PHYSICAL REVIEW D 91, 045030 (2015)

Spacetime symmetries of the quantum Hall effect
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We study the symmetries of nonrelativistic systems with an emphasis on applications to the fractional
quantum Hall effect. A source for the energy current of a Galilean system is introduced and the
nonrelativistic diffeomorphism invariance studied in previous work is enhanced to a full spacetime
symmetry, allowing us to derive a number of Ward identities. These symmetries are smooth in the massless
limit of the lowest Landau level. We develop a formalism for Newton-Cartan geometry with torsion to write
these Ward identities in a covariant form. Previous results on the connection between Hall viscosity and

Hall conductivity are reproduced.
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I. INTRODUCTION

The fractional quantum Hall (FQH) [1,2] effect is one
of the most difficult problems in condensed matter physics.
In the integer quantum Hall effect, interactions do not play
a large role and one can make much progress by studying
the dynamics of free electrons moving in a uniform
magnetic field in the presence of impurities. The FQH
effect on the other hand, relies crucially on the interactions
of particles within a single Landau level and cannot be
analyzed using perturbative techniques. The lowest Landau
level (LLL) constraint is especially difficult to deal with;
the majority of proposed theoretical schemes break this
constraint at some stage. For example, in the popular
Chern-Simons field theories (in both the bosonic [3] of
fermionic [4] varieties) the operation of flux attachment
mixes states in different Landau levels. The consequence of
this breaking is that many physical quantities which should
depend only on the Coulomb (or interaction) energy scale,
appear to be sensitive to the cyclotron energy. Schemes have
been developed within the Chern-Simons field theory to
evade this unphysical sensitivity to the cyclotron energy, at
the cost of introducing phenomenological elements into the
theory. Some other theoretical approaches have been devel-
oped to deal with the LLL constraint explicitly (see, for
example, Refs. [5,6]), but most have only limited scope.

This paper proposes a new approach that emphasizes the
symmetries of the LLL. In recent work we have demon-
strated that nonrelativistic particles moving in an external
electromagnetic field possess a far larger degree of sym-
metry than was previously realized, namely invariance
under arbitrary time-dependent diffeomorphisms of space
[7,8] which may further be enlarged to full spacetime
diffeomorphism invariance by introducing a background
source coupled to the energy current [9,10].

In Sec. II we recap this story, demonstrating how diffeo-
morphism invariance may be obtained by introducing a
number of different sources. The source for the energy
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density was first introduced by Luttinger [11]; including a
source coupled to the energy flux allows for local time
reparametrizations. For specific interactions, most impor-
tantly for a delta-function contact interaction between bosons,
this action is also Weyl invariant. We then demonstrate in
Sec. III how a regular massless limit may be taken after a
special choice of parity breaking parameters. The resulting
theory contains only particles confined to the LLL. Physical
results of this limit will be considered in upcoming work.

In Sec. IV we consider the complete set of one-point Ward
identities that follow from nonrelativistic diffeomorphism
invariance. Spatial diffeomorphisms give rise to local momen-
tum conservation in the presence of external electromagnetic
and dilaton fields whereas temporal diffeomorphisms lead
to the work-energy equation. In trivial backgrounds, these
Ward identities were considered in Refs. [10,12]. Here we
present them in their full generality for nonzero spin and
g-factor. In Sec. V we rederive the viscosity-conductivity
relations that were first found in Ref. [13].

Spacetime diffeomorphism invariance can be naturally
treated using the formalism of Newton-Cartan geometry
with torsion, which we present in Sec. VI. In Sec. VII we
present a fully covariant treatment of the one-point Ward
identities. The stress tensor and energy current as tradition-
ally defined do not transform covariantly under general
diffeomorphisms and need to be modified. We define these
covariant currents and derive their Ward identities. The
spacetime transformation properties of the new covariant
stress, charge and energy densities both facilitate streamlined
calculations and place strong constraints on the allowed
response. Section VIII contains concluding remarks while
various technical details are contained in the Appendixes.

II. SYMMETRIES

At its most basic level, the FQH problem is that of
particles moving in 2 + 1 dimensions in the presence of a
magnetic field,
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Here D, = 0, —iA, is the gauge covariant derivative and
the theory is gauge invariant,

w—oey A, - A+ 0,0 (2)
We have chosen a contact interaction for simplicity though
more general interactions will be consistent with the
symmetries we are about to discuss. Strictly speaking,
the contact interaction requires a cutoff to be well defined in
2 4+ 1 dimensions due to the logarithmic running of the
coupling constant 4. In the LLL limit m — 0 that we will be
especially interested in, the running of A disappears. We
thus will ignore the dependence on the cutoff altogether.

When the magnetic field B = ¢”9;A; is large (here ¢/ is
the antisymmetric symbol with €'> = 1), the spectrum is
stratified into Landau levels of energy 2 (n +1) that are
well separated compared to the intra-Landau level spacing
(we choose units where 7z = c = 1). Since we are only
concerned with the LLL, we would like to integrate out all
states for which n > 1. One possible way of doing this is to
take the m — 0 limit in which the higher Landau levels tend
to infinity and decouple from the theory. Unfortunately, this
limit is not regular due to the infinite shift in the zero-point
energy, but we shall see there is an easy way around this.

A. The g-factor

We will now systematically introduce a number of
generalizations to the basic action (1) that will not affect
the physics at the end of the day but are essential for our
later analysis. In the process we introduce a number of
external probes used to define response currents. Begin
with an intrinsic angular momentum parametrized by
a g-factor g,

. 1 gB
Sz/ﬁ%tWDw~lDwP+IML%Wﬁ-
2m 4m
3

In GaA:s, this factor is close to zero (there g is the product of
the Lande g-factor g* [14]) and the ratio of the band mass m
to the bare electron mass: g = g*m/m, ~ —0.03), but it is
easy to see, at least for constant B, that its actual value is
irrelevant. In this case the new term merely gives rise to a
constant shift to the Hamiltonian, which has no physical
significance.

When B is not uniform, the situation is somewhat more
involved but not insurmountable. Notice that g enters the
action in the combination Ay + ﬁB. Defining a new
electric potential,
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maps the action to itself, but with a new g-factor,
Sg [AO} = Sg’ [A6] (5)

We may just as well perform calculations with any g we
like, so long as we use the shifted gauge field Aj,. In Sec. III
we shall see that when we select g = 2, the LLL is shifted
to zero energy even in a nonuniform field and curved space.
The massless limit is then regular and the projection onto
the LLL proceeds without difficulty. This feature was
exploited in Ref. [7] in the construction of an effective
field theory for FQH states.

B. Curvature

Next introduce a nontrivial background metric g;;,

S= | & —y' Doy —2—Dy'D;
/ X\/§<2w o =5 Dy Dy

gB 4
2R P -t ). (©

where y'Dyy = wDyy — Dow'y. The magnetic field is
now B = eY0;A; where ¢ = \/igeij is the natural spatial
volume element associated to the metric. There is some
ambiguity in how we choose to couple the theory to
geometry; we could for example have included higher
curvature terms. These terms would change the equations
of motion on curved backgrounds but leave the flat space
dynamics unaltered. If at the end of the day one is only
interested in flat space, we may choose the coupling however
we like without fear of altering the physics. In the above we
have chosen to couple the theory in the minimal way.

If the field y has spin s, even minimal substitution
requires the introduction of a zweibein e that diagonalizes
the metric,

_ a,b a,bi __ sab
gij = Sapeie; efe’ = 5. (7)

The covariant derivative is then
D, =0,—iA, +isw,, (8)
where w), is the spin connection,
_ 1 a/'a b
() —§€ab€ - Oej
1 ajv b 1 aj b 1 Jk
@; = 5 €ape”Vie] =5 eape ;€] —5¢ 09w (9)

Here V; represents the spatial covariant derivative defined
by g;;- Under a local rotation of the zweibein by an angle
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O(x), the spin connection transforms as a U(1) gauge
field,

@, = @, + 9,0, (10)

canceling the spin rotation of the field y — e *%y. We
notice that the same minimal coupling to gravity through
spin connection was recently used in Ref. [15] to modify
the conventional flux attachment procedure to derive the
Hall viscosity and Wen-Zee term from the Chern-Simons
gauge theories.

Even if one does not care about curved space dynamics
and plans to set g;; = §;;, introducing a metric is a useful
intermediate step for several reasons. First, it gives a natural
definition of a symmetric stress tensor as the response of
the action to geometric perturbations in the same way that
the charge current is a response to electromagnetic pertur-
bations,

1 .

as is done in relativity theory. The subscript “nc” (as in
“noncovariant”) is to differentiate this notion of stress from
the spacetime covariant one that we shall introduce later. In
the usual case g = s = 0 in flat space, these are the familiar
expressions:

<>

Diy

_
—5Y

jgc = |l//|2 .];IC = m

i 1 ..
T;IJC — —D(ll//rDJ)l//
m

+ <l ' Doy =~ Dy Dhy - llwl“) g7 (12)
2 2m

The spin is often set to zero in the literature, although for
spin polarized electrons in two spatial dimensions, the
actual value would be 1/2. However, as with g, there is
a simple mapping between theories of different spin.
Like before, a redefinition,

A=A+ (5 = s)w,, (13)
sends the action to itself, but with s replaced by s/,
S [Aﬂ] =Sy [A;/t] (14)

In what follows we will find the selection s =1 to be
particularly convenient. Note a pure zweibein rotation
A, = A, o, = o, + 0,0 of the new theory now corre-
sponds to a zweibein rotation of angle 6 plus a gauge
transformation A, — A, — (s' —5)9,0 of the original
theory. Thus in this new picture the field y has spin s’
and local rotation invariance is still manifest.
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The redefinitions (4) and (13) will affect the stress and
charge current. In Appendix B we derive the relationship
between the primed and unprimed currents, which we
present here in flat space for simplicity. If we imagine doing
an experiment on a system with say g’ = s’ = 0 and change
to our preferred values g = 2, s = 1, the new currents are

]gc = ];1(2: Joe = ch + 2—6118/'.];1%
m
Tt = Tl = 00,0l =5 - (BIRSY + (0/0) — 4/0%) ).

(15)

The primed currents are to be evaluated at the physical
fields E!, B', whereas the unprimed currents are at

1
One of the main reasons for introducing g;; is that it
makes the symmetry of the action more apparent. The index

structure makes clear that the theory is invariant under time-
independent spatial diffeomorphisms & = & (x),

Sy = —E O
8A, = —EkO A, — AD,EF
6gij = _fkakgij - gjkaicfk - g,-kﬁjcfk. (17)

In Refs. [7-9] it was found that this invariance may be
extended to time-dependent diffeomorphisms & (7, x) by
adding a noncovariant part to the transformation of the
vector potential

Sy = —E oy

§Ag = —E 0L Ag — AE" +

gijai(gjkék)
BA; = —EO4A; — A0 — mg&
89i; = _‘Skakgij - gjkaifk - gikajgka (18)

g—2s
4

which they called nonrelativistic general coordinate
invariance. The s part has not been considered in previous
work. Note that for g = 2, s = 1, these transformations take
a particularly simple form. Taking s = 1 is mostly a choice
made to make the formulas easier to work with, whereas
using g = 2 is crucial to ensure that the regularity of the
m — 0 limit.

C. A source for the energy current

This symmetry may be enlarged further to show that
the microscopic action is not only invariant under time-
dependent spatial coordinate reparametrizations, but
completely general changes of coordinates on spacetime.
This allows for a fully spacetime covariant treatment of
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nonrelativistic physics just as in relativity theory. To do so
however, we begin with a seemingly unrelated question:
how to define an energy current for our theory.

In general relativity, charged fields couple to both a
vector potential and a Lorentzian metric and we can
consider the system’s response to infinitesimal variations
in these quantities. As in (11) this defines a charge current
Jj# and a stress-energy tensor 7 that collects both the
energy current 7% and the stress 7%/ into a single object. It
is well known that in nonrelativistic physics, we have an
independent energy current which we will denote as & that
is not tied to the stress Tf{c in any way [16].

A source for the energy current was considered in
Refs. [9,10]. This involves dilaton ¢ and a spatial vector
C; in the following way,

S= | &8 (L o "Dow — ij ij
/ X\/ge (26 v Doy om g7 + > £

XD:‘WTD;‘I/_/”‘I/“), (19)

where f)i = D; + C;D,. The Hamiltonian now appears in
the action with a factor e~® and @ is essentially the source
introduced by Luttinger [11]. Note that we have also
collected the magnetic momentum term into the kinetic
term. Upon integration by parts, this merely becomes the
%hﬂ2 coupling considered before, plus boundary terms
that go as the derivatives of the new fields ® and C,.

Finally, for the symmetries we are about to consider
to hold, we must also modify the spatial Christoffel symbol
to be

1 - - -
_gkl(aigjk + 0,9k — Okgij)- (20)

Fkl‘j - 2

In our action this only affects the spin connection
! v 1 ajy. b ! ik 5
0; = S eapeVie] =S eape ;e” —5€ 0;9i-  (21)

For & = C; = 0, this is just the action (6) and so we have
not altered the dynamics in these backgrounds, but we can
now define & via

i ,
oS = /d3x ge™® (— Tf{c5g,-j + jﬁC5AM + )60 + 8§IC5C,-) .

2
(22)

One might also wish to introduce a source for the
momentum current, but in a Galilean invariant theory,
the momentum is entirely determined by the charge current,
so we do not include any further sources. We will see this in
Sec. IV and again in Sec. VII B where we find a unique way
to demonstrate this using Newton-Cartan geometry.
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To motivate our placement of ® and C;, consider the
energy current so defined for g=s5 =0 and a trivial
background ® = C; =0, g;; = J;;:

1 .
£ = %DNITDZW + Ay

1 o .
(Do D'y + D'y Doy). (23)

i
Epe = — 72—
nc 2m

We immediately recognize €9, as the total energy of the
system. One may also check using the equation of motion
that the work-energy equation holds

8O‘C"gc + aigilc = Eijilm (24)

so it is clear that . is indeed the energy flux.

The energy current is also altered upon a change of the
parity breaking parameters g and s. As before, translating
from g’ = s’ =0to g =2, s =1 in the trivial background
gives

1 ... 1 .
Ene = Ene — Eeualj}nc - %Bﬂ‘%

, A 1 " P
Enc = Enc T 5€u80]}nc “om (Bjne + €lej]:1%)' (25)

We again refer the reader to Appendix B for details as well
as the case for general ¢/, ', g, s and a curved metric.

D. Spacetime coordinate invariance
Our placement of these new sources does much more

than give a convenient definition of the energy current, it
allows us to enlarge the group of spacetime symmetries by
properly selecting the transformations of ® and C;. The
action is invariant under arbitrary spacetime diffeomor-
phisms & (¢, x):

Sy = =&y

50 = —E9,0 + 0, — 9,¢

8C; = —E0,C; — C;0,8 + 9,8
5eai — —5'18/16‘”. + eakékgi

8g' = —£0,97 + & + D&

Sell = —E0,ell + eikékfj - sjkékfi

-2 .~ . .
64 = =E0;A0 — A0 + 2 (e90,(9,8) + € ,CE)
0A; = _gla/lAi - Aaaifi - meq)gijéj
-2 L~ . L.
- gTCi(gjkaj(gklﬁl) + Ejkcj'fk)v (26)

where 1 now includes the temporal index 0. This is
the full set of symmetries of a nonrelativistic spacetime
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corresponding to infinitesimal coordinate transformations
(see Sec. VIB).

We stress once more that this represents full spacetime
coordinate reparametrization invariance. From (18) it was
clear that the theory was invariant under arbitrary time-
dependent coordinate changes on spatial slices. Now we
see that the theory is also unaffected by local time
reparametrizations &(z,x). In particular, we may choose
a new spatial foliation of spacetime. This is another way to
see that the new sources are not essential modifications to
the physics. Even if C; was zero initially, in these new
slicings, it may not be (for example if the temporal shift is
not constant —3;E° # 0), just as the metric §; ; may not look
flat in some other randomly chosen curvilinear coordinate
system. Hence we see allowing for nonzero C; is necessary
to make the full spacetime symmetry of the initial theory
manifest, even if we are considering a trivial background
that merely reduces the problem to the original action (3) in
the end.

There is a minor complication to this story. One could
imagine that given some background C; that there is no
slicing where it vanishes. It turns out that a C; = 0 slicing
exists if and only if

This is in fact a coordinate representation of the Frobenius’
condition that a local spatial slicing exists. When C; = 0,
coordinates have been chosen so that constant time surfaces
coincide with spatial slices. In the discussion below
Eq. (78), we show from causal considerations that (27)
must in general be satisfied. Coordinates where C; = 0 are
called global time coordinates (GTC). Since we shall
always assume GTC exist, in what follows we will take
C; = 0, only restoring it when necessary to compute the
energy current.

Gauge invariance and spatial diffeomorphisms are not
the only local symmetries of the action (19). For each
Q(7,x), the theory also exhibits Weyl invariance:
oy =Qup, 0P =2Q, oC; =0
5y = - (1 _gi) (Lé(e—wéfg) i cag)

0 — m 4 \/g i g i

Q. (28)

6g;j = —20Qg;;,

This is of course specific to the point interaction Aly|*
where scale invariance is well known to be violated
quantum mechanically [17]. In the massless limit however,
A does not run and the LLL theory is truly conformally
invariant. Note that for g = 2, s = 1, the vector potential
does not transform.

This concludes the complete set of generalizations of the
initial problem that are relevant for this paper. We are now
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considering particles of arbitrary spin and g-factor moving
in the presence of an electromagnetic field A,, a curved
metric g;;, a dilaton ® and a spatial vector C;. g and s may
be chosen at will so long as we remember to translate back
to their physical values using (15), (16) and (25). In Sec. VI
we present a manifestly coordinate invariant treatment of
this symmetry from which the anomalous transformation
laws (26) follow naturally. This is the Newton-Cartan
geometry first considered in Ref. [7] in the context of
the FQH effect. There we shall find that properly defining
the energy current requires a generalization of this formal-
ism to include nonzero torsion.

III. THE MASSLESS LIMIT

We now perform the massless limit discussed earlier. In
GTC the action is

) o (Lot — L (i B i
S /dx ge (261// oW 2m<g +28
X Dil//-I-Dj‘// - /1|‘//|4) J

and the quantum partition function is given by

Z= /DI//TDy/eiS. (29)

The matrix e has eigenvalues +i and so the value g = 2
is distinguished for the matrix ¢/ + ie'/ is degenerate.
In terms of the zweibein e¢ we have

el = e el (30)

The eigenvectors of £/ are the chiral basis vectors,

(= (el i) a=—slel=ied). G
in terms of which we have the convenient formulas,
g/ =elel +elel
e =i(ele/ —e'el)
g7 +iel = 28e'el. (32)

Hence the g = 2 action may be written as
S= /de ge?® <% eq’wTB()y/
1 _. . .
- L @D DY) Al ). (3

In flat space, e'D;yy = Dy and we see the degeneracy
direction corresponds precisely to particles in the LLL.
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Using a Hubbard-Stratonovich transformation, we write
this as

S= / dx\/ge® (éeq’w"'sow—x(éiDiw1')
- H(e'D) + mp =yl (34

The m — 0 limit is manifestly regular and the higher
Landau levels are now completely trivial to integrate out
as y and jy simply become Lagrange multipliers enforcing
the constraint

e'Dyy =0, (35)

which is the curved space equation for the LLL wave
function. The many-body problem of particles confined to
the LLL thus can be understood as a system of interacting
particles with no kinetic energy,

i <~
s [ @xa(5uBo—raut). Go

for which path integration is only carried out subject to the
holomorphic constraint (35). This theory inherits all the
symmetries discussed above. In particular, one may check
that both Egs. (35) and (36) are preserved by spacetime
diffeomorphisms and Weyl transformations.

We note briefly that for s = 1 the transformation laws are
especially simple in the massless limit. In particular, A, is
just a one-form

5Aﬂ - —‘fﬁaﬂAﬂ —Aiaﬂél (37)
and is unchanged under Weyl transformations.

IV. NONCOVARIANT WARD IDENTITIES

In this section we derive the complete set of Ward
identities that follow from the symmetries above. The Ward
identities are a result of only the symmetries of the problem
and are valid in arbitrary backgrounds so long as (26) is not
anomalous. We begin however with a slight change of
viewpoint however. In Sec. II we used a model microscopic
action § to motivate the introduction of sources and
demonstrate the symmetry of the problem. The full
quantum dynamics is however determined by the effective
action W obtained from integrating out the field y and is a
functional only of the external fields:

eW =7z W = W[Aﬂ,g,»j, D, Ci}' (38)

The currents defined from W are then the 1-point expect-
ation values of the microscopic ones defined above. To
simply notation we drop the brackets () and simply denote
them as

PHYSICAL REVIEW D 91, 045030 (2015)

1 .
5W—/d3x ge‘q’ <§Tfljcfsgij+jﬁ05A/4

+ &2.00 + efwﬁC,) ) (39)

Let’s begin with gauge invariance, which is the simplest
of the symmetries considered above. The gauge variation of
the electromagnetic potential is 6A, = 0,a:

SW = / d*x\/ge™® jrc0,a =0 =0
__ / Pxd,(y/Ge " ). (40)

Since a is an arbitrary function of space and time, we
conclude 9,(,/ge™® jic) = 0 or

L
N

which is simply the continuity equation on a curved
background with dilaton ®.

The remaining Ward identities follow in like manner.
Spatial diffeomorphisms & imply stress conservation:

9o(v/ge™"jine) + Vi(e ™ joc) =0, (41)

]
e ) g—2s o d
ﬁao (\@ (m]inc - Teijvj(e (Dch)> )
+ eq)vj(e_q)Ti{;c)
= J%E; + 8ijj{;CB + &5V, ®. (42)
Note that nonrelativistic diffeomorphism invariance com-
pletely determines the momentum current,

. . g—2s . 5
Pre = Mjne — 4 gljvj<e d)ch),

as mentioned previously. In particular, the mass leads to a
momentum along the direction of charge flow while the
parity breaking terms give rise to an intrinsic angular
momentum density,

g—2s .
5 e~ fhe.

= —

as may be seen by computing the flat space total angular
momentum L = [ d*xe”x;p;. Note that the dilaton exerts
an external force on the system just as the electromagnetic
field does.

Temporal diffeomorphisms &° result in the work-energy
equation

1

: PR B
\@80(\/5820) + e®V,(e eh.) = Ejhe — _Tnjcgij- (43)

2
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E;j" is the familiar work done by the electric field whereas
the metric term corresponds to the work done on the walls
of a volume element as it expands or contracts due to the
internal forces of the system. The Ward identities of a
system with a conserved particle number thus reproduce the
full set of hydrodynamic equations of motion for a non-
relativistic fluid [16].

Finally, Weyl invariance gives rise to a generalization of
the tracelessness of the stress-energy tensor

1 ij 1 g2 — i =D
e = Ty + 3 (1-5) VLV e )
-2 .
B — V(€ fine)- (44)

4

Note that the Ward identities take a particularly simple form
for the LLL theory: the momentum vanishes and the energy
is simply the trace of the stress tensor:

eq)vj(e_q)Ti{;c) = jocEi + gijj{;cB + &0V, @,

8gc = %T:{ng‘f (45)

It is worth pointing out that the quantum conservation
laws in curved space contain the full information on Ward
identities. By taking functional derivatives of these equa-
tions with respect to the sources one obtains higher-order
Ward identities which relate the n-point correlation func-
tions to o-function terms involving lower-order correlators.

V. VISCOSITY-CONDUCTIVITY RELATION

As an illustration, here we will give two Ward identities
for two-point functions and show how they can be used to
extract the independent viscosity coefficients from the
conductivities at all frequencies. Our work provides an
alternative field-theory approach to the previous result [13]
based on a microscopic Hamiltonian and generalize it to the
nonvanishing g-factor and spin.

A. Ward identities on closed time path

To discuss the real-time response functions, let us invoke
the closed time-path formalism [18-20] and double
Eq. (42) on two time branches,

: —-2s . G! ;
9, |:giij <mGJi & ko ; )] + Zak(giijGJf>
+
- 8igijkG¥ - EiiGﬁt - 8iijBG{t =0 (46)

The nonequilibrium current and tensor (density) are
defined by

ow
SAL,’

oW
5giij '

/R ij
G, = 1=
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The dilaton has been set to zero since it has no effect on the
results of this section.

Taking variation of Eq. (46) with respect to sources A;
and g;; on two branches, we obtain four identities. Their
linear combinations give

0= (mdydy =, BIGH) =5y IOUGH )
+26,0,Gla (x) + 61G'0,6(x), 47)
9 — i B\GL ~2s .
0= (méj0, — i) GH* (v) - &= = e0,0, G (x)

- —2s .
20,67 (x) + %emcfatané(x)&k

+| (6%, + 5 8%,)0,6(x) —5(5’,‘,,5{1 +&,6%)0'6(x) | G™™,
(48)

where the correlators G, (x) are defined by the second
variation of the generating functional with respect to the

sources in physical presentation [20]. It can be split as the
retarded Green’s function and the contact term

sA, . OW
GE: (X)=W
= i0(1)([¢® (x), p*(0)])

(S, ®

where ¢* denotes the conjugate operator of the source JA.
One can also define the advanced correlators

W
Gfr’A =
ST ISETAT)

= i0(=1){[¢"(0), 9" (x)])
S8 (x
N (pA( )\
8J4(0)
Note that after the variation, we have put everything on the
unperturbed background, which is assumed as a transla-
tionally invariant state with a uniform magnetic field and a

vanishing electric field on the flat spacetime.
Keeping in mind the symmetry,

Gi*(x) = Ga®(=x), (50)
and the variation of the continuity equation,
d,G"*(x) = 0, 9,G*(x) =0, (51)

one can combine Eq. (47) and Eq. (48) as
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—2
<m576, —e'B+ % e"mamal>

g—2s
4
= 46;;0,0,,Gra" " (x) + 2810,0,5(x)GM
—(mé!0, — €!'B)0,6(x)G". (52)

X <m5],(9t - €jiB - 658]8k> Gll‘élj<x)

In momentum space, this can be recast as a relation at all
frequencies

(i R o
AGL™ () + 28UGH* = mPbim ———Gu"(q)| b
(@) 2 9q;0qx ( )|[§—>0
~2 o o .
-%im[eﬂkcg ()b + G (e, (53)
where
b = wd — iw €, . = B/m.

B. Linear response tensor

In the following, we study the structure of the correlators,
which allows us to transform Eq. (53) into a relation
between the independent viscosity coefficients and the
conductivity. Define the nonequilibrium current

” _ 1w
PN = (54)
from which we have
S X))e _ o
m = G (x). (55)

The deviation in the current from its equilibrium value can
be formally expanded in time derivatives

), = = [ (= )oAu )
- /d3x’0’2‘”(x —x08A, (X)) +---. (56)

In linear response theory, one usually is interested in the
case

8(J(x)), = /d3x’6ij(x — x)SE,;(x'). (57)
Its variation gives

ST o
A0 —8,6' (x). (58)
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Combining Egs. (55) and (58), the correlator of currents
can be expressed as the conductivity tensor

Gl (x) = =0,6V (x). (59)
Similarly, define the nonequilibrium stress tensor,

2 oW
\/gé‘gaij(x>

(T7(x)),

Then we have

STV (x))e ik skipiiy sy
So(0) — 20RT(X) =5 8HTNw).

Vary the spatial components of the metric and define the
elastic modulus and viscosity tensors by the expansion

L 1 L
BI0(0), = = [ XA =)o ()
1 i,
- 5/ d3x/’7”kl(x = x')016gu(X') + -+ -
In other words,

5<Tij(x)>r_ 1 ijkl 1 ijkl

By comparison, we obtain

G (x) = 38(T)6(x) = 3 9(x) = 30 (). (60)

C. Elastic modulus

The tensor A/¥(x) is the stress response up to the zeroth
order in time derivatives. However, it is also enough to treat
it at zeroth order in space derivatives, since our final goal is
to obtain the viscosity at all frequencies and zero wave
number. In other words, we can use the approximation of
the perfect fluid. For a system without magnetic field, the
hydrodynamic expansion is given by Ref. [21],

. . 1 ..
5(T(x)), = — <P5’k5ﬂ + E5115’<1K—1><Sg,d(x), (61)

where k™! = —V(0P/9V ) y is the inverse compressibility.
The case of the system with a magnetic field is similar.
Since the stress density in a rotationally invariant system
with volume V includes both the pressure P and magneti-
zation M [13],
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the constitutive equation at leading order can be written as
" = eutu’ + Py (u'u” + ¢").

This result is consistent with the one obtained in
Refs. [22,23] both for relativistic and nonrelativistic sys-
tems, though B is taken there as first order in derivatives.

Consider the energy of the system as E(N,V,B) =
Ve(v, B), where v is the filling factor. One can define the
internal inverse compressibility,

L 8Pmt _ 32828(1/, B)

int — aV 832 (62)

v

Thus, the elastic modulus can be decomposed as

UK (x) = [Py (887 + 81187%) + 51Kk 6(x).  (63)

mt

D. Irreducible decomposition of response tensors

Any rank-2 tensor can be decomposed as a symmetric
trace, a symmetric traceless and an antisymmetric part, SO
we have

6'1(x) = 6, (x)67 + 6 (x) + oy (x)eV, (64)
in which the Hall and longitudinal conductivities,

12 21)

oy =5(c"—0"), o, == (o' + 622,

1
2
are frequently used in references. Also consider the tensor
' (x) divided into its symmetric and antisymmetric parts
in the pairs of indices ij and kI,

W) = ) + ).

We restrict our interest to the systems with rotational
invariance. Then the symmetric part has only two inde-
pendent components,

1§ (x) = £(x)878 + 1, (x) (8% + 8767 — 578H),
(65)
and the antisymmetric part has one,
ni " (x) = 0 (x) (8l = 5TeM). (66)

E. Viscosity and conductivity

Now combining Egs. (59), (60) and (63), we can recast
Eq. (53) as

B 1 B 82 mn
’—71.]]([ (a)) - (5"/61{1 6k]611) mt 7b/m ( ) bnl
@ aqlaqk q—0
-2
_g J S [bnlej( k)n ( )+bm n(z( )Gk)l], (67)
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where the “—" denotes

KL = — (giikl 4 ki),

N =

n

Note that all the contact terms exactly cancel, up to the term
with Kmt

Plugging Eqs. (64), (65) and (66) into Eq. (67), we can
extract respectively the bulk, shear and Hall viscosities
from the conductivities at all frequencies:

1 —1_m2 2 282 1 2
C l'a)Kint - 2 (a) a)c)aq% [O- (q) o (q)] Zl_)o
&2 imlio,0,() - woy (o))
(68)

(o) =" S0P lg) ke )+ diomy(a)|
2 B inliv.o,(0) w0y () (69)
.
() =" gl +aloy(@) ~2owcn(a)|
82 oo, (@) + i.o4(0)) (70)

Note that the above four equations recover Egs. (4.11)—(4.14)
in Ref. [13] when g — 25 = 0.
In the limit of m — 0, we have the regular identities,

ﬁijkl((l)) (51151{1 +5k16tl) 1nt
1 . 2" -2 .
— _782(:vjm€nla o <q) _ g SB[enlej(le)n(w)
2 9q;0q; §—0 4
4 €j’10n(i(a))€k)l], (71)
and
I 1, 0
e e - LI i L W - )
it =3B gple (@) —e (Q)HM
-2
_£ 5 SBGL(a)), (72)
1 9% (q g—2s
(@) = 5 B? @) Bo(w),  (73)
2 86]1 E]’—>O 2
1 02 -2
mn(w) = Lp 2o @) T2 ) ()
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A number of interesting identities of this type were recently
found for nonzero g in Ref. [24].

VI. NEWTON-CARTAN GEOMETRY
WITH TORSION

The derivation of the Ward identities in the previous
sections is quite straightforward, but the diffeomorphism
invariance of the resulting equations can be verified only by
rather cumbersome direct calculation. We now develop a
formalism in which the diffeomorphism invariance is explicit
at each stage of the calculation. That formalism is a version
of Newton-Cartan geometry, which has been previously
applied to the quantum Hall problem was developed first in
the context of nonrelativistic gravity by Cartan [25,26] and
may be viewed as the natural structure preserved by a
gauging of Galilean symmetry [27,28].

This section differs from our previous work in that we
consider torsionful backgrounds. Torsionful geometries are
generally necessary in the presence of a nontrivial dilaton
field and have for example been considered in Ref. [29],
where it is shown that boundary theory corresponding to a
z = 2 Lifschitz spacetime is set in a torsionful Newton-
Cartan setting. We now describe this torsionful version of
Newton-Cartan geometry.

A Newton-Cartan geometry is a manifold endowed with
a one-form n,, a degenerate metric tensor with upper
indices ¢ for which n,, is a zero eigenvector and a vector
v* whose projection onto n, is 1:

¢*n, =0 n, vt = 1. (75)
From (g, n, v) one can uniquely define a metric tensor with
lower indices g,, by requiring

g’dgﬂy = 55 —vi'n,, g/,wvv =0. (76)

We define a connection by

1
1—%/41/ = vlaﬂnv + Eglp(aﬂgyp + al/gﬂp - apg/w)' (77)

It is easy to see that under coordinate reparametrizations
F’lﬂy transforms as required for a connection.

In the simplest version of the Newton-Cartan geometry,
,, 18 assumed to be a closed one-form. In this case the
connection (77) is torsionless: F’lw = 0. We shall not
assume that this is the case; instead, we only assume the
weaker condition,

n

nAdn = 0. (78)

By the Frobenius theorem, n, then locally defines a unique
spatial slicing to which n,, is normal, giving us a preferred
notion of space. This condition was also imposed in
Ref. [29] so that connection on these slices is the usual,
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torsionless Riemannian connection. However, we note that
this is in fact generally required by the causality of a
nonrelativistic theory. One may show that if nAdn # 0 ata
point x, there is a neighborhood of x in which every point
may be reached by a future directed curve (one in which the
tangent u* satisfies n,u* > 0) [30]. In particular, an
observer may with sufficient speed intersect his own past.

In the case that dn # 0, the connection has nonzero
torsion:

TAW, = 21—"1[””] = 21]/18[”1’1,/]. (79)

The torsion has the following property: it vanishes when all
indices are lowered or raised,

Tow = 02T =0, T = g’ T/ ;5 = 0. (80)
The first equation comes from g,,v* = 0. To see the second
equation, one can work in the coordinate system where
n; = 0. This condition assumes no spatial torsion, which in
the condensed matter context corresponds to a nontrivial
Burgers vector density, and may be relaxed if one wishes to
study material defects. The torsion (79) on the other hand is
temporal, and finds its origin in the presence of a nontrivial
gravitational potential —® (see (89).

The connection F’lw has some further interesting fea-
tures. It is compatible with the metric ¢ and with n,,,

V,¢" =0, V,n, =0. (81)

On the other hand, the covariant derivatives of g,, and v/
are nonzero. They can be expressed in terms of the Lie
derivative of the metric along v*,

1
V/lgfw = TTiuM)s vvvﬂ - Ervag(w (82)
T;w = '£vg/u/ = vlaﬂgﬂp =+ g&vayv/1 + gﬂiavvi' (83)
Using v#7,, = 0 one can show that
va,u[,ugy]a =0 gﬂagyﬂv/lga[)’ =0
v*V,# = 0. (84)

Jafu V" =0

'V 29w =0
In fact, it is possible to show that the connection (77) is
uniquely determined from Egs. (80), (81), and the first

equation in (84). The connection, of course, also defines a
unique volume element by

Vpem,,{ =0. (85)

A. Conservation laws with torsion

The way the connection is defined introduces one
subtlety which is important for our further discussion.
Namely, in a Newton-Cartan theory current conservation
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Ou(e=*V/gj*) =0 (86)
does not have the familiar form V,j* = 0, but instead is
(V,-G,)j =0 where G, =T",,. (87)

We will find this combination of V, and G, recurring
often. This is because the usual formula for integration by
parts is modified on a torsionful manifold. Because

ﬁaﬂ(\/ge-@) =1Iv,, —T%,, in addition to the usual

minus sign, we must also take V, -V, — G, upon an
exchange of the derivative.

Furthermore, (87) is consistent with time independence
of total charge on a torsionful manifold. By Stokes’s
theorem,

/2 n;tjﬂ_/2 nﬂjﬂ _/‘ijwﬂaﬂjvﬂ
1 2

= /(‘eywlvﬂjul - Tyuﬂjﬂ)

- / (V,~G)* =0, (88)

where ¥, and ¥, are spatial slices, n,j* is the charge
density and j,, =1¢,,,j* is the dual of j,.

B. Coordinate expressions

To gain some intuition for the above objects and to
connect this discussion with the noncovariant presentation
of the previous sections, we introduce a parametrization of
the geometry by going into coordinates. In some coordinate
patch, we have without loss of generality:

o .
n = (e —e0C,) . <e (1+ij1)>'
’ ' e®v!

(89)

As we shall see, this is the same C; introduced previously to
couple to the energy current. Because nAdn = 0, we may
always choose coordinates where C; = 0. Writing out
nAdn = 0 in coordinates gives (27), so such coordinates
are indeed the global time coordinates discussed before.
From the Newton-Cartan perspective, this condition is
elegant and physically motivated.

However, it is often necessary to work outside of GTC, at
least to first order, in order to calculate the energy current.
Given (89), the following coordinate expressions follow
straightforwardly:
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c? c

(59
C! gl.]

( v? —v; — v*C; >
gﬂl/ B —U; — UZCI' gl] + UiCj + ’UjCi + ’UZCiCj ’
(90)

The transformation laws (26) for @, C; and g;; can now be
derived from the above expressions as natural conse-
quences of the covariant transformations

on, = —E'On, —n; 0,88 Svt = —E 0" 4 v* 0, &
Sg¥ = —E0,0" + PE + e, (o1)

We also have

Tij = ecb(vi’[]j + le),- + glj) (92)

_ -
8;41/2 - \/§€ 6/41//1
Here ¢€,,, is the antisymmetric symbol with €y, = 1. The
remaining components of 7, are specified by the transverse
condition 7,,v” =0. We see that 7,, is a spacetime
covariant form of the fluid shear.

C. The velocity v and the covariant vector potential

In the above, ¢*” and n, play essential roles with clear
physical interpretations. n, gives an absolute notion of
space via its integral submanifolds. ¢** restricts to a
Riemannian metric on space and supplies an invariant
notion of distance. The “velocity” vector v on the other
hand is the odd man out, what is it supposed to represent?
Indeed, for a general nonrelativistic theory there can be no
preferred vector field since its integral curves would define
a distinguished family of observers. Only in the presence of
a background medium that breaks nonrelativistic boost
invariance (an “ether’’) would this be physically acceptable.

For us, »* is merely a convenience, an inessential
structure that we use to help define a partial metric inverse
and a connection. It may be selected at will only subject to
the constraint n,v* = 1. In the presence of a fluid one
useful choice is for »' to simply be the fluid velocity. In this
paper, however, we prefer not to assume anything about the
system beyond diffeomorphism invariance and so do not
have any preferred notion for v*. We will rather be more
concerned with demonstrating the v* independence of our
treatment.

If we were to leave it at that, v# may be more trouble than
it is worth: whenever it appears we need to worry if the
physics depends on an arbitrary choice. However, in the
presence of a vector potential A,, having v* around is
crucial. In GTC, the vector potential obeys an anomalous
transformation law,
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-2
8Ag = —E'0,Ag — A;00E* + £ ) :

(Ei‘iéi (gjkék) + 8§Ciéj)

0A; = =80, — 4,0, — meégijéj

g—2s
4

eijciai(gjkék>’ (93)

to first order in C;. Extending the discussion Ref. [7] to
arbitrary g and s, we may use the components of # to
define a modified gauge field,

Ay =Ag— %meq’vz _E _42S e (Dw;+ Cw))
A; = A; + me®v; + %me‘bvzci + g—T2s Cie’0jvp, (94)
that transforms covariantly under diffeomorphisms,

SA, = —E'0,A, — A;0,E (95)

All transformations (26) then follow by representing a
Newton-Cartan background in a system of coordinates,
except for the transformation of the noncovariant vector
potential, which also relies on the decomposition (94).
Thus we may use v* to take any invariant effective action
phrased in terms of the components g/, ®, C; and the vector
potential A, and present it as a functional of only covariant
objects:
W[gij7 q)7 Ci7A/4] = W[gﬂ’/ n

s s

A, 1] (96)

Since the original action carried no »' dependence, the
covariant version must have the following special property:
it is invariant under changes to »* and ;\” that leave the
physical vector potential A, unchanged. In Sec. VII B, we
use this to provide another demonstration that the momen-
tum of a nonrelativistic system is determined by the
charge flow.

It is easy to now write down our microscopic action in a
manifestly covariant form using Newton-Cartan geometry,

— 3 -® i M +B _L v g MV
S /dx ge (21/1// W 2m<g" -|-28
< D Dy = ot (07)

where the covariant derivative involves the modified vector
potential and the Newton-Cartan spin connection,

Wy

1
= Eea,,e‘”‘vﬂef. (98)
Plugging in the coordinate expressions of the geometry,
we find this action reduces to the microscopic action
considered previously with all sources present. Indeed,
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for g =5 =0, it was shown in Ref. [28] that one may
generally promote a Galilean invariant theory to a diffeo-
morphism invariant one via the simple prescription,
Dy = v"D, D, =euD,, (99)
which is all that we’ve done here.
Note that in the LLL limit, the physical vector potential
is already a one-form and need not be modified. In this
simple case, v* is truly unnecessary and can be discarded:

WLLL[gij’ o, Ci7A/4] = WLLL[Q”Dv”wAu]- (100)

VII. COVARIANT WARD IDENTITIES

In Sec. IV we derived Ward identities by considering the
variation of A, ®, C; and ¢" under nonrelativistic diffeo-
morphisms. In this approach, the physical meaning of the

currents jt., e, and T%. is clear, and the resulting Ward
identities take the form of the fluid dynamical equations of
motion [16]. However from the Newton-Cartan point of
view, the above approach is somewhat unnatural. ®, C;, and
g" are merely the components of covariant objects r,, and
¢ in some choice of coordinates and A, is not even a one-
form. Similarly, the above currents do not form spacetime
vectors and tensors in an obvious way.

In what follows, we reformulate the previous work in a
fully geometric fashion. We begin with an effective action
written as a functional of the geometry and the modified
gauge field,

Win,, ¢, v, A,], (101)

and then define currents j#, ¢ and T#¥ that transform as
spacetime tensors. Covariant Ward identities are derived. In
Sec. VII B we impose the v’ independence of the action as
well as demonstrate the relationship between the cova-
riantly defined currents and the “nc” currents considered
previously.

A. Variation of the action

Defining covariant currents requires some care as not all
components of the background fields n,, ¢ and v* are
independent. Since the geometry is constrained to satisfy
n,o* =1 and ¢"n, =0, an arbitrary variation is not
allowed. Rather, the most general change may be para-
metrized in terms of an arbitrary 6n,, a transverse velocity
perturbation ou*n, =0 and a transverse metric perturba-
tion oh*“n, = 0,

on SvH = —v*vton, + Sut

og = —vHon” — ontv¥ — Sht*.

(102)

on,, ou* and 6h** are then completely independent and the
currents defined by
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1 o
oW = /d3x ge~® <§ T+ 6h,, + j*6A, — €'6n, —pﬁu"),
(103)
where T# and p, are fixed to be transverse:

™n, =0 puvt =0. (104)
The only new current in this collection is p,. We shall find
that it is related to the momentum density of the system and
is completely fixed by the v* independence of the effective
action.

Under spacetime diffeomorphisms, the background

fields change as

on, = —nivﬂﬁ’l + Tﬁwnlé”
Sy = VHE 4 VUG (Th 4 T
SvH = —EV ot + AV E — TH 0V E

0A, = —5’1V1Ay - AAV”? + T’lwA@”, (105)
where we have exchanged the coordinate derivatives
appearing in (93) and (95) for covariant derivatives.
These immediately give expressions for ou* = P* 6v”
and 6h* = —P* ﬂP”pég’l/’. Gauge transformations are of
course unchanged:

6A, =V, a.

u u

(106)

Proceeding as before, we find the Ward identities
corresponding to gauge invariance and diffeomorphism
invariance are

(vll - Gﬂ)jﬂ =0
vv(pﬂvy> + pvvyvy + (vy - Gu)Tﬂy

-n,(V,=G,)e =F,,}* = G,.¢". (107)

where we have defined the following notation: F w =
(d;l) w 18 the Newton-Cartan analogue of the electromag-
netic field strength and G,, = (dn),, is similarly a “tor-
sional field strength.”

Equations (107) are unfamiliar enough to deserve a few
comments. We first observe that current conservation no
longer takes the form V,,j* = 0, but rather (V, — G,)j* =
0 as discussed in Sec. VI A. To bring the second equation

into a more enlightening form, we first project it onto
spatial slices by raising the index

v

VZ/(p”UD) + pvvﬂvv + (vv - GD)TW/ = Fﬂij - Gﬂvgv'
(108)

This simply expresses momentum conservation in the
presence of external forces. F¥,j* is of course the usual
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Lorentz force, but along with the p, terms, also makes
contributions to the momentum current due to the modifi-
cations necessary to make A 4 covariant. For now, merely note
that the torsion also exerts a “Lorentz force,” but one that
couples to the energy current rather than the charge current.

Finally, projecting (107) onto v*, we obtain the Newton-
Cartan analogue of the work-energy equation:

(V,-G,)e' = —Fﬂyv"j" + G, v — %T”DTW. (109)
The first two terms on the right-hand side represent the work
done on the system by the external fields in a frame moving
with velocity »*. In the case that v# represents a fluid
velocity, the physics of the final term is relatively clear: it
accounts for energy dissipated due to viscous forces.

B. Comparison with the noncovariant approach

Unfortunately, the currents defined in (103) differ from
the standard currents Ty, € and jh. found in the non-
covariant Ward identities. To see how, express én,, 6h**,
Sut and 5]\”, in terms of 6@, 6C;, 5¢”, 5v' and 5A, and set
(103) equal to

1 )
SW = / dx\/ge™?® (5 T1ic6g;; + jacSA, + €5.6P + e;,CéCi) )
(110)

The absence of §v' terms is equivalent to the v* independ-
ence of the original action. This procedure then completely
fixes p, to be

—2s

" .
Py =mj, —=——€,/V*(n,j).

1 (111)

So long as p, takes this value, the identities (107) are

guaranteed to be independent of changes to »* and A , that
leave A, fixed, despite appearances to the contrary. Note
that since j, = g,,j*, the ith component of j, is not
Jji = gijJ’, but rather j; — v;/°.

The remaining relationships are

Ty, = T + me® (vl j) 4 v/ ji — jOviv))

g—2s
4

o1
&) = e 0 + me® (j,-v‘ - §j0112>

+

eq)(jOQgij _ 2U(i€,j)ke<1>ak(e—<bj0))

el =e %% + TYv; + eq’v’v/pj —|—§me‘p]’v2

g—2s
4

+ Q) + ev;e®dy(e?j0))

Jhe = J*,

(112)
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where Q = ¢"9;v;. Importantly, note that it is the non-
covariant currents that are v’ independent. The covariant
versions will change with the choice of v, but the above
combinations will not.

For nonvanishing charge density, one convenient choice
is v/ = ji/j°. We then have

Tie = me® Pv'v) + TV fho = j¥
1

&) = Eme‘l)jov2 + e~ %0

o . o
ehe = 5me”jv0? + el + TV, (113)

|
F,=F ( 0
=F,+
T Nem(@y(er) +1Vi(e?) -2 V,Q)

We also require the formula

(O —'Ukaj )
T = ).
0o T/

which follows from the transverseness of the stress tensor.
Then expanding out the Oth and ith components of (107),
we obtain

(115)

1 .
—0 e ) + V(e ?ji.) =0
\/g 0(\/.6 J ) ( J )

1 . 1
—0o(V/ge0) + e*Vi(e™eh) = Eijic — = T

NG 2

+ eV, (e™Tyi’)

= JO%E; + €;jhcB + 3.V, . (116)
The result is independent of v’ and in perfect agreement
with the noncovariant Ward identities found previously.

VIII. CONCLUSION

In this paper we have proposed a new approach to
studying the FQH effect. The effort here has been essen-
tially formal and will serve as the foundation of later work
where physical consequences are addressed. We’ve shown
that by a special choice of spin and gyromagnetic ratio, a
smooth massless limit is obtained and we exactly integrate
out all higher Landau levels. This choice can always be
made by virtue of a translation formula that tells one how to
convert results for one g and s to any other value.

Furthermore, we have derived the complete set of Ward
identities that follow from spacetime symmetries in
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where we have taken g =2 s = 1 for simplicity. We thus
see that in this frame the covariant currents have a clear
physical interpretation: 7% and &* are the internal stress and
energy currents of the system, that is, the currents that do
not arise due to the motion of material from one place to
another.

Let’s express the covariant Ward identities in terms of the
noncovariant currents to check their v’ independence. First
decompose the Newton-Cartan field strength F w into the
usual electromagnetic field strength plus the modifications
necessary to make a spacetime tensor:

m(0y(e®v;) +1V;(e®0?)) + &2 ng)> (114)

m(Vi(e®v;) = V;(e®v;))

[

arbitrary backgrounds. These Ward identities are the usual
fluid equations of motion: stress conservation and the
work-energy equation, which can be viewed as the conse-
quence of a spacetime symmetry as in relativity. Finally, a
covariant treatment of these Ward identities is then devel-
oped that makes that symmetry manifest.
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APPENDIX A: FROM RELATIVISTIC TO
NONRELATIVISTIC CONSERVATION
EQUATIONS

In this appendix, we motivate the conservation laws (41),
(42) and (43) from the relativistic point of view. This also
makes the physical significance of the dilaton field ®
clearer: it arises as the relativistic lapse function. We begin
with the relativistic continuity equation and conservation of
stress-energy,

Vﬂj” =0 V,T} =F,j", (A1)
with the metric ansatz
—e2® 0 )
, = . A2
w=("0 o (2

The Christoffel symbol is then

045030-14



SPACETIME SYMMETRIES OF THE QUANTUM HALL EFFECT

1

Iy = -, ;= Eewgij’ Moo = —e™g"0,
1 .
%, =—0,®, ko = Egklg”,
1
rkij = Egkl(aiglj + 3j9i1 - 81917)‘

Plugging this in, we find the continuity equation reads

0u(v/ge="j*) =0,

whereas the time and space components of stress-energy
conservation are

(A3)

1 _ . - .
%80(\/§T00) + VT +e7*T'0,® — ETUgij = Fo,J*
(A4)
1 ; .
Jge™® 9o(vge™T}%) + e®V(e™T}") + To°0;® = F, j*.

(AS)

To bring this into a form closer to that which appears in
the main text, we define the energy density €., energy flux
gl . and momentum density pi. as

TOM = —¢&H TJO = p]

The conservation equations (A4) and (AS5) now read

1 o IR
7580<\/§€0) +e®Vi(e?e') = —F, — 519 (A6)
i
6—80(\/§e“1’pj) + e®V(e7*T;') = F;,j* + €'V,
V9
(A7)

matching our noncovariant Ward identities. Of course, the
momentum and energy currents are not independent in a
relativistic theory, but they are in the nonrelativistic case.

APPENDIX B: CURRENT REDEFINITIONS—
NONCOVARIANT VERSION

In Sec. II we remarked that how we choose to couple the
system to curved geometry is largely arbitrary for flat space
physics. For example, one can imagine adding additional
curvature terms to the microscopic action. In curved
geometry, we would of course have different dynamics,
but the flat space equations of motion would be unchanged.
At the same time, nonminimal couplings would in general
alter the definition of the stress tensor, even in flat space.

However, there is another class of modifications that do
not affect the dynamics even in a curved background. This
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freedom has great utility: it allows us to choose the parity
breaking couplings g and s at will. In particular, we may
always choose g = 2 and s = 1. The LLL limit then exists
and upon taking m — 0, the momentum density vanishes.
We now demonstrate how this works in detail.

Let’s begin with s. Consider, as above, a theory of a
single field y with charge 1 and spin s so that the covariant
derivative takes the form

D,y = (0, —iA, +isw,)y. (B1)
Assuming that A, and w, only appear in the action in this
way, we may absorb part of @, into A,:

(0, —iA, + isw, )y = (0, — iA}, + is'®, )y

where A, = A, + (s' — s)w (B2)

-
The dynamics of the system is unchanged, but the point of
view different; we now have a new spin and externally
applied electromagnetic field.

For simplicity take ® = 0, C; = 0. We have two effec-
tive actions, Sy and Sy, satisfying

WA gij] = WylA, + (5" = s)ay, gyl (B3)

Under a metric perturbation, choose a gauge where def =
58g;;¢* and Se* = 1 5V 4. The perturbed spin connection
is then

I .. 1 .
5600 = Z kgklégl‘j 50)i = _Egjkvjégik' (B4)

Setting
3 —o (1 i W sa
d’x./ge ETncégij + JncbA,,

1 ..
= / d*x\/ge™® <§ Tnidg;; + jﬁfg(SA,’,), (BS)
we find a relation between the stress tensors defined in the
two different pictures:

/)
Jnc = Jnc

ij ij i ./j 1 (i J) s
TH = T 4 (s%0V, i) + S (s = 5) el jo.
(B6)

We are free to choose the spin however we like, so long as
we use this stress tensor and the modified electromagnetic
field (B2).

The same procedure allows us to redefine g as well,
though the formulas are more cumbersome. Recall the full
microscopic action for arbitrary g and s is
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ol © 1 g 1g
Sgs_/d3x ge ¢<§€¢WTD0W—%<QJ+E€J>

< (Do) (D) - wr‘) (87)

1 < 1 ~ .~ [~
S—/d3x ge™® ie‘l’w*aow——ainalw—L A
2 2m 2m

— S&)i +%£”(CJ - éfb))l/ﬁa,l//
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We must briefly work outside of GTC, at least to first order,
since our modifications will affect the energy current.
Explicitly accounting for all appearances of the vector
potential in the microscopic action we have

+ €® <A0 — s + %e‘q’(F — €ll(A; = 5@;)(C; — 9,®)) — Le“b(ﬁi —s@;) (A" - sa)i)> ly|? - A|y/|4), (B8)

m J

where for convenience we have defined F = ie'/D;D; =
(B—4R + €U(E; —$R;)C;). Here A; denotes not the modi-
fied vector potential but A; + C;Ay. R and R; are the
curvature equivalents of the magnetic and electric fields:

0 —R,
20,0, — 0,0,) = < )

B9
Ri Ein ( )

R is simply the spatial Ricci scalar and R; = &/*V,g;
measures change in the geometry with time.

We seek a transformation that sends the third and fourth
terms of (B8) to themselves but with g — ¢’ and s — 5.
The algebra is somewhat prohibitive, but is greatly sim-
plified if we only work to leading order in C; and ®, which
gives us enough information to access the currents at least
for the torsionless case. The transformation

/

-

A/ AO + (S - S)a)() + _(I)F

4dm
o _
_ g (g g) _@(V C V2‘I))

2m

|
does the trick. When ® = 0, the electric and magnetic fields
in the new picture are

1
B/:B+§(S,—S>R
1 g-¢
E =E, +—(s'—s)R; V.B. B11
, l+2(s S)R; + am Vi (B11)

We have shown then that at the level of the effective
action, we have

Wgs[gijvq)’ChAu] = Wg’s’[gij’éyci’A;A]' (B12)

To relate the one-point correlators in the two conventions,
proceed as before. Set

1 .
/d3x ge—cb <5 Tiljc(s.gij - Jncény + ]gcéAﬂ)

16m 1 .
go—g . - = /d3x - (5 Tnidg;; — encon,, —I—]f{‘céA’)
A;-:Ai+(s/—S)CU,'+ 4 8{(C1—81<I>)
ooy (B13)
_ -FC. B10
4m ¢ ' (B10) The resulting translation formulas for ® = 0 are
|
i i, 878
Jne = ];1c 4m ij Jnc
o _ .0 &8 g_g/ .10 g/(gl ) 2 .10
€nc = €he — 4 IV, ;nc WBJ;IC TV Jne
i i _ Lo o 878 i =2 (pu o i § ;
Ene = Enc _E(S/jgjkﬂlkc + 1 €700 [ ine — am Bjn. + €| E; _ERi e
_g-g i in: oo _2E—g 1 i
8979 = 993V jne T 9o(v/9V'jhe)
= T GO S (i + STV - VR (B14
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If we merely restricted ourselves to the microscopic
action (19), the translation formulas are superfluous since
we know the explicit form of the classical action for all g
and s. Rather, their power derives from the equality of the
full quantum partition functions for which we may not have
this knowledge. One can imagine computing correlation
functions for some convenient choice (suchas g = 2,5 = 1
for LLL physics). W = W’ then ensures that regardless of
that choice we are actually describing the same physics as
for the true values of g and s, and there is a precise map that
can be used to determine the physical correlation functions.
(B14) is that map for one-point correlators. One may
similarly derive a map for two-point correlators, etc., using
the method above.

APPENDIX C: CURRENT REDEFINITIONS—
COVARIANT VERSION

The same manipulations above may be carried out for
the covariant currents as well. To begin, we recall that the
microscopic action (19) may be written using Newton-
Cartan geometry as

i <
S:/d3x ge~® (iv/‘yﬂDﬂy/

1 ig
o (B o —alt). ()

where we have suppressed the volume element and
= —iA [ S SR | av b

D,{—Vﬂ lA.ﬂ—I—lswﬂ..Here W, = 5€.¢"V ] is t}.le

spin connection associated to a transverse zweibein

¢* = 8,pe* et and AM is the modified vector potential.
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By the same method as above, we find that the
substitution,

g-g
Ewy

A=A, + (s —5)d, + G*

/

4
g—g -~ g+g g
F v_S VY G 2
+4mn4:+ g GG -5 ﬁ), (C2)

sends the action to itself but with new parity breaking
parameters g’ and s'. Here F = 'V, (A, — s@,). We may
now derive the action with respect to én,, 6h,, and 5;&” to
find how our field redefinition has affected the stress,
energy and charge currents. For brevity, we cite the result
only in the flat case ® = 0, C; =0, g;; = J;;:

/

=t i;gngyn’
m
1 -g -
o — et~ (smr,; 7 - E-E pjn L E by, ()
4 4 2
8= wi s L o
_ vE — — stV
4m <8 I
(€=2) g wiungy _ g2y,
— gy @V (VY — gt V)
m
T = TW 4 (s%ug 'V, ),
g-¢ now v _ g2\
=S (B (VY - gV, (C3)
m

where 7 is the trace reversed shear and n = n,j*.
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