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We use the feature that the gravitational Compton scattering amplitude factorizes in terms of Abelian
QED amplitudes to evaluate various gravitational Compton processes. We examine both the QED and
gravitational Compton scattering from a massive spin-1 system by the use of helicity amplitude methods. In
the case of gravitational Compton scattering we show how the massless limit can be used to evaluate the
cross section for graviton-photon scattering and discuss the difference between photon interactions and the
zero mass spin-1 limit. We show that the forward scattering cross section for graviton photoproduction has
a very peculiar behavior, differing from the standard Thomson and Rutherford cross sections for a
Coulomb-like potential.
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I. INTRODUCTION

The treatment of electromagnetic interactions in quan-
tum mechanics is well known and the discussion of
electromagnetic effects via photon exchange is a staple
of the graduate curriculum. In particular photon exchange
between charged particles can be shown to give rise to the
Coulomb potential as well as to various higher order effects
such as the spin-orbit and Darwin interactions [1]. The fact
that the photon carries spin-1 means that the electromag-
netic current is a four-vector and manipulations involving
such vector quantities are familiar to most physicists. In a
similar fashion, graviton exchange between a pair of
masses can be shown to generate the gravitational potential
as well as various higher order effects, but in this case the
fact that the graviton is a spin-2 particle means that
gravitational “currents” are second rank tensors and the
graviton propagator is a tensor of rank four. The resultant
proliferation of indices is one reason why this quantum
mechanical discussion of graviton exchange effects is not
generally treated in introductory texts [2].
Recently, by the use of string-inspired methods, it has

been demonstrated that the gravitational interaction factor-
izes in such a way that a gravitational amplitude can be
written as the product of two more familiar vector ampli-
tudes [3–7]. This factorization property, totally obscure at
the level of the action, is a fundamental property of gravity
and has deep consequences at the loop amplitude level,
since many gravitational amplitudes can be constructed by
an appropriate product of gauge theory integrand numer-
ators [8]. This feature has triggered a good deal of new
results in extended supergravity [9–20], but quite remark-
ably these techniques can be applied as well to pure
gravity [7,21].

One remarkable property of amplitudes with emission of
one or two gravitons is their factorization in terms of
Abelian QED amplitudes [7,22]. This factorization prop-
erty has the important consequence that the low-energy
limit of the gravitational Compton amplitude for graviton
photoproduction is directly connected to the low-energy
theorem for QED Compton amplitudes [7].
In a previous paper [22] this propertywas used to evaluate

processes such as graviton photoproduction and gravita-
tional Compton scattering for both spin-0 and spin-1

2
systems

by simply evaluating the corresponding electromagnetic
amplitude for Compton scattering. This simplification
permits the treatment of gravitational effects without long
tedious computations, since they are now no more difficult
than corresponding electromagnetic calculations. The sim-
plicity offered through factorization has important conse-
quences for the computations of long-range corrections to
interaction potentials containing loops of intermediate
photons or gravitons [23–26]. In this paper we extend such
considerations to electromagnetic and gravitational inter-
actions of spin-1 systems. These calculations are useful not
only as a generalization of our previous results but also, since
the photon carries spin one, such methods can be used to
consider the case of photon-graviton scattering, although
there are subtleties in this case due to gauge invariance.
In all the cases under study, we show that the low-energy

limit of the differential cross section has a universal
behavior independent of the spin of the matter field on
which photon or graviton is scattered. We demonstrate that
this is a consequence of the well-known universal low-
energy behavior in quantum electrodynamics (QED) and
the squaring relations between gravitational and electro-
magnetic processes.
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The forward differential cross section for the Compton
scattering of photons on a massive target has the well-
known constant behavior of the Thomson cross section,

lim
θL→0

dσComp
lab;S

dΩ
¼ α2

2m2
; ð1:1Þ

while the small-angle limit of gravitational Compton
scattering of gravitons on a massive target has the expected
behavior due to a 1=r long-range potential of a Rutherford-
like cross section,

lim
θL→0

dσg-Comp
lab;S

dΩ
¼ 16G2m2

θ4L
: ð1:2Þ

We explain in Sec. VI why this formula reproduces the
small-angle limit of the classical cross section for light
bending in a Schwarzschild background.
The forward limit of the graviton photoproduction cross

section has the rather unique behavior

lim
θL→0

dσphotolab;S

dΩ
¼ 4Gα

θ2L
: ð1:3Þ

This limit is independent not only of the spin S but as well
of the mass m of the target. The small-angle dependence is
typical of an effective 1=r2 potential. We provide an
explanation for this in Sec. VI.
It may be very difficult to detect a single graviton [27]

but photons are easily detected so it would be interesting
to be able to use the graviton photoproduction process
to provide an indirect detection of a graviton. The cross
section in Eq. (1.3) is suppressed by a power of Newton’s
constant G but, being independent of the mass m of the
target, one can discriminate this effect from that of
Compton scattering.
In the next section then we quickly review the electro-

magnetic interaction and derive the spin-1 couplings. In
Sec. III, we analyze the Compton scattering of a spin-1
particle. The corresponding gravitational couplings are
derived in Sec. IV and the graviton photoproduction and
gravitational Compton scattering reactions are calculated
via both direct and factorization methods. In Sec. V we
discuss photon-graviton scattering and the subtleties asso-
ciated with gauge invariance. In Sec. VI we consider the
forward small-angle limit of the various scattering cross
sections derived in the previous section. We show that
Compton, graviton photoproduction and the gravitational
Compton scattering have very different behavior. We
summarize our findings in a brief concluding section.

II. BRIEF REVIEW OF ELECTROMAGNETISM

In this section we present a quick review of the
electromagnetic and gravitational interactions and the

results given in our previous paper. The electromagnetic
interaction of a system may be found by using the minimal
substitution i∂μ → iDμ ¼ i∂μ − eAμ in the free particle
Lagrangian, where Aμ is the photon field. In this way the
Klein-Gordon Lagrangian

LS¼0
0 ¼ ∂μϕ

†∂μϕ −m2ϕ†ϕ; ð2:1Þ

which describes a free charged spinless field, becomes

LS¼0 ¼ ð∂μ − ieAμÞϕ†ð∂μ þ ieAμÞϕþm2ϕ†ϕ; ð2:2Þ

after this substitution. The corresponding interaction
Lagrangian can then be identified as

LS¼0
int ¼ ieAμϕ

†∇↔μ
ϕþ e2AμAμϕ

†ϕ; ð2:3Þ

where

C∇↔D ≔ C~∇D − ð ~∇DÞC: ð2:4Þ
Similarly, for spin-1

2
, the free Dirac Lagrangian,

L
S¼1

2

0 ¼ ψ̄ði∇ −mÞψ ; ð2:5Þ

becomes

LS¼1
2 ¼ ψ̄ði∇ − eA −mÞψ ; ð2:6Þ

and the interaction Lagrangian is found to be

L
S¼1

2

int ¼ −eψ̄Aψ : ð2:7Þ

The resulting single-photon vertices are then

hpfjVð1Þμ
em jpiiS¼0 ¼ −ieðpf þ piÞμ; ð2:8Þ

for spin-0 and

hpfjVð1Þμ
em jpiiS¼1

2
¼ −ieūðpfÞγμuðpiÞ; ð2:9Þ

for spin-1
2
, and in the case of spin 0 there exists also a two-

photon (“seagull”) vertex

hpfjVð2Þμν
em jpiiS¼0 ¼ 2ie2ημν: ð2:10Þ

The photon propagator in Feynman gauge is

Dαβ
f ðqÞ ¼ −iηαβ

q2 þ iϵ
: ð2:11Þ

The consequences of these Lagrangians were explored in
Ref. [22] and in the present paper we extend our consid-
erations to the case of spin-1, for which the free Lagrangian
has the Proca form
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LS¼1
0 ¼ −

1

2
B†
μνBμν þm2B†

μBμ; ð2:12Þ

where Bμ is a spin one field subject to the constraint
∂μBμ ¼ 0 and Bμν is the antisymmetric tensor

Bμν ¼ ∂μBν − ∂νBμ: ð2:13Þ
The minimal substitution then leads to the interaction
Lagrangian

LS¼1
int ¼ ieAμBν†ðηνα∇

↔

μ − ηαμ∇
↔

νÞBα

− e2AμAνBα†Bβðημνηαβ − ημαηνβÞ; ð2:14Þ

and the one, two photon vertices

hpf; ϵBjVð1Þμ
em jpi; ϵAiS¼1 ¼ −ieϵ�Bβððpf þ piÞμηαβ − ηβμpfα

− ηαμpiβÞϵAα;
hpf; ϵBjVð2Þμν

em jpi; ϵAiS¼1 ¼ ie2ϵ�Bβð2ηαβημν − ηαμηβν

− ηανηβμÞϵAα: ð2:15Þ

However, Eq. (2.15) is not the correct result for a
fundamental spin-1 particle such as the charged W-boson.
Because the W arises in a gauge theory, there exists an
additional W-photon interaction, leading to an “extra”
contribution to the single photon vertex,

hpf; ϵBjδVð1Þμ
em jpi; ϵAiS¼1

¼ ieϵ�Bβðηαμðpi − pfÞβ − ηβμðpi − pfÞαÞÞϵAα: ð2:16Þ

The meaning of this term can be seen by using the mass-
shell Proca constraints pi · ϵA ¼ pf · ϵB ¼ 0 to write the
total on-shell single photon vertex as

hpf; ϵBjðVem þ δVemÞμjpi; ϵAiS¼1

¼ −ieϵ�Bβððpf þ piÞμηαβ − 2ηαμðpi − pfÞβ
þ 2ηβμðpi − pfÞαÞϵAα; ð2:17Þ

wherein we observe that the coefficient of the term
−ηαμðpi − pfÞβ þ ηβμðpi − pfÞα has been modified from
unity to two. Since the rest frame spin operator can be
identified via1

B†
i Bj − B†

jBi ¼ −iϵijkhfjSkjii; ð2:19Þ

the corresponding piece of the nonrelativistic interaction
Lagrangian becomes

Lint ¼ −g
e
2m

hfj~Sjii · ~∇ × ~A; ð2:20Þ

where g is the gyromagnetic ratio and we have included a
factor 2m which accounts for the normalization condition
of the spin one field. Thus the extra interaction required by
a gauge theory changes the g-factor from its Belinfante
value of unity [28] to its universal value of two, as
originally proposed by Weinberg and more recently but-
tressed by a number of arguments [29,30]. Use of g ¼ 2 is
required (as shown in [31]) in order to assure the validity of
the factorization result of gravitational amplitudes in terms
of QED amplitudes, as used below.

III. COMPTON SCATTERING

The vertices given in the previous section can now be
used to evaluate the Compton scattering amplitude for a
spin-1 system having charge e and massm by summing the
contributions of the three diagrams shown in Fig. 1,
yielding

AmpComp
S¼1 ¼ e2

�
2ϵA · ϵ�B

�
ϵi · piϵ

�
f · pf

pi · ki
−
ϵi · pfϵ

�
f · pi

pi · kf
− ϵi · ϵ�f

�

− g

�
ϵA · ½ϵ�f; kf� · ϵ�B

�
ϵi · pi

pi · ki
−
ϵi · pf

pi · kf

�
− ϵA · ½ϵi; ki� · ϵ�B

�
ϵf · pf

pi · ki
−
ϵ�f · pi

pi · kf

��

− g2
�

1

2pi · ki
ϵA · ½ϵi; ki� · ½ϵ�f; kf� · ϵ�B −

1

2pi · kf
ϵA · ½ϵ�f; kf� · ½ϵi; ki�ϵ�B

�

−
ðg − 2Þ2

m2

�
1

2pi · ki
ϵA · ½ϵi; ki� · piϵ

�
B · ½ϵ�f; kf� · pf −

1

2pi · kf
ϵA · ½ϵ�f; kf� · piϵ

�
B · ½ϵi; ki� · pi

��
; ð3:1Þ

1Equivalently, one can use the relativistic identity

ϵ�Bμq · ϵA − ϵAμq · ϵ�B ¼ 1

1 − q2

m2

�
i
m
ϵμβγδp

β
i q

γSδ −
1

2m
ðpf þ piÞμϵ�B · qϵA · q

�
; ð2:18Þ

where Sδ ¼ i
2m ϵ

δστζϵ�BσϵAτðpf þ piÞζ is the spin four-vector.
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with the momentum conservation condition pi þ ki ¼
pf þ kf and where we have defined

S · ½Q;R� · T ≔ S ·QT · R − S · RT ·Q:

We can verify the gauge invariance of the above form by
noting that this amplitude can be written in the equivalent
form

AmpComp
S¼1 ¼ e2

pi · kipi · kf

�
2ϵ�B · ϵAðpi · Fi · Ff · piÞ

þ g½ðϵ�B · Ff · ϵAÞðpi · Fi · pfÞ
þ ðϵ�B · Fi · ϵAÞðpi · Ff · pfÞ�

−
g2

2
½pi · kfðϵ�B · Ff · Fi · ϵAÞ

− pi · kiðϵ�B · Fi · Ff · ϵAÞ�

−
ðg − 2Þ2
2m2

½ðϵ�B · Ff · pfÞðpi · Fi · ϵAÞ

− ðϵ�B · Fi · piÞðpi · Ff · ϵAÞ�
�
; ð3:2Þ

where Fμν
i ¼ ϵμi k

ν
i − ϵνi k

μ
i and Fμν

f ¼ ϵ�μf kνf − ϵ�νf kμf. Since
Fi;f are obviously invariant under the substitutions
ϵi;f → ϵi;f þ λki;f; i ¼ 1; 2, it is clear that Eq. (3.1) satisfies
the gauge invariance strictures

ϵ�μf kνiAmpComp
μν;S¼1 ¼ kμfϵ

ν
iAmpComp

μν;S¼1 ¼ 0: ð3:3Þ

Henceforth in this manuscript we shall assume the g-factor
of the spin-1 system to have its “natural” value g ¼ 2, since
it is in this case that the high-energy properties of the
scattering are well controlled and the factorization methods
of gravity amplitudes are valid [29,30].
In order to make the transition to gravity in the next

section, it is useful to utilize the helicity formalism [32],
whereby we evaluate the matrix elements of the Compton
amplitude between initial and final spin-1 and photon states
having definite helicity, where helicity is defined as the
projection of the particle spin along the momentum
direction. We shall work initially in the center of mass
frame. For a photon incident with four-momentum kiμ ¼
pCMð1; ẑÞ we choose the polarization vectors

ϵλii ¼ −
λiffiffiffi
2

p ðx̂þ iλiŷÞ; λi ¼ �; ð3:4Þ

while for an outgoing photon with kfμ¼pCMð1;cosθCMẑþ
sinθCMx̂Þ we use polarizations

ϵ
λf
f ¼ −

λfffiffiffi
2

p ðcos θCMx̂þ iλfŷ − sin θCMẑÞ; λf ¼ �:

ð3:5Þ

We can define corresponding helicity states for the spin-1
system. In this case the initial and final four-momenta
are pi ¼ ðECM;−pCMẑÞ and pf¼ðECM;−pCMðcosθCMẑþ
sinθCMx̂ÞÞ and there are transverse polarization four-
vectors

ϵ�Aμ ¼
�
0;∓−x̂� iŷffiffiffi

2
p

�
;

ϵ�Bμ ¼
�
0;∓− cos θCMx̂� iŷþ sin θCMẑffiffiffi

2
p

�
; ð3:6Þ

while the longitudinal mode has polarization four-vectors

ϵ0Aμ ¼
1

m
ðpCM;−ECMẑÞ;

ϵ0Bμ ¼
1

m
ðpCM;−ECMðcos θCMẑþ sin θCMx̂ÞÞ: ð3:7Þ

In terms of the usual invariant kinematic variables

s ¼ ðpi þ kiÞ2; t ¼ ðki − kfÞ2; u ¼ ðpi − kfÞ2;

we identify

pCM ¼ s −m2

2
ffiffiffi
s

p ;

ECM ¼ sþm2

2
ffiffiffi
s

p ;

cos
1

2
θCM ¼ ððs −m2Þ2 þ stÞ12

s −m2
¼ ðm4 − suÞ12

s −m2
;

sin
1

2
θCM ¼ ð−stÞ12

s −m2
: ð3:8Þ

The invariant cross section for unpolarized Compton
scattering is then given by

dσComp
S¼1

dt
¼ 1

16πðs −m2Þ2
1

3

X
a;b¼−;0;þ

1

2

X
c;d¼−;þ

jB1ðab; cdÞj2;

ð3:9Þ

where

(a) (b) (c)

FIG. 1. Diagrams relevant to Compton scattering.
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B1ðab;cdÞ¼hpf;b;kf;djAmpComp
S¼1 jpi;a;ki;ci ð3:10Þ

is the Compton amplitude for scattering of a photon with
four-momentum ki, helicity a from a spin-1 target having
four-momentum pi, helicity c to a photon with four-
momentum kf, helicity d and target with four-momentum
pf, helicity b. The helicity amplitudes can be calculated
straightforwardly. There exist 32 × 22 ¼ 36 such ampli-
tudes but, since helicity reverses under spatial inversion,
parity invariance of the electromagnetic interaction
requires that2

jB1ðab; cdÞj ¼ jB1ð−a − b;−c − dÞj:

Also, since helicity is unchanged under time reversal, but
initial and final states are interchanged, time reversal
invariance of the electromagnetic interaction requires that

jB1ðab; cdÞj ¼ jB1ðba; dcÞj:

Consequently there exist only twelve independent helicity
amplitudes. Using Eq. (3.1) we can calculate the various
helicity amplitudes in the center of mass frame and then
write these results in terms of invariants using Eq. (3.8),
yielding

jB1ðþþ;þþÞj ¼ jB1ð−−;−−Þj ¼ 2e2
ððs −m2Þ2 þm2tÞ2
ðs −m2Þ3ðu −m2Þ

jB1ðþþ;−−Þj ¼ jB1ð−−;þþÞj ¼ 2e2
ðm4 − suÞ2

ðs −m2Þ3ðu −m2Þ

jB1ðþ−;þ−Þj ¼ jB1ð−þ;−þÞj ¼ 2e2
m4t2

ðs −m2Þ3ðu −m2Þ

jB1ðþ−;−þÞj ¼ jB1ð−þ;þ−Þj ¼ 2e2
s2t2

ðs −m2Þ3ðu −m2Þ
jB1ðþþ;þ−Þj ¼ jB1ð−−;−þÞj ¼ jB1ðþþ;−þÞj

¼ jB1ð−−;þ−Þj

¼ 2e2
m2tðm4 − suÞ

ðs −m2Þ3ðu −m2Þ
jB1ðþ−;þþÞj ¼ jB1ð−þ;−−Þj ¼ jB1ð−þ;þþÞj

¼ jB1ðþ−;−−Þj

¼ 2e2
m2tðm4 − suÞ

ðs −m2Þ3ðu −m2Þ ; ð3:11Þ

and

jB1ð0þ;þþÞj¼ jB1ð0−;−−Þj ¼ jB1ðþ0;þþÞj
¼ jB1ð−0;−−Þj

¼ 2e2
ffiffiffi
2

p
mðtm2þðs−m2Þ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−tðm4− suÞ

p
ðs−m2Þ3ðu−m2Þ

jB1ð0þ;þ−Þj ¼ jB1ð0−;−þÞj¼ jB1ðþ0;−þÞj
¼ jB1ð−0;þ−Þj

¼ 2e2
ffiffiffi
2

p
mst

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−tðm4− suÞ

p
ðs−m2Þ3ðu−m2Þ

jB1ð0þ;−þÞj¼ jB1ð0−;þ−Þj ¼ jB1ðþ0;þ−Þj
¼ jB1ð−0;−þÞj

¼ 2e2
ffiffiffi
2

p
m3t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−tðm4− suÞ

p
ðs−m2Þ3ðu−m2Þ

jB1ð0þ;−−Þj ¼ jB1ð0−;þþÞj¼ jB1ðþ0;−−Þj
¼ jB1ð−0;þþÞj

¼ 2e2
ffiffiffi
2

p
mð−tðm4− suÞÞ32

ðs−m2Þ3tðu−m2Þ
jB1ð00;þþÞj¼ jB1ð00;−−Þj

¼ 2e2
ð2tm2þðs−m2Þ2Þðm4− suÞ

ðs−m2Þ3ðu−m2Þ

jB1ð00;þ−Þj ¼ jB1ð00;−þÞj¼ 2e2
ðm2tððs−m2Þ2þ2stÞ
ðs−m2Þ3ðu−m2Þ :

ð3:12Þ

Substitution into Eq. (3.9) then yields the invariant cross
section for unpolarized Compton scattering from a spin-1
target,

dσComp
S¼1

dt
¼ e4

12πðs −m2Þ4ðu −m2Þ2
× ½ðm4 − suþ t2Þð3ðm4 − suÞ þ t2Þ
þ t2ðt −m2Þðt − 3m2Þ�; ð3:13Þ

which can be compared with the corresponding results
for unpolarized Compton scattering from spin-0 and spin-
1
2
targets found in Ref. [22]:

dσComp
S¼0

dt
¼ e4

4πðs−m2Þ4ðu−m2Þ2 ½ðm
4− suÞ2þm4t2�;

dσComp
S¼1

2

dt
¼ e4½ðm4− suÞð2ðm4−suÞþ t2Þþm2t2ð2m2− tÞ�

8πðs−m2Þ4ðu−m2Þ2 :

ð3:14Þ

Usually such results are written in the laboratory frame,
wherein the target is at rest, by use of the relations

2Note that we require only that the magnitudes of the helicity
amplitudes related by parity and/or time reversal be the same.
There could exist unobservable phases.
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s−m2¼ 2mωi; u−m2¼−2mωf;

m4− su¼ 4m2ωiωfcos2
θL
2
; m2t¼−4m2ωiωfsin2

θL
2
;

ð3:15Þ

and

dt
dΩ

¼ d
2πdcosθL

�
−

2ω2
i ð1− cosθLÞ

1þωi
m ð1− cosθLÞ

�
¼ω2

f

π
: ð3:16Þ

Introducing the fine structure constant α ¼ e2=4π, we
find then

dσComp
lab;S¼1

dΩ
¼ α2

m2

ω4
f

ω4
i

��
cos4

θL
2
þ sin4

θL
2

��
1þ2

ωi

m
sin2

θL
2

�
2

þ16ω2
i

3m2
sin4

θL
2

�
1þ2

ωi

m
sin2

θL
2

�
þ32ω4

i

3m4
sin8

θL
2

�
;

dσComp
lab;S¼1

2

dΩ
¼ α2

m2

ω3
f

ω3
i

��
cos4

θL
2
þ sin4

θL
2

��
1þ2

ωi

m
sin2

θL
2

�

þ2
ω2
i

m2
sin4

θL
2

�
;

dσComp
lab;S¼0

dΩ
¼ α2

m2

ω2
f

ω2
i

�
cos4

θL
2
þ sin4

θL
2

�
: ð3:17Þ

We observe that the nonrelativistic laboratory cross
section has an identical form for any spin

dσComp
lab;S

dΩ

����
NR

¼ α2

2m2

��
cos4

θL
2
þ sin4

θL
2

��
1þO

�
ωi

m

���
;

ð3:18Þ

which follows from the universal form of the Compton
amplitude for scattering from a spin-S target in the low-
energy (ω ≪ m) limit, which in turn arises from the
universal form of the Compton amplitude for scattering
from a spin-S target in the low-energy limit

hS;Mf;ϵfjAmpComp
S jS;Mi;ϵiiω≪m¼ 2e2ϵ�f ·ϵiδMi;Mf

þ��� ;
ð3:19Þ

and obtains in an effective field theory approach to
Compton scattering [33].3

IV. GRAVITATIONAL INTERACTIONS

In the previous section we discussed the treatment the
familiar electromagnetic interaction, using Compton scat-
tering on a spin-1 target as an example. In this section we
show how the gravitational interaction can be evaluated via
methods parallel to those used in the electromagnetic case.
An important difference is that while in the electromagnetic
case we have the simple interaction Lagrangian

Lint ¼ −eAμJμ; ð4:1Þ
where Jμ is the electromagnetic current matrix element, for
gravity we have

Lint ¼ −
κ

2
hμνTμν: ð4:2Þ

Here the field tensor hμν is defined in terms of the metric via

gμν ¼ ημν þ κhμν; ð4:3Þ
where κ is given in terms of Newton’s constant by
κ2 ¼ 32πG. The Einstein-Hilbert action is

SEinstein-Hilbert ¼
Z

d4x
ffiffiffiffiffiffi
−g

p 2

κ2
R; ð4:4Þ

where

ffiffiffiffiffiffi
−g

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p
¼ exp

1

2
tr × log g ¼ 1þ 1

2
ημνhμν þ � � �

ð4:5Þ
is the square root of the determinant of the metric andR ≔
Rλ

μλνgμν is the Ricci scalar curvature obtained by con-
tracting the Riemann tensor Rμ

νρσ with the metric tensor.
The energy-momentum tensor is defined in terms of the
matter Lagrangian via

Tμν ¼
2ffiffiffiffiffiffi−gp δ

ffiffiffiffiffiffi−gp
Lmat

δgμν
: ð4:6Þ

The prescription Eq. (4.6) yields the forms

TS¼0
μν ¼ ∂μϕ

†∂νϕþ ∂νϕ
†∂μϕ − gμνð∂λϕ

†∂λϕ −m2ϕ†ϕÞ;
ð4:7Þ

for a scalar field and

T
S¼1

2
μν ¼ ψ̄

�
1

4
γμi∇

↔

ν þ
1

4
γνi∇

↔

μ − gμν

�
i
2
∇
↔

−m

��
ψ ; ð4:8Þ

for spin-1
2
, where we have defined

ψ̄i∇↔μψ ≔ ψ̄i∇μψ − ði∇μψ̄Þψ : ð4:9Þ
The one graviton emission vertices of Fig. 2(a) can now

be identified as

3That the seagull contribution dominates the nonrelativistic
cross section is clear from the feature that

AmpBorn∼2e2
ϵ�f ·pϵi ·p

p ·k
∼
ω

m
×Ampseagull ¼ 2e2ϵ�f · ϵi: ð3:20Þ
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hpfjVð1Þμν
grav jpiiS¼0¼−i

κ

2
½pμ

fp
ν
i þpν

fp
μ
i −ημνðpf ·pi−m2Þ�;

ð4:10Þ
for spin-0,

hpfjVð1Þμν
grav jpiiS¼1

2

¼ −i
κ

2
ūðpfÞ

�
1

4
γμðpf þ piÞν þ

1

4
γνðpf þ piÞμ

�
uðpiÞ;

ð4:11Þ
for spin-1

2
, and

hpf;ϵBjVð1Þμν
grav jpi;ϵAiS¼1

¼−i
κ

2
½ϵ�B · ϵAðpμ

i p
ν
fþpν

i p
μ
fÞ− ϵ�B ·piðpμ

fϵ
ν
Aþ ϵμAp

ν
fÞ

− ϵA ·pfðpν
i ϵ

�μ
B þpμ

i ϵ
�ν
B Þþðpf ·pi−m2ÞðϵμAϵ�νB þ ϵνAϵ

�μ
B Þ

−ημν½ðpi ·pf −m2Þϵ�B · ϵA− ϵ�B ·piϵA ·pf��; ð4:12Þ
for spin-1. There also exist two-graviton (seagull) vertices
shown in Fig. 2(b), which can be found by expanding the
stress-energy tensor to second order in hμν. In the case of
spin-0

hpfjVð2Þμν;αβ
grav jpiiS¼0

¼ iκ2
�
Iμν;ρξIξζ;αβðpζ

fp
ρ
i þ pρ

fp
ζ
i Þ

−
1

2
ðημνIρζ;αβ þ ηαβIρζ;μνpρ

fp
ζ
i Þ

−
1

2

�
Iμν;αβ −

1

2
ημνηαβ

�
ðpf · pi −m2Þ

�
; ð4:13Þ

where

Iαβ;γδ ¼
1

2
ðηαγηβδ þ ηαδηβγÞ: ð4:14Þ

For spin-1
2

hpfjVð2Þμν;αβ
grav jpiiS¼1

2
¼ iκ2ūðpfÞ

�
1

16

�
ημνðγαðpf þ piÞβ þ γβðpf þ piÞαÞ þ ηαβðγμðpf þ piÞν þ γνðpf þ piÞμÞ

�

þ 3

16
ðpf þ piÞϵγξðIξϕ;μνIϕϵ;αβ þ Iξϕ;αβIϕϵ;μνÞ þ

i
16

ϵρσηλγλγ5ðIμν;ηζIαβ;σζpfρ − Iαβ;ηζIμν;σζpiρÞ
�
uðpiÞ;

ð4:15Þ

while for spin-1

hpf;ϵB;kfjVð2Þμν;ρσ
grav jpi; ϵA;kiiS¼1 ¼ −i

κ2

4
½þ½piβpfα − ηαβðpi ·pf −m2Þ�ðημρηνσ þ ημσηνρ − ημνηρσÞ

þ ημρ½ηαβðpiνpfσ þpiσpfνÞ− ηανpiβpfσ − ηβνpiσpfα − ηβσpiνpfα − ηασpiβpfν

þ ðpi ·pf −m2Þðηανηβσ þ ηασηβνÞ� þ ημσ½ηαβðpiνpfρ þpiρpfνÞ− ηανpiβpfρ − ηβνpiρpfα

− ηβρpiνpfα − ηαρpiβpfν þ ðpi ·pf −m2Þηανηβρ þ ηαρηβνÞ� þ ηνρ½ηαβðpiμpfσ þpiσpfμÞ
− ηαμpiβpfσ − ηβμpiσpfα − ηβσpiμpfα − ηασpiβpfμ þ ðpi ·pf −m2Þðηαμηβσ þ ηασηβμÞ�
þ ηνσ½ηαβðpiμpfρ þpiρpfμÞ− ηαμpiβpfρ − ηβμpiρpfα − ηβρpiμpfα − ηαρpiβpfμ

þ ðpi ·pf −m2Þðηαμηβρ þ ηαρηβμÞ�− ημν½ηαβðpiρpfσ þpiσpfρÞ− ηαρpiβpfσ − ηβρpiσpfα

− ηβσpiρpfα − ηασpiβpfρ þ ðpi ·pf −m2Þðηαρηβσ þ ηβρηασÞ�− ηρσ½ηαβðpiμpfν þpiνpfμÞ
− ηαμpiβpfν − ηβμpiνpfα − ηβνpiμpfα − ηανpiβpfμ þ ðpi ·pf −m2Þðηαμηβν þ ηβμηανÞ�
þ ðηαρpiμ − ηαμpiρÞðηβσpfν − ηβμpfσÞ þ ðηασpiν − ηανpiσÞηβρpfμ − ηβμpfρÞ
þ ðηασpiμ − ηαμpiσÞðηβρpfν − ηβνpfρÞ þ ðηαρpiν − ηανpiρÞðηβσpfμ − ηβμpfσÞgϵαAðϵβBÞ�:

ð4:16Þ
Finally, we require the triple graviton vertex of Fig. 3:

FIG. 2. (a) The one-graviton and (b) two-graviton emission
vertices from either a scalar, spinor or vector particle.
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τμναβ;γδðk; qÞ ¼ −
iκ
2

��
Iαβ;γδ −

1

2
ηαβηγδ

��
kμkν þ ðk − qÞμðk − qÞν þ qμqν −

3

2
ημνq2

�

þ 2qλqσ½Iλσ;αβIμν;γδ þ Iλσ;γδIμν;αβ − Iλμ;αβIσν;γδ − Iσν;αβIλμ;γδ�
þ ½qλqμðηαβIλν;γδ þ ηγδIλν;αβÞ þ qλqνðηαβIλμ;γδ þ ηγδIλμ;αβÞ
− q2ðηαβIμν;γδ þ ηγδIμν;αβÞ − ημνqλqσðηαβIγδ;λσ þ ηγδIαβ;λσÞ� þ ½2qλðIσν;γδIαβ;λσðk − qÞμ þ Iσμ;γδIαβ;λσðk − qÞν
− Iσν;αβIγδ;λσkμ − Iσμ;αβIγδ;λσkνÞ þ q2ðIσμ;αβIγδ;σν þ Iαβ;σνIσμ;γδÞ þ ημνqλqσðIαβ;λρIρσ;γδ þ Iγδ;λρIρσ;αβÞ�

þ
��

k2 þ ðk − qÞ2ÞðIσμ;αβIγδ;σν þ Iσν;αβIγδ;σμ −
1

2
ημν

�
Iαβ;γδ −

1

2
ηαβηγδ

��

− ðk2ηαβIμν;γδ þ ðk − qÞ2ηγδIμν;αβÞ
��

: ð4:17Þ

Wework in harmonic (de Donder) gauge which satisfies,
in lowest order,

∂μhμν ¼
1

2
∂νh; ð4:18Þ

with

h ¼ trhμν; ð4:19Þ
and in which the graviton propagator has the form

Dαβ;γδðqÞ ¼
i

q2 þ iϵ
1

2
ðηαγηβδ þ ηαδηβγ − ηαβηγδÞ: ð4:20Þ

Then just as the (massless) photon is described in terms of a
spin-1 polarization vector ϵμ which can have projection
(helicity) either plus- or minus-1 along the momentum

direction, the (massless) graviton is a spin-2 particle which
can have the projection (helicity) either plus- or minus-2
along the momentum direction. Since hμν is a symmetric
tensor, it can be described in terms of a direct product of
unit spin polarization vectors,

helicity ¼ þ2∶ hð2Þμν ¼ ϵþμ ϵþν ;

helicity ¼ −2∶ hð−2Þμν ¼ ϵ−μ ϵ
−
ν ; ð4:21Þ

and just as in electromagnetism, there is a gauge
condition—in this case Eq. (4.18)—which must be sat-
isfied. Note that the helicity states given in Eq. (4.21) are
consistent with the gauge requirement, since

ημνϵþμ ϵþν ¼ ημνϵ−μ ϵ
−
ν ¼ 0; and kμϵ�μ ¼ 0: ð4:22Þ

With this background we can now examine reactions
involving gravitons, as discussed in the next section.

A. Graviton photoproduction

We first use the above results to discuss the problem of
graviton photoproduction on a target of spin-1—γ þ S →
gþ S—for which the four diagrams we need are shown in
Fig. 4. The electromagnetic and gravitational vertices
needed for the Born terms and photon pole diagrams—
Figs. 4(a), 4(b), and 4(d)—have been given above. For the
photon pole diagram we require the graviton-photon
coupling, which is found from the electromagnetic
energy-momentum tensor [34]

Tμν ¼ −FμαFα
ν þ

1

4
gμνFαβFαβ; ð4:23Þ

and yields the photon-graviton vertex4

(b)(a)

(d)(c)

FIG. 4. Diagrams relevant to graviton photoproduction.

FIG. 3. The three graviton vertex.

4Note that this form agrees with the previously derived form
for the massive graviton-spin-1 energy-momentum tensor—
Eq. (4.12)—in the m → 0 limit.
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hkf; ϵfjVðγÞμν
grav jki; ϵii ¼ i

κ

2
½ϵ�f · ϵiðkμi kνf þ kνi k

μ
fÞ − ϵ�f · kiðkμfϵνi þ ϵμi k

ν
fÞ − ϵi · kfðkνi ϵ�μf þ kμi ϵ

�ν
f Þ þ kf · kiðϵμi ϵ�νf þ ϵνi ϵ

�μ
f Þ

− ημν½kf · kiϵ�f · ϵi − ϵ�f · kiϵi · kf��: ð4:24Þ

Finally, we need the seagull vertex which arises from the
feature that the energy-momentum tensor depends on
pi; pf and therefore yields a contact interaction when
the minimal substitution is made, yielding the spin-1
seagull amplitude shown in Fig. 4(c):

hpf; ϵB; kf; ϵfϵfjTjpi; ϵA; ki; ϵiiseagull
¼ i

2
κe½ϵ�f · ðpf þ piÞϵ�f · ϵiϵ�B · ϵA − ϵ�B · ϵiϵ�f · pfϵ

�
f · ϵA

− ϵ�B · piϵ
�
f · ϵiϵ

�
f · ϵA − ϵA · ϵiϵ�f · piϵ

�
f · ϵ

�
B

− ϵA · pfϵ
�
f · ϵiϵ

�
f · ϵ

�
B − ϵ�f · ϵAϵi · ðpf þ piÞϵ�f · ϵ�B�:

ð4:25Þ

The individual contributions from the four diagrams in
Fig. 4 are given in the Appendix and have a rather complex
form. However, when added together we find a much
simpler result—the full graviton photoproduction ampli-
tude is found to be proportional to the already calculated
Compton amplitude for spin-1—Eq. (3.1)—times a uni-
versal factor. That is,

hpf; kf; ϵfϵfjTjpi; ki; ϵii ¼ H × ðϵ�fαϵiβTαβ
ComptonðS ¼ 1ÞÞ;

ð4:26Þ

where

H ¼ κ

2e

pf · Ff · pi

ki · kf
¼ κ

2e

ϵ�f · pfkf · pi − ϵ�f · pikf · pf

ki · kf
;

ð4:27Þ

and ϵ�fαϵiβT
αβ
ComptonðSÞ is the Compton scattering amplitude

for particles of spin-S calculated in the previous section.
The gravitational and electromagnetic gauge invariance of
Eq. (4.26) is obvious, since it follows directly from the
gauge invariance already shown for the Compton amplitude
together with the explicit gauge invariance of the factor H.
The validity of Eq. (4.26) allows the calculation of the cross
section by helicity methods since the graviton photopro-
duction helicity amplitudes are given by

C1ðab; cdÞ ¼ H × B1ðab; cdÞ; ð4:28Þ

where B1ðab; cdÞ are the Compton helicity amplitudes
found in the previous section. We can then evaluate the
invariant photoproduction cross section using

dσphotoS¼1

dt
¼ 1

16πðs −m2Þ2
1

3

X
a¼−;0;þ

1

2

X
c¼−;þ

jC1ðab; cdÞj2;

ð4:29Þ

yielding

dσphotoS¼1

dt
¼ −

e2κ2ðm4 − suÞ
96πtðs −m2Þ4ðu −m2Þ2

× ½ðm4 − suþ t2Þð3ðm4 − suÞ þ t2Þ
þ t2ðt −m2Þðt − 3m2Þ�: ð4:30Þ

Since

jHj ¼ κ

e

�
m4 − su
−2t

�1
2

; ð4:31Þ

the laboratory value of the factor H is

jHlabj2 ¼
κ2m2

2e2
cos2 1

2
θL

sin2 1
2
θL

; ð4:32Þ

the corresponding laboratory cross section is

dσphotolab;S¼1

dΩ
¼ jHlabj2

dσComp
lab;S¼1

dt

¼Gα
ω4
f

ω4
i
cos2

θL
2

��
ctn2

θL
2
cos2

θL
2
þ sin2

θL
2

�

×

�
1þ2

ωi

m
sin2

θL
2

�
2

þ16ω2
i

3m2
sin2

θL
2

×

�
1þ2

ωi

m
sin2

θL
2

�
þ32ω4

i

3m4
sin6

θL
2

�
: ð4:33Þ

The factor jHlabj2 can be thought of as “dressing” the
photon into a graviton. We see that just as in Compton
scattering the low-energy laboratory cross section has a
universal form, which is valid for a target of arbitrary spin,

dσphotolab;S

dΩ
¼ Gαcos2

θL
2

�
ctn2

θL
2
cos2

θL
2
þ sin2

θL
2

�

×

�
1þO

�
ωi

m

��
: ð4:34Þ

In this case the universality can be understood from the
feature that at low energy the leading contribution to the
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graviton photoproduction amplitude comes not from the
seagull, as in Compton scattering, but rather from the
photon pole term,

Ampγ-pole⟶
ω≪m

κ
ϵ�f · ϵiϵ

�
f · ki

2kf · ki
× kμi hpf; S;MfjJμjpi; S;Mii:

ð4:35Þ

The leading piece of the electromagnetic current has the
universal low-energy structure

hpf; S;MfjJμjpi; S;Mii

¼ e
2m

ðpf þ piÞμδMf;Mi

�
1þO

�
pf − pi

m

��
; ð4:36Þ

where we have divided by the factor 2m to account
for the normalization of the target particle. Since
ki · ðpf þ piÞ⟶ω→0

2mω, we find the universal low-energy
amplitude

AmpNRγ-pole ¼ κeω
ϵ�f · ϵiϵ

�
f · ki

2kf · ki
; ð4:37Þ

whereby the resulting helicity amplitudes have the form

AmpNRγ-pole¼
κe

2
ffiffiffi
2

p
8<
:

1
2
sinθL

�
1þcosθL
1−cosθL

	
¼ cosθL

2

sinθL
2

cos2 θL
2
þþ¼−−;

1
2
sinθL

�
1−cosθL
1−cosθL

	
¼ cosθL

2

sinθ
2

sin2 θL
2

þ−¼−þ :

ð4:38Þ

Squaring and averaging, summing over initial, final spins
we find

dσphotolab;S

dΩ
⟶
ω→0

Gαcos2
θL
2

�
ctn2

θL
2
cos2

θL
2
þ sin2

θL
2

�
: ð4:39Þ

as found above—cf. Eq. (4.34).
The power of the factorization theorem is obvious and, as

we shall see in the next section, allows the straightforward
evaluation of even more complex reactions such as gravi-
tational Compton scattering.

B. Gravitational Compton scattering

In the previous section we observed some of the power of
the factorization theorem in the context of graviton photo-
production on a spin-1 target in that we only needed to
calculate the simpler Compton scattering process rather
than to consider the full gravitational interaction. In this
section we tackle a more challenging example, that of
gravitational Compton scattering—gþ S → gþ S—from
a spin-1 target, for which there exist the four diagrams
shown in Fig. 5.

The contributions from the four individual diagrams can
now be calculated and are quoted in the Appendix. Each of
the four diagrams has a rather complex form. However,
when added together the result simplifies enormously.
Defining the kinematic factor

Y ¼ κ2

8e4
pi · kipi · kf

ki · kf
¼ κ4

16e4
ðs −m2Þðu −m2Þ

t
; ð4:40Þ

the sum of the four diagrams is found to be given by

hpf; ϵB; kf; ϵfϵfjAmpgravjpi; ϵA; ki; ϵiϵiiS¼1

¼ Y × hpf; ϵB; ki; ϵfjAmpemjpi; ϵA; ki; ϵiiS¼1

× hpf; ki; ϵfjAmpemjpi; ki; ϵiiS¼0; ð4:41Þ

where

hpf; ki; ϵfjAmpemjpi; ki; ϵiiS¼0

¼ 2e2
�
ϵi · piϵ

�
f · pf

pi · ki
−
ϵi · pfϵ

�
f · pi

pi · kf
− ϵ�f · ϵi

�
ð4:42Þ

is the Compton amplitude for a spinless target.
InRef. [22] the identity Eq. (4.41)was verified for simpler

cases of spin-0 and spin-1
2
. This relation is a consequence of

the general relations between gravity and gauge theory tree-
level amplitudes derived from string theory as explained in
[26]. Here we have shown its validity for the much more
complex case of spin-1 scattering. The corresponding cross
section can be calculated by helicity methods using the
identity

D1ðab; cdÞ ¼ Y × B1ðab; cdÞ × A0ðcdÞ; ð4:43Þ

where B1ðab; cdÞ is the spin-1 Compton helicity amplitude
calculated in Sec. II while

(b)(a)

(d)(c)

FIG. 5. Diagrams relevant for gravitational Compton scattering.
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A0ðþþÞ ¼ 2e2
m4 − su

ðs −m2Þðu −m2Þ

A0ðþ−Þ ¼ 2e2
−m2t

ðs −m2Þðu −m2Þ ; ð4:44Þ

are the helicity amplitudes for spin zero Compton scattering.
Using Eq. (4.41) the invariant cross section for unpolarized
spin-1 gravitational Compton scattering,

dσg-Comp
S¼1

dt
¼ 1

16πðs −m2Þ2
1

3

X
a¼−;0;þ

1

2

X
c¼−;þ

jD1ðab; cdÞj2;

ð4:45Þ

is found to be

dσg-Comp
S¼1

dt
¼ κ4

768πðs−m2Þ4ðu−m2Þ2t2
× ½ðm4− suÞ2ð3ðm4− suÞþ t2Þðm4− suþ t2ÞÞ
þm4t4ð3m2− tÞðm2− tÞ�: ð4:46Þ

This form can be compared with the corresponding unpo-
larized gravitational Compton cross sections found
in Ref. [22]:

dσg-Comp
S¼1

2

dt
¼ κ4

512π

ððm4 − suÞ3ð2ðm4 − suÞ þ t2Þ þm6t4ð2m2 − tÞÞ
t2ðs −m2Þ4ðu −m2Þ2

dσg-Comp
S¼0

dΩ
¼ κ4

256π2ðs −m2Þ4ðu −m2Þ2t2 ½ðm
4 − suÞ4 þm8t4�: ð4:47Þ

The corresponding laboratory frame cross sections are

dσg-Comp
lab;S¼1

dΩ
¼ G2m2

ω4
f

ω4
i

��
ctn4

θL
2
cos4

θL
2
þ sin4

θL
2

��
1þ 2

ωi

m
sin2

θL
2

�
2

þ 16

3

ω2
i

m2

�
cos6

θL
2
þ sin6

θL
2

��
1þ 2

ωi

m
sin2

θL
2

�
þ 16

3

ω4
i

m4
sin2

θL
2

�
cos4

θL
2
þ sin4

θL
2

��

dσg-Comp
lab;S¼1

2

dΩ
¼ G2m2

ω3
f

ω3
i

��
ctn4

θL
2
cos4

θL
2
þ sin4

θL
2

�
þ 2

ωi

m

�
ctn2

θL
2
cos6

θL
2
þ sin6

θL
2

�
þ 2

ω2
i

m2

�
cos6

θL
2
þ sin6

θL
2

��

dσg-Comp
lab;S¼0

dΩ
¼ G2m2

ω2
f

ω2
i

�
ctn4

θL
2
cos4

θL
2
þ sin4

θL
2

�
: ð4:48Þ

We observe that the low-energy laboratory cross section has
the universal form for any spin

dσg-Comp
lab;S

dΩ
¼ G2m2

�
ctn4

θL
2
cos4

θL
2
þ sin4

θL
2
þO

�
ωi

m

��
:

ð4:49Þ

It is interesting to note that the dressing factor for the
leading (þþ) helicity Compton amplitude,

jYjjAþþj ¼ κ2

2e2
m4 − su

−t
⟶
lab κ2m2

2e2
cos2 θl

2

sin2 θ
2

; ð4:50Þ

is simply the square of the photoproduction dressing factor
H, as might intuitively be expected since now both photons
must be dressed in going from the Compton to the

gravitational Compton cross section.5 In this case the
universality of the nonrelativistic cross section follows from
the leading contribution arising from the graviton pole term

Ampg-pole ⟶
ω≪m

κ

4kf · ki
ðϵ�f · ϵiÞ2ðkμfkνf þ kμi k

ν
i Þ
κ

2

× hpf; S;MfjTμνjpi; S;Mii: ð4:52Þ

Here thematrix element of the energy-momentum tensor has
the universal low-energy structure

5In the case of þ− helicity the dressing factor is

jYjjAþ−j ¼ κ2

2e2
m2; ð4:51Þ

so that the nonleading contributions will have different dressing
factors.
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κ

2
hpf; S;MfjTμνjpi; S;Mii

¼ κ

4m
ðpfμpiν þ pfνpiμÞδMf;Mi

�
1þO

�
pf − pi

m

��
;

ð4:53Þ

where we have divided by the factor 2m to account for the
normalization of the target particle. We find then the
universal form for the leading graviton pole amplitude

Ampg-pole ⟶
non-rel

κ2

8mkf · ki
ðϵ�f · ϵiÞ2

× ðpi · kfpf · kf þ pi · kipf · kiÞδMf;Mi
:

ð4:54Þ

Since p · k ⟶
ω≪m

mω the corresponding helicity amplitudes
become

AmpNRg-pole ¼ 4πGm

8>><
>>:

ð1þcos θLÞ2
2ð1−cos θLÞ ¼

cos4θL
2

sin2θL
2

þþ ¼ −−;

ð1−cos θLÞ2
2ð1−cos θLÞ ¼

sin4θL
2

sin2θL
2

þ− ¼ −þ :

ð4:55Þ

Squaring and averaging, summing over initial, final spinswe
find

dσg-Comp
lab;S

dΩ
⟶
ω→0

G2m2

�
ctn4

θL
2
cos4

θL
2
þ sin4

θL
2

�
; ð4:56Þ

as found in Eq. (4.49) above.

V. GRAVITON-PHOTON SCATTERING

In the previous sections we have generalized the results
of Ref. [22] to the case of a massive spin-1 target. Here
we show how these techniques can be used to calculate
the cross section for photon-graviton scattering. In the
Compton scattering calculation we assumed that the spin-1
target had charge e. However, the photon couplings to the
graviton are identical to those of a graviton coupled to a
charged spin-1 system in the massless limit, and one might
assume then that, since the results of the gravitational
Compton scattering are independent of charge, the grav-
iton-photon cross section can be calculated by simply
taking the m → 0 limit of the graviton-spin-1 cross section.
Of course, the laboratory cross section no longer makes
sense since the photon cannot be brought to rest, but the
invariant cross section is well defined in this limit,

dσg-Comp
S¼1

dt
⟶
m→0

4πG2ð3s2u2 − 4t2suþ t4Þ
3s2t2

; ð5:1Þ

and it might be naively assumed that Eq. (5.1) is the
graviton-photon scattering cross section. However, this is
not the case and the resolution of this problem involves
some interesting physics.
We begin by noting that in the massless limit the only

nonvanishing helicity amplitudes are

D1ðþþ;þþÞm¼0 ¼ D1ð−−;−−Þm¼0 ¼ 8πG
s2

t

D1ð−−;þþÞm¼0 ¼ D1ðþþ;−−Þm¼0 ¼ 8πG
u2

t

D1ð00;þþÞm¼0 ¼ D1ð00;−−Þm¼0 ¼ 8πG
su
t
; ð5:2Þ

which lead to the cross section

dσg-Comp
S¼1

dt
¼ 1

16πs2
1

3

X
a¼þ;0;−

1

2

X
c¼þ;−

jD1ðab; cdÞj2

¼ 1

16πs2
1

3 · 2
ð8πGÞ2 × 2 ×

�
s4

t2
þ u4

t2
þ s2u2

t2

�

¼ 4π

3
G2

s4 þ u4 þ s2u2

s2t2
; ð5:3Þ

in agreement with Eq. (5.1). However, this result demon-
strates the problem. We know that in Coulomb gauge the
photon has only two transverse degrees of freedom,
corresponding to positive and negative helicity—there
exists no longitudinal degree of freedom. Thus the correct
photon-graviton cross section is actually

dσgγ
dt

¼ 1

16πs2
1

3

X
a¼þ;−

1

2

X
c¼þ;−

jD1ðab; cdÞj2

¼ 1

16πs2
1

2 · 2
ð8πGÞ2 × 2 ×

�
s4

t2
þ u4

t2

�

¼ 2πG2
s4 þ u4

s2t2
; ð5:4Þ

which agrees with the value calculated via conventional
methods by Skobelev [35]. Alternatively, since in the center
of mass frame

dt
dΩ

¼ ωCM

π
; ð5:5Þ

we can write the center of mass graviton-photon cross
section in the form

dσCM
dΩ

¼ 2G2ω2
CM

�
1þ cos8 θCM

2

sin4 θCM
2

�
; ð5:6Þ

again in agreement with the value given by Skobelev [35].
So what has gone wrong here? Ordinarily in the mass-

less limit of a spin-1 system, the longitudinal mode
decouples because the zero helicity spin-1 polarization
vector becomes
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ϵ0μ⟶
m→0

1

m

�
p;

�
pþm2

2p
þ � � �

�
ẑ

�

¼ 1

m
pμ þ

�
0;

m
2p

ẑ

�
þ � � � : ð5:7Þ

However, the term proportional to pμ vanishes when
contracted with a conserved current by gauge invariance
while the term in m

2p vanishes in the massless limit. That the
spin-1 Compton scattering amplitude becomes gauge
invariant for the spin-1 particles in the massless limit
can be seen from the fact that the Compton amplitude
can be written as

AmpComp
S¼1 ⟶

m→0

e2

pi · qipi · qf
½TrðFiFfFAFBÞ

þ TrðFiFAFfFBÞ þ TrðFiFAFBFfÞ

−
1

4
ðTrðFiFfÞTrðFAFBÞ

þ TrðFiFAÞTrðFfFBÞ þ TrðFiFBÞTrðFfFAÞÞ�;
ð5:8Þ

which can be checked by a bit of algebra. Equivalently, one
can verify that the massless spin-1 amplitude vanishes if
one replaces either ϵAμ by piμ or ϵBμ by pfμ. However, what
happens when we have two longitudinal spin-1 particles is
that the product of longitudinal polarization vectors is
proportional to 1=m2, while the correction term to the
four-momentum pμ is Oðm2Þ so that the product is non-
vanishing in the massless limit. That is why the multipole
Dð00;þþÞm¼0 ¼ Dð00;−−Þm¼0 is nonzero. One can deal
with this problem by simply omitting the longitudinal
degree of freedom explicitly, as we did above, but this
seems a rather crude way to proceed. Should not this
behavior arise naturally?
The problem here is that as long as the mass of the spin-1

particle remains finite everything is fine. However, when
the spin-1 particle becomes massless the theory becomes
undefined. This can be seen from the neutral spin-1 (Proca)
Lagrangian, which has the form

L1 ¼ −
1

4
FμνFμν þ 1

2
m2AμAμ

¼ −
1

2
ð∂μAν∂μAν − ∂μAν∂νAμÞ þ 1

2
m2AμAμ: ð5:9Þ

The classical equation of motion then becomes

∂μFμν þm2Aν ¼ 0: ð5:10Þ

Taking the divergence of Eq. (5.10) we find

m2∂νAν ¼ 0; ð5:11Þ

which yields the constraint m2∂νAν ¼ 0. Then provided
that m2 ≠ 0 we have the stricture ∂νAν ¼ 0, which is the
condition that changes the number of degrees of freedom
from four to three, as required for a spin-1 particle.
However, in the massless limit, this is no longer the case.
Another way to see this is to integrate by parts, whereby
Eq. (5.9) can be written in the form

L1
m¼0 ¼

1

2
AμOμνAν; with Oμν ¼ ημν□ − ∂μ∂ν:

ð5:12Þ

In particle physics the photon propagator is given by the
inverse of this operator—O−1

μν—which is defined via
OμνO−1

να ¼ δμα [1]. However, the operator Oμν does not
have an inverse, since it has a zero eigenvalue, as can be
seen by operating on a quantity of the form ∂νΛðxÞ where
ΛðxÞ is an arbitrary scalar function. The solution to this
problem is well known. The Lagrangian must be altered by
adding a gauge fixing term,

L1
m¼0⟶ −

1

4
Fμν −

λ

2
ð∂μAμÞ2; ð5:13Þ

where λ is an arbitrary constant. We now have Oμν ¼
ημν□ − ð1 − λÞ∂μ∂ν which does possess an inverse—

O−1
μν ¼ 1

□
ðημν − 1−λ

λ
∂μ∂ν
□
Þ. It is this gauge fixing term, which

is required in the massless limit, and which eliminates the
longitudinal degree of freedom. This degree of freedom acts
like simple scalar field (spin-0 particle) and must be
subtracted from the massless limit of the spin-1 result.
Indeed, from Ref. [22] we see that the massless limit of the
þþ graviton scattering from a spin-0 target becomes

D0ðþþÞ ¼ ð2e2Þ2 × Y ¼ 8πG
su
t
; ð5:14Þ

while the þ− helicity amplitude vanishes. This scalar
amplitude is identical to the amplitude D1ð00;þþÞ and
eliminates the longitudinal degree of freedom when sub-
tracted from the massless spin-1 limit.
An alternative way to obtain this result is to use the

Stueckelberg form of the spin-1 Lagrangian, which
involves coupling a new spin-0 field B [36]:

LS ¼ −
1

4
FμνFμν þm2

2

�
Aμ þ

1

m
∂μB

��
Aμ þ 1

m
∂μB

�

−
1

2
ð∂μAμ þmBÞð∂νAν þmBÞ: ð5:15Þ

As long asm ≠ 0 the fields Aμ and B are coupled. However,
if we take the massless limit Eq. (5.15) becomes

LS⟶
m→0

−
1

4
FμνFμν −

1

2
∂μAμ∂νAν þ 1

2
∂μB∂μB; ð5:16Þ
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and represents the sum of two independent massless fields
—a spin-1 component Aμ with the Lagrangian (in Feynman
gauge λ ¼ 1)

L1
S ¼ −

1

4
FμνFμν −

1

2
∂μAμ∂νAν ¼ −

1

2
Aμ

□Aμ; ð5:17Þ

for which we do have an inverse and an independent spin-0
component having the Lagrangian

L0
S ¼

1

2
∂μB∂μB: ð5:18Þ

It is the scattering due to the spin-1 component which is
physical and leads to the graviton-photon scattering ampli-
tude, while the spin-0 component is unphysical and
generates the longitudinal component of the massless limit
of the graviton-spin-1 scattering.
As a final comment we note that the graviton-graviton

scattering amplitude can be obtained by dressing the
product of two massless spin-1 Compton amplitudes [4]:

hpf; ϵBϵB; kf; ϵfϵfjAmptotgravjpiϵAϵA; ki; ϵiϵiim¼0;S¼2

¼ Y × hpf; ϵB; kf; ϵfjAmpComp
em jpi; ϵA; kiϵiim¼0;S¼1

× hpf; ϵB; kf; ϵfjAmpComp
em jpi; ϵA; kiϵiim¼0;S¼1:

ð5:19Þ

Then for the helicity amplitudes we have

E2ðþþ;þþÞm¼0 ¼ YðB1ðþþ;þþÞm¼0Þ2; ð5:20Þ

where E2ðþþ;þþÞ is the graviton-graviton þþ;þþ
helicity amplitude while B1ðþþ;þþÞ is the corresponding
spin-1 Compton helicity amplitude. Thus we find

E2ðþþ;þþÞm¼0¼
κ2

16e4
su
t
×

�
2e2

s
u

�
2

¼ 8πG
s3

ut
; ð5:21Þ

which agrees with the result calculated via conventional
methods [37]. In this case there exist nonzero helicity
amplitudes related by crossing symmetry. However, we
defer detailed discussion of this result to a future
communication.

VI. THE FORWARD CROSS SECTION

The forward limit, i.e., θL → 0, of the laboratory frame,
Compton cross sections evaluated in Sec. III has a universal
structure independent of the spin S of the massive target

lim
θL→0

dσComp
lab;S

dΩ
¼ α2

2m2
; ð6:1Þ

reproducing the Thomson scattering cross section.

For graviton photoproduction, the small angle limit is
very different, since the forward scattering cross section is
divergent—the small angle limit of the graviton photo-
production of Sec. IVA is given by

lim
θL→0

dσphotolab;S

dΩ
¼ 4Gα

θ2L
; ð6:2Þ

and arises from the photon pole in Fig. 4(d). Notice that this
behavior differs from the familiar 1=θ4 small-angle
Rutherford cross section for scattering in a Coulomb-like
potential. This divergence of the forward cross section
indicates that a long range force is involved but with an
effective 1=r2 potential. This effective potential arising
from the γ-pole in Fig. 4(d) is the Fourier transform with
respect to the momentum transfer q ¼ kf − ki of the low-
energy limit given in Eq. (4.37). Because of the linear
dependence in the momenta in the numerator one obtains

Z
d3~q
ð2πÞ3 e

i~q·~r 1

j~qj ¼
1

2π2r2
; ð6:3Þ

and this leads to the peculiar forward scattering behavior of
the cross section. Another contrasting feature of graviton
photoproduction is the independence of the forward cross
section on the mass m of the target.
The small angle limit of the gravitational Compton cross

section derived in Sec. IV B is given by

lim
θL→0

dσg-Comp
lab;S

dΩ
¼ 16G2m2

θ4L
: ð6:4Þ

The limit is, of course, independent of the spin S of the
matter field. Finally, the photon-graviton cross section
derived in Sec. V, has the forward scattering dependence

lim
θCM→0

dσCM
dΩ

¼ 32G2ω2
CM

θ4CM
: ð6:5Þ

The behaviors in Eqs. (6.4) and (6.5) are due to the graviton
pole in Fig. 5(d), and are typical of the small-angle behavior
of Rutherford scattering in a Coulomb potential.
The classical bending of the geodesic for a massless

particle in a Schwarzschild metric produced by a pointlike
mass m is given by b ¼ 4Gm=θ þOð1Þ [38], where b is
the classical impact parameter. The associated classical
cross section is

dσclassical

dΩ
¼ b

sin θ

���� dbdθ
����≃ 16G2m2

θ4
þOðθ−3Þ; ð6:6Þ

matching the expression in Eq. (6.4). The diagram in
Fig. 5(d) describes the gravitational interaction between
a massive particle of spin-S and a graviton. In the forward
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scattering limit the remaining diagrams of Fig. 5 have
vanishing contributions. Since this limit is independent of
the spin of the particles interacting gravitationally, the
expression in Eq. (6.4) describes the forward gravitational
scattering cross section of any massless particle on the
target of mass m and explains the match with the classical
formula given above.
Equation (6.5) can be interpreted in a similar way, as the

bending of a geodesic in a geometry curved by the energy
density with an effective Schwarzschild radius of

ffiffiffi
2

p
GωCM

determined by the center-of-mass energy [39]. However, the
effect is fantastically small since the cross section in Eq. (6.5)
is of order l4

P=ðλ2θ4CMÞ where l2
P ¼ ℏG=c3 ∼ 1.6210−35 m

is the Planck length, and λ the wavelength of the photon.

VII. CONCLUSION

In Ref. [22] it was demonstrated that the gravitational
interactions of a charged spin-0 or spin-1

2
particle are greatly

simplified by use of the recently discovered factorization
theorem, which asserts that the gravitational amplitudes
must be identical to corresponding electromagnetic ampli-
tudes multiplied by universal kinematic factors. In the
present paper we demonstrated that the same simplification
applies when the target particle carries spin-1. Specifically,
we evaluated the graviton photoproduction and graviton
Compton scattering amplitudes explicitly using direct and
factorized techniques and showed that they are identical.
However, the factorization methods are enormously simpler
and allow the use of familiar electromagnetic calculational
methods, eliminating the need for the use of less familiar
and more cumbersome tensor quantities. We also studied
the massless limit of the spin-1 system and showed how the
use of factorization permits a relatively simple calculation
of graviton-photon scattering. Finally, we discussed a

subtlety in this graviton-photon calculation having to do
with the feature that the spin-1 system must change from 3
to 2 degrees of freedom when m → 0 and studied why the
zero mass limit of the spin-1 gravitational Compton
scattering amplitude does not correspond to that for photon
scattering. We noted that graviton-graviton scattering is
also simply obtained by taking the product of Compton
amplitudes dressed by the appropriate kinematic factor.
We discussed the main feature of the forward cross

section for each process studied in this paper. Both the
Compton and the gravitational Compton scattering have the
expected behavior, while graviton photoproduction has a
different shape that could in principle lead to an interesting
new experimental signature of a graviton scattering on
matter. An extension of the present discussion at loop order
and implications for the photoproduction of gravitons from
stars [40,41] will be given elsewhere.
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APPENDIX FEYNMAN DIAGRAM
CONTRIBUTIONS TO GRAVITATIONAL
PHOTOPRODUCTION AND COMPTON

SCATTERING

Here we give the detailed contributions from each of the
four diagrams contributing to graviton photoproduction and
to gravitational Compton scattering. In the case of graviton
photoproduction—Fig. 4—we have the four pieces.

1. Graviton photoproduction: Spin-1

Born-a∶ AmpaðS ¼ 1Þ
¼ κe

pi · ki
½ϵi · pi½ϵ�B · ϵAϵ�f · pfϵ

�
f · pf − ϵ�B · kfϵ�f · pfϵ

�
f · ϵA − ϵA · pfϵ

�
f · pfϵ

�
f · ϵ

�
B þ pf · kfϵ�f · ϵAϵ

�
f · ϵ

�
B�

þ ϵA · ϵi½ϵ�B · kiϵ�f · pfϵ
�
f · pf − ϵ�B · kfϵ�f · pfϵ

�
f · ki − pf · kiϵ�f · pfϵ

�
f · ϵ

�
B þ pf · kfϵ�f · kiϵ

�
f · ϵ

�
B�

− ϵA · ki½ϵ�B · ϵiϵ�f · pfϵ
�
f · pf − ϵ�B · kfϵ�f · pfϵ

�
f · ϵi − ϵi · pfϵ

�
f · pfϵ

�
f · ϵ

�
B þ pf · kfϵ�f · ϵiϵ

�
f · ϵ

�
B�

− ϵ�B · ϵ�fϵA · ϵiϵ�f · pfpi · ki�: ðA1Þ

Born-b∶ AmpbðS ¼ 1Þ
¼ −

κe
pi · kf

½ϵi · pf½ϵA · ϵ�Bϵ
�
f · piϵ

�
f · pi − ϵ�B · piϵ

�
f · piϵ

�
f · ϵA þ ϵA · kfϵ�f · piϵ

�
f · ϵ

�
B − pi · kfϵ�f · ϵAϵ

�
f · ϵ

�
B�

þ ϵ�B · ki½ϵA · ϵiϵ�f · piϵ
�
f · pi − ϵi · piϵ

�
f · piϵ

�
f · ϵA þ ϵA · kfϵ�f · piϵ

�
f · ϵi − pi · kfϵ�f · ϵAϵ

�
f · ϵi�

þ ϵi · ϵ�B½ϵA · kiϵ�f · piϵ
�
f · pi − pi · kiϵ�f · piϵ

�
f · ϵA þ ϵA · kfϵ�f · piϵ

�
f · ki − pi · kfϵ�f · ϵAϵ

�
f · ki�

− ϵA · ϵ�fϵ
�
f · piϵ

�
B · ϵipi · kf�: ðA2Þ
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Seagull-c∶ AmpcðS ¼ 1Þ ¼ κe½ϵ�f · ϵiðϵ�B · ϵAϵ�f · ðpf þ piÞ − ϵA · pfϵ
�
B · ϵ�f − ϵ�B · piϵA · ϵ�fÞ

− ϵ�B · ϵ�fϵA · ϵiϵ�f · pi − ϵA · ϵ�fϵ
�
B · ϵiϵ�f · pf þ ϵ�f · ϵAϵ

�
f · ϵ

�
Bϵi · ðpf þ piÞ�; ðA3Þ

and finally, the photon pole contribution

γ-pole-d∶ AmpdðS ¼ 1Þ
¼ −

eκ
2kf · ki

½ϵ�B · ϵA½ϵ�f · ðpf þ piÞðkf · kiϵ�f · ϵi − ϵ�f · kiϵi · kfÞ þ ϵ�f · kiðϵ�f · ϵiki · ðpi þ pfÞ − ϵ�f · kiϵi · ðpf þ piÞÞ�

− 2ϵ�B · pi½ϵ�f · ϵAðkf · kiϵ�f · ϵi − ϵ�f · kiϵi · kfÞ þ ϵ�f · kiðϵ�f · ϵiϵA · ki − ϵ�f · kiϵi · ϵAÞ�
− 2ϵA · pf½ϵ�f · ϵ�Bðkf · kiϵ�f · ϵi − ϵ�f · kiϵi · kfÞ þ ϵ�f · kiðϵ�f · ϵiϵ�B · ki − ϵ�f · kiϵi · ϵ

�
BÞ��: ðA4Þ

In the case of gravitational Compton scattering—Fig. 5—we have the four contributions.

2. Gravitational Compton scattering: Spin-1

Born-a∶ AmpaðS¼ 1Þ

¼ κ2
1

2pi · ki
½ðϵi ·piÞ2ðϵ�f ·pfÞ2ϵA · ϵ�B − ðϵ�f ·pfÞ2ϵi ·piðϵA · kiϵ�B · ϵi þ ϵA · ϵiϵ�B ·piÞ

− ðϵi ·piÞ2ϵ�f ·pfðϵ�B · ϵ�fϵA ·pf þ ϵ�B · kfϵA · ϵ
�
fÞ þ ϵi ·piϵ

�
f ·pfϵi ·pfϵA · kiϵ�B · ϵ

�
f þ ϵi ·piϵ

�
f ·pfϵ

�
f ·piϵA · ϵiϵ�B · kf

þ ðϵ�f ·pfÞ2ϵ�B · ϵiϵA · ϵipi · ki þ ðϵi ·piÞ2ϵ�B · ϵ�fϵA · ϵ�fpf · kf þ ϵi ·piϵ
�
f ·pfðϵA · kiϵ�B · kfϵi · ϵ�f þ ϵ�B · ϵ

�
fϵA · ϵipi ·pfÞ

− ϵi ·piϵ
�
f ·piϵ

�
B · ϵ

�
fϵA · ϵipf · kf − ϵ�f ·pfϵi ·pfϵA · ϵiϵ�B · ϵ

�
fpi · ki

− ϵi ·piϵA · kiϵ�B · ϵ
�
fϵ

�
f · ϵipf · kf − ϵ�f ·pfϵ

�
B · kfϵA · ϵiϵi · ϵ

�
fpi · ki

þ ϵA · ϵiϵ�B · ϵ
�
fpi · kipf · kfϵi · ϵ�f −m2ϵ�B · ϵ

�
fϵA · ϵiϵ

�
f ·pfϵi ·pi�: ðA5Þ

Born-b∶ AmpbðS¼ 1Þ

¼ −κ2
1

2pi · kf
½ðϵ�f ·piÞ2ðϵi ·pfÞ2ϵA · ϵ�B þ ðϵi ·pfÞ2ϵ�f ·piðϵA · kfϵ�B · ϵ�f − ϵA · ϵ�fϵ

�
B ·piÞ

þ ðϵ�f ·piÞ2ϵi ·pfðϵ�B · kiϵA · ϵi − ϵ�B · ϵiϵA ·pfÞ− ϵ�f ·piϵi ·pfϵ
�
f ·pfϵA · kfϵ�B · ϵi − ϵ�f ·piϵi ·pfϵi ·piϵA · ϵ�fϵ

�
B · ki

− ðϵi ·pfÞ2ϵ�B · ϵ�fϵA · ϵ�fpi · kf − ðϵ�f ·piÞ2ϵ�B · ϵiϵA · ϵipf · ki þ ϵ�f ·piϵi ·pfðϵA · kfϵ�B · kiϵi · ϵ�f þ ϵ�B · ϵiϵA · ϵ
�
fpi ·pfÞ

þ ϵ�f ·piϵi ·piϵ
�
B · ϵiϵA · ϵ

�
fpf · ki þ ϵi ·pfϵ

�
f ·pfϵA · ϵ�fϵ

�
B · ϵipi · kf

− ϵ�f ·piϵA · kfϵ�B · ϵiϵi · ϵ
�
fpf · ki − ϵi ·pfϵ

�
B · kiϵA · ϵ

�
fϵ

�
f · ϵipi · kf

þ ϵA · ϵ�fϵ
�
B · ϵipi · kfpf · kiϵi · ϵ�f −m2ϵ�B · ϵiϵA · ϵ

�
fϵi ·pfϵ

�
f ·pi�: ðA6Þ

Seagull-c∶ AmpcðS ¼ 1Þ

¼ −
κ2

4
½ðϵi · ϵ�fÞ2ðm2 − pi · pfÞϵA · ϵ�B þ ϵA · pfϵ

�
B · piðϵi · ϵ�fÞ2 þ ϵi · piϵ

�
f · pfð2ϵi · ϵ�fϵA · ϵ�B − 2ϵA · ϵ2ϵ�B · ϵ1Þ

þ ϵi · pfϵ
�
f · pið2ϵi · ϵ�fϵA · ϵ�B − 2ϵA · ϵiϵ�B · ϵ�fÞ þ 2ϵi · piϵ1 · pfϵA · ϵ�fϵ

�
B · ϵ�f þ 2ϵ�f · pfϵ

�
f · piϵA · ϵiϵ�B · ϵi

− 2ϵi · piϵi · ϵ�fϵA · pfϵ
�
B · ϵ�f − 2ϵ�f · pfϵi · ϵ�fϵA · ϵiϵ�f · pi − 2ϵi · pfϵi · ϵ�fϵA · ϵ�fϵ

�
B · pi − 2ϵ�f · piϵi · ϵ�fϵ

�
B · ϵiϵA · pf

− 2ðm2 − pf · piÞϵi · ϵ�fðϵA · ϵiϵ�B · ϵ�f þ ϵA · ϵ�fϵ
�
B · ϵiÞ�; ðA7Þ

and finally the (lengthy) graviton pole contribution is
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g-pole-d∶ AmpdðS ¼ 1Þ

¼ −
κ2

16ki · kf
½ϵ�B · ϵA½ðϵi · ϵ�fÞ2½4ki · pipf · ki þ 4kf · pikf · pf

− 2ðpi · kipf · kf þ pf · kipi · kfÞ þ 6pi · pfki · kf� þ 4½ðϵi · kfÞ2ϵ�f · pfϵ
�
f · pi

þ ðϵ�f · kiÞ2ϵi · piϵi · pf þ ϵi · kfϵ�f · kiðϵi · piϵ
�
f · pf þ ϵi · pfϵ

�
f · piÞ�

− 4ϵi · ϵ�f½ϵi · kfðϵ�f · pipf · kf þ ϵ�f · pfkf · piÞ þ ϵ�f · kiðϵi · pipf · ki þ ϵi · pfpi · kiÞ�
− 4ki · kfϵi · ϵ�fðϵi · piϵ

�
f · pf þ ϵi · pfϵ

�
f · piÞ − 4pi · pfϵi · ϵ�fϵi · kfϵ

�
f · ki�

− ðpi · pfϵ
�
B · ϵA − ϵ�B · piϵA · pfÞ½10ðϵi · ϵ�fÞ2ki · kf þ 4ϵi · ϵ�fϵi · kfϵ

�
f · ki

− 4ðϵi · ϵ�fÞ2ki · kf − 8ϵi · ϵ�fϵi · kfϵ
�
f · ki� þ ðpi · pf −m2Þ½ðϵi · ϵ�fÞ2ð4ϵA · kiϵ�B · ki

þ 4ϵA · kfϵ�B · kf − 2ðϵA · kiϵ�B · kf þ ϵA · kfϵ�B · kiÞ þ 6ϵ�B · ϵAki · kfÞ
þ 4½ðϵi · kfÞ2ϵA · ϵ�fϵ

�
B · ϵ�f þ ðϵ�f · kiÞ2ϵA · ϵiϵ�B · ϵi þ ϵi · kfϵ�f · kfðϵA · ϵiϵ�B · ϵ�f

þ ϵA · ϵ�fϵ
�
B · ϵiÞ� − 4ϵi · ϵ�f½ϵi · kfðϵA · ϵ�fϵ

�
B · kf þ ϵ�B · ϵ�fϵA · kfÞ

þ ϵ�f · kiðϵA · ϵiϵ�B · ki þ ϵ�B · ϵiϵA · kiÞ þ ki · kfðϵA · ϵiϵ�B · ϵ�f þ ϵ�B · ϵiϵA · ϵ�fÞ
þ ϵA · ϵ�Bϵi · kfϵ

�
f · ki�� − 2ϵA · pf½ðϵ�f · ϵiÞ2½2ϵ�B · kipi · ki þ 2ϵ�B · kfpi · kf

þ 3ϵ�B · piki · kf − ðϵ�B · kipi · kf þ ϵ�B · kfpi · kiÞ� þ 2ðϵi · kfÞ2ϵ�B · ϵ�fϵ
�
f · pi

þ 2ðϵ�f · kiÞ2ϵ�B · ϵiϵi · pi þ 2ϵi · kfϵ�f · kiðϵ�B · ϵiϵ�f · pi þ ϵi · piϵ
�
B · ϵ�fÞ

− 2ϵi · ϵ�f½ϵi · kfðϵ�B · ϵ�fpi · kf þ ϵ�f · piϵ
�
B · kfÞ þ ϵ�f · kiðϵ�B · ϵipi · ki þ ϵ�B · kiϵi · piÞ�

− 2ki · kfϵi · ϵ�fðϵ�B · ϵiϵ�f · pi þ ϵ�B · ϵ�fϵi · piÞ − 2ϵ�B · piϵi · ϵ�fϵi · kfϵ
�
f · ki�

− 2ϵ�B · pi½ðϵ�f · ϵiÞ2½2ϵA · kipf · ki þ 2ϵA · kfpf · kf þ 3ϵA · pfki · kf

− ðϵA · kipf · kf þ ϵA · kfpf · kfÞ� þ 2ðϵi · kfÞ2ϵA · ϵ�fϵ
�
f · pf þ 2ðϵ�f · kiÞ2ϵA · ϵiϵi · pf

þ 2ϵi · kfϵ�f · kiðϵA · ϵiϵ�f · pf þ ϵi · pfϵA · ϵ�f − 2ϵi · ϵ�f½ϵi · kfðϵA · ϵ�fpf · kf

þ ϵ�f · pfϵA · kfÞ þ ϵ�f · kiðϵA · ϵipf · ki þ ϵA · kiϵi · pfÞ�
− 2ki · kfϵi · ϵ�fðϵA · ϵiϵ�f · pf þ ϵA · ϵ�fϵi · pfÞ − 2ϵA · pfϵi · ϵ�fϵi · kfϵ

�
f · ki��: ðA8Þ
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