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‘We show that the Standard Model electroweak interaction of ultrarelativistic electrons with nucleons (the
eN interaction) in a neutron star (NS) permeated by a seed large-scale helical magnetic field provides its
growth up to >10'3 G during a time comparable with the ages of young magnetars ~10* yr. The magnetic
field instability originates from the parity violation in the eN interaction entering the generalized Dirac
equation for right and left massless electrons in an external uniform magnetic field. We calculate the
average electric current given by the solution of the modified Dirac equation containing an extra current for
right and left electrons (positrons), which turns out to be directed along the magnetic field. Such a current
includes both a changing chiral imbalance of electrons and the eN potential given by a constant neutron
density in a NS. Then we derive the system of the kinetic equations for the chiral imbalance and the
magnetic helicity which accounts for the eN interaction. By solving this system, we show that a sizable
chiral imbalance arising in a neutron protostar due to the Urca process ef + p — N + v, diminishes very
rapidly because of a huge chirality-flip rate. Thus the eN term prevails over the chiral effect, providing a

huge growth of the magnetic helicity and the helical magnetic field.
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Some neutron stars, called magnetars, having magnetic
fields B ~ 10°-10'® G, can be considered the strongest
magnets in our Universe [1]. Despite the existence of
various models for the generation of such strong fields,
based, e.g., on the turbulent dynamo [2], the origin of
magnetic fields in magnetars is still an open problem.
Recently, in Ref. [3] the authors tried to apply the chiral
magnetic effect [4,5], adapted successfully for the QCD
plasma [6], to tackle the problem of magnetic fields in
magnetars. The approach of Ref. [3] implies the chiral
kinetic theory, where the Vlasov equation is modified when
adding the Berry curvature term to the Lorentz force [7].

The fate of such a chiral plasma instability is based on
the Adler anomaly in QED with the nonconservation of
the pseudovector current for massless fermions yy,ysy
in external electromagnetic fields. Since this current is the
difference of right j§ and left jj; currents, the assumption
of a seed imbalance between their densities given by
the difference of chemical potentials, (ng —np )~ ps =
(g — p1.)/2 # 0, where ng ;. are the densities of right and
left fermions (electrons) and ug; are their chemical
potentials, could lead to the magnetic field instability we
study here adding electroweak interactions in the Standard
Model (SM).

The same effect (while without weak interactions) was
used in Ref. [8] to study the self-consistent evolution of
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the magnetic helicity in the hot plasma of the early
Universe driven by the change of the lepton asymmetry
~ps. In Ref. [8] it was shown that such an asymmetry
diminishes, s — 0, due to the growth of the chirality-flip
rate in the cooling Universe through electron-electron
(ee) collisions, I'y ~ aZ,(m,/3T)?, where agy, = €*/4n ~
1/137 is the fine structure constant, m, is the electron
mass, and 7 is the plasma temperature.

This negative result encouraged the appearance of
Ref. [9], where another mechanism for the generation of
magnetic fields was proposed. It is based on the parity
violation in electroweak plasma resulting in the nonzero
Chern-Simons (CS) term II, that enters the antisym-
metric part of the photon polarization operator in the
plasma of massless particles. Here we adopt the notation
for the CS term from Ref. [9]. In Ref. [10], a similar CS

term Hg”l), based on the neutrino interactions with

charged leptons, was calculated. Based on this calcu-
lation, the magnetic field instability driven by neutrino
asymmetries was revealed. This instability is imple-
mented in different media such as the hot plasma of
the early Universe and a supernova (SN) with a seed
magnetic field.

The amplification of a seed magnetic field during the
SN burst driven by a nonzero electron neutrino asym-
metry An, #0 which enters the CS term Iy* was
suggested in Ref. [10] to explain the generation of the

strongest magnetic fields in magnetars. Note that after
the SN burst, a cooling neutron star (NS) as the
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corresponding SN remnant equally emits neutrinos and
antineutrinos. Thus, the neutrino asymmetry vanishes.
The inclusion of the electroweak ee interaction with a
stable fraction of degenerate electrons n, =~ const instead
of the ve interaction with vanishing neutrino asymmetry
An, — 0 makes no sense since the corresponding

parity violating CS term nge) tends to zero in the static

limit @ — 0 for an electron gas, H(Zee)

in Ref. [11].

In the present work we suggest taking into account the
electroweak electron-nucleon (eN) interaction providing a
longtime acting source of the magnetic field instability
that plays a role of a CS term in the pseudovector

electron current Js = ngN)B. Instead of the Matsubara
technique used in Refs. [10,11], here we calculate the
total electric current in SM (as an additive to the standard
ohmic current) solving the Dirac equation for the mass-
less right and left electrons (positrons) in a mag-
netic field.

We start the derivation of the aforementioned CS term
by solving the Dirac equation for a massless electron
in the magnetic field B = (0,0, B) accounting for the
electroweak eN interaction in a NS. This equation reads

— 0, as found

(10, + eA,) =y (VLPL + VrPr)lw, =0, (1)

where y# = (y’,y) are the Dirac matrices, A¥ =
(0,0,Bx,0) is the vector potential, Py = (1Fy°)/2
are the chiral projection operators, 7> = iy%!y%y3, and
e > 0 is the absolute value of the electron charge.

In Eq. (1) we assume that there are no macroscopic
fluid (nucleon) currents in a NS. The effective potentials
VLr in Eq. (1) are given by the SM Lagrangian of the
eN interaction via neutral currents in the Fermi approxi-
mation (see, e.g., Ref. [12]),

E = \/EGFII_/eYﬂ(gf)PL + g](;)PR)l//e
X [y, — (1 =48, r'w,). (2)

where Gp~1.17 x 107 GeV~2 is the Fermi constant
g(f) =-1/2+¢ and gg ) = ¢ are the standard coupling
constants in SM with the Weinberg parameter
& =sin’ Oy, ~0.23, and Wy, are the neutron and proton
wave functions. We reduced the total eN Lagrangian in
Ref. [12] to Eq. (2), omitting the axial nucleon currents
~1/7n.,,y”y51//n.p that are irrelevant to our problem.

Taking the statistical averaging (...) in Eq. (2) over the
equilibrium (Fermi) distributions of nucleons in a neutron
star and recalling that macroscopic nucleon currents are
absent, i.e., (¥, ,yw,,) =0, we get the following def-
inition of Vg to be used in Eq. (1):
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V= _ﬁ[nn - np<1 _4§>](25_ 1)’
__Gr n, —n,(l—

where n, , = <ll/j’.l,pl//n’ ») are the number densities of
neutrons and protons.

Let us decompose , in the chiral projections as
W.=wL+Wwr, where y g =P ry,. Then, using Eq. (1)
we get that yy g = e ELriHPYHPZy,) o (), where

VELR = VLRFP Un-
1 Fi/ELrR — ViR £ p iy

(n)
Yrr(¥) = ——— :
bR 4n\/ELrR = VLR | F/ELr — VLRF P Un1
IWE r—VLr £ p.u,
0
(0) 1 o
‘//L,R(x) = 2722 0 . (4)
Fuy
Here (m) d = © =
wpr corresponds to n = 1,2,..., Ypg to n= 0,

n=veBx+ p,/VeB, uy(n) = (eB/n)"* exp(=1/2) x
H,(n)/v2"n!, and H,(n) is the Hermite polynomial.
The upper signs in Eq. (4) stay for yy and the lower
ones for yg. To derive Eq. (4) we use the y matrices in
the Dirac representation as in Ref. [13]. The energy levels
E; g in Eq. (4) can be obtained from the following
expression:

(ELr — VLr)* = p? + 2eBn. (5)

The normalization factors in Eq. (4) correspond to

/ (WL,R)I]p),pz (WL.R)n’pﬁ,p;d3x = 5nn’5(py - p;)a(pz - p/z)7
(6)

since the chiral projections y g are independent. It is
worth mentioning that a more general solution of Eq. (1),
which accounts for the nonzero electron mass, was found
in Ref. [14].

The spinors in Eq. (4) are then used to calculate the
induced electric current which has a nonzero projection
on the z axis ~,y>y,. Analogously to Ref. [4], one shows
that the averaged current gets the contribution from the
main Landau level n = 0 only. It should be noted that
massless particles have a strong correlation between their
momentum and helicity. Thus, at n = 0, left electrons have
p, > 0, whereas right ones have p, < 0.

Making the statistical average with the Fermi-Dirac
distribution of the left and right electrons (positrons)
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feelE) = [exp(B(EFuLg) + 17, where = 1/T is the
reciprocal temperature, y; g are their chemical potentials,
and the lower sign stays for positrons, then using Eq. (5),
one obtains the component of the current J, along the
magnetic field in the form

62
JZ = —B {[0 dpz[fe(_pz + VR) _fé(_pz - VR)]

2
dr o

_AJFOO dpz[fe(pz+vL)_fé(pz_VL)]}‘ (7)

Basing on Eq. (7) and introducing vector notations, we
derive the average induced current in the final form as

20

J=

. (us +Vs)B, (8)

which is an additive to the ohmic current Jy,,, in a standard
QED plasma. It should be noted that Eq. (8) is valid for any
electron temperature.

The current in Eq. (8) is proportional to a,,,, and consists
of two parts: the vector term given in QED by the
pseudoscalar coefficient us = (ug —pp)/2 (s = —us

under spatial inversion) and the pseudovector current

Js = (2aem/7)VsB = TI™'B given in SM by the scalar

factor Vs = (Vi — VR)/2. Indeed, after statistical averag-
ing, the interaction Lagrangian in Eq. (2) becomes

1

_ 1 _
3 (VL+ VR)Werowe + 5 (VR = VL)Wrorswe.  (9)

£ 2

The factor w,yoysy, in the parity violation term of
Eq. (9) is the pseudoscalar with respect to the spatial
inversion P = P~! =y, since PyyysP~' = —yqrs. Thus
V5 should be scalar; cf. Ref. [15]. The true pseudoscalar
for both P inversion and Lorentz transformation should
be wysw. It should be noted that one loses Lorentz
invariance in a medium with a selected reference frame
like a NS at rest.
The weak interaction coefficient in Eq. (8),

[, — (1 —4&)n,]. (10)

vy = G

5 ) \/i

is of the order Vs~ Ggn,/2v/2=6¢eV in a NS
with 1, = 1.8 x 10°® cm™3, which corresponds to p, =
3x 10" g-em™ since n, < n,. At first glance, the
electromagnetic QED term in the current in Eq. (8),
~us, seems to be much bigger than the weak one in
Eq. (10) [16]. However, we show below that the latter
term remains a stable source of the magnetic field
instability in a NS while the former one vanishes,
us — 0, e.g., for helical magnetic fields with the maxi-
mum helicity, contrary to the statement in Ref. [7] that an
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imbalance ps # 0 could lead to the generation of strong
magnetic fields in magnetars.

The evolution of the magnetic field in the presence
of the induced current in Eq. (8), proportional to the
magnetic field, obeys the modified Faraday equation;
cf. Ref. [10]. However, it is more convenient to study the
evolution of the magnetic helicity density

h(t) = %/d-*x(A -B),

(11)
where A is the 3D vector potential and V is the volume
of space. Defining the helicity density spectrum h(k, t) as
h(t) = [ dkh(k,t) and accounting for the induced current
in Eq. (8), which includes both the chiral imbalance
contribution ~us and the electroweak term ~Vs, we get
the kinetic equation for %(k, r) which is the generalization
of Eq. (6) in Ref. [8],

Oh(k, 1) _ _2k2h(k, 1) 4 Jem {"(A/’JFZVS)] h(k,1).

(12)

at Ocond T Ocond

Here Ay = ug — p, = 2u5 and we have just assumed, as
in Ref. [8], the maximal helicity field configuration; i.e.,
the magnetic energy density reads pg(t) = [ dkpg(k, 1) =
(1/2) [ dkkh(k,1). It is worth mentioning that the sign of
the Ay term in Eq. (12) is opposite to that in Ref. [§8]
since we use the different definition of y°.

We should then derive the kinetic equation which
governs the chiral imbalance evolution, which is comple-
mentary to Eq. (12). Using Eq. (11) and the Maxwell
equations, we get the helicity density change in the
standard form,

where E is the electric field. Then, accounting for
the Adler anomaly for the pseudovector current in
the electromagnetic fields, d,(jk — i) = 0,(Wr*r’w) =
(2aem/7)(E - B), we derive the conservation law involving
h(t) and ng .,

(13)

d
g —n + X n()| =0, (14)
T

dr
which is valid in a QED plasma.
Taking into account that n; g = ,uiR /3n* and assuming
that y; ~ pug ~ p, where p is the chemical potential of the
degenerate electron gas in a NS, which is true at least
at the beginning of the imbalance in a NS, we get that
ng — ny, = 2usu’/w*. Eventually we obtain from Eq. (14),

using the expression for Oh(k,t)/0t in Eq. (12), the
evolution equation for ys,
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d
s Tlem / dkk2h(k, 1)

-2
dr K Ocond

2
- {W] (us +Vs) —Tpus.  (15)
K Ocond
In Eq. (15) we added the rate of the chirality-flip processes,
'y = (m,/u)*veon» given by the Rutherford electron-proton
(ep) collision frequency v o = w%, /Ocona Without flip. Here
@, = ji\/ 40y, /37 is the plasma frequency in a degenerate
ultrarelativistic electron gas and o, 1s the electric
conductivity in a degenerate electron-proton plasma con-
sisting of ultrarelativistic degenerate electrons and non-
relativistic degenerate protons [17]. Note that in a
degenerate electron gas v, depends on the temperature
T; cf. Ref. [18]. This is due to the Pauli principle when all
electron states with the momenta 0 < p < yu are busy; i.e.,
ep scattering is impossible at 7 = 0.

One can see that Eq. (15) is different from the simplified
kinetic approach dus/dt = Tjpgpus — T'yus, where Iy =
aZops is a factor providing the magnetic field growth
used in Refs. [3,7]. The first term on the rhs of Eq. (15) can
really be estimated as ~a§m,u§ for all “equal” parameters
U~ Us ~ Ogond> Which is not the case we rely on. The more
important difference is the appearance of the second term
~pg that is the backreaction from the magnetic field that
diminishes an imbalance us.

Let us choose the simplest case of the monochromatic
helicity density spectrum h(k,t) = h(t)6(k — ky), where
we can vary the wave number k, and the magnetic field
scale Ag = kj! to later find some critical regimes for the
imbalance evolution us(z) through Eq. (15). Using the
dimensionless functions M(7) = (@m/7ko)ps(t) and
H(z) = (a2,/2kop*)h(t), which depend on the dimension-
less diffusion time 7 = (2k3/6ona)?, We can recast the self-
consistent system of Eqgs. (12) and (15) as

dm
" oMo (16)
dr

Here for fixed V5 = 6 eV the dimensionless parameters
V= (aem/”kO)VS and G= (Gcond/zkg)rf = (zaem/3”)
(m,/ky)* are the function of the parameter k, only.
Note that G does not depend on the conductivity o.qnq
since the rate of the chirality flip can be estimated as

Iy=(m,/ 120" M) \where in the magnetohydrodynamic

coll
fli . ..
plasma ygﬁ P = a)f, /0cond 18 the ep collision frequency

without flip. The dimensionless diffusion time z depends
on the conductivity found in Ref. [18]:

) w

1.6 x 1078 n,
Ocond —
cond = (77108 K)? \10% cm3
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which is valid for cooling NS matter consisting of degen-
erate nonrelativistic nucleons and ultrarelativistic degener-
ate electrons.

For the magnetic field scale Ap comparable to the
NS radius Ryg = 10 km, or for the small wave number
ko =1/Rys =2 x 1071 eV, one gets the electroweak
interaction contribution in Eq. (16) as V = 7 x 10® coming
from the current in Eq. (8), where we substitute the small
Vs =6 ¢eV. We choose the initial chiral imbalance as
#s(0)=1MeV < u, where for n, = p*/37*> = 10°® cm™3
in Eq. (17) the electron chemical potential is equal to
4 =60 MeV. Hence at the beginning the dimensionless
chiral imbalance M (0) = (@, /7ko)ps(0) = 10'* is much
bigger than the electroweak term V. At first glance, such an
inequality could be expected when comparing electromag-
netic and weak interaction effects, M (0) > ) = const.
We assume also the constant temperature in a cooling NS
T = 10% K [19]. Therefore the electric conductivity in
Eq. (17) is also constant, 6,,,q = 10’7 MeV.

The dimensionless chirality-flip rate,

20er, (M, 2

is huge for the given small ky =2 x 107!* keV. If we

change m, = 511 keV — megs = /e /27 [20], the rate
in Eq. (18) would be even bigger, diminishing ps faster
in the first line of Eq. (16). Finally, for the acceptable
initial magnetic field B, = 10'> G, the initial helicity
density h(0) = B3/ky =2 x 10 MeV? gives H(0) =
(e /2kop?)1(0) = 6 x 107!,

We solved the system of the self-consistent kinetic
equations in Eq. (16) numerically for the adopted V and G
as well as the initial conditions M (0) = 10'* and H(0) =
6 x 10?! chosen above. In Fig. 1 we plot the evolution of
the chiral imbalance M (7). In the inset, one can see how a
large chirality imbalance p5 ~ O(MeV) vanishes owing to
the huge chirality-flip rate in Eq. (18), us — 0, corre-
sponding to # ~ 107!? s during a very short time 7 ~ 1073,
In the main plot one finds a sharp slope for M somewhere
at 7~ 3 x 107® that corresponds to the time ¢ ~ 8000 yr.
The obtained critical time is of the order of young
magnetar ages [1]. In Fig. 2 we see that, at the same
time 7~ 3 x 1078, the magnetic helicity density H grows
by about 10 orders of magnitude, which corresponds
to the growth of B = \/kyh by 5 orders of magnitude,
getting just B=10"7 G if we start from the seed
field By = 10'? G.

It is interesting to mention that, in Fig. 1, a positive
primeval chirality imbalance, ps = (ug —py.)/2 >0, which
appears, e.g., due to the direct Urca process, ef + p —
n+ v, , becomes negative, ug — pu;, < 0. This happens
due to the simultaneous growth of the helicity density &
(see Fig. 2), which amplifies the negative derivative
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FIG. 1. The dimensionless chiral imbalance M versus 7.
The horizontal axis of the main plot starts at 7> 10730,
(Inset) The evolution of M in the initial time interval
corresponding to 7 < 10730,
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FIG. 2. The dimensionless helicity H versus 7.

dM/dr < 0 much more intensely than the chirality flip
~@. Vice versa, the attenuation of M owing to the chirality
flip is more important at the first stage illustrated in the
inset of Fig. 1. Since M — =V = =7 x 10® (us — —6 eV;
see Fig. 1), while the decreasing sum V + M remains
positive, the value of the positive derivative dH/dz > 0
diminishes, or the helicity evolution simulates a saturation;
see Eq. (16) and Fig. 2.

Finally we notice that helical magnetic fields deter-
mine the evolution of the chiral imbalance us(z), rather
than a nonzero seed us # 0 can lead the growth of the
magnetic helicity density 7 = B?/k, or the magnetic
field itself. This imbalance starting from a sizable value
us ~ O(MeV) decreases down to the eN interaction term
lus| ~ Vs ~6eV. We stress that, namely, the electro-
weak interaction term Vs > |us| drives the amplification
of the seed magnetic field in a NS, see the second line
of Eq. (16). If one takes into account the cooling of a
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neutron star, d7/dr <0, a more realistic model to
generate strong magnetic fields in magnetars can be
developed. We plan to do that in our future work.

Of course, we considered here only the largest scale
ko' = Rys = 10 km as the most interesting case for
magnetic fields in NS. Our model is simplified both due
to the choice of the maximum helicity density kh(k,t) =
2pg(k, t) instead of the more general inequality kh(k, 1) <
2pg(k, ) [21] and owing to the choice of the monochro-
matic helicity density spectrum h(k,t)=h(2)5(k—kg).
The generalization of our model, e.g., accounting for an
initially nonhelical magnetic field, the continuous mag-
netic energy spectrum, complicates the problem. This
requires solving the system of kinetic equations for the
magnetic helicity density and magnetic energy density
instead of the single Eq. (12) here. We also skipped the
stage of a supernova collapse with nonequilibrium proc-
esses at that time, considering in our model mostly
longtime intervals ~(10°~10*) yr for a thermally relaxed
NS core.

We would like to mention that recently, in Ref. [22],
the application of the chiral plasma instability in SN was
also criticized because the chirality flip was underesti-
mated in Ref. [3] in the approximation (m,/u)> < 1.
Instead of the tedious calculation made in Ref. [22], we
can reproduce in a simpler way the flip rate I'; obtained
by the authors in Ref. [3] and demonstrate why their
derivation is invalid. Indeed, in Ref. [3] the authors
incorrectly relied on the flip rate I'y ~ agy(m,/u)ps,
meaning instead that the collision frequency without flip,

entering the flip rate as I'y = (m,/ ,u)zz/ﬁgﬁ fip) i given by
the common formula yigflﬂlp) =on, = (a2, /1> )’ = ais.

Here it was assumed that u ~ us, using the electron
density n, ~ y* and the Rutherford cross section for ep
collisions o ~ a2, /(E)?, where (E)~p is the mean
electron energy. Such an estimate of the flip rate 'y is
incorrect for a degenerate electron gas because the Pauli
principle was not taken into account.

To resume, we have suggested here a novel mechanism
for the magnetic field amplification in NS based on the
eN electroweak interaction. For this purpose, in Eq. (8),
we have generalized the CS term, derived in Ref. [4],
to include the electroweak interaction of right and left
ultrarelativistic degenerate electrons with nucleons. Then,
in Egs. (12) and (15), we have obtained a new system of
kinetic equations for the evolution of the chiral imbalance
and the magnetic helicity. This system accounts for the
eN interaction and the backreaction. Finally we have
applied our results to predict the magnetic field growth in
a NS up to the values observed in magnetars.

It should be noted that our model is absolutely different
from the well-known approach put forward in Ref. [2]
based on a strong turbulent convection in the core of the
SN and the fast dynamo operating only for a few
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seconds, being driven by the high neutrino luminosity
L, > 10% erg - s~! at that time. It should be noted that, in
Ref. [23], it was found that protostars, which were
progenitors to some magnetars, did not seem to reveal a
fast rotation as required in Ref. [2]. We also refute the
arguments in Ref. [3] that suggest the generation of strong
magnetic fields in magnetars is based on chiral magnetic
instability.
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