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In this paper we have considered the structure of the nonprojectable Horava-Melby-Thompson gravity to
find braneworld scenarios. A relativistic scalar field is considered in the matter sector and we have shown
how to reduce the equations of motion to first-order differential equations. In particular, we have studied
thick brane solutions of both the dilatonic and Randall-Sundrum types.
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I. INTRODUCTION

The brane scenario in higher-dimensional theories is
being investigated as a candidate for solving some funda-
mental problems in high energy physics such as hierarchy,
cosmological constant and others. The formulation of the
Randall-Sundrum model [1], is based in terms of a single
infinite extra dimension and the physical world appears as a
four-dimensional spacetime embedded into an anti-de Sitter
(AdS) space. In this scenario we can add scalar fields with
usual dynamics which are also supposed to depend only on
the extra dimension and allow them to interact with gravity
in the standard way [2]. The study of scalar fields coupled to
gravity in warped geometries has been frequently reported in
the literature [3–7]. On the other hand, Horava has proposed
a new theory of gravitation [8] which has been extensively
studied (See [9] for a review). This theory, commonly
referred to as Horava-Lifshitz (HL) gravity, is a nonrelativ-
istic theory with an anisotropic scaling symmetry of space
and time. The addition of higher spatial derivative terms
in the action without their time derivative counterparts
renders the theory power counting renormalizable. In order
to restore the diffeomorphism symmetry at low energies,
the theory is supposed to flow dynamically from a scale
invariant theory in the ultraviolet (UV) to general relativity
(GR) in the infrared (IR) limit. The theory exhibits an
anisotropic scaling between space and time given by

x → lx; t → lzt; ð1Þ
where z ¼ 4 in the ð4þ 1Þ-dimensional spacetime for
power-counting renormalizability [8].
The gauge symmetry of the theory is broken down to the

foliation-preserving diffeomorphism, Diff(M,F),

δt ¼ −fðtÞ; δxi ¼ −ζiðt; xÞ: ð2Þ
The dynamical variables are the lapse function (N), the shift
function (Ni) and the spatial metric gij (roman letters

indicate spatial indices). In terms of these fields the full
metric is written as an ADM decomposition as follows

ds2 ¼ N2dt2 − gijðdxi þ NidtÞðdxj þ NjdtÞ: ð3Þ

The variables N, Ni and gij transform as

δN ¼ ζk∇kN þ _Nf þ N _f;

δNi ¼ Nk∇iζ
k þ ζk∇kNi þ gik _ζ

k þ _Nif þ Ni
_f;

δgij ¼ ∇iζj þ∇jζi þ f _gij: ð4Þ

In these equations _f ≡ df=dt and ∇i denotes the
covariant derivative with respect to gij. From these expres-
sions one can see that N andNi play the role of gauge fields
of the Diff(M, F). Thus, it is natural to assume that N and
Ni receive the same dependence on space and time as the
corresponding generators [8],

N ¼ NðtÞ; Ni ¼ Niðt; xÞ; ð5Þ

which is often referred to as the projectability condition.
The Diff(M, F) diffeomorphisms lead to one more degree

of freedom (a spin-0 graviton) in the gravitational sector
that needs to be decoupled from the IR regime to be
consistent with observations [9–11]. Considerations in
cosmology were given in [12]. An interesting approach
is to eliminate the spin-0 graviton by introducing the U(1)
gauge field A and the Newtonian “prepotential,” by
extending the Diff(M, F) symmetry to include a local
Uð1Þ symmetry [13]. Another approach is to abandon the
projectability condition. In the “nonprojectable theory” the
lapse function is allowed to depend on space N ¼ Nðxi; tÞ
and one may include, in the action, the vector field [14]

ai ¼ ∇i lnðNÞ: ð6Þ
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The presence of this vector field solves the instability and
strong coupling problems, however leads to a proliferation
of independent coupling constants [15]. According to [16],
the violation of the projectability condition often leads to
the inconsistency problem, though this is not the case in the
setup of [14]—see [17] for further related discussions.
An extended version of HL gravity without the projec-

tibility condition but with the enlarged symmetry was
proposed in [18]. So one can reduce significantly the
number of the independent coupling constants presented
in the version of the nonprojectable HL theory. On the other
hand, it was also allowed a softly breaking in the detailed
balance condition. This procedure turns the theory to be
both UV complete and IR healthy. By implementing the
enlarged symmetry one can eliminate the spin-0 graviton
and all the problems related, such as the instability and
strong coupling in the pure gravity sector.
Some aspects of the HL theory in 5 dimensions was

explored in the literature. In particular, in Ref. [19] was
investigated a braneworld scenario in a Horava-like five-
dimensional theory at warped spacetimes. In this paper, we
study brane structure with a single scalar field in the Horava
and Melby-Thompson (HMT) setup with the nonproject-
ability condition.
The paper is organized as follows. In Sec. II, we shall give

a brief introduction on HMT setup with the nonprojectability
condition. In Sec. III we introduce the setup for studying
braneworld scenarios. In Sec. IV we shall consider a
relativistic scalar field in the matter sector. We find explicit
braneworld solutions. Finally in Sec. V we make our final
considerations.

II. HORAVA-LIKE MODEL IN FIVE DIMENSIONS
WITHOUT PROJECTABILITY CONDITION

In this section, let us give a brief introduction to the HMT
setup [13] with the nonprojectability condition [14,16,17].
The full action of the theory is given by

S¼ζ2
Z

dtdx3dwN
ffiffiffi
g

p �
LK−LVþLφþLAþLλþ

1

ζ2
Lm

�
:

ð7Þ

We shall define the five-dimensional vector XΩ ¼ ðt; xI; wÞ,
where, Ω ¼ 0, 1, 2, 3, 4 denote 5D spacetime indices, with
x0 ¼ t, I ¼ 1, 2, 3. The spatial part is denoted by xi with
i ¼ 1, 2, 3, 4 and x4 ¼ w. In addition, we are consider-
ing g ¼ detðgijÞ.
The kinetic term, LK, in the action is given by

LK ¼ KijKij − λK2: ð8Þ

Furthermore, we have

Lφ ¼ φΘijð2Kij þ∇i∇jφþ ai∇jφÞ
þ ð1 − λÞ½ð∇2φþ ai∇iφÞ2 þ 2ð∇2φþ ai∇iφÞK�

þ 1

3
Θ̂ijkl½4ð∇i∇jφÞaðk∇lÞφþ 5ðaði∇jÞφÞaðk∇lÞφ

þ 2ð∇ðiφÞajÞðk∇lÞφþ 6Kijaðl∇kÞφ�: ð9Þ

In order to eliminate the spin-0 gravitons one needs to
consider Uð1Þ gauge invariance in the general action of
the gravitational part of the HL gravity [13]—see also [20].
Thus, by adding the term

LA ¼ A
N
ð2Λg − RÞ; ð10Þ

one can introduce a Uð1Þ gauge field A, which transforms
as

δαA ¼ _α − Ni∇iα ð11Þ

accompanied with the gauge transformation of the
Newtonian prepotential φ

δαφ ¼ −α; ð12Þ

in order for the theory to have the Uð1Þ symmetry, where α
denotes the Uð1Þ generator. Since the action is invariant
under such transformation we shall fix the gauge, for later
convenience, at A ¼ 0 and φ ¼ 0 in the equations of
motion. For arbitrary λ we can write

Lλ ¼ ð1 − λÞ½ðΔφÞ2 þ 2KΔφ�: ð13Þ

As previously mentioned, ai ¼ ∂iN
N is a vector field which

arises due to nonprojectability condition. Here Δ≡
gij∇i∇j and Λg is a coupling constant. The Ricci and
Riemann tensors, Rij and Ri

jkl, are all made out of the
4-metric gij. We also have

Θij ¼ Rij −
1

2
gijRþ Λggij; ð14Þ

and

Kij ¼
1

2N
ð−_gij þ∇iNj þ∇jNiÞ; ð15Þ

in the standard way. Also, Θ̂ijkl ¼ gikgjl − gijgkl.
Including all the relevant terms, the most general

potential with the softly broken detailed balance condition
is given by [21,22]
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LV ¼ γ0ζ
2 þ ðγ1R − β0aiaiÞ þ

1

ζ2
½γ2R2 þ γ3RijRij

þ β1ðaiaiÞ2 þ β2ðaiiÞ2 þ β3ðaiaiÞajj
þ β4aijaij þ β5ðaiaiÞRþ β6aiajRij þ β7Raii�

þ 1

ζ4
½γ5CijCij þ β8ðΔaiÞ2�; ð16Þ

where Cij is the five-dimensional Cotton tensor [23] and
aij ¼ ∇i∇j lnN. For future reference, we split up LV into
two parts LR

V corresponding to γ-terms and La
V correspond-

ing to β-terms.

III. THE SETUP FOR BRANE SOLUTION

We are now able to look for braneworlds solutions in the
aforementioned HMT setup with the nonprojectability
condition. Let us consider the usual Ansatz

ds2 ¼ e2AðwÞgμνðt; xIÞdxμdxν − dw2 ðμ; ν ¼ 0; 1; 2; 3Þ:
ð17Þ

We are interested in studying a braneworld scenario in
which the 3-brane is generated by a scalar field that
depends only on the extra dimension w. That is, in the
absence of such a field this metric reduces to a five
dimensional Minkowski spacetime.
By using ADM decomposition in Eq. (17) we simply

identify g00¼N2¼ e2AðwÞ and gIJðt;xIÞ¼ diagð−1;−1;−1Þ
(where Ni ¼ 0). In this setup one can write the vector field
ai ¼ ∂iN=N as

ai ¼ ð0; 0; 0; A0ðwÞÞ; ð18Þ
where prime denotes derivative with respect to w.
Moreover, with such metric the kinetic term turns out to
be LK ¼ 0—it is easy to check that Eq. (8) is identically
null for static solutions. Furthermore, without loss of
generality, one can choose the gauge φ ¼ 0 and A ¼ 0.

This is also in accord with equations of motion of the
original Lagrangian. Notice that the equation of motion for
φ admit the solution φ ¼ 0 as one can be easily checked—
see [20]. The equation of motion for A is

R − 2Λg ¼ 8πGJA; JA ¼ 2
δðNLmÞ

δA
; ζ2 ¼ 1

16πG
ð19Þ

which needs a nonzero current JA in order to allow for
general spacetime solutions. This can be provided by
adding such a current term in the matter sector as follows

Lm → Lm þ A
2N

JA: ð20Þ

Thus, the solution A ¼ 0 is also satisfied by the equation of
motions of the original Lagrangian—see further below.
Then, after these considerations, the action of the theory

(7) takes the form

S ¼ ζ2
Z

dtdx3dwN
ffiffiffi
g

p �
−LR

V þ 1

ζ2
Lm

�
: ð21Þ

The variation of this action with respect to N gives rise to
the following equation

ζ2ð ffiffiffi
g

p
LR
V þ ffiffiffi

g
p

FVÞ ¼
δSm
δN

; ð22Þ

where

LR
V ¼ γ0ζ

2 − Rþ 1

ζ2
ðγ2R2 þ γ3RijRijÞ þ γ5

ζ4
CijCij; ð23Þ

and FV is given by

FV ¼ β0ð2aii þ aiaiÞ −
β1
ζ2

½3ðaiaiÞ2 þ 4∇iðakakaiÞ� þ
β2
ζ2

�
ðaiiÞ2 þ

2

N
∇2ðNakkÞ

�

−
β3
ζ2

�
ðaiaiÞajj þ 2∇iðajjaiÞ −

1

N
∇2ðNaiaiÞ

�
þ β4

ζ2

�
aijaij þ

2

N
∇j∇iðNaijÞ

�
−
β5
ζ2

½RðaiaiÞ þ 2∇iðRaiÞ�

−
β6
ζ2

½aijaijRþ 2∇iðajRijÞ� þ β7
ζ2

�
Raii þ

1

N
∇2ðNRÞ

�
þ β8

ζ4

�
ð∇aiÞ2 − 2

N
∇i½ΔðNΔaiÞ�

�
: ð24Þ

Now taking the variation of the action of matter, we have

ρm ¼ −
1ffiffiffi
g

p δSm
δN

; ð25Þ

where we define ρm as the conventional matter and energy density. Thus, we can write (22) as
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LR
V þ FV ¼ −

1

ζ2
ρm: ð26Þ

In the IR regime the forth and sixth spatial derivative terms
can be neglected. This limit can be obtained by taking only
the first two terms in (23) and the β0 term in (24). Thus,
making γ0 ¼ 0 we have

Rþ β0A02 ¼ 1

ζ2
ρm; ð27Þ

where the presence of A0 term reflects the nonprojectability
condition. Now, the variation of the action (7) with respect
to gij yields the dynamical equations

1

N
ffiffiffi
g

p ∂
∂t ð

ffiffiffi
g

p
πijÞ þ 2KikKj

k − 2λKKij

þ 1

N
∇kðπikNj þ πkjNi − πijNkÞ − 1

2
LKgij −

1

2
LAgij

− Fij − Fij
a − Fij

φ −
1

N
ðARij þ gij∇2A −∇j∇iAÞ

¼ 1

2ζ2
τij; ð28Þ

where

πij ¼ δðNLKÞ
δ_gij

¼ −Kij þ Kgij; ð29Þ

τij ¼ 2ffiffiffi
g

p δð ffiffiffi
g

p
LmÞ

δgij
; ð30Þ

Fij ¼ 2ffiffiffi
g

p δð− ffiffiffi
g

p
LR
VÞ

δgij
¼

X
s¼0

γ̂sζ
nsðFsÞij; ð31Þ

Fij
a ¼ 2ffiffiffi

g
p δð− ffiffiffi

g
p

La
VÞ

δgij
¼

X
s¼0

βsζ
msðFa

s Þij; ð32Þ

and

Fij
φ ¼

X
s¼0

μsðFφ
s Þij: ð33Þ

The expressions of Fs, Fa
s , and Fφ

s can be found in
Appendix of Ref. [20]. On the other hand, the coefficients
are given by

γ̂s ¼
�
γ0; γ1; γ2; γ3;

1

2
γ5;−

5

2
γ5; 3γ5;

3

8
γ5; γ5;

1

2
γ5

�
;

ns ¼ ð2; 0;−2;−2;−4;−4;−4;−4;−4;−4Þ;
ms ¼ ð0;−2;−2;−2;−2;−2;−2;−2;−4Þ;

and

μs ¼
�
2; 1; 1; 2;

4

3
;
5

3
;
2

3
; 1 − λ; 2 − 2λ

�
: ð34Þ

Again, by the metric adopted and the gauge choice
A ¼ φ ¼ 0 one can write (28) as

Fij þ Fij
a ¼ −

1

2ζ2
τij: ð35Þ

Notice also that by using Eqs. (19) and (20) the contribution
of LA in (28) is canceled out by an equivalent term in the
matter sector. In the IR limit, we have

γ0ζ
2ðF0Þij þ γ1ðF1Þij − β0

A02

2
¼ −

1

2ζ2
τij; ð36Þ

where (see the Appendix of [20], for example)

ðF0Þij ¼ −
1

2
gij; ð37Þ

ðF1Þij ¼ Rij −
1

2
Rgij: ð38Þ

For γ0 ¼ 0 and γ1 ¼ −1 (restriction due to observations in
the IR regime of the theory) we have

ðF1Þij þ β0
A02

2
¼ 1

2ζ2
τij: ð39Þ

Finally, the 44—component of this equation can be write as

R44 −
1

2
Rg44 þ β0

A02

2
¼ 1

2ζ2
τ44: ð40Þ

IV. BRANEWORLDS FROM RELATIVISTIC
SCALAR FIELD

We shall now consider a relativistic scalar field in the
matter sector in order to find explicit braneworld solutions.
The nonrelativistic case is straightforward whose start point
can be the general nonrelativistic action given in [22].

A. Field equations and first-order formalism

Let us consider the following Lagrangian for the scalar
field ϕ ¼ ϕðyÞ

Lm ¼ Lϕ ¼ 1

2
ϵgab∂aϕ∂bϕ − VðϕÞ; ð41Þ

where ϵ ¼ 1 for a standard dynamics and ϵ ¼ −1 for a
ghost dynamics. We have T00 ¼ e2Að1

2
ϵϕ02 þ VðϕÞÞ and

T44 ¼ 1
2
ϵϕ02 þ VðϕÞ with ρm ¼ ρϕ ¼ T0

0. Thus, the equa-
tions of motion read
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−ð12þ β0ÞA02 − 6A00 ¼ 1

ζ2

�
1

2
ϵϕ02 þ VðϕÞ

�
; ð42Þ

ð6þ β0ÞA02 ¼ 1

ζ2

�
1

2
ϵϕ02 − VðϕÞ

�
; ð43Þ

6A00 þ 6A02 ¼ −
1

ζ2
ϵϕ02: ð44Þ

The scalar potential can be given by the general form

V ¼ −ζ2ð9þ β0ÞA02 − 3ζ2A00: ð45Þ

Making β0 ¼ −6 we find from (43) the following equation

VðϕÞ ¼ 1

2
ϵϕ02: ð46Þ

In this sense we can identify the following first-order
differential equations in terms of a general “superpotential”
W given by

ϕ0 ¼ 1

8
Wϕ; ð47Þ

A0 ¼ −
1

3
W; ð48Þ

which solve Eqs. (42)–(44). We may now consider the
following simple and well-known example

VðϕÞ ¼ 1

2
λða2 − ϕ2Þ2: ð49Þ

Starting with Eqs. (46) and (49), and making ϵ ¼ 1, we find

ϕ ¼ a tanh ðaλwÞ: ð50Þ

Now using (46) and (47) we have

Wϕ ¼ 8a2λ − 8λϕ2; ð51Þ

which allows us to find the superpotential

WðϕÞ ¼ 8a2λϕ −
8λ

3
ϕ3: ð52Þ

Considering the Eqs. (48), (50), and (52), we get the
solution

AðwÞ ¼ 8a2

9
ln½tanh2ðaλwÞ − 1� − 4a2

9
tanh2ðaλwÞ: ð53Þ

In Fig. 1 are depicted the behavior of the graviton wave
function around the 3-brane which signalizes gravity
localization. However, one should note from Eqs. (44)–
(46) that for the kink solution (50), the potential (45) is

asymptotically flat. This is completely differently of the
Einstein gravity where this potential is expected to be
asymptotically AdS as well-known from Randall-Sundrum
model in order to have graviton zero mode localization.

B. Dilatonic brane

In order to find a solution to the Eq. (44) we use the
Ansatz proposed in [3]—see also [24–26] for recent
discussions—in the context of the dilatonic domain wall

AðwÞ ¼ B ln ð1þ cwÞ; w > 0; ð54Þ

AðwÞ ¼ B ln ð1 − cwÞ; w < 0; ð55Þ

with c > 0. The “kink” profiles (with 0 < B < 1) are
given by

FIG. 1 (color online). The warp factor e2AðwÞ (with λ ¼ 1) for
a ¼ 3

ffiffiffi
2

p
=4 (red thin line) and a ¼ 3=2 (blue thick line).

FIG. 2 (color online). The solutions ϕðwÞ (with B ¼ 1=2,
ζ ¼ 1) for c ¼ 1 (red thin line) and 2 (blue thick line).
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ϕðwÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6Bð1 − BÞ

p
ζ lnð1þ cwÞ; w > 0 ð56Þ

and

ϕðwÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6Bð1 − BÞ

p
ζ lnð1 − cwÞ: w < 0 ð57Þ

They are depicted in Fig. 2 for c ¼ 1 and c ¼ 2. A scalar
potential can be identified in this case as a usual dilatonic
potential

VðϕÞ ¼ V0e
− 2ϕ

ζ
ffiffiffiffiffiffiffiffiffiffi
6Bð1−BÞ

p
; ð58Þ

where

V0 ¼ ζ2c2B½3 − Bð9þ β0Þ�: ð59Þ

The Fig. 3 shows the behavior of this potential for β0 ¼ −6
and β0 ¼ −1. It is easy to see that the potential is
asymptotically flat and the warp factor diverges far from

the brane. Thus, the localization of gravity can be achieved
in this case only through metastable gravitons [24].

C. Randall-Sundrum branelike scenario

In this model we simply have AðwÞ ¼ kw and A02 ¼
k2ðw ≠ 0Þ that integrating we find the well-known solution

AðwÞ ¼ kjwj: ð60Þ
For w ≠ 0 we find A00ðwÞ ¼ 0. The potential (45) is now
given by the simple form

V ¼ −ζ2ð9þ β0Þk2: ð61Þ
For β0 > −9, V is negative and plays the role of a
five-dimensional cosmological constant in the bulk, which
means an AdS spacetime.
A real scalar field solution is possible to be found via

Eq. (44) if ϵ ¼ −1 (a “ghost” dynamics), for ζ being a real
constant, such that

ϕðwÞ ¼
ffiffiffi
6

p
kζw: ð62Þ

V. CONCLUSIONS

In this paper we have found braneworld solutions in
an alternative theory of gravity in the realm of HMT with
nonprojectable condition. A relativistic scalar field is
considered in the matter sector, and for some specific set
of parameters we have been able to find solutions of the
equations of motion that solve first-order differential
equations. The bulk is mostly asymptotically flat except
in the case of the Randall-Sundrum brane-like scenario,
whose related scalar field admits a “ghost” dynamics. One
may extend our analysis to several models with one or more
scalar fields.
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