation time is comparable to the horizon scale at that
time ∼t1 [56]. In other words, the energy of domain walls

per horizon volume is estimated as ∼σwallt21, and their
energy density is given by

ρwallðt1Þ ¼
Aσwall
t1

; ð2:31Þ

where A is a numerical coefficient. The value of A, which
we call the area parameter, can be estimated in the
numerical simulations [22,23]. The string-wall systems
collapse around the time td ≃ t2 due to the tension of
domain walls. Assuming that their energy density is well
approximated by extrapolating Eqs. (2.12) and (2.31) to
t ¼ td ≃ t2, we estimate that5

ρstring-wallðtdÞ≃Aσwallðt2Þ
t2

þ ξμstringðt2Þ
t22

: ð2:32Þ

Then, the number density of axions produced by the decay
of string-wall systems is given by

na;decðtÞ ¼
ρstring-wallðtdÞ

ω̄a

�
RðtdÞ
RðtÞ

�
3

; ð2:33Þ

where ω̄a is the mean energy of axions produced by this
decay process.
Similarly to the case of the axion production from

strings, the determination of the mean energy ω̄a becomes
a controversial issue. In Ref. [57], it was claimed that ω̄a is
comparable to the mass of the axionma. On the other hand,
in Ref. [58] it was argued that ω̄a becomes larger than the
naive estimation in Ref. [57], and that the number density
of axions estimated by Eq. (2.33) is suppressed by a factor
of Oð10Þ. Later, the spectrum of axions produced from
string-wall systems was computed in Ref. [22], which
revealed that most axions are mildly relativistic and agreed
with the claim of Ref. [57]. Following Ref. [22], we
parametrize the average of the momentum of axions k̄ðtdÞ
at the time of the decay of string-wall systems td as

ϵw ¼ k̄ðtdÞ=RðtdÞ
maðTdÞ

; ð2:34Þ

from which we obtain the relation

ω̄a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ2w

q
maðTdÞ: ð2:35Þ

Here, Td is the temperature at the time td.

4For a similar reason with the footnote 1, within the range
108 GeV < Fa < 1011 GeV the values of T2 and g�;2 vary as
0.9 GeV < T2 < 3.4 GeV and 75 < g�;2 < 84, respectively.

5It is not straightforward to estimate the exact behavior of
ρstring-wallðtÞ for t > t1. In the previous paper [22], we assumed
that ρstring-wallðtÞ is diluted as ∝ RðtÞ−3 from t1 until td, but it
might be more reasonable to use Eq. (2.32) since the results of
numerical simulations in Ref. [22] indicate that ρstringðtÞ and
ρwallðtÞ do not deviate significantly from the expressions given by
Eqs. (2.12) and (2.31) even for t1 ≲ t < td.
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Using Eqs. (2.32), (2.33), and (2.35) with the approx-
imations that RðtdÞ≃ Rðt2Þ and maðTdÞ≃maðT2Þ,6 we
can estimate the present energy density of axions radiated
after t1 as

ρa;decðt0Þ ¼ mað0Þna;decðt0Þ

¼ mað0Þffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ2w

p
maðT2Þ

�
Aσwallðt2Þ

t2
þ ξμstringðt2Þ

t22

�

×

�
Rðt2Þ
Rðt0Þ

�
3

: ð2:36Þ

Then, its ratio to the critical density today is given by

Ωa;dech2 ¼ 7.88 × 10−3 ×
Aþ ξffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ2w

p �
β2
62

�
2=ð4þnÞ

×

�
g�;2
75

�
−ð2þnÞ=2ð4þnÞ� Fa

1010 GeV

�ð6þnÞ=ð4þnÞ

×

�
ΛQCD

400 MeV

�
: ð2:37Þ

We use this estimation together with Eqs. (2.10) and
(2.21) to obtain the observational constraint on the model
parameter in Sec. IVA.

2. Long-lived domain walls

Next, let us turn our attention to the models with
NDW > 1. If NDW > 1, more than two domain walls are
attached to a single string. Such string-wall networks are
stable and long-lived, since the strings are sustained by
tension of the walls from multiple directions.
After the time t2, we can ignore the effect of the strings

on the dynamics of the string-wall systems. In particular,
the energy density of the string-wall systems can be
estimated in terms of that of domain walls:

ρstring-wallðtÞ≃ ρwallðtÞ for t > t2: ð2:38Þ
Similarly to the case of the cosmic strings, results of various
numerical studies [Refs. [59–65] for domain wall networks
in the Z2 symmetric model and Refs. [21,23,66] for string-
wall networks in the axionic model] indicate that the
evolution of domain walls is described by the scaling
solution, in which the energy density of the walls is given by

ρwallðtÞ ¼
Aσwall

t
: ð2:39Þ

Again, the area parameter A can be estimated in the
numerical simulations [23].

From Eq. (2.39), we see that the energy density of
domain walls decreases as ∝ 1=t ∝ R−2 in the radiation-
dominated Universe. Since this decrement is slower than
those of dusts (∝ R−3) and radiations (∝ R−4), domain
walls eventually overclose the Universe, which leads to a
problem in the standard cosmology [67]. However, such a
problem can be avoided if there exists a “bias” term in the
potential, which slightly breaks the discrete symmetry
[47,68,69]. Here we model this effect by introducing the
following term in the potential of the PQ fieldΦ [21,23,47]:

VbiasðΦÞ ¼ −Ξη3ðΦe−iδ þ h:c:Þ; ð2:40Þ
where Ξ and δ are dimensionless parameters. If Ξ takes a
small but nonvanishing value, NDW degenerate vacua are
lifted by a quantity proportional to Ξ. Eventually a domain
having the lowest energy dominates over others, which
causes the annihilation of the walls.
Let us estimate the time scale for the annihilation of

domain walls. The difference in the potential energy between
the minimum with the lowest energy Φ0 ¼ η expðiδÞ and its
neighbor Φ1 ¼ η exp½iδþ ð2πi=NDWÞ� is given by

ΔV ¼ VbiasðΦ1Þ − VbiasðΦ0Þ ¼ 2Ξη4
�
1 − cos

�
2π

NDW

��
:

ð2:41Þ

This energy difference can be regarded as a volume pressure
pV ∼ ΔV acting on domain walls. The evolution of domain
walls is also affected by a tension force pT , which makes
them to stretch up to the horizon scale. The decay of domain
walls occurs when the volume pressure pV dominates
over the tension pT . In order to estimate pT , we define
the effective curvature radius Rwall of domain walls such
that ρwall ∼ σwall=Rwall. Equation (2.39) indicates that
Rwall ∼ t=A. Then, the tension of domain walls is estimated
as pT ∼ σwall=Rwall ∼Aσwall=t. The decay time tdec of the
domain walls is obtained from the condition pT ∼ pV :

tdec ¼ Cd
Aσwall

Ξη4ð1 − cosð2π=NDWÞÞ
; ð2:42Þ

where Cd is a numerical coefficient.7 We will determine the
value of Cd from the results of numerical simulations in
Sec. III B.

6In Ref. [22], it was assumed that maðTdÞ≃maðT1Þ, but
it is appropriate to use maðTdÞ≃maðT2Þ since the change of
maðTÞ during the decay process is remarkable. Indeed, this
change leads to the correction by a factor of maðT1Þ=maðT2Þ ¼
ðT2=T1Þn=2 ≃ 0.2. We thank Asimina Arvanitaki, Sergei Dubov-
sky, and Giovanni Villadoro for pointing out this correction.

7Equation (2.42) is slightly different from a naive estimation,

tdec ¼ α
ma

NDWΞη2
with α≃ 18; ð2:43Þ

used in the previous papers [21,23]. In particular, Eq. (2.43)
does not take account of the additional factor A appearing in
Eq. (2.42). Furthermore, the dependence on NDW in Eq. (2.43) is
different from that in Eq. (2.42), because of a rough (and perhaps
inappropriate) estimation pV ∼ ΔV ∼ 4πΞη4=NDW in Ref. [21].
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As we will see in Sec. III B, some results of numerical
simulations show slight deviations from the scaling behav-
ior [i.e., Eq. (2.39) with A being constant]. If we take
account of these deviations from the scaling solution, we
model the evolution of the domain wall networks as [70]

ρwallðtÞ ¼
AðtÞσwall

t
with AðtÞ ¼ Aform

�
t

tform

�
1−p

;

ð2:44Þ
instead of Eq. (2.39). Here, tform is the time of the formation
of domain walls, which will be specified later, and Aform is
the area parameter at t ¼ tform. The parameter p will be
fixed by the results of numerical simulations. The exact
scaling solution corresponds to the case with p ¼ 1. If we
assume the deviation from the scaling solution [Eq. (2.44)],
the estimation for the decay time of domain walls becomes
slightly different from Eq. (2.42):

tdec ¼ Cd

�
Aformσwall

tformΞη4ð1 − cosð2π=NDWÞÞ
�
1=p

tform: ð2:45Þ

Again, Cd is a numerical coefficient whose value is fixed
from the results of numerical simulations.
Until the time tdec, the domain wall networks continu-

ously radiate axion particles, which give an additional
contribution to the cold dark matter abundance. In the
previous study [23], we confirmed that the physical mean
momentum k̄=RðtÞ of radiated axions hardly varies with
time, and it was conjectured that the value of the mean
momentum is given by the mass of the axion. Therefore,
it is convenient to define the ratio between the mean
momentum and the axion mass:

ϵa ¼
k̄ðtÞ=RðtÞ

ma
: ð2:46Þ

The calculation of the cold dark matter abundance Ωa;dech2

from these long-lived domain wall networks is performed
in Appendix A. The result for Ωa;dech2 becomes different
depending on whether we assume the exact scaling solution
[Eq. (2.39)] or not [Eq. (2.44)]. Here and hereafter we
consider both cases. The result derived from the assumption
of Eq. (2.39) should be regarded as a more conservative
constraint in comparison with that derived from the
assumption of Eq. (2.44).

III. NUMERICAL SIMULATIONS

In order to estimate the energy density of relic axions
correctly, we need to know the values of some numerical
coefficients such as the area parameter A of domain walls,
the coefficientCd related to the decay time of domain walls,
and the parameters (ϵ; ϵw; ϵa) related to the mean momen-
tum of radiated axions. These parameters can be estimated

by performing numerical simulations on the cosmological
evolutions of topological defects. The purpose of this
section is to refine the results of the previous numerical
studies [20–23]. In particular, we focus on the following
issues:
(1) The evolution and decay of the long-lived string-

wall systems were studied in Ref. [21] based on the
2D lattice simulations, and the decay time of the
networks was estimated. However, the results suf-
fered from large systematic uncertainties, which
were perhaps caused by the limitation of dynamical
ranges in the numerical simulations. Here we im-
prove dynamical ranges of the simulations and
update the profile of the decay time of string-wall
networks.

(2) The spectra of axions produced from global strings,
short-lived string-wall systems, and long-lived
string-wall systems were calculated in Refs. [20,22],
and [23], respectively. Later, in Ref. [71], it was
found that the outcome of the calculation of the
mean momentum of radiated axions depends on
the choice of the number of bins nbin in the power
spectrum, which causes a large systematic uncer-
tainty in the case of the short-lived string-wall
systems. It is probable that a similar uncertainty
exists in the case of the strings and the long-lived
string-wall systems. With an aim to resolve this
subtlety, here we reevaluate the mean momentum of
radiated axions by checking the dependence on nbin
more carefully.

(3) In Ref. [22], numerical simulations of the short-lived
string-wall systems were performed with varying
the ratio κ ≡ ΛQCD=Fa from 0.3 to 0.4, and a slight
dependence of ϵw on κ was observed. This fact
makes the estimation of the parameter ϵw obscure,
since we cannot perform the simulation with a
realistic value of κ ∼Oð10−11Þ. Here we reevaluate
the significance of this κ dependence after resolving
the uncertainty due to the choice of nbin described
above.

In order to investigate the issue 1, we perform numerical
simulations on 2D lattice, since in 2D simulations we can
improve the dynamical range, which enables us to measure
the decay time for various choices of the model parameters.
On the other hand, we perform 3D simulations to inves-
tigate the issues 2 and 3. Although we use 2D simulations
to calculate the time evolution of the area parameter A of
domain walls and to determine their decay time, we expect
that the results are not affected by the choice of the
dimensionality of the simulations, since we checked that
at least in the short dynamical range, which 3D simulations
can investigate, the behavior of A is almost unchanged
between 2D and 3D simulations.
The outline of this section is as follows. First, in

Sec. III Awe describe the setup of 2D and 3D simulations,

KAWASAKI, SAIKAWA, AND SEKIGUCHI PHYSICAL REVIEW D 91, 065014 (2015)

065014-8



respectively. Next, we describe the results of 2D simula-
tions and determine the decay time of long-lived string-wall
systems in Sec. III B. Finally, in Sec. III C we describe the
results of 3D simulations and estimate the mean energy
of axions radiated from strings, short-lived string-wall
systems, and long-lived string-wall systems, respectively.

A. Setup of the simulations

1. 2D

In 2D simulations, we solve the classical field equation
of the scalar field Φ in the FRW background with the
potential given by Eqs. (2.11), (2.26), and (2.40):

VðΦÞ ¼ λ

4
ðjΦj2 − η2Þ2

þm2
aη

2

N2
DW

�
1 −

jΦj
η

cos ðNDWðArgðΦÞÞÞ
	

− Ξη3ðΦe−iδ þ Φ�eiδÞ: ð3:1Þ

In Eq. (3.1), the coefficient of the term proportional to
cos ðNDWðArgðΦÞÞÞ is modified as 1 → jΦj=η, since oth-
erwise we suffer from instabilities occurring around
jΦj≃ 0 [21,23]. The spatial configuration of the scalar field
ΦðxÞ is obtained in terms of discrete coordinates [i.e., the
continuous label x is replaced with some integers ði; j; kÞ].
The simulations are performed in comoving coordinates,
and periodic boundary conditions are imposed in the
simulation box. The time evolution is solved by using
the fourth-order symplectic integration scheme [72], while
the spatial derivative is computed by using the fourth-order
finite difference method. Initial conditions for Φðx; τiÞ and
_Φðx; τiÞ are generated as random Gaussian fluctuations in
the momentum space. See Ref. [23] for further details on
the simulation techniques.
In the numerical studies of the model given by Eq. (3.1),

we normalize all dimensionful quantities in the unit of
η ¼ 1. Values of some parameters are fixed as λ ¼ 0.1,
δ ¼ 0, and ma ¼ 0.1, but those for Ξ and NDW are varied.
The time integration is performed in terms of the conformal
time τ defined by dτ ¼ dt=RðtÞ, and the initial time of the
simulation is fixed as τi ¼ 2. We assume the radiation-
dominated Universe, where the scale factor evolves as

RðτÞ ∝ τ ∝ t1=2. This scale factor is normalized such that
RðτiÞ ¼ 1.
Let us denote the length of a side of the simulation box as

L and the number of grid points along one coordinate axis
as N. The lattice spacing in the comoving coordinate is
estimated by Δx ¼ L=N, and the scale of Hubble radius
H−1 and the size of the core of strings δs divided by the
physical lattice spacing Δxphys ¼ RðτÞΔx are given by

H−1

Δxphys
¼ N

L
τ and

δs
Δxphys

¼ N

L
ffiffiffi
λ

p
�
τi
τ

�
: ð3:2Þ

In order to resolve the width of topological defects, we must
require that δs=Δxphys ≳ 1 at the end of the simulation.
Furthermore, H−1=Δxphys must be smaller than N, since
otherwise the Hubble radius exceeds the simulation box
and we cannot follow the evolution of the defect networks
correctly.
We perform simulations for three different simulation

boxes, ðN;L; τfÞ ¼ ð8192; 320; 160Þ, (16384, 460, 230),
and (32768, 640, 320), where τf is the final time of the
simulations. Dynamical ranges of these simulations are
τf=τi ¼ 80, 115, and 160, respectively, and they are much
larger than that of the previous study (τf=τi ¼ 55) [21]. The
interval Δτ for each time integration step is fixed as 0.01
for the cases with N ¼ 8192 and N ¼ 16384, and as 0.005
for the case with N ¼ 32768. Note that the final time is
given by τf ¼ τi þ ðtime stepsÞ × Δτ. Given a setup for
the simulation box, we perform simulations with a range of
values of NDW and Ξ. Then, for each choice of the
parameters we execute ten realizations with N ¼ 8192
and N ¼ 16384 and 1 realization with N ¼ 32768. The
parameters used in 2D simulations are summarized as
cases (a)–(c) in Table I. In Table I, the values for ratios
H−1=Δxphysjτf and δs=Δxphysjτf at the final time of the
simulations are also shown. We see that the conditions
H−1=Δxphys < N and δs=Δxphys ≳ 1 described below
Eq. (3.2) are marginally satisfied in these simulations.
Table II shows the values for ðNDW;ΞÞ used in the 2D
simulations. In total, we perform simulations in 40 different
sets of parameters as shown in case (a-1) to (c-5) of
Table II.
We note that the value of the bias parameter Ξ cannot be

arbitrarily large. This is because domain walls can decay

TABLE I. Sets of parameters used in 2D numerical simulations. For other parameters, we used the common values λ ¼ 0.1, δ ¼ 0,
ma ¼ 0.1, and τi ¼ 2.

Case Grid size (N2) Box size (L)
Time

interval (Δτ) Time steps
Final

time (τf) NDW Ξ H−1=Δxphysjτf δs=Δxphysjτf
(a) 81922 320 0.01 15800 160 varying varying 4096 1.01
(b) 163842 460 0.01 22800 230 varying varying 8192 0.98
(c) 327682 640 0.005 63600 320 varying 0 16384 1.01
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owing to the nonuniform initial probability distribution of
percolated vacua [73,74] rather than the volume pressure
pV induced by the energy difference ΔV, if Ξ is sufficiently
large. Let us assume that there are two degenerate vacua
(i.e., the case with NDW ¼ 2) lifted by the bias term. The
energy density of one vacuum (true vacuum) is smaller than
that of another vacuum (false vacuum), and their energy
difference is given by ΔVbias ≃ 2Ξη4. Then, if Ξ ≠ 0, we
expect that the probability to find a true vacuum pt is
different from that to find a false vacuum pf at the time of
the formation of domain walls. The ratio between these two
probabilities can be estimated as [21,61]

pf

pt
¼ exp

�
−
ΔVbias

ΔVpot

�
≃ exp

�
−
Ξη2N2

DW

m2
a

�
; ð3:3Þ

where ΔVpot ≃ 2m2
aη

2=N2
DW is the height of the potential

barrier of domain walls. This initial biased distribution of
percolated vacua leads to the collapse of domain wall in the
(conformal) time scale τdec;prob, which is given by [74]

τprob;dec
τform

≃ ε−D=2: ð3:4Þ

Here, τform is the conformal time corresponding to the
formation time tform, D is the spatial dimension, and ε is
given by pt ¼ 0.5þ ε and pf ¼ 0.5 − ε, which leads to

ε ¼ 1

2

1 − pf=pt

1þ pf=pt
: ð3:5Þ

Requiring that τprob;dec > τf with D ¼ 2, we obtain the
condition

Ξη2N2
DW

m2
a

< 2tanh−1
�
2τform
τf

�
: ð3:6Þ

It can be checked that all parameters shown in Table II
satisfy the above condition with τform ≃Oð10Þ.8

2. 3D

We also perform 3D simulations and use their results
to estimate the spectrum of axions radiated by topological
defects. The power spectrum of axions can be defined by

1

2
h _aðk; τÞ� _aðk0; τÞien ¼

ð2πÞ3
k2

δð3Þðk − k0ÞPðk; τÞ;
ð3:7Þ

where h…ien is an ensemble average. The left-hand side of
the above equation can be computed from the simulated
data of Φðx; τÞ and _Φðx; τÞ:

TABLE II. The values of the parameters NDW and Ξ used in 2D simulations, and the number of realizations
executed for each choice of them.

N ¼ 8192 N ¼ 16384 N ¼ 32768

Case NDW Ξ Realization Case NDW Ξ Realization Case NDW Ξ Realization

(a-1) 2 0 10 (b-1) 2 0 10 (c-1) 2 0 1
(a-2) 2 0.0002 10 (b-2) 2 0.0001 10 (c-2) 3 0 1
(a-3) 2 0.0003 10 (b-3) 2 0.0002 10 (c-3) 4 0 1
(a-4) 2 0.0004 10 (b-4) 2 0.0003 10 (c-4) 5 0 1
(a-5) 2 0.0005 10 (b-5) 2 0.0004 10 (c-5) 6 0 1
(a-6) 2 0.0006 10 (b-6) 3 0 10
(a-7) 3 0 10 (b-7) 3 0.00006 10
(a-8) 3 0.00015 10 (b-8) 3 0.0001 10
(a-9) 3 0.0002 10 (b-9) 3 0.00014 10
(a-10) 3 0.00025 10 (b-10) 4 0 10
(a-11) 4 0 10 (b-11) 4 0.00005 10
(a-12) 4 0.0001 10 (b-12) 4 0.00007 10
(a-13) 5 0 10 (b-13) 4 0.00009 10
(a-14) 5 0.00009 10 (b-14) 5 0 10
(a-15) 6 0 10 (b-15) 5 0.00004 10
(a-16) 6 0.00006 10 (b-16) 5 0.00006 10

(b-17) 6 0 10
(b-18) 6 0.00003 10
(b-19) 6 0.00004 10

8The condition [Eq. (3.6)] is derived with the assumption of
NDW ¼ 2, while it is not straightforward to apply this result to the
case with NDW > 2. However, we expect that the constraint for Ξ
would be weaker than Eq. (3.6) for the case with NDW > 2, since
the magnitude of ΔVbias becomes smaller than 2Ξη4 and the
initial probability distribution is less sensitive to Ξ. Hence, here
we just consider the bound given by Eq. (3.6) for any choice
of NDW.
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_aðk; τÞ ¼
Z

d3xeik·x _aðx; τÞ

with _aðx; τÞ ¼ ηIm

�
_Φ
Φ
ðx; τÞ

�
: ð3:8Þ

To obtain a reliable estimation for Pðk; τÞ, we excise the
core of strings and that of domain walls from the map of
_aðx; τÞ [see Refs. [20,22,23] for details]. Furthermore, we
subtract the contaminations caused by initial field fluctua-
tions by computing the difference of power spectra evalu-
ated at two different time steps τA and τB > τA:

ΔPðk; τBÞ ¼ Pðk; τBÞ −Rðk; τA; τBÞPðk; τAÞ; ð3:9Þ

where Rðk; τA; τBÞ is a reduction factor taking account of
the effect of cosmic expansion. We will specify τA, τB, and
Rðk; τA; τBÞ shortly.
The numerical calculation of the power spectrum is

performed in terms of the plural bins, which are given by

Fi ¼ fkjkðminÞ
i ≤ jkj ≤ kðmaxÞ

i g ði ¼ 1; 2;…; nbinÞ;

kðminÞ
i ¼ i − 1

nbin

πN
L

; and kðmaxÞ
i ¼ i

nbin

πN
L

; ð3:10Þ

with nbin being some integer. Then, the power spectrum
Pðk; τÞ appearing in the right-hand side of Eq. (3.7) is
replaced with the average over i-th bin Pðki; τÞ, where
ki ≡ ðPk∈Fi

jkjÞ=ðPk∈Fi
1Þ. Using the difference of dis-

cretized power spectrum, we can compute the mean
comoving momentum of radiated axions:

k̄ðτBÞ ¼
Pnbin

i¼1ΔPðki; τBÞPnbin
i¼1

1
ki
ΔPðki; τBÞ

: ð3:11Þ

In 3D simulations, we estimate the mean momentum
of radiated axions [Eq. (3.11)] for three cases: (i) global

strings, (ii) short-lived string-wall systems, and (iii) long-
lived string-wall systems. Here we choose the grid size
as 5123, and use the same setups as the previous studies
[20,22,23]. In what follows, we briefly describe the setups
in the three different regimes:

(i) Global strings [20]. The evolution of the scalar field
Φ is solved in the FRW background with the potential
given by Eq. (2.11) and also with the finite temper-
ature correction of the form∝ λT2jΦj2. Global strings
are formed around the conformal time τ ¼ τc, which
can be defined by the condition Tðτ ¼ τcÞ ¼

ffiffiffi
3

p
η.

The reduction factor in Eq. (3.9) can be specified
as Rðk; τA; τBÞ ¼ ðRðτAÞ=RðτBÞÞ4, since axions
are massless in this regime and the power spectrum
scales as ∝ RðτÞ−4. Following Ref. [20], we choose
τA ¼ 3.5τc and τB ¼ 5τc. After calculating k̄ðτBÞ, we
estimate the value of the parameter ϵ from Eq. (2.19)
with ω̄aðtÞ ¼ k̄ðτÞ=RðτÞ.

(ii) Short-lived string-wall systems [22]. The evolution
of the scalar field Φ is solved in the FRW back-
ground with the potential given by Eqs. (2.11) and
(2.26) with NDW ¼ 1. We also include the finite
temperature correction of the form ∝ λT2jΦj2.
Furthermore, we use the finite temperature axion
mass [Eq. (2.1)], which can be rewritten as

maðTÞ2
F2
a

¼ cTκnþ4

�
T
Fa

�
−n

with κ ¼ ΛQCD

Fa
:

ð3:12Þ

In the numerical simulations, we vary the value of κ.
The reduction factor in Eq. (3.9) can be specified as
Rðk;τA;τBÞ¼ðωaðk;τBÞ=ωaðk;τAÞÞðRðτAÞ=RðτBÞÞ3
with ωaðk; τÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
maðTÞ2 þ k2=RðτÞ2

p
, which takes

account of the finiteness of the axion mass. Follow-
ing Ref. [22], we choose τA and τB such that τA

TABLE III. Models and parameters used in 3D numerical simulations, and the number of realizations executed for
each choice of them. For other parameters, we used the same values as previous studies indicated in the “Reference”
column.

Case Model Grid size (N3) Reference Parameter Realization

(d) Global strings 5123 [20] 10
(e-1) Short-lived string-wall systems (NDW ¼ 1) 5123 [22] κ ¼ 0.275 10
(e-2) Short-lived string-wall systems (NDW ¼ 1) 5123 [22] κ ¼ 0.3 10
(e-3) Short-lived string-wall systems (NDW ¼ 1) 5123 [22] κ ¼ 0.325 10
(e-4) Short-lived string-wall systems (NDW ¼ 1) 5123 [22] κ ¼ 0.35 10
(e-5) Short-lived string-wall systems (NDW ¼ 1) 5123 [22] κ ¼ 0.375 10
(e-6) Short-lived string-wall systems (NDW ¼ 1) 5123 [22] κ ¼ 0.4 10
(f-1) Long-lived string-wall systems (NDW > 1) 5123 [23] NDW ¼ 2 10
(f-2) Long-lived string-wall systems (NDW > 1) 5123 [23] NDW ¼ 3 10
(f-3) Long-lived string-wall systems (NDW > 1) 5123 [23] NDW ¼ 4 10
(f-4) Long-lived string-wall systems (NDW > 1) 5123 [23] NDW ¼ 5 10
(f-5) Long-lived string-wall systems (NDW > 1) 5123 [23] NDW ¼ 6 10
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corresponds to the cosmic time t1 defined by
Eq. (2.3) and τB corresponds to the time at which
the area parameter of domain walls A becomes
less than 0.01. The later condition can be regarded as
a definition of the decay time td of the short-
lived string-wall systems. After calculating k̄ðτBÞ,
we estimate the value of the parameter ϵw from
Eq. (2.34).

(iii) Long-lived string-wall systems [23]. The evolution
of the scalar field Φ is solved in the FRW back-
ground with the potential given by Eqs. (2.11)
and (2.26) with NDW > 1. Here we fix the axion
mass as a constant value (ma=η ¼ 0.1) instead of
using the temperature dependent mass [Eq. (3.12)],
since we are interested in the time scale much
later than the epoch of the QCD phase transition.
Namely, the model is the same as that in 2D
simulations [Eq. (3.1)] with Ξ ¼ 0. The reduc-
tion factor in Eq. (3.9) can be specified as
Rðk;τA;τBÞ¼ðωaðk;τBÞ=ωaðk;τAÞÞðRðτAÞ=RðτBÞÞ3
with ωaðk; τÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

a þ k2=RðτÞ2
p

. Following
Ref. [23], we choose τA ¼ 14η−1 and τB ¼ 40η−1.
In the numerical simulations, we vary the value of
NDW. After calculating k̄ðτBÞ, we estimate the value
of the parameter ϵa from Eq. (2.46) for each value
of NDW.

We summarize the setup of 3D simulations in Table III.
For each choice of the parameters we execute ten realiza-
tions. In total, we perform simulations in 12 different sets
of parameters as shown in cases (d)–(f-5) of Table III. In
each case, we compute k̄ðτBÞ and its error by averaging the
results of ten realizations. However, as we will see in
Sec. III C, the method used in Refs. [20,22,23] leads to
some inappropriate results for averaged values. To avoid
this situation, in this work we introduce a new estimator
described in Appendix B. In Sec. III C, we will also
check the difference between the old and new averaging
methods.

B. Estimation of the decay time of domain walls

In Fig. 1, we show the map of the potential energy of the
field Φ as a visualization of the 2D simulations. As shown
in Figs. 1(a), 1(c), and 1(e), green lines corresponding to
the core of domain walls continue to exist for the case with
Ξ ¼ 0. On the other hand, Figs. 1(b), 1(d), and 1(f) show
that these domain walls tend to collapse for the case with
Ξ ≠ 0. In this case, the domains with higher energies
(colored regions) gradually disappear, and the domain with
the lowest energy (white region) dominates over the
simulation box at late times. In Fig. 2, we also plot
the time evolution of the quantity A=V, where A is the
comoving area occupied by domain walls, and V ¼ L3

is the comoving volume of the simulation box. The results
of the simulations with Ξ ¼ 0 indicate the behavior

A=V ∝ τ−1, which corresponds to the scaling solution,
while the values of A=V rapidly fall off at late times for
the cases with Ξ ≠ 0.
In order to estimate the energy density of axions

produced from long-lived domain walls, we must estimate
some numerical quantities, which cannot be predicted in
the analytical calculations. First, we determine the value of
the area parameterA defined by Eq. (2.39). In a similar way
to Ref. [23], this quantity can be computed in terms of the
comoving area density A=V obtained from the results of the
numerical simulations:

FIG. 1 (color online). The distribution of the potential energy
of the scalar field on the simulation box. These figures are
generated from the results of 2D simulations with N ¼ 8192 and
NDW ¼ 6 [cases (a-15) and (a-16) in Table II]. Each subfigure
corresponds to a different choice of the bias parameter and
the time step: (a) Ξ ¼ 0; τ ¼ 42, (b) Ξ ¼ 0.00006; τ ¼ 42,
(c) Ξ ¼ 0; τ ¼ 62, (d) Ξ ¼ 0.00006; τ ¼ 62, (e) Ξ ¼ 0; τ ¼ 82,
and (f) Ξ ¼ 0.00006; τ ¼ 82. The size of these figures is set to
be a quarter (40962) of the size of the simulation box (81922).
The green region corresponds to the core of domain walls
VðΦÞ¼2m2

aη
2=N2

DW, and the white region corresponds to the
vacuum VðΦÞ ¼ 0.
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A ¼ At
RðtÞV : ð3:13Þ

In Fig. 3, we show the results for the simulations with
Ξ ¼ 0 [cases (a-1), (a-7), (a-11), (a-13), (a-15), (b-1), (b-6),
(b-10), (b-14), (b-17), (c-1), (c-2), (c-3), (c-4), and (c-5) in
Table II]. Without the bias term, the area parameterA takes

almost constant values ofOð1Þ. The values ofA at the final
time of the simulations are shown in Table IV. We see that
the value of A increases for large NDW, which agrees with
the results of the previous study [23].
We note that there is a subtlety in the results shown in

Fig. 3. The values of A plotted in this figure slightly
increase with time, deviating from the exact scaling
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FIG. 2 (color online). Time evolution of the comoving area density A=V of domain walls for various values of Ξ. Each panel shows the
results for (a) NDW ¼ 2, (b) NDW ¼ 3, (c) NDW ¼ 4, (d) NDW ¼ 5, and (e) NDW ¼ 6. In these figures, we plot the mean and standard
deviation among ten realizations of numerical simulations.
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behavior (A ¼ constant). At this stage it is not clear
whether this slight increase of A continues in later times
or not, because of the limitation of the dynamical range of
the numerical simulations. Here, we just take account of
the possibility of the deviation from the scaling solution,
and fit the result ofAðτÞ obtained from the simulations with
N ¼ 16384 into the model function given by Eq. (2.44). In
terms of the conformal time, this model function can be
rewritten as

AðτÞ ¼ Aform

�
τ

τform

�
2ð1−pÞ

: ð3:14Þ

We fix the value of τform and seek for a value of p which fits
the data obtained from the simulations. The value of τform
should be taken as the time when initial fluctuations of A
is sufficiently moderated. Here we choose τform ¼ 50 as a
reference value. For this choice of τform, the best fit values
of p is shown in Table V. The preferred values of p become
slightly smaller than 1, as was expected.
Next, let us estimate the decay time of domain walls. Our

purpose here is to obtain the value of the coefficient Cd
appearing in Eq. (2.42) or Eq. (2.45). By using the results of
numerical simulations with Ξ ≠ 0, we determine the value
of tdec as the time at which the value of A=V becomes 10%
or 1% of that with Ξ ¼ 0 (hereafter we call these criteria
“10% criterion” and “1% criterion,” respectively).9

Furthermore, we adopt two different assumptions: One is
to assume that the area parameter A takes a constant value
at late times (we call this case “exact scaling”) and another
is to assume that A increases with time according to
Eq. (3.14) (we call this case “deviation from scaling”).
For the assumption of exact scaling, we use the values of
AðτfÞ shown in Table IV to estimate Cd. On the other hand,
for the assumption of deviation from scaling, we use the
values of Aform and p shown in Table V with τform ¼ 50.
Figure 4 shows the results of Cd for every assumptions

and criteria. We see that there is no significant difference
between the assumption of exact scaling and that of
deviation from scaling. In the results with 1% criterion,
the values of Cd become about ∼2 times larger than those
with 10% criterion, since it takes longer times to satisfy the
criterion. The results hardly depend on the value of Ξ, but
show a slight dependence on the value of NDW. This can be
interpreted as follows: If NDW is small, the number of walls
per a horizon volume becomes small, and large planar walls
are likely to be formed. Such large configurations take a
longer time to collapse, leading to a larger value of Cd.
Since the results shown in Fig. 4 does not significantly

depend on the choice of Ξ, we estimate the value of Cd by
averaging over the plotted values for each choice of NDW.
The estimated values are shown in Table. VI.

C. Estimation of the mean energy of radiated axions

Figure 5 shows the values of ϵ, ϵw, and ϵa obtained from
the results of 3D simulations [cases (d), (e-2) and (f-5) in
Table III] for various choices of nbin. Here we also compare
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FIG. 3 (color online). Time evolution of the area parameter A
for various values of NDW without the bias (Ξ ¼ 0). For the
simulations with N ¼ 8192 and N ¼ 16384, we plot the mean
and standard deviation among ten realizations. For those with
N ¼ 32768, we just plot the result of 1 realization.

TABLE IV. The value of A at the final time τf of numerical
simulations for various values of NDW.

NDW

AðτfÞ (N ¼ 8192,
τf ¼ 160)

AðτfÞ (N ¼ 16384,
τf ¼ 230)

2 0.694� 0.113 0.690� 0.085
3 1.10� 0.20 1.10� 0.18
4 1.41� 0.13 1.46� 0.20
5 1.84� 0.17 1.90� 0.23
6 2.24� 0.21 2.23� 0.19

TABLE V. The values ofAform (with τform ¼ 50) and the best fit
values of the exponent p in the model function [Eq. (3.14)] for
various values of NDW. These results are obtained from the
numerical simulations with the grid size N ¼ 16384.

NDW Aform p

2 0.540� 0.052 0.929
3 0.828� 0.032 0.926
4 1.10� 0.04 0.917
5 1.44� 0.05 0.918
6 1.73� 0.06 0.932

9In the previous study [21], we measured tdec based on the 1%
criterion only. However, it might be more appropriate to use a
higher percentage as the criterion, since most axions are produced
at the time when A=V starts to fall off. In this paper, we consider
two cases (10% criterion and 1% criterion) in order to see how the
different choice of the criterion affects the final result.
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the results between the old averaging method used in
Refs. [20,22,23] and the new method introduced in
Appendix B. We see that the error bars become large for
the case of strings and long-lived string-wall systems if we

use the old averaging method. These results can be
understood as follows. When we compute the energy
spectrum of radiated axions, we mask the grid points
corresponding to the core of topological defects in the
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FIG. 4 (color online). Estimated values of Cd for (a) the assumption of exact scaling with 10% criterion, (b) the assumption of exact
scaling with 1% criterion, (c) the assumption of deviation from scaling with 10% criterion, and (d) the assumption of deviation from
scaling with 1% criterion. In the panels (c) and (d), we only show the results with N ¼ 16384, since the value of p in Table V is obtained
from the results of the simulations with N ¼ 16384. In the panel (b), the result of the simulations with N ¼ 8192 and NDW ¼ 6 is not
shown, since in this case the value of A=V does not reach 1% of that with Ξ ¼ 0 before the final time of the simulations.

TABLE VI. The values of Cd for various assumptions.

NDW Cd (exact scaling) Cd (deviation from scaling)

2 5.33� 0.38 (for 10% criterion) 7.48� 0.71 (for 10% criterion)
9.14� 0.62 (for 1% criterion) 12.2� 1.1 (for 1% criterion)

3 5.02� 0.44 (for 10% criterion) 7.16� 0.53 (for 10% criterion)
8.15� 0.67 (for 1% criterion) 10.8� 0.7 (for 1% criterion)

4 3.86� 0.31 (for 10% criterion) 5.09� 0.29 (for 10% criterion)
5.78� 0.45 (for 1% criterion) 7.54� 0.40 (for 1% criterion)

5 2.72� 0.24 (for 10% criterion) 3.34� 0.28 (for 10% criterion)
4.17� 0.35 (for 1% criterion) 5.06� 0.37 (for 1% criterion)

6 2.08� 0.17 (for 10% criterion) 2.44� 0.20 (for 10% criterion)
3.14� 0.26 (for 1% criterion) 3.67� 0.22 (for 1% criterion)

AXION DARK MATTER FROM TOPOLOGICAL DEFECTS PHYSICAL REVIEW D 91, 065014 (2015)

065014-15



simulation box, which leads to a systematic error in the
final form for the energy spectrum [see Appendix C of
Ref. [23] for details]. Since the configuration of the defects
differs from one realization to another, the magnitude of
this systematic uncertainty varies accordingly. Therefore,
the error in the final result is determined by one particular
realization, which gives the largest systematic uncertainty.
On the other hand, the new estimator optimizes the different
systematic uncertainties obtained from ten realizations
of the simulations, reducing the error bars for ϵ and ϵa
as shown in Figs. 5(a) and 5(c). We also note that there is
little difference between the old and new methods for the
case of short-lived string-wall systems [Fig. 5(b)]. This is
because the defects have mostly disappeared by the time τB,
at which we compute the spectrum of radiated axions, and
the masking process does not lead to significant systematic
uncertainties.
From Fig. 5(b), we see that the value of ϵw varies with

nbin for nbin < 100, and that it tends to converge for

nbin ≳ 100. A similar trend is observed in Figs. 5(a)
and 5(c) for smaller values of nbin. This fact implies
that the choice of nbin ¼ 25 used in the previous study
[22] is not good enough to resolve the peak of the power
spectrum. We must use the number of bins as large as
nbin ≳ 100 to estimate the mean momentum of radiated
axions correctly.
Figure 6 shows the estimated values of ϵw for various

choices of κ [cases (e-1)–(e-6) in Table III]. We see that the
value of ϵw tends to become smaller as κ takes a larger
value, which is an undesirable situation where two scales
corresponding to the width of domain walls and that of
strings become comparable. On the other hand, it seems to
converge for smaller values of κ. This trend supports the
extrapolation of the estimated value of ϵw to the limit
κ ≪ 1, which should be further confirmed in the future
numerical simulations with improved dynamical ranges.
For now we use the value estimated at κ ¼ 0.275 with
nbin ¼ 100,
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FIG. 5 (color online). Estimated values of the parameters related to the mean momentum of radiated axions for various values of nbin.
Each panel shows the results for (a) ϵ (global strings), (b) ϵw (short-lived string-wall systems with NDW ¼ 1), and (c) ϵa (long-lived
string-wall systems with NDW ¼ 6). The points indicated as “old” correspond to the results obtained by the method used in the previous
studies [20,22,23], while those indicated as “new” correspond to the results obtained by the new estimators shown in Eq. (B5). The
results shown in the panel (b) are obtained from the simulations with κ ¼ 0.3.
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ϵw ¼ 1.96� 0.23; ð3:15Þ

to estimate the energy density of axions produced from
short-lived string-wall systems.
The situation is more clear in the cases of global strings

and long-lived string-wall systems. From the result of the
calculation with nbin ¼ 100, where the averaged value and
its error are estimated by using Eq. (B5), we obtain

ϵ ¼ 4.02� 0.70 ð3:16Þ

for the axions radiated from global strings. We also
show the values of ϵa for those radiated from long-lived
string-wall systems in Table VII.

IV. OBSERVATIONAL CONSTRAINTS

A. Models with NDW ¼ 1

We now discuss the constraints on the model parameters
based on the results obtained in the previous sections.
First of all, let us consider the case with short-lived domain
walls (NDW ¼ 1). Here we must require that the total axion
abundance at the present time does not exceed the observed
cold dark matter abundance ΩCDM:

Ωa;toth2 ¼ Ωa;mish2 þ Ωa;stringh2 þ Ωa;dech2 ≤ ΩCDMh2;

ð4:1Þ

where ΩCDMh2 ≃ 0.12 [75], and Ωa;mish2, Ωa;stringh2, and
Ωa;dech2 are given by Eqs. (2.10), (2.21), and (2.37),
respectively.
The contribution from strings Ωa;stringh2 depends on

two numerical coefficients ξ and ϵ. As was mentioned in
Sec. II B, ξ contains a large systematic uncertainty, and here
we adopt a conservative estimation ξ≃ 1.0� 0.5. The
value of ϵ is estimated in Eq. (3.16). Substituting these
values into Eq. (2.21), we obtain

Ωa;stringh2 ¼ ð7.3� 3.9Þ × 10−3 × N2
DW

�
β0

58

�

×

�
g�;1
80

�
−ð2þnÞ=2ð4þnÞ� Fa

1010 GeV

�ð6þnÞ=ð4þnÞ

×

�
ΛQCD

400 MeV

�
: ð4:2Þ

The contribution from the decay of string-wall systems
Ωa;dech2 depends on three numerical coefficients ξ, A, and
ϵw. For the area parameter A, we use the value A≃ 0.50�
0.25 obtained in Ref. [22]. The value of ϵw is given by
Eq. (3.15). Using these values and ξ≃ 1.0� 0.5, we find

Ωa;dech2 ¼ ð5.4� 2.1Þ × 10−3 ×

�
β2
62

�
2=ð4þnÞ

×

�
g�;2
75

�
−ð2þnÞ=2ð4þnÞ� Fa

1010 GeV

�ð6þnÞ=ð4þnÞ

×

�
ΛQCD

400 MeV

�
: ð4:3Þ

Here and hereafter, we ignore the weak dependence on
the parameters g�;1, g�;2, β1, and β2, and fix their values as
g�;1 ¼ 80, g�;2 ¼ 75, β1 ¼ 61, and β2 ¼ 62. From the sum
of Eqs. (2.10), (4.2), and (4.3), we estimate the total relic
abundance of cold dark matter axions for the models with
NDW ¼ 1 as

Ωa;toth2 ¼ Ωa;mish2 þ Ωa;stringh2 þ Ωa;dech2

¼ ð1.7� 0.4Þ × 10−2 ×
�

Fa

1010 GeV

�ð6þnÞ=ð4þnÞ

×

�
ΛQCD

400 MeV

�
; ð4:4Þ

where we used cav ¼ 2 in Eq. (2.10) and NDW ¼ 1 in
Eq. (4.2). From the requirement given by Eq. (4.1), we find

Fa ≲ ð4.2–6.5Þ × 1010 GeV; ð4:5Þ
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FIG. 6 (color online). The values of ϵw for various choices of κ
obtained from the calculation with nbin ¼ 100, where the average
and error are estimated by using Eq. (B5).

TABLE VII. The values of ϵa for various choices of NDW
obtained from the calculation with nbin ¼ 100, where the average
and the error are estimated by using Eq. (B5).

NDW ϵa

2 1.05� 0.50
3 1.21� 0.28
4 1.21� 0.19
5 1.33� 0.21
6 1.62� 0.19
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for the QCD scale ΛQCD ¼ 400 MeV. This constraint
corresponds to the lower bound on the axion mass:

ma ≳ ð0.9–1.4Þ × 10−4 eV: ð4:6Þ
The bounds shown in Eqs. (4.5) and (4.6) are slightly
weaker than those obtained in the previous paper [22],
since we include the correction factor maðT1Þ=maðT2Þ (see
footnote 6) and the approximation given by Eq. (2.32),
which were not considered in Ref. [22].

B. Models with NDW > 1

Next, we consider the case with long-lived domain
walls (NDW > 1). Again we apply the condition for the
dark matter abundance given by Eq. (4.1), but in this case

Ωa;dech2 is replaced with the contribution from long-lived
domain walls estimated in Appendix A. For the assumption
of exact scaling, we have [Eq. (A12)],

Ωa;dech2 ¼ 0.756×

ffiffiffiffiffiffiffiffiffiffiffiffi
Cd

1þ ϵ2a

s �
A3

N4
DWð1− cosð2π=NDWÞÞ

�
1=2

×

�
Ξ

10−52

�
−1=2

�
Fa

1010 GeV

�
−1=2

�
ΛQCD

400 MeV

�
3

;

ð4:7Þ

and for the assumption of deviation from scaling, we
have [Eq. (A11)],

Ωa;dech2 ¼ 1.23 × 10−6 × ½7.22 × 103�3=2p × 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ2a

p 2p − 1

3 − 2p
C3=2−p
d A3=2p

form

�
N4

DW

�
1 − cos

�
2π

NDW

���
1−3=2p

×

�
g�;1
80

�
3ð1=p−1Þn=4ð4þnÞ� Ξ

10−52

�
1−3=2p

�
Fa

1010 GeV

�
4þ3ð4p−16−3nÞ=2pð4þnÞ� ΛQCD

400 MeV

�
−3þ6=p

: ð4:8Þ

The formulas for the abundance of axions produced
from long-lived domain walls [Eqs. (4.7) and (4.8)]
contain four parameters, ϵa, A (or Aform), p, and Cd,
whose values are determined by the results of numerical
simulations. Here, we use the values shown in Table VII
for ϵa, and those shown in Table VI for Cd. We take A as
the value at the final time of the simulations shown in
Table IV for Eq. (4.7), while we take Aform and p as the fit
results shown in Table V for Eq. (4.8). We also note that
Eqs. (4.7) and (4.8) depend not only on Fa but also on Ξ.
Therefore, we have the constraint on the 2D parameter
space ðFa;ΞÞ.
In addition to the constraint of the axion dark matter

abundance, there is another constraint coming from a CP-
violating effect induced by the bias term [Eq. (2.40)] in the
potential of the PQ field. If the bias term exists in the
theory, it shifts the minimum of the potential of the axion
field from the CP conserving point θ̄ ¼ 0. This shift leads
to a large amount of CP violation, which is tightly
constrained from the observation of the neutron electric
dipole moment [76]. Following Ref. [23], we describe this
constraint as

θ̄ ¼ 2ΞN3
DWF

2
a sin δ

m2
a þ 2ΞN2

DWF
2
a cos δ

< 7 × 10−12: ð4:9Þ

Various astrophysical phenomena put stringent con-
straints on the couplings between axions and other species
of particles such as photons, electrons, and nucleons
[77,78]. In particular, the observed burst duration of the

supernova (SN) 1987A constrains the cooling rate due to
the axions produced in the core of the SN, which leads to
the strongest bound [78]:

Fa > 4 × 108 GeV: ð4:10Þ

In this paper, we use the above value as the lower bound on
the axion decay constant.
Figure 7 summarizes the constraints for Ξ and Fa given

by Eqs. (4.1), (4.9), and (4.10) in the model with NDW ¼ 3.
We also plot the same constraints in the model with
NDW ¼ 6 in Fig. 8. We see that the constraint coming
from the dark matter abundance [Eq. (4.1)] gives an upper
bound Fa ≲Oð109–1010Þ GeV on the axion decay con-
stant and a lower bound Ξ≳Oð10−51–10−50Þ on the bias
parameter. These bounds can vary by a factor of Oð1Þ
because of the uncertainties of the parameters ϵ, ξ, ϵa,A (or
Aform), and Cd estimated from the results of the numerical
simulations. This constraint also depends on the criterion
to determine the decay time of domain walls, and the
constraint obtained from 10% criterion becomes weaker
than that obtained from 1% criterion. Furthermore, the
assumption of deviation from scaling leads to a more
severe constraint on Ξ [Figs. 7(b) and 8(b)] in comparison
to the case with the assumption of exact scaling
[Figs. 7(a) and 8(a)].
The white region shown in Figs. 7 and 8 is not

excluded by the constraints of SN1987A and the dark
matter abundance, but it can be excluded by the constraint
of NEDM [Eq. (4.9)] since it gives an upper bound on Ξ.
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Note that this NEDM line also depends on the magnitude
of δ, which is the phase appearing in the bias term
[Eq. (2.40)]. As shown in Figs. 7 and 8, the whole
parameter region is excluded if δ ¼ 1. On the other hand,
a loophole appears if the magnitude of δ is sufficiently
small. Let us define the critical value δcrit below which the
allowed region arises in the parameter space of Fa and Ξ.
The value of δcrit is affected by the various uncertainties
contained in Ωa;dech2. For instance, in the model with
NDW ¼ 6, we have
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NDW = 6, deviation from scaling

(b)

FIG. 8 (color online). The same figure as Fig. 7 but observa-
tional constraints are plotted for the model with NDW ¼ 6 based
on (a) the assumption of exact scaling and (b) that of deviation
from scaling. For parameters required to estimate Ωa;dech2, we
take ϵa ¼ 1.62� 0.19 (the result forNDW ¼ 6 in Table VII),A ¼
2.23� 0.19 (the result forNDW ¼ 6 andN ¼ 16384 in Table IV),
Aform ¼ 1.73� 0.06, and p ¼ 0.932 (the result for NDW ¼ 6 in
Table V). The value for Cd is taken from Table VI, such that
Cd ¼ 2.08� 0.17 (3.14� 0.26) for 10% (1%) criterion with the
assumption of exact scaling [panel (a)] and Cd ¼ 2.44� 0.20
(3.67� 0.22) for 10% (1%) criterion with the assumption of
deviation from scaling [panel (b)].
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FIG. 7 (color online). Observational constraints on the axion
decayconstantFa andthebiasparameterΞ in themodelwithNDW ¼
3basedon(a) theassumptionofexact scalingand(b) thatofdeviation
from scaling. The red solid line corresponds to the bound obtained
from the burst duration of SN 1987A [Eq. (4.10)], and the green area
to the left side of this line is excluded. The blue (cyan) solid line
corresponds to the constraint of the overclosure of darkmatter axions
[Eq. (4.1)] with the coefficient Cd estimated based on 10% (1%)
criterion. The dotted lines represent uncertainties ofΩa;toth2 induced
by thenumerical parameters ϵ, ξ, ϵa,A (orAform), andCd. Except for
these uncertainties, the red region below the blue (or cyan) line is
excluded. The purple solid lines correspond to the NEDM bounds
[Eq. (4.9)] for δ ¼ 1, 10−4, and 10−8. The region above these lines is
also excluded. The shaded region corresponds to the parameters
satisfying Eq. (4.13), and in this region the axion mass is dominated
by the bias term. The exclusion lines shown in these figures are
obtained for g�;1 ¼ 80 andΛQCD ¼ 400 MeV. Furthermore, we use
β0 ¼ 58,ξ ¼ 1.0� 0.5, andϵ ¼ 4.02� 0.70 tocomputeΩa;stringh2.
For parameters required to estimate Ωa;dech2, we take ϵa ¼ 1.21�
0.28 (the result for NDW ¼ 3 in Table VII), A ¼ 1.10� 0.18 (the
result forNDW ¼ 3 and N ¼ 16384 in Table IV),Aform ¼ 0.828�
0.032, and p ¼ 0.926 (the result for NDW ¼ 3 in Table V). The
value for Cd is taken from Table VI, such that Cd ¼ 5.02� 0.44
(8.15� 0.67) for 10% (1%) criterion with the assumption of exact
scaling [panel (a)] andCd ¼ 7.16� 0.53 (10.8� 0.7) for10%(1%)
criterion with the assumption of deviation from scaling [panel (b)].
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δcrit ¼
� ð1.8 − 3.4Þ × 10−2 for 10% criterion
ð1.2 − 2.3Þ × 10−2 for 1% criterion

ðNDW ¼ 6; exact scalingÞ ð4:11Þ

for the assumption of exact scaling, and

δcrit ¼
� ð6.0–8.6Þ × 10−3 for 10% criterion
ð4.1–5.9Þ × 10−3 for 1% criterion

ðNDW ¼ 6; deviation from scalingÞ ð4:12Þ

for the assumption of deviation from scaling.
We note that the axion mass is dominated by the bias

term rather than the QCD instanton effect if Ξ is as large
as [23]

Ξ > 2 × 10−45 × N−2
DW

�
1010 GeV

Fa

�
4

: ð4:13Þ

In this regime, the cosmological scenario is drastically
altered [23,79]. Here we do not consider such an unusual
scenario.
It is notable that in the models with NDW > 1 axions can

be responsible for dark matter with the decay constant of
order Fa ≈Oð108–1010Þ GeV, if we allow a mild tuning
δ < δcrit. This result has an interesting consequence that the
mass of axion dark matter becomesOð10−4–10−2Þ eV, and
that this mass range has a relevance to experimental studies.
The detection of the axions can be performed by the use of
its coupling with electromagnetic fields [80,81], and there
are various ongoing and planned experiments. The detec-
tion methods can be categorized into two classes, the axion
haloscope and the axion helioscope. The axion haloscope
uses the resonant cavity system to detect relic axions
distributed in the halos, while the axion helioscope aims
to detect axions radiated by the sun.
As for the haloscope-type experiment, the Axion Dark

Matter Experiment (ADMX) is working at the University
of Washington, and it already took data in the mass range
1.9 μeV≲ma ≲ 3.53 μeV [82,83]. Currently, the improve-
ment is underway in two directions: One is to reduce the
system temperature and cover the mass range up to
3.7–8.7 μeV (ADMX Phase II) [84]. The other is to
perform experiments by the use of higher harmonic ports
(ADMX-HF), which will cover the range of 4–40 GHz
(16–160 μeV) [85].
In Europe, the CERN Axion Solar Telescope (CAST)

works as the helioscope-type detector. During the data
taking operated in 2003–2011, it put the constraint on the
QCD axion models in the mass range 0.1 eV≲ma ≲
1.17 eV [86]. In addition to the search for solar axions
at CAST, the next generation helioscope called the
International Axion Observatory (IAXO) is proposed
[87]. This experiment aims to improve the signal-to-noise
ratio by 4–5 orders of magnitude in comparison to CAST,
which enables us to probe the QCD axion models in the
mass range ma ≳ 3 meV. The huge magnets furnished in

IAXO have potential applications for various axion dark
matter searches in addition to the search for solar axions.
In particular, there is a discussion that the cold dark matter
axions can be probed in broad mass ranges by the use of
“dish antennas” [88,89]. It is argued that eight dishes of
IAXO can probe the mass range 0.01–1 meV continuously
in the future [90].
Figure 9 shows the predicted mass ranges, in which

axions become dominant component of dark matter, and
the ranges covered by the planned detectors. Here, we also
put the mass range predicted by the model with NDW ¼ 1
[see Eq. (4.6)]. For the models withNDW > 1, the predicted
mass range becomes different according to the value of δ.
We also note that the bias parameter Ξ must take a value of
Oð10−51–10−50Þ in this case (see Figs. 7 and 8). In these

108 109 1010 1011 1012

10-510-410-310-2

FIG. 9 (color online). The schematics of the parameter ranges
where the axion becomes cold dark matter for the models with
NDW ¼ 1 (orange interval) and NDW ¼ 6 (light blue interval).
The width of the orange interval corresponds to the uncertainty
of the mass given by Eq. (4.6). The blue intervals represent
the allowed region for δ ¼ 10−8, 10−5, and 10−3, and they also
contain the uncertainties appearing in the estimation of Ωa;toth2

(see text for details). The vertical dotted line corresponds to the
bound from the observation of SN1987A [Eq. (4.10)]. Red and
green intervals represent the regions that will be covered by
IAXO and ADMX, respectively.
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models, the value ofma (Fa) becomes higher (smaller) than
that in the models with NDW ¼ 1, since the long-lived
domain walls copiously produce axions at later times,
which enhances the dark matter abundance compared to the
case with short-lived domain walls. As shown in Fig. 9,
these parameter regions can be probed in the next
generation experiments such as IAXO.

V. DISCUSSION

We have considered the scenario where the PQ sym-
metry is broken after inflation and investigated the pro-
duction of cold dark matter axions from topological
defects. The total dark matter abundance is given by the
sum of the misalignment component, the contribution from
strings, and that from string-wall systems. The contribution
from the misalignment mechanism and strings are given by
Eq. (2.10) and Eq. (2.21) [or Eq. (4.2)], respectively. The
estimation of the contribution from string-wall systems is
different according to whether NDW ¼ 1 or NDW > 1.
In the models with NDW ¼ 1, string-wall systems are

short-lived, and they decay soon after the formation. In this
case, the contribution from them is estimated by Eq. (2.37)
or Eq. (4.3). The requirement that the total axion abundance
do not exceed the observed cold dark matter abundance
leads to the constraints given by Eqs. (4.5) and (4.6). These
results imply that the values of the axion decay constant
and the axion mass become Fa ≃ ð4.2–6.5Þ × 1010 GeV
andma ≃ ð0.9–1.4Þ × 10−4 eV, respectively, if the axion is
dominant component of dark matter.
In the models with NDW > 1, string-wall systems

become stable and long-lived, resulting in a problem in
the standard cosmology. Such a problem can be avoided
by introducing the bias term [Eq. (2.40)], which leads to
the annihilation of them at a late time. In this case, the
contribution from them is estimated by Eq. (4.7) or
Eq. (4.8). The observational constraints on the model
parameters are severe as shown in Figs. 7 and 8, and the
whole parameter region is excluded without a tuning of
Oð10−3–10−2Þ on the phase parameter δ of the bias term.
On the other hand, if we allow the mild tuning on δ, the
axion can be dark matter in the parameter range Fa ≈
Oð108–1010Þ GeV or ma ≈Oð10−4–10−2Þ eV, and such a
mass range is relevant to the planned experiments.
In order to estimate the abundance of axions, we must

solve a complicated dynamics of topological defects.
Therefore, the results suffer from various uncertainties
originating in the methodology of numerical simulations.
In Table VIII, we summarize the values and uncertainties
of the numerical coefficients estimated in the existing
researches. For the estimation of the contribution from
stings, there is a large systematic uncertainty on the
estimation of the length parameter ξ. A similar uncertainty
exists in the area parameter A used in the models with
NDW ¼ 1. In the models with NDW > 1, a large uncertainty

is caused by the procedure to determine the coefficient Cd,
whose value slightly varies with NDW and depends on the
criterion for the decay time of domain walls. Furthermore,
the expression of the axion abundance becomes different
if we assume the deviation from scaling solution, as shown
in Eqs. (4.7) and (4.8).
In addition to the above issues, there are other causes of

uncertainties, which are not addressed in the present work.
First, we note that the axion abundance also depends on
the scale ΛQCD, for which we use ΛQCD ¼ 400 MeV in this
paper. The uncertainty of this QCD scale can affect the
estimation of the cold dark matter abundance.10 Second, we
use the approximation that axions are exactly massless for
t < t1, and that the effect of the finiteness of the mass term
becomes relevant only for t > t1. The continuous change of
the form of the axion potential around the time t1 might
modify the estimation of the present energy density of
axions, but such an effect is not considered in the present
analysis. Finally, in the numerical simulation, we vary the
ratio between the axion mass ma (or ΛQCD) and the PQ
scale η only in the range of Oð0.1Þ. In actuality, there is a
large hierarchy between these two mass scales, and it is
necessary to confirm that the present results of the
numerical simulations are unchanged even if we set the
ratio ma=η (or ΛQCD=η) as a smaller value. Understanding
the consequences of these subtleties is not straightforward,
but it is necessary to improve the accuracy of theoretical
calculations with a view to investigating axion physics in
the next decades of experimental studies.
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APPENDIX A: ENERGY DENSITY OF AXIONS
FROM LONG-LIVED DOMAIN WALLS

In this appendix, we calculate the present energy density
of axions produced from long-lived domain walls, which is
used to obtain the constraints for the models with NDW > 1
in Sec. IV B. The following analysis is similar to that
performed in Sec. 4.1 of Ref. [23]. In that work, the
radiation of gravitational waves was also considered as
the energy loss mechanism of domain walls, but it turned
out that the gravitational radiation is insignificant in the
parameter region of interest [i.e., Ξ ≫ Oð10−58Þ].
Therefore, we omit the effect of the gravitational radiation
in the following analysis. We also take account of the
possibility of the deviation from the scaling solution
parameterized in Eq. (2.44).
After the formation of domain walls, the evolution of

their energy density ρwall and that of axions radiated from
them ρa;dec is described by

dρwall
dt

¼ −Hρwall −
dρwall
dt

����
emission

; ðA1Þ

dρa;dec
dt

¼ −3Hρa;dec þ
dρwall
dt

����
emission

; ðA2Þ

where ðdρwall=dtÞjemission is the energy loss rate of the
walls due to the radiation of axions, and ρwall is given by
Eq. (2.44):

ρwallðtÞ ¼
AðtÞσwall

t
¼ Aformσwall

tform

�
tform
t

�
p
: ðA3Þ

From Eqs. (A1) and (A3), we obtain

dρwall
dt

����
emission

¼ ð2p − 1ÞAðtÞσwall
2t2

: ðA4Þ

Then, Eq. (A2) leads to

RðtÞ3ρa;decðtÞ ¼
Z

t

tr

dt0Rðt0Þ3ð2p − 1ÞAðt0Þσwall
2t02

≃ RðtÞ3 2p − 1

3 − 2p
AðtÞσwall

t
; ðA5Þ

where tr is the time at which the walls start to radiate
axions. In the second line of Eq. (A5), we ignored the
contribution of t ¼ tr on the assumption that t ≫ tr.
The number of axions in the comoving box at

the decay time of domain walls tdec is given by
RðtdecÞ3ρa;decðtdecÞ=ω̄a, where ω̄a is the mean energy of
axions radiated from domain wall networks obtained from
Eq. (2.46):

ω̄a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ2a

q
mað0Þ: ðA6Þ

Note that we used the zero temperature axion mass mað0Þ
[Eq. (2.2)] in Eq. (A6), since we consider the case with
tdec ≫ t1. Assuming that there is no additional production
of axions for t > tdec, we estimate the present energy
density of axions as

ρa;decðt0Þ ¼ mað0Þ
�
RðtdecÞ
Rðt0Þ

�
3 ρa;decðtdecÞ

ω̄a

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ2a

p �
RðtdecÞ
Rðt0Þ

�
3 2p − 1

3 − 2p
AðtdecÞσwall

tdec
:

ðA7Þ

Furthermore, the decay time of domain walls tdec is
explicitly written in Eq. (2.45):

tdec ¼ Cd

�
Aformσwall

tformΞη4ð1 − cosð2π=NDWÞÞ
�
1=p

tform: ðA8Þ

Hereafter, we use the approximation tform ≃ t1, where t1 is
defined by Eq. (2.3). σwall appearing in Eq. (A8) is given by
Eq. (2.27) with ma ¼ mað0Þ. Now we have

RðtdecÞ
Rðt0Þ

¼ RðteqÞ
Rðt0Þ

RðtdecÞ
RðteqÞ

≃ 4.64 × 10−14 × ½7.22 × 103�1=2p × C1=2
d

�
Aform

N4
DWð1 − cosð2π=NDWÞÞ

�
1=2p

×

�
g�;1
80

�ð1=p−1Þn=4ð4þnÞ� Ξ
10−52

�
−1=2p

�
Fa

1010 GeV

�ð4p−16−3nÞ=2pð4þnÞ� ΛQCD

400 MeV

�
−1þ2=p

; ðA9Þ
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where teq is the time of matter-radiation equality. In the second line of Eq (A9), we used the relations RðteqÞ=Rðt0Þ ¼
4.15 × 10−5ðΩCDMh2Þ−1, RðtdecÞ=RðteqÞ ¼ ðHðteqÞ2=2HðtdecÞ2Þ1=4, and HðteqÞ ¼ 1.13 × 10−35ðΩCDMh2Þ2 GeV [see, e.g.,
Ref. [92]]. Also, we note that

AðtdecÞσwall
tdec

¼ Aformσwall
tform

�
tform
tdec

�
p
¼ C−p

d Ξη4
�
1 − cos

�
2π

NDW

��
: ðA10Þ

Using Eqs. (A7), (A9), and (A10), we finally obtain

Ωa;dech2 ¼
ρa;decðt0Þh2

ρc;0

¼ 1.23 × 10−6 × ½7.22 × 103�3=2p × 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ2a

p 2p − 1

3 − 2p
C3=2−p
d A3=2p

form

�
N4

DW

�
1 − cos

�
2π

NDW

���
1−3=2p

×

�
g�;1
80

�
3ð1=p−1Þn=4ð4þnÞ� Ξ

10−52

�
1−3=2p

�
Fa

1010 GeV

�
4þ3ð4p−16−3nÞ=2pð4þnÞ� ΛQCD

400 MeV

�
−3þ6=p

: ðA11Þ

If we assume the exact scaling solution (p ¼ 1), Eq. (A11) reduces to11

Ωa;dech2 ¼ 0.756 ×

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Cd

1þ ϵ2a

s �
A3

N4
DWð1 − cosð2π=NDWÞÞ

�
1=2

�
Ξ

10−52

�
−1=2

�
Fa

1010 GeV

�
−1=2

�
ΛQCD

400 MeV

�
3

: ðA12Þ

Here, we used Aform ¼ A ¼ constant, which holds for the case with p ¼ 1.

APPENDIX B: ERROR ESTIMATION

In this appendix, we shortly comment on the estimation of the error of the mean momentum of radiated axions. Suppose
that for each realization of the simulations we obtain the power spectrum PðrÞðki; τÞ and its covariance matrix12

CðrÞ
ij ðτÞ≡ Cov½PðrÞðki; τÞ; PðrÞðkj; τÞ�, where the index r ¼ 1; 2;…; Nr indicates a realization and Nr is the total number

of realizations. Following Eqs. (3.9) and (3.11), we compute the mean momentum as

k̄ðrÞ ¼ X
Y
; ðB1Þ

X ≡Xnbin
i¼1

fPðrÞðki; τBÞ −Rðki; τA; τBÞPðrÞðki; τAÞg; ðB2Þ

Y ≡Xnbin
i¼1

1

ki
fPðrÞðki; τBÞ −Rðki; τA; τBÞPðrÞðki; τAÞg: ðB3Þ

Then, the variance of the mean momentum is given by

Var½k̄ðrÞ� ¼ Cov½k̄ðrÞ; k̄ðrÞ�

¼ 1

Y2

�
Cov½X;X� − 2

X
Y
Cov½X; Y� þ X2

Y2
Cov½Y; Y�

�

¼ 1

Y2

Xnbin
i¼1

Xnbin
j¼1

�
1 −

k̄ðrÞ

ki

��
1 −

k̄ðrÞ

kj

�
fRðki; τA; τBÞRðkj; τA; τBÞCðrÞ

ij ðτAÞ þ CðrÞ
ij ðτBÞg: ðB4Þ

11The estimation ofΩa;dech2 shown in Eq. (A12) differs from the result of Ref. [23] in some respects. First, the dependence on NDW is
modified since we use a different modeling for ΔV [Eq. (2.41)]. Second, the exponent of ΛQCD is different since here we use the
expression for mað0Þ given by Eq. (2.2) rather than the naive estimation ma ¼ 6 × 10−4 eVð1010 GeV=FaÞ used in Ref. [23].

12See Eq. (C.16) of Ref. [23] for a more concrete definition of the covariance matrix.
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In the last line of the above equation, we simply assumed
that there is no correlation between τA and τB.
In the previous studies [20,22,23], we obtained the final

results for k̄ and its error Δk̄ by simply averaging over the
results of Nr realizations. However, such a simple average
might lead to inappropriately large uncertainties in the case
where the variance Var½k̄ðrÞ� changes significantly for each
realization. Instead of using such a simple average, in this
work we use the following weighted averages

k̄ ¼
PNr

r¼1
k̄ðrÞ

Var½k̄ðrÞ�PNr
r¼1

1
Var½k̄ðrÞ�

and Δk̄ ¼ Nr

Nr − 1

PNr
r¼1

ðk̄ðrÞ−k̄Þ2
Var½k̄ðrÞ�PNr

r¼1
1

Var½k̄ðrÞ�
:

ðB5Þ

The outcomes of these new averaging methods are
discussed in Sec. III C.
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