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We establish the direct d ¼ 2 on-shell bosonization ψLðxþÞ ¼ eiξðxþÞ and ψ†
Rðx−Þ ¼ eiξðx−Þ in path

integral formulation by deriving the off-shell relations ψLðxÞψ†
RðxÞ ¼ exp½iξðxÞ� and ψRðxÞψ†

LðxÞ ¼
exp½−iξðxÞ�. Similarly, the on-shell bosonization of the bosonic commuting spinor, ϕLðxþÞ ¼
ie−iξðxþÞ∂þe−iχðxþÞ, ϕ†

Rðx−Þ ¼ e−iξðx−Þ−iχðx−Þ and ϕRðx−Þ ¼ ieiξðx−Þ∂−eþiχðx−Þ, ϕ†
LðxþÞ ¼ eiξðxþÞþiχðxþÞ, is

established in path integral formulation by deriving the off-shell relations ϕLðxÞϕ†
RðxÞ ¼ ie−iξðxÞ∂þe−iχðxÞ

and ϕRðxÞϕ†
LðxÞ ¼ ieiξðxÞ∂−eiχðxÞ.

DOI: 10.1103/PhysRevD.91.065010 PACS numbers: 11.10.-z, 11.10.Kk

I. INTRODUCTION

It is known that the dynamical degrees of freedom of
spinors are consistently described by the bosonic degrees of
freedom in d ¼ 2 dimensional space-time [1,2]. This fact,
which is called the bosonization of spinors, has been
analyzed in detail and it has been applied to various fields
of theoretical physics such as conformal field theory and
string theory and also to condensed matter physics [3–11].
The path integral formulation of bosonization, namely, a

systematic derivation of bosonization rules in the frame-
work of path integrals, was initiated at an early stage of this
subject [12–16]. The path integral bosonization has been
applied to various problems [17–45], but, to our knowl-
edge, the simplest bosonization rule in the form ψðxÞ ∼
eiξðxÞ appears to be missing. In this paper, we show how to
realize this direct bosonization in path integral formulation.
We first recapitulate the known path integral bosoniza-

tion rule,

eiWðvμÞ ¼
Z

Dψ̄Dψ exp

�
i

�
1

2π

�Z
d2x½ψ̄iγμ∂μψ þ vμψ̄γμψ �

�

¼
Z

Dξ exp fi
�
1

4π

�Z
d2x

�
1

2
∂μξðxÞ∂μξðxÞ − 2vμϵμν∂νξðxÞ

��
; ð1Þ

where the normalization of field variables is chosen to
make the bosonization rule simpler. The basic ingredient to
derive this path integral bosonization rule is the chiral
Jacobian [46],

lnJðβÞ¼ i
π

Z
d2xβðxÞ

�
∂μAμþ

1

2
ϵμνð∂μVν−∂νVμÞ

�
; ð2Þ

for an infinitesimal chiral transformation ψðxÞ →
eiβðxÞγ5ψðxÞ and ψ̄ðxÞ → ψ̄ðxÞeiβðxÞγ5 in the generic path
integral,

Z
Dψ̄Dψ exp

�
i

�
1

2π

�Z
d2x½ψ̄iγμð∂μ− iVμ− iAμγ5Þψ �

�
:

ð3Þ

To use this Jacobian factor, one may replace vμ ¼ ∂μαðxÞþ
ϵμν∂νβðxÞ, which is valid in d ¼ 2, in the fermionic path
integral in Eq. (1) and rewrite the fermionic Lagrangian
as L ¼ ψ̄iγμð∂μ − i∂μαðxÞ − iγ5∂μβðxÞÞψ . The vector part

∂μαðxÞ is transformed away by a suitable gauge trans-
formation without generating any Jacobian factor. The
axial-vector part ∂μβðxÞ is also transformed away by a
suitable chiral gauge transformation but with a nontrivial
Jacobian factor. The integrated form of the Jacobian is
evaluated by the repeated applications of infinitesimal

chiral transformations in the form e−ði=2πÞ
R

d2x∂μβðxÞ∂μβðxÞ,
and the final result is expressed in terms of vμðxÞ as an
explicit generating functional. The final result is

WðvμÞ ¼
1

2π

Z
d2xϵμν∂μvνðxÞ

1

∂μ∂μ ϵ
αβ∂αvβðxÞ; ð4Þ

which is nonlocal with respect to vμðxÞ, and it is also
derived from the bosonic path integral in Eq. (1). See
Refs. [12–15] and the monograph [16] for further details.
The relation (1) shows that the theory of a free Dirac

fermion ψ and the theory of a free real Bose field ξ define
the identical generating functional WðvμÞ of connected
Green’s functions. The basic bosonization rule is thus
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ψ̄ðxÞγμψðxÞ¼−ϵμν∂νξðxÞ; or ψ̄ðxÞγμγ5ψðxÞ¼ ∂μξðxÞ:
ð5Þ

We used the relation γμγ5 ¼ −ϵμνγν with ϵ10 ¼ 1, and
γ0 ¼ σ1, γ1 ¼ iσ2, γ5 ¼ γ1γ0 ¼ σ3. The notational
convention is summarized in Appendix A. This current
bosonization shows that the scalar field ξðxÞ is a pseudo-
scalar. The above path integral bosonization (and
its non-Abelian generalization) works for the known
interesting examples in d ¼ 2 [16], for instance, the mass-
less and massive Thirring models (the latter corresponds to
the sine-Gordon model [1]) and the Wess-Zumino-Witten
model [5].

II. BOSONIZATION OF
ANTICOMMUTING SPINORS

It is interesting to examine if the direct bosonization of
ψðxÞ in the form ψðxÞ ∼ exp½iξðxÞ� [10,11] instead of the
current in Eq. (5) is possible in path integral formulation by
generalizing the formula (1). For this purpose, we start with
the Green’s function defined by

□Gðx − yÞ ¼ δ2ðx − yÞ; ð6Þ

which is best defined in Euclidean d ¼ 2 space and
given by

GEðx − yÞ ¼ 1

4π
ln ½ðx1 − y1Þ2 þ ðx2 − y2Þ2�: ð7Þ

The corresponding Green’s function in Minkowski metric
is given by

GMðx − yÞ ¼ −i
4π

ln ½ðx1 − y1Þ2 − ðx0 − y0Þ2�; ð8Þ

where the imaginary factor i arises from the rotation
from Euclidean to Minkowski spaces by x2 → ix0, and
thus

R
□EGEðx1−y1;x2−y2Þdx1dx2¼

R ð−1Þ□MGEðx1−y1;
ix0− iy0 Þidx1dx0¼R

□MGMðx1− y1; x0−y0 Þdx1dx0¼ 1.
This expression (8), when combined with

�
1

2π

�
iγμ∂μhT⋆ψðxÞψ̄ðyÞi

¼
Z

Dψ̄Dψ

�
−i
�

δ

δψ̄ðxÞ e
iS

�
ψ̄ðyÞ

�

¼ iδ2Mðx − yÞ; ð9Þ

gives a correlation function of a free fermion

hT⋆ψðxÞψ̄ðyÞi¼ 2πγμ∂μGMðx−yÞ¼−i
γμðx−yÞμ
ðx−yÞ2 : ð10Þ

In the present paper we often use the two components
of a spinor ψðxÞ, which are defined in our convention
summarized in Appendix A by

ψðxÞ ¼
�
ψRðxÞ
ψLðxÞ

�
; ψ̄ðxÞ ¼

�
ψ†
LðxÞ

ψ†
RðxÞ

�
; ð11Þ

and the correlation function (10) is written as

hT⋆ψLðxÞψ†
LðyÞi ¼

1

iðx − yÞþ
;

hT⋆ψRðxÞψ†
RðyÞi ¼

1

iðx − yÞ−
: ð12Þ

We note that x� ¼ x0 � x1 and x2 ¼ xþx− in this con-
vention, and the free Dirac action is written as

S¼
Z

d2xψ̄iγμ∂μψ

¼
Z

d2x½ψ†
Ri∂−ψRþψ†

Li∂þψL�: ð13Þ

As for the bosonic variable ξðxÞ, we have

�
1

4π

�
∂μ∂μhT⋆ξðxÞξðyÞi

¼
Z

Dξ

�
1

4π

�
∂μ∂μξðxÞξðyÞ

× exp

�
i
Z

d2x

��
1

4π

�
1

2
∂μξ∂μξ

��

¼
Z

Dξ

�
i
δeiS

δξðxÞ
�
ξðyÞ

¼ −iδ2Mðx − yÞ ð14Þ

which implies

hT⋆ξðxÞξðyÞi ¼ −i4πGMðx − yÞ
¼ − ln ½ðx1 − y1Þ2 − ðx0 − y0Þ2�; ð15Þ

and thus

hT⋆ exp ½iξðxÞ� exp ½−iξðyÞ�i ¼ Λ−2 exp f− ln ½−ðx − yÞ2�g

¼ Λ−2 1

½−ðx − yÞþðx − yÞ−�
;

ð16Þ

where we denote the divergence at coincident points
by Λ. This last correlation function or more generally
the correlation function in the presence of the composite
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operator exp½iξðxÞ� exp½−iξðyÞ� is evaluated in the path
integral by adding a source term,

Z
Dξ exp

�
i
Z

d2x

��
1

4π

�
1

2
∂μξ∂μξþ ξðxÞJðxÞ

��

¼
Z

Dξ exp

�
i
Z

d2x

��
1

4π

�
1

2
∂μξ∂μξ

��

× exp

�
i
2

Z
d2ud2vJðuÞ4πGMðu − vÞJðvÞ

�
; ð17Þ

and replacing JðuÞ → JðuÞ þ δðu − xÞ − δðu − yÞ. We thus
have

T⋆Λ2 exp ½iξðxÞ� exp ½−iξðyÞ�
¼ Λ2hT⋆ exp ½iξðxÞ� exp ½−iξðyÞ�i∶ exp ½iξðxÞ − iξðyÞ�∶;

ð18Þ

where normal ordering means no more contraction between
ξðxÞ and ξðyÞ, and those variables are contracted with
variables contained in ξðxÞJðxÞ outside the composite
operator in the path integral.
We now recall an important formula that is shown using

Cauchy’s lemma, of which proof is given in Appendix B for
completeness,

Z
Dψ̄Dψ exp

�
i

�
1

2π

�Z
d2x½ψ̄iγμ∂μψ �

�YN
j¼1

YN
k¼1

ψLðxjÞψ†
RðxjÞψRðykÞψ†

LðykÞ

¼ det
1

iðxi − ykÞþ
det

1

iðxi − ykÞ−

¼
YN
j¼1

YN
k¼1

1

½−ðxj − ykÞ2�
YN
j1>j2

YN
k1>k2

½−ðxj1 − xj2Þ2�½−ðyk1 − yk2Þ2�

¼
Z

Dξ exp

�
i

�
1

4π

�Z
d2x

�
1

2
∂μξðxÞ∂μξðxÞ

��YN
j¼1

YN
k¼1

Λ exp ½iξðxjÞ�Λ exp ½−iξðykÞ�: ð19Þ

The importance of Cauchy’s lemma in bosonization has been noted in Ref. [11]. We then establish

eiWðvμ;jR;jLÞ ¼
Z

Dψ̄Dψ exp

�
i

�
1

2π

�Z
d2x½ψ̄iγμ∂μψ þ vμψ̄γμψ − jLðxÞψLψ

†
R − jRðxÞψRψ

†
L�
�

¼
Z

Dψ̄Dψ exp

�
i

�
1

2π

�Z
d2x½ψ̄ iγμ∂μψ − jLðxÞe−2iβψLψ

†
R − jRðxÞe2iβψRψ

†
L − ∂μβ∂μβ�

�

¼
Z

Dξ exp

�
i

�
1

4π

�Z
d2x

�
1

2
∂μξðxÞ∂μξðxÞ − 2jLðxÞΛe−2iβþiξ − 2jRðxÞΛe2iβ−iξ − 2∂μβ∂μβ

��

¼
Z

Dξ exp

�
i

�
1

4π

�Z
d2x

�
1

2
∂μξðxÞ∂μξðxÞ − 2vμϵμν∂νξðxÞ − 2jLΛeiξ − 2jRΛe−iξ

��
; ð20Þ

where in the second line, we replaced vμ ¼ ∂μαðxÞ þ
ϵμν∂νβðxÞ and the fermion Lagrangian is changed to
L ¼ ψ̄iγμð∂μ − i∂μαðxÞ − iγ5∂μβðxÞÞψ . The vector free-
dom ∂μαðxÞ is gauge transformed away without modifying
the rest of the terms and without any Jacobian. The
axial vector freedom ∂μβðxÞ is transformed away by
the change of the fermion variables ψ → eiβγ5ψ and
ψ̄ → ψ̄eiβγ5 , which give rise to an integrated Jacobian
factor −i=ð2πÞ R d2x∂μβ∂μβ [12–15], together with the
modifications of the rest of the terms; this integrated
Jacobian is confirmed to be correct by considering
an infinitesimal variation of β and obtaining
ði=πÞ R d2xδβ∂μ∂μβ.

We then expand the fermionic path integral in powers of
jL and jR in the second line in Eq. (20), which is then
converted to a bosonic path integral using the formula (19).
The final result is then resummed to an exponential form in
the bosonic path integral. In the last step in Eq. (20), we
changed the path integral variable ξ − 2β → ξ by noting
Dðξ − 2βÞ ¼ Dξ and used the relation ∂ν∂νβ ¼ −∂νvμϵμν.
We have thus established path integral bosonization rules

in Eq. (20),

ψ̄γμγ5ψ ¼ ∂μξ; ψLðxÞψ†
RðxÞ ¼ Λ exp ½iξðxÞ�;

ψRðxÞψ†
LðxÞ ¼ Λ exp ½−iξðxÞ�; ð21Þ

where the first relation is also written as
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ψ†
LðxÞψLðxÞ ¼ −∂þξðxÞ; ψ†

RðxÞψRðxÞ ¼ ∂−ξðxÞ: ð22Þ

The consistency of the last two relations in Eq. (21) with the first relation is confirmed by comparing (the short distance
expansions)

T⋆ψLðxÞψ†
RðxÞψRðyÞψ†

LðyÞ¼
1

iðx−yÞþ
1

iðx−yÞ−
þ 1

iðx−yÞþ
ψ†
RðyÞψRðyÞ−

1

iðx−yÞ−
ψ†
LðyÞψLðyÞþ regular terms; ð23Þ

which is established in the path integral,

Z
Dψ̄DψψLðxÞψ†

RðxÞψRðyÞψ†
LðyÞ exp

�
i
�
1

2π

�Z
d2x½ψ̄iγμ∂μψ �

�

× exp

�Z
d2x½η†LðxÞψLðxÞ þ ψ†

LðyÞηLðxÞ þ η†RðxÞψRðxÞ þ ψ†
RðxÞηRðxÞ�

�
; ð24Þ

by expanding in powers of source functions ηðxÞ, with the bosonic relation derived from Eq. (18),

T⋆Λ2 exp ½iξðxÞ� exp ½−iξðyÞ� ¼ 1

iðx − yÞþ
1

iðx − yÞ−
f1þ iðx − yÞþ∂þξðyÞ þ iðx − yÞ−∂−ξðyÞg þ regular terms; ð25Þ

where regular terms mean no singularities for Oððx − yÞþÞ ¼ Oððx − yÞ−Þ. These two expansions (23) and (25) are
consistent with the relations in Eq. (22).
These bosonization rules (21) are consistent with the parity transformation ψ 0ðx0Þ ¼ γ0ψðxÞ and ξ0ðx0Þ ¼ −ξðxÞ with

x0 ¼ ðx0;−x1Þ, and Lorentz properties

iψ̄ðxÞγ5ψðxÞ¼ iψ†
LðxÞψRðxÞ− iψ†

RðxÞψLðxÞ¼−2ΛsinξðxÞ;
ψ̄ðxÞψðxÞ¼ψ†

LðxÞψRðxÞþψ†
RðxÞψLðxÞ¼−2ΛcosξðxÞ: ð26Þ

They are also consistent with chiral Ward-Takahashi identities in the path integral,

i∂μ

�
T⋆

�
1

2π

�
ψ̄ðxÞγμγ5ψðxÞ

YN
j¼1

YN
k¼1

ψLðxjÞψ†
RðxjÞψRðykÞψ†

LðykÞ
	

¼
X
j

2iδ2ðx − xjÞ
�
T⋆ YN

j¼1

YN
k¼1

ψLðxjÞψ†
RðxjÞψRðykÞψ†

LðykÞ
	

−
X
k

2iδ2ðx − ykÞ
�
T⋆ YN

j¼1

YN
k¼1

ψLðxjÞψ†
RðxjÞψRðykÞψ†

LðykÞ
	

ð27Þ

and

i∂μ

�
T⋆

�
1

2π

�
∂μξðxÞ

YN
j¼1

YN
k¼1

Λ exp ½iξðxjÞ�Λ exp ½−iξðykÞ�
	

¼
X
j

2iδ2ðx − xjÞ
�
T⋆ YN

j¼1

YN
k¼1

Λ exp ½iξðxjÞ�Λ exp ½−iξðykÞ�
	

−
X
k

2iδ2ðx − ykÞ
�
T⋆ YN

j¼1

YN
k¼1

Λ exp ½iξðxjÞ�Λ exp ½−iξðykÞ�
	
; ð28Þ

where the bosonic forms of identities are obtained by considering the change of integration variable ξðxÞ → ξðxÞ0 ¼
ξðxÞ þ αðxÞ in the bosonic path integral. Equivalently, the current algebra in operator formalism,

i

��
1

2π

�
ψ̄ðxÞγ0γ5ψðxÞ;ψLðyÞψ†

RðyÞ
�
δðx0 − y0Þ ¼ 2iψLðyÞψ†

RðyÞδ2ðx − yÞ; ð29Þ
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for example, is consistently realized by

i

��
1

2π

�
∂0ξðxÞ;ΛeiξðyÞ

�
δðx0 − y0Þ ¼ 2iΛeiξðyÞδ2ðx − yÞ;

ð30Þ

since the canonical conjugate of ξðxÞ is ΠðxÞ ¼
1=ð4πÞ∂0ξðxÞ.
One may thus identify the last two relations in Eq. (21) as

the path integral version of the off-shell direct bosonization
rules. In the limit of on-shell fields with ∂þ∂−ξðxÞ ¼ 0 and
ξðxÞ ¼ ξðxþÞ þ ξðx−Þ, these direct bosonization rules
imply

ψLðxþÞ ¼ Λ1=2eiξðxþÞ ¼ ∶eiξðxþÞ∶;

ψ†
Rðx−Þ ¼ Λ1=2eiξðx−Þ ¼ ∶eiξðx−Þ∶; ð31Þ

which is the familiar direct bosonization formula in
operator formalism [10,11]. Starting with the second
relation of Eq. (21), which is valid for general off-shell
fields, we obtain this particular form of decomposition by

considering a subset of ψLðxÞ and ψ†
RðxÞ which satisfy the

equations of motion ∂−ψLðxÞ ¼ 0 and ∂þψ†
RðxÞ ¼ 0 and

thus depend only on xþ and x−, respectively. The factor
Λ1=2 is absorbed by normal ordering. The formula (19) is
also consistent with the factorization into xþ and x− sectors
in the last two relations in Eq. (21). Note the notational
conventions x� ¼ x0 � x1, x2 ¼ xþx−, and ∂�x� ¼ 1.
We emphasize that we cannot define the path integral in

terms of the on-shell variables ξðxþÞ and ξðx−Þ directly,
unlike the operator formalism such as conformal field
theory where ξðxþÞ and ξðx−Þ are treated as independent
variables.

III. BOSONIZATION OF COMMUTING SPINORS

The bosonic spinors, namely, commuting spinors, appear
in the quantization of the spinning string [8,9]. The Pauli-
Villars regularization is also implemented in path integrals
using those bosonic fermions [16].
We here discuss the bosonization of commuting spinors

in d ¼ 2. We can readily establish the relation

eiWðvμÞ ¼
Z

Dϕ̄Dϕ exp

�
i

�
1

2π

�Z
d2x½ϕ̄iγμ∂μϕþ vμϕ̄γμϕ�

�

¼
Z

Dξ exp

�
i

�
1

4π

�Z
d2x

�
−
1

2
∂μξðxÞ∂μξðxÞ − 2vμϵμν∂νξðxÞ

��
; ð32Þ

where ϕðxÞ stands for the commuting spinor in d ¼ 2. The
basic difference of this expression from the previous one
(1) is that the signature in front of the action for the bosonic
field ξðxÞ differs; namely, we have − instead of þ. This
minus sign must be adopted since the Jacobian changes
signature for the commuting variables ϕ from the anti-
commuting Grassmann variables ψ . The boson field ξðxÞ in
the present case corresponds to a negative normed field.
The bosonization rule of the current,

ϕ̄γμϕ ¼ −ϵμν∂νξðxÞ; ð33Þ

is the same as before:

ϕ†
LðxÞϕLðxÞ ¼ −∂þξðxÞ; ϕ†

RðxÞϕRðxÞ ¼ ∂−ξðxÞ: ð34Þ

But we have

hT⋆ξðxÞξðyÞi ¼ i4πGMðx − yÞ
¼ ln ½ðx1 − y1Þ2 − ðx0 − y0Þ2�; ð35Þ

and thus

hT⋆ exp ½iξðxÞ� exp ½−iξðyÞ�i ¼ Λ2 exp ½i4πGMðx − yÞ�
¼ Λ2½−ðx − yÞ2�; ð36Þ

which cannot reproduce the fermion poles.
However, the relation

ð−1ÞhT⋆ϕLðxÞϕ†
RðxÞϕRðyÞϕ†

LðyÞi

¼
�

1

iðx − yÞþ

��
1

iðx − yÞ−

�
ð37Þ

is established by noting

hT⋆ϕRðxÞϕ†
RðyÞi ¼

1

iðx − yÞ−
;

hT⋆ϕLðxÞϕ†
LðyÞi ¼

1

iðx − yÞþ
:

ð38Þ

This may be compared with

hT⋆ exp ½−iξðxÞ�∂þ exp ½−iχðxÞ� exp ½iξðyÞ�∂− exp ½iχðyÞ�i

¼
�

1

iðx − yÞþ

��
1

iðx − yÞ−

�
ð39Þ
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using the positive normed auxiliary (pseudoscalar) field
χðxÞ,

hT⋆Λ2 exp ½iχðxÞ� exp ½−iχðyÞ�i ¼ 1

½−ðx − yÞ2� ; ð40Þ

with hT⋆χðxÞχðyÞi ¼ − ln½ðx1 − y1Þ2 − ðx0 − y0Þ2�; the
role of χðxÞ is to provide a factor 1=½−ðx − yÞ2�2 without
spoiling the bosonization rule of the current in Eq. (33).
Note that ∂�x� ¼ 1 and ∂�x∓ ¼ 0.
We confirm that the extra field χ, which has been used in

the conformal field theory approach [8,9] but was intro-
duced in a somewhat ad hoc manner in the present study,

does not spoil the basic bosonization of the current in
Eq. (33). We check this by examining the short distance
expansion, which tests algebraic properties,

ð−1ÞT⋆ϕLðxÞϕ†
RðxÞϕRðyÞϕ†

LðyÞ

¼
�

1

iðx − yÞþ

��
1

iðx − yÞ−

�
þ
�

1

iðx − yÞ−

�
ϕLðyÞϕ†

LðyÞ

−
�

1

iðx − yÞþ

�
ϕRðyÞϕ†

RðyÞ þ regular terms; ð41Þ

which may be compared [by using a relation analogous to
Eq. (18)] with

T⋆ exp ½−iξðxÞ�∂þ exp ½−iχðxÞ� exp ½iξðyÞ�∂− exp ½iχðyÞ�

¼ 1

½−ðx − yÞþðx − yÞ−�
f1 − iðx − yÞþ∂þξðyÞ − iðx − yÞ−∂−ξðyÞ þ � � �g

¼
�

1

iðx − yÞþ

��
1

iðx − yÞ−

�
−
�

1

iðx − yÞ−

�
∂þξðyÞ −

�
1

iðx − yÞþ

�
∂−ξðyÞ þ regular terms; ð42Þ

where regular terms mean no singularities for Oððx − yÞþÞ ¼ Oððx − yÞ−Þ. These expansions (41) and (42) are consistent
with Eq. (34).
We thus expect the off-shell bosonization rules

ϕLðxÞϕ†
RðxÞ ¼ ie−iξðxÞ∂þe−iχðxÞ; ϕRðxÞϕ†

LðxÞ ¼ ieiξðxÞ∂−eiχðxÞ; ð43Þ
which are consistent with parity transformation. We can in fact establish these rules, together with Eq. (33), by repeating the
same steps as in Eq. (20),

eiWðvμ;jR;jLÞ ¼
Z

Dϕ̄Dϕ exp

�
i

�
1

2π

�Z
d2x½ϕ̄iγμ∂μϕþ vμðxÞϕ̄γμϕ − jLðxÞϕLϕ

†
R − jRðxÞϕRϕ

†
L�
�

¼
Z

Dϕ̄Dϕ exp

�
i

�
1

2π

�Z
d2x½ϕ̄iγμ∂μϕ − jLðxÞe−2iβϕLϕ

†
R − jRðxÞe2iβϕRϕ

†
L þ ∂μβ∂μβ�

�

¼
Z

DξDχ exp

�
i

�
1

4π

�Z
d2x

�
−
1

2
∂μξðxÞ∂μξðxÞ þ

1

2
∂μχðxÞ∂μχðxÞ

− 2jLðxÞie−2iβ−iξ∂þe−iχ − 2jRðxÞie2iβþiξ∂−eiχ þ 2∂μβ∂μβ

��

¼
Z

DξDχ exp

�
i

�
1

4π

�Z
d2x

�
−
1

2
∂μξðxÞ∂μξðxÞ þ

1

2
∂μχðxÞ∂μχðxÞ − 2vμðxÞϵμν∂νξðxÞ

− 2jLðxÞie−iξ∂þe−iχ − 2jRðxÞieiξ∂−eiχ
��

; ð44Þ

where in the second line, we replaced vμ ¼ ∂μαðxÞ þ ϵμν∂νβðxÞ and eliminated ∂μα and ∂νβ by suitable gauge
transformations. Note the sign change of the Jacobian factor ∂μβ∂μβ. In the second line, we used a bosonic-spinor
analogue of Cauchy’s lemma in Eq. (19),
Z

Dϕ̄Dϕexp

�
i

�
1

2π

�Z
d2x½ϕ̄iγμ∂μϕ�

�YN
j¼1

YN
k¼1

ϕLðxjÞϕ†
RðxjÞϕRðykÞϕ†

LðykÞ

¼
� X
fk1;…;kNg

1

iðx1−yk1Þþ
1

iðx2−yk2Þþ
� � � 1

iðxN −ykN Þþ

�� X
fk1;…;kNg

1

iðy1−xk1Þ−
1

iðy2−xk2Þ−
� � � 1

iðyN −xkN Þ−

�

¼
Z

DξDχ exp

�
i

�
1

4π

�Z
d2x

�
−
1

2
∂μξðxÞ∂μξðxÞþ

1

2
∂μχðxÞ∂μχðxÞ

��YN
j¼1

YN
k¼1

½ie−iξðxjÞ∂þe−iχðxjÞ�½ieiξðykÞ∂−eiχðykÞ�; ð45Þ
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where the summation runs over all the permutations of
ð1; 2;…; NÞ. The proof of this formula is given in
Appendix C. In the last step in Eq. (44), we changed
the integration variable ξþ 2β → ξ.
For on-shell fields with ξðxÞ ¼ ξðxþÞ þ ξðx−Þ and

χðxÞ ¼ χðxþÞ þ χðx−Þ, the relations in Eq. (43) imply

ϕLðxþÞ ¼ ie−iξðxþÞ∂þe−iχðxþÞ; ϕ†
Rðx−Þ ¼ e−iξðx−Þ−iχðx−Þ;

ϕRðx−Þ ¼ ieiξðx−Þ∂−eþiχðx−Þ; ϕ†
LðxþÞ ¼ eiξðxþÞþiχðxþÞ:

ð46Þ

Here, we have noted that ϕLðxÞ and ϕ†
RðxÞ depend only on

xþ and x−, respectively, if one considers a subset of ϕLðxÞ
and ϕ†

RðxÞ which satisfy the equations of motion
∂−ϕLðxÞ ¼ 0 and ∂þϕ†

RðxÞ ¼ 0. The parity symmetry is
preserved in these formulas, but the Hermiticity such as
ðϕLðxþÞÞ† ¼ ϕ†

LðxþÞ is lost. In Euclidean formulation such
as in conformal field theory, one may treat ϕLðxþÞ and
ϕ†
LðxþÞ as independent quantities and thus this formulation

may be used; in fact, this trick has been used for the
commuting ghosts in spinning string theory where
ϕLðxþÞ → −iβ and ϕ†

LðxþÞ → γ, and thus these two fields
are literally independent [8,9]. To be precise, after the Wick
rotation xþ → −z and x− → z̄, we find the correspondence
(after a suitable redefinition of field variables),

βðzÞ ¼ e−ϕðzÞþχðzÞ∂zχðzÞ; γðzÞ ¼ eϕðzÞ−χðzÞ;

β̄ðz̄Þ ¼ e−ϕ̄ðz̄Þþχ̄ðz̄Þ∂ z̄χ̄ðz̄Þ; γ̄ðz̄Þ ¼ eϕ̄ðz̄Þ−χ̄ðz̄Þ: ð47Þ

See, for example, Section 10.4 in Ref. [8].

IV. DISCUSSION

We have shown that the direct on-shell bosonization such
as ψLðxþÞ ¼ eiξðxþÞ and ψ†

Rðx−Þ ¼ eiξðx−Þ in d ¼ 2 is
understood in a systematic way by path integral formu-
lation which is based on off-shell fields. This fact must be
conceptually satisfactory when one considers the path
integral bosonization. The bosonization itself has many
applications in mathematical physics such as conformal
field theory and also in condensed matter physics.
Finally, we mention the first quantization of string

theory briefly, where the bosonization of Faddeev-
Popov ghosts historically played important roles [47].
For bosonic critical string theory, the anticommuting
reparametrization ghosts are described by a formal Dirac
Lagrangian in d ¼ 2 Euclidean space [48]:

Z
DξDηexp

��
1

2π

�Z
d2xξðxÞðσ1∂1þσ3∂2ÞηðxÞ

�
; ð48Þ

where

ξðxÞ ¼
�
ξ1

ξ2

�
; ηðxÞ ¼

�
η1

η2

�
; ð49Þ

and η stands for the reparametrization ghosts and ξðxÞ for
the multiplier fields. Our bosonization of anticommuting
spinors is directly applied to this case, and the result gives
rise to the formula in the modern notation of bc ghosts
[8,9]. See also Refs. [49,50]. For spinning critical string
theory, the path integral for the commuting ghosts asso-
ciated with the fixing of supersymmetry transformation of
gravitinos is described by a formal Dirac Lagrangian in
d ¼ 2 Euclidean space [51,52]:

Z
DC̄DCexp

�
1

2π

Z
d2xC̄ðxÞðσ1∂1−σ2∂2ÞCðxÞ

�
; ð50Þ

where CðxÞ stands for commuting spinor ghosts and C̄ðxÞ
for the multiplier fields. This is bosonized using the above
result of commuting spinors, and the result agrees with the
bosonization in the modern notation of βγ ghosts [8,9]. In
these primitive notations (48) and (50), the bosonization of
two component spinors appears in a more explicit manner.
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APPENDIX A: NOTATIONAL CONVENTION

We here summarize the notations in two-dimensional
Minkowski space-time which is defined by

fγμ; γνg ¼ 2gμν; ðA1Þ

with gμν ¼ ð1;−1Þ ¼ gμν and ϵ10 ¼ 1. We define γ0 ¼ σ1,
γ1 ¼ iσ2, γ5 ¼ γ1γ0 ¼ σ3 with γμγ5 ¼ −ϵμνγν. The follow-
ing relations are convenient:

γ0
ð1 − γ5Þ

2
¼ γ0 þ γ1

2
≡ γþ;

γ1
ð1 − γ5Þ

2
¼ γ1 þ γ0

2
¼ γþ;

Vμγ
μ ð1 − γ5Þ

2
¼ ðV0 þ V1Þ

�
γ0 þ γ1

2

�
≡ Vþγþ: ðA2Þ

Similarly
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γ0
ð1þ γ5Þ

2
¼ γ0− γ1

2
≡ γ−; γ1

ð1þ γ5Þ
2

¼ γ1− γ0

2
¼−γ−;

Vμγ
μ ð1þ γ5Þ

2
¼ðV0−V1Þ

�
γ0− γ1

2

�
≡V−γ

−;

A� ¼A0�A1; A� ¼ 1

2
ðA0�A1Þ;

x� ¼ x0�x1; ∂� ¼ ∂0�∂1;

∂� ¼ 1

2
ð∂0�∂1Þ¼ 1

2
ð∂0∓∂1Þ¼

1

2
∂∓;

AμBμ ¼ ηþ−AþB−þη−þA−Bþ;

ηþ−¼ η−þ ¼ 1

2
;

ϵμνAμBν¼ ϵþ−AþB−þ ϵ−þA−Bþ;

ϵþ−¼−ϵ−þ ¼ 1

2
: ðA3Þ

APPENDIX B: PROOF OF CAUCHY’S LEMMA

We set

fNðx1; x2;…; xN ; y1; y2;…; yNÞ≡ detj;k

�
1

xj − yk

�
ðB1Þ

and show that

fNðx1;x2;…;xN ;y1;y2;…;yNÞ

¼ð−1ÞNðN−1Þ=2
Q

N
j1>j2

ðxj1 −xj2Þ
Q

N
k1>k2

ðyk1 −yk2ÞQ
N
j¼1

Q
N
k¼1ðxj−ykÞ

ðB2Þ

by mathematical induction.
It is easy to see that the assertion is true for N ¼ 1

[for this case, the numerator of the right-hand side of
Eq. (B2) is interpreted to be unity] and for N ¼ 2.
Assuming that Eq. (B2) is true when N is replaced by
N − 1, we then show that it holds also for N ¼ N.
It is obvious that, as a complex function of xN , fN in

Eq. (B1) possesses simple poles at yk (k ¼ 1;…; N). This
property is shared also by the right-hand side of Eq. (B2).
Therefore, if the residues of both sides of Eq. (B2) at the
pole xN ¼ yk are the same, the difference of both sides is a
bounded entire function of xN which (obviously) vanishes
as jxN j → ∞. This implies the equality (B2) by Liouville’s
theorem.
Now, from the definition (B1), the residue of the

left-hand side of Eq. (B2) at the pole xN ¼ yk is
given by the minor determinant, the determinant of the
submatrix obtained by deleting the Nth row and kth
column, that is,

ð−1ÞNþkfN−1ðx1; x2;…; xN−1; y1;…; yk−1; yk;…; yNÞ:
ðB3Þ

On the other hand, the residue of the right-hand side of
Eq. (B2) at the pole xN ¼ yk is

ð−1ÞNðN−1Þ=2
Q

N
j1>j2

ðxj1 − xj2Þ
Q

N
k1>k2

ðyk1 − yk2ÞQ
N−1
j¼1

Q
N
l¼1ðxj − ylÞ

Q
N
m≠kðxN − ymÞ






xN¼yk

¼ ð−1ÞNðN−1Þ=2
Q

N−1
n¼1 ðyk − xnÞ

Q
N−1
j1>j2

ðxj1 − xj2Þ
Q

N
k1>k2

ðyk1 − yk2ÞQ
N−1
j¼1

Q
N
l¼1ðxj − ylÞ

Q
N
m≠kðyk − ymÞ

¼ ð−1ÞNðN−1Þ=2ð−1ÞN−1ð−1ÞN−k

Q
N−1
j1>j2

ðxj1 − xj2Þ
Q

N
k1>k>k2

ðyk1 − yk2ÞQ
N−1
j¼1

Q
N
l≠kðxj − ylÞ

: ðB4Þ

Assuming that Eq. (B2) is valid when N is replaced by N − 1, it can be confirmed that this last expression in Eq. (B4) is
equal to Eq. (B3) and thus the residues of both sides of Eq. (B2) are the same. By mathematical induction, this proves
Eq. (B2) for any N.

APPENDIX C: PROOF OF AN ANALOGUE OF CAUCHY’S LEMMA
FOR A BOSONIC SPINOR IN EQ. (45)

The rightmost expression of Eq. (45) is written as

iNfNððx1Þþ; ðx2Þþ;…; ðxNÞþ; ðy1Þþ; ðy2Þþ;…; ðyNÞþÞiNfNððy1Þ−; ðy2Þ−;…; ðyNÞ−; ðx1Þ−; ðx2Þ−;…; ðxNÞ−Þ; ðC1Þ
if one introduces the function

fNðx1; x2;…; xN ; y1; y2;…; yNÞ≡ 1

CNðx1; x2;…; xN ; y1; y2;…; yNÞ
�YN

l¼1

∂
∂xl

�
CNðx1; x2;…; xN ; y1; y2;…; yNÞ; ðC2Þ
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where

CNðx1; x2;…; xN ; y1; y2;…; yNÞ≡
YN
j¼1

YN
k¼1

1

xj − yk

YN
j1>j2

ðxj1 − xj2Þ: ðC3Þ

In what follows, we show that

fNðx1; x2;…; xN ; y1; y2;…; yNÞ ¼
X

fk1;k2;…;kNg

−1
x1 − yk1

−1
x2 − yk2

� � � −1
xN − ykN

ðC4Þ

by mathematical induction. If this is true, then the rightmost term of Eq. (45) is� X
fk1;k2;…;kNg

1

iðx1 − yk1Þþ
1

iðx2 − yk2Þþ
� � � 1

iðxN − ykN Þþ

�� X
fk1;k2;…;kNg

1

iðy1 − xk1Þ−
1

iðy2 − xk2Þ−
� � � 1

iðyN − xkN Þ−

�
ðC5Þ

and this coincides with the path integral over bosonic spinors on the left-hand side of Eq. (45).
It is easy to confirm that the assertion (C4) is true for N ¼ 1 [for which the last factor in Eq. (C3),

Q
N
j1>j2

ðxj1 − xj2Þ, is
interpreted as unity] and for N ¼ 2. Assuming that Eq. (C4) is true when N is replaced by N − 1, we then show that it holds
also for N ¼ N.
From its definition in Eqs. (C2) and (C3), it is obvious that fN , as the function of xN , is a sum of simple poles possibly at

xj (j ≠ N) and yk. Thus, to conclude Eq. (C4), it suffices to determine the position of all poles as the function of xN and the
residue at each pole.
Now we compute

∂
∂xN CNðx1; x2;…; xN ; y1; y2;…; yNÞ ¼ CNðx1; x2;…; xN ; y1; y2;…; yNÞ

�XN
k¼1

−1
xN − yk

þ
XN−1

j¼1

1

xN − xj

�
ðC6Þ

and

∂
∂xN−1

∂
∂xN CNðx1;x2;…;xN ;y1;y2;…;yNÞ ¼CNðx1;x2;…;xN ;y1;y2;…;yNÞ

��
−1

xN −xN−1
þ
XN
k¼1

−1
xN−1−yk

þ
XN−2

j¼1

1

xN−1−xj

�

×

�
1

xN −xN−1
þ
XN
n¼1

−1
xN −yn

þ
XN−2

m¼1

1

xN −xm

�
þ 1

ðxN −xN−1Þ2
�
: ðC7Þ

First, examining the behavior of Eq. (C7) near xN ∼ xN−1, we immediately find that Eq. (C7) is regular at xN ¼ xN−1.
Since in Eq. (C2), further derivatives

Q
N−2
l¼1 ∂=∂xl on Eq. (C7) do not produce any singularity at xN ¼ xN−1, we conclude

that fN has no pole at xN ¼ xN−1. Since the choice xN−1 is of course arbitrary, we see that fN has no pole at xj as the
function of xN .
Next, from Eqs. (C6) and (C2), we see that the residue of the pole of fN at xN ¼ yN is given by

ð−1Þ
�YN−1

m¼1

YN
n¼1

1

xm − yn

YN
m1>m2

ðxm1
− xm2

Þ
�−1�YN−1

l¼1

∂
∂xl

�YN−1

j¼1

YN
k¼1

1

xj − yk

YN
j1>j2

ðxj1 − xj2Þ





xN¼yN

¼ ð−1Þ
�YN−1

m¼1

YN−1

n¼1

1

xm − yn

YN−1

m1>m2

ðxm1
− xm2

Þ
�−1�YN−1

l¼1

∂
∂xl

�YN−1

j¼1

YN−1

k¼1

1

xj − yk

YN−1

j1>j2

ðxj1 − xj2Þ

¼ −fN−1ðx1; x2;…; xN−1; y1; y2;…; yN−1Þ: ðC8Þ
This is the function fN itself with oneN lower. The residue at the pole at xN ¼ yk for arbitrary k is similarly obtained. Using
this information and assuming that Eq. (C4) with N replaced by N − 1 is valid, we see that Eq. (C4) is true also for N ¼ N.
Equation (C4) holds for any N by mathematical induction.
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