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I. INTRODUCTION

The main objective of this paper is to continue our
study of a phenomenological light-front wave function
(LFWF) for the nucleon started as in Ref. [1]. We derived
a LFWF for hadrons for both pions and nucleons which at
an initial scale is constrained by the soft-wall anti–de
Sitter (AdS)/QCD model, and which at higher scales gives
the correct scaling behavior of parton distributions and
form factors. The explicit form of the wave function at
large scales is extracted from the hard evolution of parton
distribution functions (PDFs) and generalized parton
distributions (GPDs). The proposed wave function pro-
duces form factors consistent with quark counting rules [2]
and also gives predictions for the corresponding parton
distributions. In our considerations we obtained harder
PDFs in comparison with the results of global fits [see e.g.
results of Martin, Stirling, Thorne and Watt (MSTW) [3]].
The reason for a softening of the PDFs was discussed in
the pion case in Ref. [4]. There it was clearly demon-
strated that the inclusion of next-to-leading logarithmic
threshold resummation effects, due to collinear and soft
gluon contributions, leads to a softer pion PDF [4]. This
result also shows that we should take into account these
resummation effects and derive an improved nucleon
LFWF. In Ref. [5] we demonstrate how to derive in the
case of the pion a LFWF producing a softer PDF as in
Ref. [4] and a pionic electromagnetic form factor con-
sistent with data and quark counting rules. Here we extend
this idea to the case of the nucleon. We propose a LFWF
for the nucleon modeled as a quark-scalar diquark bound
state, with a specific dependence on the transverse
momentum k⊥ and the light-cone variable x. This
LFWF produces PDFs for the valence u and d quarks

found in the global fits of Ref. [3]. It also describes the
electromagnetic form factors of the nucleon including their
flavor decomposition into u and d quark form factors up to
values of the momentum transfer squared Q2 ¼ 30 GeV2

in the Euclidean region (for a recent overview of exper-
imental and theoretical progress in the study of nucleon
electromagnetic structure see e.g. Refs. [6–8]). It is
important to stress that the calculated nucleon electro-
magnetic form factors are consistent with quark counting
rules for large values of Q2.
The main advantage of our approach is that the derived

LFWF does not depend on phenomenological parameters
like masses of quark/diquark, which are not directly
related to QCD. Restricting to zero current quark masses
we obtain a reasonable description of data on nucleon
form factors. Note, we derive the LFWF at the initial scale
μ0 ¼ 1 GeV producing corresponding PDFs at the same
scale. Both quantities are scale dependent. We showed
explicitly in our paper [1] that at any scale evolved PDF
could constraint the corresponding LFWF. The most
convenient way is to set up the LFWF at the initial scale,
calculate the corresponding PDF and then perform an
evolution of the PDF to higher scales. On the other hand,
as we stressed before, we make a further improvement
on the light-front quark model for a nucleon proposed
in Ref. [1] producing softer quark PDFs at the initial
scale μ0 ¼ 1 GeV in agreement with a global analysis
of these quantities from the data (see details in Sec. II).
The description of nucleon structure starting from light-
front wave functions is also our improvement in com-
parison with other approaches calculating nucleon form
factors using parametrization for generalized parton
distributions [9].
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II. LIGHT-FRONT QUARK-DIQUARK MODEL
FOR THE NUCLEON

In this section we propose a phenomenological LFWF
ψðx;k⊥Þ for the nucleon, set up as a bound state of an
active quark and a spectator scalar diquark. This LFWF is
able to produce the u and d quark PDFs derived in the
global fits of Ref. [3] and generates electromagnetic form
factors of nucleons including their flavor decomposition
which are consistent with data.
First we collect the well-known decompositions [10] of

the nucleon Dirac and Pauli form factors FN
1;2 (N ¼ p; n) in

terms of the valence quark distributions in nucleons with
Fq
1;2 (q ¼ u; d), which then are related to the GPDs (Hq and

Eq) [11] of valence quarks

FpðnÞ
i ðQ2Þ ¼ 2

3
FuðdÞ
i ðQ2Þ − 1

3
FdðuÞ
i ðQ2Þ;

Fq
1ðQ2Þ ¼

Z
1

0

dxHqðx;Q2Þ;

Fq
2ðQ2Þ ¼

Z
1

0

dxEqðx;Q2Þ: ð1Þ

At Q2 ¼ 0 the GPDs are related to the quark densities—
valence qvðxÞ and magnetic EqðxÞ as

Hqðx; 0Þ ¼ qvðxÞ; Eqðx; 0Þ ¼ EqðxÞ; ð2Þ

which are normalized as

nq ¼ Fq
1ð0Þ ¼

Z
1

0

dxqvðxÞ;

κq ¼ Fq
2ð0Þ ¼

Z
1

0

dxEqðxÞ: ð3Þ

The number of u or d valence quarks in the proton is
denoted by nq, and κq is the quark anomalous magnetic
moment.
Next we recall the definitions of the nucleon Sachs form

factors GN
E=MðQ2Þ and the electromagnetic radii hr2E=MiN in

terms of the Dirac and Pauli form factors

GN
E ðQ2Þ ¼ FN

1 ðQ2Þ − Q2

4m2
N
FN
2 ðQ2Þ;

GN
MðQ2Þ ¼ FN

1 ðQ2Þ þ FN
2 ðQ2Þ;

hr2EiN ¼ −6
dGN

E ðQ2Þ
dQ2

����
Q2¼0

;

hr2MiN ¼ −
6

GN
Mð0Þ

dGN
MðQ2Þ
dQ2

����
Q2¼0

; ð4Þ

where GN
Mð0Þ≡ μN is the nucleon magnetic moment.

The light-front representation [12,13] for the Dirac and
Pauli quark form factors is

Fq
1Q

2Þ ¼
Z

1

0

dx
Z

d2k⊥
16π3

½ψþ�
þqðx;k0⊥Þψþ

þqðx;k⊥Þ

þ ψþ�
−qðx;k0⊥Þψþ

−qðx;k⊥Þ�; ð5Þ

Fq
2ðQ2Þ ¼ −

2MN

q1 − iq2

Z
1

0

dx
Z

d2k⊥
16π3

× ½ψþ�
þqðx;k0⊥Þψ−þqðx;k⊥Þ

þ ψþ�
−qðx;k0⊥Þψ−

−qðx;k⊥Þ�: ð6Þ

Here MN is the nucleon mass, ψλN
λqq

ðx;k⊥Þ are the LFWFs

at the initial scale μ0 with specific helicities for the nucleon
λN ¼ � and for the struck quark λq ¼ �, where plus and
minus correspond to þ 1

2
and − 1

2
, respectively. We work in

the frame with q ¼ ð0; 0;q⊥Þ, and where the Euclidean
momentum squared is Q2 ¼ q2⊥. As the initial scale we
choose the value μ0 ¼ 1 GeV which is used in the MSTW
global fit [3].
In the quark-scalar diquark model, the generic ansatz for

the massless LFWFs at the initial scale μ0 ¼ 1 GeV reads

ψþ
þqðx;k⊥Þ ¼ φð1Þ

q ðx;k⊥Þ;

ψþ
−qðx;k⊥Þ ¼ −

k1 þ ik2

xMN
φð2Þ
q ðx;k⊥Þ;

ψ−þqðx;k⊥Þ ¼
k1 − ik2

xMN
φð2Þ
q ðx;k⊥Þ;

ψ−
−qðx;k⊥Þ ¼ φð1Þ

q ðx;k⊥Þ; ð7Þ

where φð1Þ
q and φð2Þ

q are the twist-3 LFWFs. They are
generalizations of the twist-3 LFWFs found from matching
the electromagnetic form factors of the nucleon in soft-wall
AdS/QCD [14–18] and light-front QCD (see the detailed
discussion in Ref. [1]). In particular, as a result of the
matching the following LFWFs have been deduced:

φAdS=QCDðiÞ
q ðx;k⊥Þ

¼ NðiÞ
q
4π

κ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð1=xÞ
1 − x

r
exp

�
−
k2⊥
2κ2

logð1=xÞ
ð1 − xÞ2

�
; ð8Þ

where the NðiÞ
q are normalization constants fixed by the

conditions of (3). Note that the derived LFWF is not
symmetric under the exchange x → 1 − x. This is the case
because it was extracted from a matching of matrix
elements of the bare electromagnetic current between the
dressed LFWF in light-front QCD and of the dressed
electromagnetic current between hadronic wave functions
in AdS/QCD.
The generalization φAdS=QCDðiÞ

q ðx;k⊥Þ → φðiÞ
q ðx;k⊥Þ is

encoded in the longitudinal factors fðiÞq ðxÞ and f̄qðxÞ which
take into account collinear and soft gluon effects as
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φðiÞ
q ðx;k⊥Þ ¼ NðiÞ

q
4π

κ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð1=xÞ
1 − x

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðiÞq ðxÞf̄qðxÞ

q

× exp

�
−
k2⊥
2κ2

logð1=xÞ
ð1 − xÞ2 f̄qðxÞ

�
: ð9Þ

These factors lead to softer PDFs, which coincide with the
results of the global fit performed e.g. in Ref. [3]. At the
same time, the power scaling of electromagnetic form
factors for large values of Euclidean momentum squared
with Q2 → ∞ remains the same up to power-scaling

breaking corrections ΔðiÞ
q [see Eqs. (18) and (20)], which

produce fine-tuned fits of the nucleon electromagnetic form
factors, i.e. consistent with quark counting rules. The

choice of the functions fðiÞq ðxÞ is constrained by the valence
u and d quark PDF, while f̄qðxÞ is fixed from the fit to

quark and nucleon form factors. The functions fðiÞq ðxÞ and
f̄qðxÞ are specified as

fð1Þq ðxÞ ¼ xη
ð1Þ
q −1ð1 − xÞηð2Þq −1ð1þ ϵq

ffiffiffi
x

p þ γqxÞ;
fð2Þq ðxÞ ¼ x2þρqð1 − xÞσqð1þ λq

ffiffiffi
x

p þ δqxÞ2fð1Þq ðxÞ;
f̄qðxÞ ¼ xη̄

ð1Þ
q ð1 − xÞη̄ð2Þq ð1þ ϵ̄q

ffiffiffi
x

p þ γ̄qxÞ; ð10Þ

where the parameters ηð1Þq , ηð2Þq , ϵq and γq are fixed from the
global MSTWanalysis of Ref. [3] (for simplicity we restrict
ourselves to leading-order results). The parameters ρq, σq,

λq, δq, η̄
ð1Þ
q , η̄ð2Þq , ϵ̄q and γ̄q are fixed from a fit to the

anomalous magnetic moments of quarks (nucleons) and to
the Q2 dependence of the electromagnetic quark (nucleon)
form factors. The final set of parameters specifying the

functions fðiÞq ðxÞ and f̄qðxÞ is listed in Table I.
The scale parameter κ ¼ 350 MeV remains the same as

fixed in the analysis of Ref. [1] and used in the analysis
for the pion of Ref. [5]. The parameter κ is related to the

scale parameter of the background dilaton field providing
confinement and is universal for all hadronic wave
functions.
The expressions for the quark PDFs read

qvðxÞ ¼ ðNð1Þ
q Þ2ð1 − xÞfð1Þq ðxÞ

þ ðNð2Þ
q Þ2 κ2

M2
N

ð1 − xÞ3
x2 logð1=xÞ

fð2Þq ðxÞ
f̄qðxÞ

; ð11Þ

EqðxÞ ¼ 2Nð1Þ
q Nð2Þ

q
ð1 − xÞ2

x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fð1Þq ðxÞfð2Þq ðxÞ

q
: ð12Þ

The ratio cq ¼ Nð2Þ
q =Nð1Þ

q is a free parameter and we choose

for simplicity cu ¼ 1 and cd ¼ −1 or Nð1Þ
u ¼ Nð2Þ

u ¼ Nu

and Nð1Þ
d ¼ −Nð2Þ

d ¼ Nd. In our calculations normalization
constants Nu and Nd are fixed as Nu ¼ 1.18093 and
Nd ¼ 2.00432. Notice that the contribution of the struck
quark with negative helicity λq ¼ − [see the second term in
Eq. (11)] to the quark PDFs qvðxÞ is relatively suppressed
by a factor κ2=M2

N ∼ 1=10. To match the uvðxÞ and dvðxÞ
PDFs fixed in the global fit of Ref. [3], we slightly change
the parameters in the longitudinal factor fqðxÞ. We found
that in the case of the PDF uvðxÞ the contribution of the
struck quark with negative helicity is negligible. In the case

of the PDF dvðxÞ we slightly change the parameter ηð2Þd ¼
5.1244 fixed in Ref. [3] to ηð2Þd ¼ 5.3444 to match the
results of the global fit in [3].
Expressions for the quark helicity-independent GPDs

Hq and Eq in the nucleon read

Hqðx;Q2Þ ¼ qvðx;Q2Þ exp
�
−
Q2

4κ2
logð1=xÞf̄qðxÞ

�
;

qvðx;Q2Þ ¼ qvðxÞ − ðNð2Þ
q Þ2 Q2

4M2
N

ð1 − xÞ3
x2

fð2Þq ðxÞ;

Eqðx;Q2Þ ¼ EqðxÞ exp
�
−
Q2

4κ2
logð1=xÞf̄qðxÞ

�
: ð13Þ

In the following we consider the scaling of the PDFs
at large x and form factors at large Q2. The qvðxÞ scale at
large x as

qvðxÞ ∼ ð1 − xÞηð2Þq ;

uvðxÞ ∼ ð1 − xÞ3;
dvðxÞ ∼ ð1 − xÞ5: ð14Þ

For the EqðxÞ we have the scaling behavior at large x as

EqðxÞ ∼ qvðxÞð1 − xÞ1þσq=2 ∼ ð1 − xÞηð2Þq þ1þσq=2;

EuðxÞ ∼ ð1 − xÞ5; EdðxÞ ∼ ð1 − xÞ7: ð15Þ

TABLE I. Parameters specifying fðiÞq ðxÞ and f̄qðxÞ.
Parameter Value Parameter Value

ηð1Þu
0.45232 ηð1Þd

0.71978

ηð2Þu
3.0409 ηð2Þd

5.3444

ϵu −2.3737 ϵd −4.3654
γu 8.9924 γd 7.4730

η̄ð1Þu
0.195 η̄ð1Þd

0.280

η̄ð2Þu
ηð2Þu −1

2
− 0.54 η̄ð2Þd

ηð2Þd −1
2

− 0.60
ϵ̄u −0.71 ϵ̄d −0.10
γ̄u 0 γ̄d 0
ρu 0.091 ρd −0.17
σu ðηð2Þu − 1Þ − 0.2409 σd ðηð2Þd − 1Þ − 2.3444
λu −2.40 λd −0.22
δu 3.18 δd 3.90
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Note that in the case of the u quark PDFs our results are
consistent with perturbative QCD [19,20]. The d quark
PDFs have an additional power of 2 in the scaling behavior
as required by the global analysis. As we mentioned before
the scaling of the quark PDFs calculated in this paper is
softer at the initial scale μ0 ¼ 1 GeV in comparison
with results of Ref. [1], where we considered another
version of the present light-front quark model. In particular,

the PDFs calculated in Ref. [1] scale uvðxÞ ∼ ð1 − xÞ2,
dvðxÞ ∼ ð1 − xÞ2.5, EuðxÞ∼ð1−xÞ2.3 and EdðxÞ∼ð1−xÞ2.8.
Note that the quality of the description of nucleon electro-
magnetic form factors is similar in both versions of our
approach. Therefore, the main advantage of the present
version of our approach in comparison with the version
discussed in Ref. [1] consists in the improvement of the
behavior of quark PDFs. In Figs. 1–8 we perform a
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FIG. 1 (color online). uvðxÞ at scale μ ¼ 1 GeV in models
I and II.
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FIG. 2 (color online). uvðxÞ at scale μ ¼ 10 GeV in models I
and II.
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FIG. 3 (color online). dvðxÞ at scale μ ¼ 1 GeV in models
I and II.
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FIG. 4 (color online). dvðxÞ at scale μ ¼ 10 GeV in models
I and II.
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FIG. 5 (color online). EuðxÞ at scale μ ¼ 1 GeV in models
I and II.
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FIG. 6 (color online). EuðxÞ at scale μ ¼ 10 GeV in models
I and II.
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comparison of PDFs calculated in two versions of our
approach (model I discussed in Ref. [1] and model II
proposed in the present paper). For convenience, we
present results for the quark PDFs at scales 1 and 10 GeV.
In the case of the nucleon form factors we get for large

Q2 the behaviors

Fq
1ðQ2Þ ∼

Z
1

0

dxð1 − xÞηð2Þq exp

�
−
Q2

4κ2
ð1 − xÞ1þη̄ð2Þq

�

∼
�

1

Q2

�1þη
ð2Þ
q

1þη̄
ð2Þ
q ∼

�
1

Q4

�
1þΔð1Þ

q ð16Þ

and

Fq
2ðQ2Þ ∼

Z
1

0

dxð1 − xÞ1þηð2Þq þσq=2

× exp

�
−
Q2

4κ2
ð1 − xÞ1þη̄ð2Þq

�

∼
�

1

Q2

�2þη
ð2Þ
q þσq=2

1þη̄
ð2Þ
q ∼

�
1

Q6

�
1þΔð2Þ

q

: ð17Þ
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FIG. 7 (color online). EdðxÞ at scale μ ¼ 1 GeV in models
I and II.

Model I

Model II

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

x

x
E

d
x

FIG. 8 (color online). EdðxÞ at scale μ ¼ 10 GeV in models
I and II.

TABLE II. Electromagnetic properties of nucleons.

Quantity Our results Data [22]

μp (in n.m.) 2.793 2.793
μn (in n.m.) −1.913 −1.913
rpE (fm) 0.781 0.84087� 0.00026� 0.00029
hr2Ein (fm2) −0.112 −0.1161� 0.0022
rpM (fm) 0.717 0.777� 0.013� 0.010
rnM (fm) 0.694 0.862þ0.009

−0.008
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FIG. 9 (color online). Dirac u quark form factor multiplied
by Q4.
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FIG. 10 (color online). Dirac d quark form factor multiplied
by Q4.
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FIG. 11 (color online). Pauli u quark form factor multiplied
by Q4.

NUCLEON STRUCTURE IN A LIGHT-FRONT QUARK … PHYSICAL REVIEW D 91, 054028 (2015)

054028-5



Here, the Δð1Þ
q and Δð2Þ

q are the small corrections encoding a
deviation of the Dirac and Pauli quark form factors from the
power-scaling laws 1=Q4 and 1=Q6, respectively. These
corrections are given in the form
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FIG. 12 (color online). Pauli d quark form factor multiplied
by Q4.
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FIG. 13 (color online). Dirac proton form factor multiplied
by Q4.
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by Q4.
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EðQ2Þ=GDðQ2Þ.

FIG. 17. Charge neutron form factor Gn
EðQ2Þ.
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Δð1Þ
q ¼ 1þ ηð2Þq

2ð1þ η̄ð2Þq Þ
− 1;

Δð2Þ
q ¼ 2

3
Δð1Þ

q þ 1

3

�
1þ σq=2

1þ η̄ð2Þq

− 1

�
ð18Þ

and vanish for

η̄ð2Þq ¼ σq
2

¼ ηð2Þq − 1

2
: ð19Þ

The last limit is consistent with the Drell-Yan-West duality
[21] relating the large-Q2 behavior of nucleon electromag-
netic form factors and the large-x behavior of the structure
functions. However, a fine-tuned fit to the electromagnetic

form factors requires a deviation of ΔðiÞ
q from zero with the

numerical values of

Δð1Þ
u ¼ 0.365; Δð1Þ

d ¼ 0.233;

Δð2Þ
u ¼ 0.338; Δð2Þ

d ¼ 0.081: ð20Þ

III. RESULTS

Finally, we discuss our numerical results for electro-
magnetic properties of nucleons. The fit results in values for
the magnetic moments in terms of the nuclear magneton
(n.m.) and for the electromagnetic radii as shown in
Table II, we also show the current data [22] on these
quantities. In Figs. 9–15 we present the plots of the Dirac

FIG. 18. Ratio μpG
p
EðQ2Þ=Gp

MðQ2Þ. FIG. 20. Ratio Gn
MðQ2Þ=ðμnGDðQ2ÞÞ.

FIG. 21. Ratio μnGn
EðQ2Þ=Gn

MðQ2Þ.

FIG. 19. Ratio Gp
MðQ2Þ=ðμpGDðQ2ÞÞ.
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and Pauli form factors for u and d quarks and nucleons.
The data in Figs. 9–15 are taken from Refs. [6,7]. In
Figs. 16–21 we also give results for the Sachs nucleon form
factors and compare them with the dipole formula
GDðQ2Þ¼1=ð1þQ2=0.71GeV2Þ2 and with data [23–68].
Overall we have good agreement with the data.

IV. CONCLUSION

In conclusion, we want to summarize the main result of
our paper. Using global fits of valence u and d quark parton
distributions and data on quark and nucleon form factors in
the Euclidean region, we construct a light-front quark
model for the nucleon structure consistent with model-
independent scaling laws—the Drell-Yan-West duality [21]
and quark counting rules [2].
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