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We study a static scalar massless field created by a source located near an electrically charged
higher-dimensional spherically symmetric black hole. We demonstrate that there exist biconformal
transformations relating static field solutions in the metric with different parameters of the mass M and
charge Q. Using this symmetry, we obtain the static scalar Green function in the higher-dimensional
Reissner-Nordström spacetimes.
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I. INTRODUCTION

In this paper, we continue studying minimally coupled
massless scalar fields created by static sources placed in the
vicinity of a higher-dimensional static black hole. For this
purpose, we use the method of biconformal transforma-
tions, which was developed and applied to the case of the
Schwarzschild-Tangherlini metrics in our previous paper
[1]. This method is based on the following observations.
A scalar massless field Φ in a D-dimensional spacetime

with metric gμν (μ; ν ¼ 0;…; D − 1) obeys the equation

□Φ ¼ −4πJ: ð1:1Þ

Let us consider a static scalar fieldΦðXÞ created by a source
JðXÞ in the static spacetime with the metric

ds2 ¼ −α2dt2 þ gabdxadxb;

X ¼ ðt; xaÞ; α ¼ αðxÞ; gab ¼ gabðxÞ: ð1:2Þ

Then Eq. (1.1) is reduced and takes the form

F̂Φ ¼ −4πJ; F̂ ¼ 1

α
ffiffiffi
g

p ∂aðα
ffiffiffi
g

p
gab∂bÞ: ð1:3Þ

Here g ¼ detðgabÞ. The redshift factor α is connected
with the norm of the static Killing vector ξ as follows:
α ¼

ffiffiffiffiffiffiffiffi
−ξ2

p
¼ ffiffiffiffiffiffiffiffi−gtt

p
. Equation (1.3) is invariant under the

following biconformal transformations

Φ¼ Φ̄; gab ¼Ω2ḡab; α¼Ω−nᾱ; J¼Ω2J̄; ð1:4Þ

where n≡D − 3 and Ω is an arbitrary function of spatial
coordinates xa.
This transformation consists of a biconformal map [2,3]

of the original background D-dimensional metric gμν

ΨΩ∶ g → ḡ; ð1:5Þ

accompanied by a properly chosen rescaling of the charge
density J. If one starts with a solution of the Einstein
equations, a new metric, obtained as a result of this
transformation, is not necessarily a solution of the
Einstein equations with a physically meaningful stress-
energy tensor. However, it may happen that for a specially
chosen transformation, this new metric has enhanced
symmetries.
An interesting example is a Majumdar-Papapetrou met-

ric, describing the gravitational field of a set of higher-
dimensional extremely charged black holes in equilibrium.
Under a properly chosen biconformal map, this metric
reduces to the higher-dimensional Minkowski metric. This
allows one to solve the static scalar field equation in the
Majumdar-Papapertou exactly (see [4]).
In the paper [1], we demonstrated that the method of

biconformal transformations can be used for solving static
equations in spacetimes of static spherically symmetric black
holes. The enhanced symmetry of the biconformal metric ḡ
was used in that paper to obtain the static Green functions for
Eq. (1.3) in a higher-dimensional Schwarzschild-Tangherlini
spacetime. In this paper, we demonstrate how this method
works for the case of a charged higher-dimensional black
hole.
There are many possible applications of the proposed

result. One of them is an old problem of finding a self-
energy and a self-force of charged particles near black holes
[5–8]. In four dimensions, the closed form of the exact
solution for the field of a point charges in the black hole
geometry was obtained earlier [7–12].
The recent interest in the problem of a self-force is

stimulated by a study of the backreaction of the field on the
particle moving near black holes [13] in connection with
the gravitational wave emission by such particles. More
recently, several publications discussed higher-dimensional
aspects of this problem (see, e.g., [14,15]). This study was
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stimulated by general interest in spacetimes and brane
models with large extra dimensions.
This paper is organized as follows. In Sec. II we

discuss biconformal transformations of higher-dimensional
spherically symmetric metrics and demonstrate that the
Reissner-Nordström metrics are biconformally related to
the higher-dimensional Bertotti-Robinson metric. The latter
is a product of two-dimensional anti–de Sitter space and a
sphere. Using this result, we construct a biconformal map
of the Reissner-Nordström metrics with different parame-
ters of mass and charge. In Sec. III we obtain useful
representations for static Green functions in a spacetime of
static spherically symmetric higher-dimensional charged
black holes. Section IV contains example of calculations
of the static Green functions for four-, five- and six-
dimensional black holes. Section V contains discussion
of the obtained results and their possible generalizations.

II. BICONFORMAL MAP AND SYMMETRY
ENHANCEMENT OF STATIC SPHERICALLY

SYMMETRIC SPACETIMES

A. Symmetry enhancement condition

Let us consider an application of the method of the
biconformal maps to the case of a general static spherically
symmetric D-dimensional metric. The corresponding
metric is

ds2 ¼ −fðrÞdt2 þ w−1ðrÞdr2 þ r2dω2
nþ1; ð2:1Þ

where n ¼ D − 3 and dω2
nþ1 is the line element on a

ðnþ 1Þ-dimensional unit sphere:

dω2
nþ1 ¼ dθ2n þ sin2θndω2

n; dω2
0 ¼ dϕ2: ð2:2Þ

We denote θ0 ≡ ϕ ∈ ½0; 2π�. All other coordinates,
θi>0 ∈ ½0; π�. This metric is invariant under time trans-
lations and spatial rotations. Since ds, t and r have the same
dimensionality of the length, the metric (2.1) can be
presented in the form ds2 ¼ a2dS2, where the dimension-
less metric dS2 is obtained from (2.1) by substituting
t → t=a and r → r=a, where a is an arbitrary constant
parameter with the dimensionality of length.
Let us apply a biconformal transformation (1.4) to

this metric with Ω ¼ r=a. This choice guarantees that
Ω is dimensionless. After this biconformal transformation,
one has

ds̄2 ¼ dh2 þ a2dω2
nþ1;

dh2 ¼ −
�
r
a

�
2n
fðrÞdt2 þ a2

r2wðrÞ dr
2: ð2:3Þ

The scalar curvature of the two-dimensional metric dh2 is

R ¼ −
1

2a2f2
frfw0ð2nf þ rf0Þ

þ w½2r2f00 − r2ðf0Þ2 þ 2rð2nþ 1Þff0 þ 4n2f2�g:
ð2:4Þ

Here and later, ð…Þ0 ¼ dð…Þ=dr. The metric dh2 possesses
an enhanced symmetry if its two-dimensional curvature R is
constant. We denote its value by

R ¼ −
2

b2
; ð2:5Þ

where b is a constant of the dimensionality of the length. The
Eqs. (2.4) and (2.5) can be solved to determine the function
w. The result is

w ¼
�

a2

n2b2
þ C
r2nf

��
1þ rf0

2nf

�
−2
: ð2:6Þ

Here C is an integration constant. Let us suppose that
function f has the following asymptotic at infinity:

f ¼ f0 þ f1r−γ þ � � � ; γ ≥ 1: ð2:7Þ

Then (2.6) shows that the asymptotic value ofw at the infinity
is a2=ðn2b2Þ. The spacetime (2.1) does not have a solid angle
deficit and is asymptotically flat only if

a
nb

¼ 1: ð2:8Þ

In what follows, we always assume that this condition is
satisfied.
By using the relation (2.6), one finds such functions

ffðrÞ; wðrÞg, for which the biconformal transformation of
the metric (2.1) has an enhanced symmetry. The corre-
sponding metric,

ds̄2 ¼ dh2 þ a2dω2
nþ1; ð2:9Þ

is a direct sum of the two-dimensional anti–de Sitter metric
dh2 and the metric a2dω2

nþ1 on ðnþ 1Þ-dimensional
sphere. The ratio of the curvature radii for these two
metrics is fixed by the condition (2.8). This metric
describes a particular Bertotti-Robinson spacetime and
can be written in the following canonical form,

ds̄2 ¼ a2
�
1

n2

�
−ðρ2 − 1Þdσ̄2 þ 1

ρ2 − 1
dρ2

�
þ dω2

nþ1

�
;

ð2:10Þ

where
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ρ ¼ cosh

�
n
Z

r

rg

dr

r
ffiffiffiffiffiffiffiffiffiffi
wðrÞp

�
;

σ̄ ¼ nrna−1−n
ffiffiffi
f

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 − 1

p
����
r¼rg

t: ð2:11Þ

Let us emphasize that the parameter a has dimensionality of
the length and is arbitrary.

B. Biconformal map of Reissner-Nordström metric
to the Bertotti-Robinson space

Let us consider a special case of the metric (2.1) with an
extra condition:

w ¼ f: ð2:12Þ
For this choice, the relation (2.6) becomes an equation
which allows one to obtain the function f. The ordinary
differential equation (2.6) with w ¼ f is of the first order.
Hence, its solution besides the constant C contains another
arbitrary integration constantsC1. It is possible to show that
one can choose these constants so that the solution takes
the form

f ¼ 1 −
2M
rn

þ Q2

r2n
: ð2:13Þ

For real positiveM and realQ, which satisfies the condition
jQj ≤ M, the metric (2.1) with (2.12) and (2.13) is the
metric of a higher-dimensional spherically symmetric
electrically charged black hole. The parameters M and Q
are proportional to the Arnowitt-Deser-Misner mass and
charge of the black hole, respectively. The coefficients of
proportionality (see, e.g., [16]) depend on the dimension-
ality of the spacetime and on the choice of units.
In order to rewrite the metric ds̄2, obtained as a result of

the biconformal map (2.3), in the standard (canonical) form
(2.10) it is sufficient to make the following coordinate
transformations:

rn ¼Mþμρ; t¼ anþ1

nμ
σ̄; μ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2−Q2

p
: ð2:14Þ

We denote this biconformal map as follows:

ΨΩ∶ gM;Q → ḡBR; Ω ¼ r=a: ð2:15Þ

C. Biconformal transformations within the
Reissner-Nordström family of solutions

The method of biconformal maps was used in our paper,
Ref. [1], to obtain static Green functions in the background
of the higher-dimensional Schwarzschild-Tangherlini
spacetimes. For this purpose, one uses at first the enhanced
symmetry of a related Bertotti-Robinson space to find the
D-dimensional Green function in this space, and after this

one obtains the static Green function by means of the
dimensional reduction. One can apply the same method for
finding static Green functions in the Reissner-Nordström
geometry. However, there exists another much simpler way.
One can generate the corresponding static Green function
in the spacetime of charged black holes by using the
already known Green function for the Schwarzschild-
Tangherlini spacetime.
For this purpose, let us notice that the canonical form

(2.10) is universal in the following sense: It is the same
for any Reissner-Nordström metric, and it does not depend
on its parameters M and Q. This observation opens an
interesting possibility to relate metrics with different
parameters. Let us introduce new coordinates t̂ and r̂,

r̂n ¼ M̂þ μ̂ρ; t̂¼ anþ1

nμ̂
σ̄; μ̂¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M̂2− Q̂2

q
; ð2:16Þ

and denote

Ω̂ ¼ r̂=a: ð2:17Þ

Then one has the following biconformal map of the
Reissner-Nordström metric with parameters M̂ and Q̂ to
the canonical Bertotti-Robinson metric

ΨΩ̂∶ gM̂;Q̂ → ḡBR: ð2:18Þ

Combining the direct biconformal map (2.15) with the
biconformal map, inverse to (2.18), one obtains a bicon-
formal map:

Ψ ¼ Ψ−1
Ω̂ ∘ΨΩ∶ gM;Q → gM̂;Q̂: ð2:19Þ

This biconformal map is a transformation of the original
Reissner-Nordström metric with parameters M and Q to a
similar metric with different parameters M̂ and Q̂. The
static equation (1.3) is invariant under such a transforma-
tion, provided one, in addition, properly transforms the
source term J → Ĵ.
In other words, the solutions for the static field Φ in the

original background space are simply related to solutions in
a spacetime with modified parameters of the mass and the
charge. In particular, if one knows the static Green function
in the spacetime of an uncharged black hole, one can obtain
the static Green function for the charged black hole by
using the above described transformations. In the next
section we demonstrate how this method works in more
detail.

III. STATIC GREEN FUNCTIONS

A. Biconformal map of static Green functions

Following the paper [1], we define a static Green
function Gðx; x0Þ as follows:
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Gðx; x0Þ ¼
Z

∞

−∞
dtGRetðt; x; 0; x0Þ: ð3:1Þ

Here GRetðt; x; 0; x0Þ is a retarded Green function in the
D-dimensional spacetime. This static Green function sat-
isfies the equation

F̂Gðx; x0Þ ¼ −
δðx − x0Þ
α

ffiffiffi
g

p : ð3:2Þ

In what follows, we assume that this Green function is
decreasing when one of its parameters x tends to infinity
and remains regular at the horizon (for more details see [1]).
The static Green function is simply related to the

expression for a scalar field created by a point charge.
The current of a static point charge q positioned at the point
y reads

JðxÞ ¼ q
δðx − yÞffiffiffi

g
p : ð3:3Þ

In this case, the scalar field at the point x takes the form [17]

ΦðxÞ ¼ 4πqαðyÞGðx; yÞ: ð3:4Þ

The field of a distributed source qðyÞ can be easily obtained
by integration over y of the right-hand side of this relation.
It is convenient to introduce a new radial variable ρ

related to the radial coordinate r as follows (2.14):

ρ ¼ rn −M
μ

: ð3:5Þ

The Reissner-Nordström metric takes the form

ds2 ¼ −
μ2ðρ2 − 1Þ
ðM þ μρÞ2 dt

2

þ ðM þ μρÞ2=n
�

1

n2ðρ2 − 1Þ dρ
2 þ dω2

nþ1

�
: ð3:6Þ

The horizon corresponds to ρ ¼ 1. In the metric (2.1),
(2.12), (2.13), the gravitational radius rg can be defined by
the condition fðrgÞ ¼ 0 and is given by the expression
rng ¼ M þ μ. The surface gravity at the horizon is

κ ¼ nμ
rnþ1
g

: ð3:7Þ

In the Reissner-Nordström metric (3.6), the equation for the
static Green function takes the form

½n2ðρ2 − 1Þ∂2
ρ þ 2n2ρ∂ρ þ ▵

nþ1
ω �Gðx; x0Þ

¼ −
n
μ
δðρ − ρ0Þδðω;ω0Þ: ð3:8Þ

Here ▵
nþ1
ω and δðω;ω0Þ are the Laplace operator and a

covariant delta function on the unit ðnþ 1Þ-dimensional
sphere, respectively,

▵
nþ1
ω ¼ ∂2

θn
þ n

cos θn
sin θn

∂θn þ
1

sin2θn
▵
n
ω;

▵1
ω ¼ ∂2

ϕ;

δnþ1ðω;ω0Þ ¼ δðθn − θ0nÞ
sinnθn

δnðω;ω0Þ;

δ1ðω;ω0Þ ¼ δðϕ − ϕ0Þ: ð3:9Þ
Because of the spherical symmetry of background

geometry, the resulting static Green functions are the
functions of radial coordinates of the observer ρ, the source
ρ0, as well as the angular distance γ ≡ γnþ1 between the
source and the observational point:

Gðx; x0Þ ¼ Gðρ; ρ0; γÞ: ð3:10Þ
The angular distance on the ðnþ 1Þ-dimensional sphere
can be written explicitly in terms of the angular coordinates
(2.2):

cos γnþ1 ¼ cos θn cos θ0n þ sin θn sin θ0n cos γn;

γ0 ¼ ϕ − ϕ0: ð3:11Þ

The canonical Bertotti-Robinson spacetime (2.10) is
homogeneous. In Ref. [1], we used the knowledge of heat
kernels on homogeneous spaces to derive the static Green
functions. Now, using the biconformal symmetry of the
static operator (1.3), we can use these results to derive the
static Green functions in the Reissner-Nordström spacetime
with arbitrary parameters of the mass M and the charge Q.
One can see that the biconformal transformation (1.4)

with

Ω ¼ r
a
¼ ðM þ μρÞ1=n

a
ð3:12Þ

leads to the Bertotti-Robinson canonical metric (2.10) if σ̄
is identified with the rescaled Reissner-Nordström time
coordinate t,

σ̄ ¼ κ̄t; κ̄ ¼ nμ
anþ1

¼
�
rg
a

�
nþ1

κ: ð3:13Þ

Here κ is given by (3.7) and κ̄ is the surface gravity of the
horizon ρ ¼ 1 in the Bertotti-Robinson spacetime, normal-
ized according to the Killing vector ξ̄μ ¼ δμt :

κ̄2 ¼ −
1

2
ξ̄α;βξ̄α;βjρ¼1: ð3:14Þ

One can define the static Green function in the canonical
metric (2.10) as the integral over the dimensionless time
coordinate σ̄,
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Ḡðx; x0Þ ¼
Z

∞

−∞
dσ̄ḠRetðσ̄; x; 0; x0Þ; ð3:15Þ

where ḠRetðσ̄; x; σ̄0; x0Þ is a retarded Green function in the
canonical Bertotti-Robinson spacetime (2.10). It satisfies
the equation

½n2ðρ2 − 1Þ∂2
ρ þ 2n2ρ∂ρ þ ▵

nþ1
ω �Ḡðx; x0Þ

¼ −
n2

anþ1
δðρ − ρ0Þδðω;ω0Þ: ð3:16Þ

The left-hand side of this equation coincides with that
of (3.8). The right-hand sides of these equations differ only
by a constant factor related to the rescaling of the time
coordinate (3.13). Thus, the static Green functions in these
spaces also differ only by a constant factor

Gðρ; ρ0; γÞ ¼ 1

κ̄
Ḡðρ; ρ0; γÞ: ð3:17Þ

To construct the biconformal map (2.19) relating
Reissner-Nordström with different parameters M and Q,
one proceeds as follows. Let us define two radial coor-
dinates r and r̂ by the relation

rn −M
μ

¼ r̂n − M̂
μ̂

≡ ρ: ð3:18Þ

Here,

μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2

p
; μ̂ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M̂2 − Q̂2

q
: ð3:19Þ

This allows one to express the new coordinate r̂ in terms of
the original radial coordinate r. The time coordinates are
related as follows:

t̂ ¼ μ

μ̂
t: ð3:20Þ

Then the biconformal transformation with

Ω ¼
�
M þ μρ

M̂ þ μ̂ρ

�
1=n

ð3:21Þ

relates two arbitrary Reissner-Nordström metrics (3.6)
characterized by the parameters M;Q and M̂; Q̂,
correspondingly.
Because of the time rescaling, the relation between the

static Green functions in these Reissner-Nordström space-
times becomes

μGðr; r0; γÞ ¼ μ̂ Ĝðr̂; r̂0; γÞ: ð3:22Þ

Note that though the static Green function depends on
the time rescaling, this dependence is dropped out of the

expression for the scalar field Φ. The resulting Φ is
invariant with respect to the time rescaling. One can say
that the static scalar potentialsΦ for all Reissner-Nordström
geometries are given by the same function of ρ. In terms of
the radial coordinates r and r̂, they are related by the
coordinate transformation (3.18). Therefore, as soon as we
know the static scalar Green function for a particular choice
of the charge of a black hole, for example, for a neutral one,
the identity (3.22) makes it possible to generate the solution
for the scalar field near the Reissner-Nordström black hole
with an arbitrary mass and charge.
Since the cases of even- and odd-dimensional spacetimes

differ, we shall treat them separately.

B. Even dimensions

Using the property (3.22) and the result of the paper [1]
(see Eqs. (6.23)–(6.24)), where we have calculated the
static Green function in the Tangherlini spacetime, we
obtain the Green function for arbitrary parameters M and
Q. In even dimensions the exact static Green function can
be represented in the form of the integral:

Gðx;x0Þ ¼ 1

nμ
1

2ð2πÞnþ3
2

� ∂
∂ cosγ

�ðnþ1Þ=2Z 2π

0

dσAn: ð3:23Þ

Here n ¼ D − 3 and μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2

p
. When n ≥ 2, the

functions Anðσ; ρ; ρ0; γÞ are given by the integral

An ¼
Z

∞

χ
dy

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshðyÞ − coshðχÞp sinhðynÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

coshðynÞ − cosðγÞp ;

ð3:24Þ

where

coshðχÞ ¼ ρρ0 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 − 1

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ02 − 1

q
cos σ: ð3:25Þ

At large values of y, the integrand in (3.24) behaves like
exp½−yðn − 1Þ=ð2nÞ�. Therefore, (3.24) is convergent for
any n ≥ 2. In the case of the four-dimensional spacetime
ðn ¼ 1Þ, the integrand has to be modified to guarantee
convergence of the integral. For example, one can subtract
the asymptotic of the integrand, which does not depend on
γ. Since (3.23) contains the derivative of An over γ, the
resulting Green function does not depend on the particular
form of the subtracted γ-independent asymptotic. Thus, for
n ¼ 1 one can choose

A1 ¼
Z

∞

χ
dy

sinhðyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshðyÞ − coshðχÞp

×

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

coshðyÞ − cosðγÞp −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

coshðyÞ þ 1
p

�
: ð3:26Þ

Substitution
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ρ ¼ rn −M
μ

¼ rn −Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2

p ð3:27Þ

into (3.23) gives the static Green function of a scalar charge
near the Reissner-Nordström black hole (3.6) in terms of
the radial coordinate r.

C. Odd dimensions

Using the results of the paper [1] [see Eq. (6.8)], in odd-
dimensional spacetimes we obtain

Gðx; x0Þ ¼ 1

nμ
1ffiffiffi

2
p ð2πÞnþ4

2

� ∂
∂ cos γ

�
n=2

Z
2π

0

dσBn; ð3:28Þ

Bn ¼
Z

∞

χ
dy

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosh y − cosh χ

p sinhðynÞ
coshðynÞ − cos γ

; ð3:29Þ

where n¼D−3, μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2

p
, and χ is given by (3.25).

Similarly to the even dimensions, the Green function in
the radial coordinates r can be obtained after the sub-
stitution (3.27).

IV. CLOSED FORM OF THE GREEN
FUNCTION: EXAMPLES

A. Four dimensions D ¼ 4

In four dimensions (n ¼ 1), the integral (3.26) can be
done and one obtains

A1 ¼ ln

�
coshðχÞ þ 1

coshðχÞ − cosðγÞ
�
: ð4:1Þ

The integral over σ can be taken explicitly, and we obtain
the closed form for the static Green function:

Gðx; x0Þ ¼ 1

4πμ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ρ02 − 2ρρ0 cos γ − 1þ cos2γ

p ;

ρ ¼ r −M
μ

¼ r −Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2

p : ð4:2Þ

When written in terms of the radial coordinate r, it reads

Gðx; x0Þ ¼ 1

4πR
; ð4:3Þ

where

R2 ¼ ðr −MÞ2 þ ðr0 −MÞ2
− 2ðr −MÞðr0 −MÞ cos γ − ðM2 −Q2Þsin2γ: ð4:4Þ

This formula exactly reproduces the closed form of the
well-known results [8,11,18] for the scalar Green function
in four-dimensional Schwarzschild and Reissner-
Nordström geometries. It is easy to check that using the

biconformal symmetry (3.22), this solution could be
generated from that of the Schwarzschild case (Q ¼ 0).
In the limit of the extremally charged black holeQ ¼ M,

the obtained solution (4.2) reproduces the result [4] for the
four-dimensional Majumdar-Papapetrou geometry.

B. Five dimensions D ¼ 5

The other case when there exists a closed form for the
static Green function is the five-dimensional (n ¼ 2)
Reissner-Nordström black hole. One can generate this
solution using the biconformal symmetry (3.22) from that
of the Tangherlini black hole [1] or, equivalently, just make
the substitution (3.27) in the expression for the five-
dimensional Green function (see Eq. (6.14) of [1]),

Gðx; x0Þ ¼ 1

8π2μ

1

ðρ2 − 1Þ1=4ðρ02 − 1Þ1=4

×
∂

∂ cos γ fϰ½Fðψ ; ϰÞ þKðϰÞ�g; ð4:5Þ

where F and K are the elliptic functions,

ρ ¼ r2 −M
μ

; ð4:6Þ

and

sinψ ¼ cos γ

ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρρ0 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 − 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ02 − 1

p
þ 1

q ;

ϰ ¼
ffiffiffi
2

p ðρ2 − 1Þ1=4ðρ02 − 1Þ1=4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρρ0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 − 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ02 − 1

p
þ 1 − 2cos2γ

q : ð4:7Þ

To the best of our knowledge, this closed form for the
static Green function in a five-dimensional Reissner-
Nordström black hole is new.
In the limit of the extremally charged black hole, when

Q ¼ M, the expression (4.5) leads to

Gðx; x0Þ ¼ 1

4π2R2
; ð4:8Þ

where

R2 ¼ ðr2 −MÞ þ ðr02 −MÞ − 2 cos γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 −M

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r02 −M

p
:

It exactly reproduces the result [4] for the five-dimensional
Majumdar-Papapetrou geometry in the case of a single
extremal black hole of the mass M.
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C. Six dimensions D ¼ 6

Application of the (3.23) to a six-dimensional (n ¼ 3)
Reissner-Nordström black hole leads to

A3 ¼
Z

∞

χ
dy

1

ðcoshy− coshχÞ1=2
sinhðy

3
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

coshðy
3
Þ− cosðγÞp

¼ 3

Z
∞

coshðχ=3Þ
dz

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4z3 − 3z− coshχ

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z− cos γ

p : ð4:9Þ

This integral can be expressed in terms of the elliptic
function F,

A3 ¼
6ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

vðw − uÞp F

�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffi
w − u
w

r
;
wðv − uÞ
vðw − uÞ

�
; ð4:10Þ

where

p¼ coshðχ=3Þ; w¼ 2ðp− cos γÞ;

u¼ 3p− i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3p2 − 3

q
; v¼ 3pþ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3p2 − 3

q
: ð4:11Þ

Note that A3 is real in spite of the complexity of the
functions u and v. Thus, the static Green function in the six-
dimensional Reissner-Nordström spacetime is given by the
integral

Gðx; x0Þ ¼ 1

48π3μ

� ∂
∂ cos γ

�
2
Z

2π

0

dσA3: ð4:12Þ

It is problematic to obtain an answer for the Green
functions in a closed form for D ≥ 6. However, a rather
simple integral representation is possible in all higher
dimensions. For some applications, like computing of
the self-force and self-energy of scalar charges, this integral
representation is sufficient to obtain the final results in a
closed form.

V. DISCUSSION

In this paper, we demonstrated that there exist bicon-
formal transformations relating static solutions of the
minimally coupled massless field equation in the
Reissner-Nordström spacetimes with different values of
the parameters of the mass M and the charge Q. We used
this symmetry to generate expressions for the static Green
functions in such space, starting from similar Green
functions for the neutral (uncharged) higher-dimensional
black holes, which have been obtained earlier [1]. To check
the obtained results, we considered the limit of higher-
dimensional extreme black holes with jQj ¼ M. This is a
special case of the Majumdar-Papapetrou metrics related by
means of a biconformal map to the flat spacetime. It is
possible to show that the obtained static Green functions in
a generic Reissner-Nordström spacetime obey a correct flat
spacetime limit.
The results obtained in our earlier publication [1] and in

this paper have natural application to the study of the
problem of the self-energy and self-force of the point scalar
charged in the background of higher-dimensional static
black holes. Especially interesting is the origin of near-
horizon logarithmic terms in these expressions in odd-
dimensional black holes [14,15] and the relation of these
terms with the biconformal anomalies (see discussion in
[19–21]). It is interesting also to test the method of the
biconformal transformations in application to electric fields
of static sources in the static black hole backgrounds.
Another interesting question: Is it possible to generalize the
method of biconformal transformations to the case of fields
from stationary sources in a spacetime of rotating black
holes? We are going to address these questions in our
further work.
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