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Field parametrization dependence in asymptotically safe quantum gravity
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Motivated by conformal field theory studies, we investigate quantum Einstein gravity with a new field
parametrization where the dynamical metric is basically given by the exponential of a matrix-valued
fluctuating field, g,, = gm,(e”)py. In this way, we aim to reproduce the critical value of the central charge
when considering 2 + e-dimensional spacetimes. With regard to the asymptotic safety program, we take
special care of possible fixed points and new structures of the corresponding RG flow in d = 4 for both
single- and bimetric truncations. Finally, we discuss the issue of restoring background independence in the

bimetric setting.
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I. INTRODUCTION

Conventional quantum field theories in flat space require
the Minkowski metric 7, as an indispensable background
structure in order to introduce a notion of time and causality
and to construct actions with interesting ‘“nontopological”
and covariant terms. Many concepts known for the flat case
can be generalized and transferred to curved spacetimes,
where the metric g,, assumes the role of the crucial
background arena all invariants of the theory can be
constructed in. In quantum gravity, however, there is a
fundamental conceptual difficulty since the metric itself is a
dynamical field now, having the consequence that, a priori,
the arena does not exist.

An elegant way out of this problem is provided by the
introduction of a nondynamical background metric g, that
is kept arbitrary and that serves as the basis of non-
topological covariant constructions. The dynamical metric
gy 18 then parametrized by a combination of this back-
ground and some dynamical field(s). The crucial idea is that
—due to the arbitrariness of the background—in the end all
physical quantities like scattering amplitudes must not
depend on g, any more. This bootstrap argument is one
implementation of background independence, a property
that must be satisfied by any meaningful theory of quantum
gravity. Its application has led to great successes in many
different physical situations.

As a consequence of background arbitrariness, the way
in which the dynamical metric is parametrized is not
determined either, without assuming or knowing the
fundamental degrees of freedom and without having
defined a fluctuating field. The most famous choice of
parametrization is the standard background field method,
where the dynamical field undergoes a linear split into
background plus fluctuation [1]. This has turned out to be
a powerful technique in many quantum field theory
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calculations, in particular in non-Abelian gauge theories.
In the context of gravity it reads

9 = g/u/ + hyw (1)

where the fluctuating field 4, is a symmetric tensor.
In the following we refer to this split as standard
parametrization.

As an example for a different choice of parametrization,
we can consider the nonlinear relation [2]

G = euﬂehvgab’ (2)

with invertible matrix-valued fields e¢,. In the vielbein
formalism, for instance [3,4], the dynamical metric g,, is
parametrized by g, = e%,e”,n,,, together with e?, =
e’, + &%, so the fluctuations &, around the background
field e“, contribute nonlinearly to g,,.

Recently, yet another parametrization has attracted
increasing interest [5]. Although it is a nonlinear relation,
too, it does not introduce more independent components
than contained in g,, . Here, the metric is determined by the
exponential of a fluctuating field,

9w = gﬂp(eh)/)u' (3)

Again, g,, denotes the background metric, and & is a
symmetric matrix-valued field, h,, = h,, (or h*, = h}
with the shifted index position). As usual, indices are raised
and lowered by means of the background metric. In this
work we refer to the exponential relation (3) as the new
parametrization.

A priori, there seems to be no reason to prefer one
parametrization over another one. It is well known that field
redefinitions in the path integral for the partition function
do not change S-matrix elements [6]. While this equiv-
alence theorem is based on the use of the equations of
motion, the (off shell) effective action I" in the usual
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formulation does still depend on the choice of the
parametrization.

In a geometric setting, by regarding the configuration
space as a manifold, Vilkovisky and DeWitt constructed
an effective action in a covariant way such that it is
independent of parametrizations and gauge conditions
for the quantized fields both off and on shell [7]. In this
approach, however, I' can have a remaining dependence
on the chosen configuration space metric [8]. Further-
more, unlike the conventional effective action, the
Vilkovisky-DeWitt effective action does not generate
the 1PI correlation functions; instead, it is governed by
modified Ward identities [9] which, in the present context,
would relate 6I'/8g,, to 6I'/8g,,. This is a first hint that
specific parametrizations can be of interest as they have an
effect on off shell quantities, and appropriate choices may
simplify calculations. An example is the frame depend-
ence in cosmology which has been investigated in
Ref. [10] at one-loop level.

Studies (without the Vilkovisky-DeWitt approach) of the
renormalization group (RG) show that f functions and
fixed points can vary when the parametrization is changed
[11,12]. In addition, parametrization invariance is violated
even on shell when truncations, e.g. derivative expansions,
are considered [12]. Combining RG techniques with the
ideas of Vilkovisky and DeWitt leads to the geometrical
effective average action, which is constrained by general-
ized modified Ward identities [13]. Therefore, again,
parametrization and gauge invariance can be obtained only
at the expense of nontrivial dependencies on the back-
ground. In summary, off shell quantities in both conven-
tional and Vilkovisky-DeWitt approach can depend on the
underlying parametrization and/or the background.

Thus, it is usually safer to consider physical observables
as they should not exhibit any parametrization or gauge
dependence. In quantum gravity, however, it is not even
clear what physically meaningful observable quantities are,
and so far there is no experiment for a direct measurement
of quantum gravity effects [14]. Based on effective field
theory arguments it is possible to compute the leading
quantum corrections to the Newtonian potential [15], but
the effect is unobservably small and the description is valid
only in the low energy regime, so it cannot be considered a
fundamental theory of the gravitational field. Due to the
problem of finding observable quantities, the best one can
do with a candidate theory of quantum gravity is to test it
for self-consistency, check the classical limit, and compare
it with other approaches. In this regard it is of substantial
interest to study off shell quantities like # functions. Their
parametrization dependence might then be exploited to
simplify the comparison between different theories. For
instance, if correlation functions of vertex operators of the
type e’*X in string theory [16] are supposed to be compared
with another approach, it may be natural to use the
exponentials of some fields there as well.

PHYSICAL REVIEW D 91, 044030 (2015)

In the present work we use a fully nonperturbative
framework to show within the Einstein-Hilbert truncation
that f functions do indeed depend on the parametrization,
and the exponential relation (3) turns out to be more
appropriate for a comparison with conformal field theories.
Particular attention is paid to RG fixed points in the context
of asymptotic safety. It is assumed that the reader is familiar
with the concept; for introductions and reviews of asymp-
totic safety, see [17]. At this point we want to make an
important remark. Apart from the fact that a reparametri-
zation can change objects whose direct physical meaning is
obscured, it could also give rise to a fundamental change: In
principle, there is the possibility that in parametrization A
the defining path integral has a suitable continuum limit
according to the asymptotic safety scenario; i.e., coupling
constants approach a fixed point in the UV, while there may
not be such a well-defined limit for parametrization B.
However, when resorting to truncations, it would be
hard to decide whether such a change due to reparamet-
rization is actually fundamental or just a truncation
artifact. One could find that a suitable fixed point is absent
in one parametrization, while it exists in another one, but
after enlarging the truncated theory space the resulting
differences between the two parametrizations might dimin-
ish eventually. Clearly, in that case higher order truncations
would have to be considered to obtain more reliable results.
In the following, we focus more concretely on the
properties of the “new” exponential parametrization (3).
There are several independent reasons that strongly moti-
vate its use.
(i) The first argument is a geometric one. We answer the
question if the right-hand side of relation (3) repre-
sents a metric. As we prove in Appendix A, there is a
one-to-one correspondence between dynamical met-
rics g, and symmetric matrices 4. (Note that we
consider Euclidean signature spacetimes throughout
this paper, so metrics are positive definite.) That
means that, given a dynamical and a background
metric, g,, and g,,, respectively, there exists a unique
symmetric matrix £ satisfying Eq. (3). If, on the other
hand, g,, and a symmetric h,, are given, then g,
defined by g,, = g,,(e")”, is symmetric and positive
definite, so it is again an admissible metric. As a
consequence, a path integral over h,, captures all
possible g,,, and no g, is counted twice or even more
times. The matrices /& can be seen as tangent vectors
corresponding to the space of metrics and Eq. (3) as
the exponential map (even though not using the
Vilkovisky-DeWitt connection). Due to the positive
definiteness of g,, guaranteed by construction, the
new parametrization seems to be preferable to the
standard one given by Eq. (1).

(i) Our main motivation comes from an apparent con-
nection to conformal field theories (CFT). To see this,
we examine a path integral for two-dimensional
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(iii)

gravity coupled to conformal matter (i.e., to a matter
theory that is conformally invariant when the metric is
flat) with central charge c¢. Here it is sufficient to
consider matter actions constructed from scalar
fields. Then c¢ is just the number of these scalar
fields. As shown by Polyakov [18], the path integral
decomposes into a path integral over the conformal
mode ¢ with a Liouville-type action times a
¢-independent part. Owing to the integral over
Faddeev-Popov ghosts, the kinetic term for ¢ comes
with a factor of (¢ —26), reflecting the famous
critical dimension of string theory. If, finally, the
implicit ¢-dependence of the path integral measure is
shifted into the action, the kinetic term for ¢ gets
proportional to (¢ — 25) [19]. For this reason we call

Cerit = 25 (4)

the critical central charge at which ¢ decouples.
How is that related to asymptotic safety? Let us
consider the RG running of the dimensionless version
of Newton’s constant, g, now slightly away from two
dimensions, d = 2 + €. Already a perturbative treat-
ment shows that the § function has the general form

ﬂy:gg—bgz’ (5)

up to order O(g?) [20], leading to the non-Gaussian
fixed point

It turns out that the coefficient b depends on the
underlying parametrization of the metric. Perturbative
calculations based on the standard parametrization (1)
yield b =2%(19—¢), where ¢ denotes again the
number of scalar fields [20,21]. This gives rise to
the critical central charge

Cerit = 19 (7)

in the standard parametrization. If, on the other hand,
the new parametrization (3) underlies the computa-
tion, the critical central charge amounts to [5]

Carit = 25. (8)

Since many independent derivations yield c.; = 25,
too, it appears “correct” in a certain sense. This result
seems to be another advantage of the exponential
parametrization. In the present work we investigate if
it can be reproduced in a nonperturbative setup.

Let us come back to an arbitrary dimension d.
Parametrizing the metric with an exponential allows
for an easy treatment of the conformal mode which
can be separated as the trace part of 4 in Eq. (3): We
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split A, into trace and traceless part, h,, = fzw—i—
égﬂy(p, where ¢ = g*h,, and g””izﬂy = 0. In this
case, Eq. (3) becomes

G = gﬂp (efz)pyeéqb’ (9)

so the trace part of /1 gives a conformal factor. Using the
matrix relation det(exp M) = exp(TrM) we obtain

\/§ g \/‘Ee%{/),

where g () denotes the determinant of g, (g,,). The
traceless part of & has completely dropped out of
Eq. (10). Hence, unlike for the standard parametriza-
tion, the cosmological constant appears as a coupling in
the conformal mode sector only. This will become
explicit in our calculations.

The new parametrization might simplify computa-
tions and cure singularities that are possibly encoun-
tered with the standard parametrization. Here we
briefly mention three examples. (a) The RG flow of
nonlocal form factors appearing in a curvature
expansion of the effective average action in 2 + ¢
dimensions is divergent in the limit € — 0 for small k
when based on (1) but has a meaningful limit with
Eq. (3) [22]. (b) Similarly, when trying to solve the
flow equations in scalar-tensor theories [23] in d =
3 and d = 4, singularities occurring in a standard
calculation can be avoided by using the new para-
metrization.' (c) Related to argument iii) the ex-
ponential parametrization provides an easy access to
unimodular gravity [24].

In this work we present a nonperturbative derivation of the
functions of Newton’s constant and the cosmological con-
stant. For that purpose, we study the effective average action
within the Einstein-Hilbert truncation (without using the
Vilkovisky-DeWitt method), where the metric is replaced
according to Eq. (3). We will show that the results for the
exponential parametrization are significantly different from
the ones obtained with the standard split (1). Although we
encounter a stronger scheme dependence that has to be
handled with care, the favorable properties of the new para-
metrization seem to prevail, as discussed in the final section.

(10)

(iv)

II. FRAMEWORK

We employ functional RG techniques to evaluate f
functions in a nonperturbative way. The method is based
upon the effective average action I'y, a scale-dependent
version of the usual effective action I'. By definition, its
underlying path integral contains a masslike regulator
function R;(p?) such that quantum fluctuations with

'"The author would like to thank R. Percacci for pointing this
out.

044030-3



ANDREAS NINK

momenta below the infrared cutoff scale k are suppressed
while only the modes with p? > k? are integrated out.
Thus, I';, interpolates between the microscopic action at
k — coand I" at k = 0. Its scale dependence is governed by
an exact functional RG equation (FRGE) [25-27],

1
kO Ty = ETr[(F,Ez) + RO R, (11)

where Ff) denotes the second functional derivative with

respect to the fluctuating field (/,, in our case). In the
terminology of Ref. [28] we choose a type Ia cutoff; i.e., R,
is a function of the covariant Laplacian.

As outlined above, any field theoretic description of
quantum gravity requires the introduction of a background
metric. Consequently, Iy is a functional of both g,, and g,
in general; ie., I'y =T[g,g]. In terms of h the two
parametrizations give rise to the functionals

I—‘]s(ta.ndald [h’ g] = Fk [f} + h& g]’ (12)

as opposed to

Tevlh: g) = T[ge”. 3. (13)
(We adopt the comma notation for I';[g,g| and the
semicolon notation for I';[h; gl.) The difference between
(12) and (13) is crucial: Since the second derivative F,((z) in
(11) is with respect to &, the two parametrizations give rise

to different terms according to the chain rule,

52rk

Fiz)(x,y)z\/—\/—(s}l
521“k
\/ //59 (u)dg(v)

ST, 8%g(u)
u) Sh(x)oh(y)’

59(11) 69(u)
Sh(x) Sh(y)

(14)

FF/

where we suppressed all spacetime indices and used the
shorthand [ = [ d?u. The first term on the right-hand side
of Eq. (14) is the same for both parametrizations, at least at
lowest order, because &g, (x)/6h,,(y) = 8,676(x —y) in
the standard case, and &g, (x)/6h,,(y) = 8,676(x —y) +
O(h) with the new parametrization. The last term in (14),
however, vanishes identically for parametrization (1) since
82g/8h*> = 0, whereas the exponential relation (3) entails

& Gpu (1)
5hp0 (x)éhﬂy (y)

= %(;ﬂ&;&l + 78.65)8(u — x)8(u — y) + O(h), ~ (15)

leading to additional contributions to the FRGE (11). Note
that these new contributions are proportional to the first
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variation of I'; in (14), so the exponential parametrization
gives the same result as the standard one when going on
shell. But, due to the inherent off shell character of the
FRGE, we expect differences in f functions and the
corresponding RG flow.

Finally, let us comment on gauge invariance and fixing.
Starting from relation (3), we observe that (e")?, must
transform as a tensor under general coordinate transforma-
tions, if g,, and g,, transform as tensors. It is possible to

show then that 4, transforms in the same way, i.e.,
oh,, = L:h, (16)

under diffeomorphisms generated by the vector field £ via
the Lie derivative L;. In order to be as close to the standard
calculations based on (1) as possible [26], we shall employ
an analogous gauge-fixing procedure. This can most easily
be done by observing that 4, in the standard gauge-fixing
condition F%’[g]h,, = 0 can be replaced by g,,: We use the
most convenient class of F’s where F%”[g] is proportional
to the covariant derivative Dﬂ corresponding to the back-
ground metric, and therefore, F4'[9]g,, = Fa'[9](Gu +
h,) = Fa [glh,, = O for the standard parametrization.

Passing on to the new parametrization, we can choose the
gpb—versmn of the gauge condition, too, F5'[g]g,, = 0.
This version is preferred to the one acting on A, because,
(a) it is hard to solve the true or “quantum” gauge
transformation law for 6h,, (by solving ég,, = Lg,, while
09,, = 0), and (b) the g, choice leads to the same Faddeev-
Popov operator as in the standard case [26]. As a conse-
quence, all contributions to the FRGE coming from gauge
fixing and ghost terms are the same for both parametriza-
tions. By virtue of the one-to-one correspondence between
9w and hy,, (see Appendix A), this gauge-fixing method is
perfectly admissible.

We present a single-metric computation in Sec. III and
a bimetric [29,30] analysis in Sec. IV. In the single-
metric case, we employ the harmonic gauge condition,
Fe9g. =0 with Fe'[g) = 8,3”D, 33D, (corre-
sponding to p= % —1 in [28]), together with a
Feynman-type gauge parameter, o = 1. The bimetric
results are obtained by using the Q2 deformed o = 1 gauge
[30]. To summarize, we repeat the calculations of [26] and
[30] with the new parametrization, where the modifications
originate from the gravitational part of I';, while gauge
fixing, ghost and cutoff contributions remain the same.

III. RESULTS: SINGLE-METRIC

As usual, we resort to evaluations of the RG flow within
subspaces of reduced dimensionality; i.e., we truncate the
full theory space. Our single-metric results are based on the
Einstein-Hilbert truncation [26],
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. 1
[el9.9.6.¢] = 162G, dx\/g(—R + 2A;)
+1§[9.9+T%"[9.9.£. 8. (17)

Here G, and A; are the dimensionful Newton constant

. . ef 11
and cosmological constant, respectively, Iy = 50 162G,

J x5 (F& 9u)(F gpe) is the gauge-fixing action
with 74" and a as given in the previous section, and Fih
denotes the corresponding ghost action with ghost fields &
and & After having inserted the respective metric para-
metrization into the ansatz (17), the FRGE (11) can be used
to extract  functions.

A. Known results for the standard parametrization

For comparison, we begin by quoting known results for
the standard parametrization.

In four dimensions the resulting f functions for the
dimensionless couplings g, = k972G and 4, = k=>A; [26]
give rise to the flow diagram shown in Fig. 1. In addition
to the Gaussian fixed point at the origin there exists a
non-Gaussian fixed point (NGFP) with positive Newton
constant, suitable for the asymptotic safety scenario [20].
It is also crucial that there are trajectories emanating
from the NGFP and passing the classical regime close to
the Gaussian fixed point [31]. (In Fig. 1 one can see the
separatrix, a trajectory connecting the non-Gaussian to the
Gaussian fixed point.) It has turned out that the qualitative
picture (existence of NGFP, number of relevant directions,
connection to classical regime) is extremely stable under
many kinds of modifications of the setup (truncation
ansatz, gauge, cutoff, inclusion of matter, etc.); for reviews
see [17]. In particular, changes in the cutoff shape function

-0.05 0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
A

FIG. 1 (color online). Flow diagram for the Einstein-Hilbert
truncation in d = 4 based on the standard parametrization. (First
obtained in [32] for a sharp cutoff, and here for the optimized
cutoff [33].).

PHYSICAL REVIEW D 91, 044030 (2015)

do not alter the picture, except for insignificantly shifting
numerical values like fixed point coordinates.

In d = 2 + € dimensions the f function of g, has the
same structure as in the perturbative analysis [see Eq. (5)],
By =¢€9— bg’. It is possible to show that the coefficient
b is a universal number; i.e., it is independent of the
shape function, and its value is given by b = % [26]. If,
additionally, scalar fields are included, then it reads
b=3%(19—-c), where ¢ denotes the number of scalar
fields. Thus, the standard parametrization gives rise to
the universal number for the critical central charge

Cerit = 19, (18)

in agreement with the perturbative result (7).

B. Results for the new parametrization

We refrain from presenting details of the calculation and
specify some intermediate results and S functions in
Appendix B instead.

1. RESULTS IN 2 + ¢ DIMENSIONS

Considering Eqgs. (B6) and (B7) for d =2+ ¢ and
expanding in orders of e yields the § functions

ﬁy:gg—bgz, (19)

with b = 2[28)(0) 4 2491(0) — B (—21)], and

B, = 24429 [_2@{(0) + ! (-2,1)] , (20)

where we have dropped higher orders in 4, g and ¢, since it is
possible to prove that the fixed point values of both g and A
must be of order O(¢). Some of the threshold functions ¢
(cf. [26]) appearing in (19) and (20) are independent of the
underlying cutoff shape function R()(z). Here we have
®}(0) = 1and ®3(0) = 1 forany cutoff. Furthermore, forall
standard shape functions satisfying R(”) (z = 0) = 1 we find
®i(=22) = (1 —22)~". Due to the occurrence of ¢! in the
argument of ®}, the A-dependence does not drop out of 3 , at
lowest order, but rather the combination 1/ € results in a finite
correction. As an exception, the sharp cutoff [32] implicates
RO (z = 0) - oo, leading to ®}(—%2) = 1.> Thus, we find

b—%{%—(l—g >_1} (21)

*For the sharp cutoff, ®}(w) = —ﬁln(l +w) + C is deter-
mined up to a constant, which, for consistency, is chosen such
that ®}(w = 0) agrees with ®(0) for some other cutoff [32]. In
the limit n — 0, however, the w dependence drops out com-
pletely, and ®}(w)haP = &} (0)°her, Since ®}(0) =1 for any
cutoff, we find ®f(w)$*P =1V w.
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TABLE I. Cutoff dependence of the critical central charge.
Cutoff Cerit
Any cutoff, but setting A =0 25
Optimized cutoff 25.226
Exponential cutoff (s = 1) 25.322
Exponential cutoff (s = 5) 25.190
Sharp cutoff 25

for all standard cutoffs, and b = % - 25 for the sharp cutoff.

The threshold function ®}(w) is cutoff dependent, also at
w = 0, so S, is nonuniversal, too. Hence, both 1, and g,

depend on the cutoff.

In order to calculate the critical central charge c.;, we
include minimally coupled scalar fields ¢; (i = 1,...,¢) in
our analysis, for instance by adding to I'; in Eq. (17) the
action 3¢ | [d?x\/Gg;(—=D*)@;. In this case, the coef-
ficient b is changed into b =226 — (1 —22)~" —¢] for
standard shape functions, and b = 3 (25 — ¢) for the sharp
cutoff. The critical value for ¢, determined by the zero of b
at the NGFP, is computed for different shape functions: the
optimized cutoff [33], the “s-class exponential cutoff” [34]
and the sharp cutoff [32]. In addition, we might set A =0
by hand in (21) such that the result can be compared to the
perturbative studies [5] where the cosmological constant is
not taken into account. If we do so, we find indeed
Cerit = 25, reproducing the perturbative value given in
Eq. (8). For nonvanishing A, however, the critical central
charge is cutoff dependent, as can be seen in Table L. In
conclusion, the nice (and expected) result of a universal
value c;, found for the standard parametrization cannot be
transferred to the new parametrization. Nevertheless, we
obtain a number close to 25 for all cutoffs considered,

making contact to the CFT result.

2. Results in four dimensions

Our analysis in 2 + € dimensions suggests that results in
the new parametrization might depend to a larger extent on
the cutoff shape. In the following we confirm this con-
jecture by considering global properties of the RG flow for

different shape functions.

(1) Optimized cutoff. An evaluation of the  functions in
d = 4 gives rise to the flow diagram shown in Fig. 2.
The result is fundamentally different from what is
known for the standard parametrization (cf. Fig. 1).
Although we find again a Gaussian and a non-
Gaussian fixed point, we encounter new properties
of the latter. The NGFP is UV-repulsive in both
directions now. Furthermore, it is surrounded by a
closed U V-attractive limit cycle. The singularity line
(dashed) (where the f functions diverge and beyond
which the truncation ansatz is no longer reliable)
prevents the existence of globally defined trajecto-
ries emanating from the limit cycle and passing the
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FIG. 2 (color online).

parametrization and the optimized cutoff.

Flow diagram in d = 4 based on the new

classical regime; i.e., there is no connection between
the limit cycle and the Gaussian fixed point. Tra-
jectories inside the limit cycle are asymptotically
safe in a generalized sense since they approach the
cycle in the UV, and they hit the NGFP in the
infrared, but they can never reach a classical region.
Note that the limit cycle is similar to those found in
Refs. [3,4] which are based on nonlinear metric

parametrizations, too.

(i1) Sharp cutoff. The flow diagram based on the sharp
cutoff—see Fig. 3—is similar to the ones found with
the standard parametrization. There is a Gaussian

0.8" ‘

s A;///
0.6' ///
04r "
0.2f . ///

0.0

A

FIG. 3 (color online).
parametrization and the sharp cutoff.
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and a non-Gaussian fixed point. The NGFP is UV-
attractive in both g- and A-direction. There is no limit
cycle. Due to the singularity line, there is no
asymptotically safe trajectory that has a sufficiently
extended classical regime close to the Gaussian
fixed.

(iii) Exponential cutoff. The exponential cutoff with
generic values for the parameter s gives rise to a
flow diagram (not depicted here) that is somewhere
in between Fig. 2 and Fig. 3. The NGFP is UV-
repulsive as it is for the optimized cutoff. However,
there is no closed limit cycle. Although a relict of the
cycle is still present, it does not form a closed line,
but rather runs into the singularity line. Again, there
is no separatrix connecting the fixed points. Varying
s shifts the coordinates of the NGFP. For s < 0.93
the fixed point even vanishes, or, more precisely, it is
shifted beyond the singularity, leaving it inacces-
sible. Thus, the NGFP that seemed to be indestruct-
ible for the standard parametrization can be made
disappear with the new parametrization.

In summary, fundamental qualitative features of the RG
flow like the signs of critical exponents, the existence of
limit cycles, or the existence of suitable non-Gaussian fixed
points are strongly cutoff dependent.

IV. RESULTS: BIMETRIC

For the bimetric analysis [29,30] we consider the
truncation ansatz

Cilg.5. 6.8 = / dlx /(=R + 20"

1 671GkDyn

1 o
o / dx/G(~R + 2AP)

+ 159, 9]+ T5[9.9.£. 8. (22)

+

It consists of two separate Einstein-Hilbert terms belonging
to the dynamical (Dyn) and the background (B) metric with
their corresponding couplings. To evaluate f functions we
employ the conformal projection technique together with
the Q deformed o = 1 gauge [30].

A. Known results for the standard parametrization

We quote the most important results obtained for the
standard parametrization [30]. Since the background cou-
plings GB and AP in the truncation ansatz (22) occur in
terms containing the background metric only, they drop out
when calculating the second derivative of I';, with respect to
h,,, and hence, they cannot enter the rhs of the FRGE (11).
As a consequence, the RG flow of the dynamical coupling
sector is decoupled: f2Y" = " (APy, PY0) and " =

D
B> (AP gP¥n) form are closed system, so one can solve
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the RG equations of the Dyn couplings independently
at first.

On the other hand, the background f functions depend
on both dynamical and background couplings. Therefore,
the RG running of ¢® and AP can be determined only if a
solution of the Dyn sector is picked. With regard to the
asymptotic safety program we choose a Dyn trajectory
which emanates from the NGFP and passes the classical
regime near the Gaussian fixed point. This trajectory is
inserted into the f functions of the background sector,
making them explicitly & dependent. The vector field these
p functions give rise to depends on k, too, and possible
“fixed points”; i.e., simultaneous zeros of ¥ and B
become moving points. The UV-attractive “moving
NGFP” is called a running attractor in [30]. In Fig. 4 we
show the vector field of the background sector at k — o
and the RG trajectory (thick) that starts at the k=0
position of the running attractor and ends at its k — oo
position (with respect to the inverse RG flow). As argued in
[30], this specific trajectory is the only acceptable pos-
sibility once a Dyn trajectory is chosen: It combines the
requirements of asymptotic safety (it approaches an NGFP
in the UV) and split symmetry restoration in the infrared.

Recovering split symmetry at k = 0 is of great impor-
tance. We mentioned already in the introduction that the
background metric is an auxiliary construction, and physi-
cal observables must not depend on it. Thus, physical
quantities derived from the full quantum action I' =1T",_
are required not to have an extra g dependence, but to
depend only on g. In the standard parametrization, where

10t _—
P "
——
8 ~
e —
o
6 b
B
g
4 r ADyn
Underlying 'Dyn'
trajector
2t ) Yy
\\
—
- \::
0 s .

-0.3 -02 -0.1 0.0 0.1 0.2 0.3
k”

FIG. 4 (color online).  Vector field for the background couplings
at k — oo and RG trajectory that is asymptotically safe in the UV
and restores split symmetry in the IR (left figure), and underlying
trajectory in the Dyn sector (right figure), based on the standard
parametrization and the optimized cutoff in d = 4.
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g= g+ h, this means that § and h can make their
appearance only via their sum (which is split symmetric).
Hence, the claim of split symmetry originates from requir-
ing background independence. Within the approximations
of [30], this requires at the level of the effective average
action: 1/GB — 0 and AB/G® — 0. For any appropriate
choice of initial conditions in the Dyn sector, there exists a
unique trajectory in the B sector complying with this
requirement in the infrared. This general result is indepen-
dent of the chosen cutoff shape function.

B. Results for the new parametrization

We aim at finding an asymptotically safe trajectory that
restores background independence at k = 0. (In the context
of the new parametrization, we no longer call it “split
symmetry” in order to keep the nonlinearity in mind.) We
present some intermediate results of the calculation in
Appendix B 2, where we mention the differences to the
standard parametrization on the technical level. In the
following, we discuss the differences of the resulting RG
flow and its dependence on the cutoff shape.

(@)

FIG. 5 (color online).

d=4
cutoff.

S
3
t
T
~—_

Optimized cutoff. An evaluation of the § functions in
the Dyn sector gives rise to the flow diagram
displayed in Fig. 5. We discover a non-Gaussian
fixed point, but it is rather close to the singularity
line. As a consequence, all trajectories emanating
from this fixed point will hit the singularity after a
short RG time. It is impossible to find suitably
extended trajectories: they do not pass the classical
regime, and they never come close to an acceptable
infrared limit. For this reason it is pointless to
investigate the possibility of restoration of back-
ground independence. The background sector ex-
hibits a UV-attractive NGFP, too, but due to the lack

t
[en}
T
~.
~—

25}
0.0p ==

0.10 0.15 0.20

ADyn

-0.05 0.00 0.05

Flow diagram of the Dyn couplings in
based on the new parametrization and the optimized

(i)

(iii)

14l .
12}

101

FIG. 6 (color online).
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of an appropriate infrared regime we do not show a
vector field for the background couplings here.
Exponential cutoff. We find the same qualitative
picture as in Fig. 5 which was based on the
optimized cutoff. The exponential cutoff brings
about a UV-attractive non-Gaussian fixed point,
but there are no trajectories that extend to a suitable
infrared region. Thus, there is no restoration of
background independence.

Sharp cutoff. The f functions of the Dyn couplings
lead to a Gaussian and a non-Gaussian fixed point.
We observe that #°" is proportional to A°, so
trajectories cannot cross the line at APY" = 0. How-
ever, there are trajectories that connect the NGFP to
the classical regime, comparable with the ones found
for the standard parametrization. Once such a
trajectory is chosen, it serves as a basis for further
analyses since it can be inserted into the f functions
of the background sector to study the corresponding
RG flow. In this way, we find the same running
attractor mechanism as in Sec. IV A for the standard
parametrization. As can be seen in Fig. 6, there is an
NGFP present at k — oo, suitable for the asymptotic
safety scenario. The thick trajectory is again the
unique one that starts at the k = O position of the
running attractor and ends at its kK — oo position.
Even if the curve has a different form compared with
Fig. 4, it has the same essential properties. In
particular, it restores background independence in
the infrared. Since, in addition, it is asymptotically

ADyn

Underlying 'Dyn'
trajectory

——— > » . |

0 2 4 6 8
AB

Vector field for the background couplings

at k — oo and RG trajectory that is asymptotically safe in the UV
and restores background independence in the IR (left figure), and
underlying trajectory in the Dyn sector (right figure), based on the
new parametrization and the sharp cutoff in d = 4.
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safe, it is an eligible candidate for defining a
fundamental theory.

To summarize, the possibility of finding a suitable RG
trajectory combining the requirements of asymptotic safety
and restoration of background independence at k =0
depends in a crucial way on the cutoff shape for the
new parametrization.

V. CONCLUSION

We have investigated the properties of the “new”
exponential metric parametrization g,, = g,,(e")”,, which
has been contrasted with the standard background field
split, g,, = g, + h,,. When inserting the exponential
relation into the classical Einstein-Hilbert action and

expanding in orders of /,,, we obtain

SH[g] = S™[ge"] = S™[g + h + O(h?)]
_ e[ 1 / d"xé(;s—(x)hw,(x) LOom).  (23)

Thus, the equations of motion are given by the standard
E EH = .
% =g = % = = 1 (G* + J¥A) = 0; ie.,
the two parametrizations give rise to equivalent theories
at the classical level. Since the quantum character of gravity
is not known, there is no reason, a priori, to prefer one
parametrization to another. So far, almost all studies related
to asymptotic safety considered the standard parametriza-

tion. In this work we focused on the new one instead.

We have shown that there is a one-to-one correspon-
dence between dynamical metrics g,, = g,,(e")’, and
symmetric fields 7, in the exponent, which is particularly
important from a path integral perspective. It remains an
open question, however, if this correspondence can be
transferred to Lorentzian spacetimes in the sense that g,,
and g,, have the same signature when related by the new
parametrization.

Do we expect different results for the two parametriza-
tions at all? According to the equivalence theorem, a field
redefinition in the path integral does not change S-matrix
elements, but this is an on shell argument, where internal
quantum fluctuations are integrated out completely. In
contrast, in the effective average action I'; fluctuations
with momenta below k are suppressed, and nowhere in the
FRGE do we go on shell. Therefore, we expect differences
in f functions and structures of the corresponding RG flow,
indeed. Due to the lack of directly measurable physical
observables exhibiting quantum gravity effects, these off
shell quantities are of considerable interest.

Clearly, even the role of Newton’s constant is changed
for the new parametrization. This can be understood as
follows. In order to identify Newton’s constant with the
strength of the gravitational interaction in the standard
parametrization, one usually rescales the fluctuations 7,
such that

ones,

PHYSICAL REVIEW D 91, 044030 (2015)

I = G + /327G hy,. (24)
In this way, each gravitational vertex with n legs is
associated with a factor (1/3272G,)" 2. For the new para-
metrization we can consider a similar rescaling of h,,,
leading to the same factor appearing in the n-point

functions. The difference resides in the fact that there

are new terms and structures in I“,({") when using the new

parametrization. As already indicated in Eq. (14), these
additional contributions to each vertex are due to the chain
rule. Hence, Newton’s constant is accompanied by different
terms in the n-point functions.

In fact, these general considerations are reflected in our
findings. To summarize them: (i) We find quite different
functions and new structures in the RG flow. (ii) The
calculations based on a type I cutoff result in a strong
dependence on the cutoff shape function.

This can be seen most clearly in d = 4 dimensions. In
the single-metric computation we encountered a limit cycle
and a UV-repulsive NGFP for the optimized cutoff,
whereas the sharp cutoff gives rise to a UV-attractive
NGFP without limit cycle. Furthermore, in the bimetric
setting with a sharp cutoff there exists an asymptotically
safe trajectory that restores background independence in
the infrared, while it is not possible to find such trajectories
when using the optimized cutoff. It is remarkable and
somewhat unexpected that the sharp cutoff leads to the
most convincing results.

Our observations seem to suggest that results based on
the new parametrization are less reliable or even unphys-
ical. On the other hand, the strong cutoff dependence
compared to the linear parametrization could be seen from a
different perspective as well: If quantum Einstein gravity
with g, = g,,(e")?, is asymptotically safe, probably more
invariants in the truncation ansatz are needed to get a clear
picture. The nonlinear relation for the metric might give
more importance to the truncated higher order terms.

Moreover, it can be speculated that the strong depend-
ence on the cutoff shape might be a peculiarity of the type I
cutoff. As has been argued in [4], in some situations the
type II cutoff leads to correct physical results, whereas the
type I cutoff does not. Future calculations may show if a
similar reasoning applies here as well, i.e., if the essential
properties of the RG flow obtained with a type II cutoff do
not depend on the shape function to such a great extent. We
conjecture that the limit cycle is a consequence of a
nonlinear parametrization in combination with a type I
cutoff. Instead, a type II cutoff might lead to physical and
stable results so that the advantages of the new para-
metrization become more apparent.

In d =2 + ¢ dimensions we can reproduce the critical
value of the central charge obtained with a perturbative
calculation, c.; = 25, when the cosmological constant 4 is
set to zero. For nonvanishing 4 we find a slight cutoff
dependence of ¢, but it still remains close to 25. Since it
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is this number that makes contact to vertex operator
calculations and other established CFT arguments, the
new parametrization seems to be appropriate for compar-
isons and further applications after all.
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APPENDIX A: ONE-TO-ONE CORRESPONDENCE
BETWEEN g AND £

In this Appendix we show that there is a one-to-one
correspondence between (Riemannian) dynamical metrics
9wy and symmetric matrix-valued fields 7, whose relation
is given by g,, = g,,(e")?,. In order to transform this from
component notation to matrix notation, we note that the &
appearing in the exponent has implicit index positions A”,,
signaling the fact that it is actually a product of & and the
inverse background metric, h#’, = §°°h,,, so we have
1, = (g~'h)”,. Thus, the full relation in matrix form reads

g=ge" (A1)
Note that statements about symmetry and positive definite-
ness are not trivial since the product of symmetric positive
definite matrices is in general neither positive definite nor
symmetric. A priori, there is also not much known about
real logarithms of products of matrices. Here we need the
following theorem concerning existence and uniqueness of
real symmetric matrix logarithms.

Theorem 1. Let C be a real symmetric positive definite
matrix. Then there exists a unique real symmetric solution
H to the equation C = efl.

Proof Existence: Since C € Sym,,,,, there exist an S €
O(n) and a diagonal matrix A = diag(4, ..., 4,), with {4;}
the eigenvalues of C, such that C = STAS. Positive
definiteness of C implies that all 4; be positive. Now, set
H = STdiag(In 4y, ...,1n4,)S. Then H is real and symmet-
ric. Exponentiating H yields

S =C,

proving the existence of a real symmetric solution.
Uniqueness: Assume H is a real symmetric matrix
satisfying C = e. Assume H’ is another real symmetric
matrix with the same exponential, C = ¢/". Due to the
symmetry, there are matrices O € O(n) and O’ € O(n)
together with the diagonal matrices D = diag(dy, ..., d,)
and D’ = diag(d,’, ..., d,’), where d; (d;’) are the eigenval-
ues of H (H'), such that H = 0OTDO and H = O'"D'0'.
Then we have C = e = ¢0'P0 = 07 ¢P 0, and, similarly,
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CcC=07""0. Equating these expression leads to
e?(00'T) = (00')eP, or, rewritten,
ePU = Ue”, (A2)

with U = 00'T € O(n). The matrix entries in (A2) are

n

_ E d; __ ,d;

= e ‘5,~kukj = e ’Mij,
k=1

(A3)

and, analogously, (Ue”") . For any pair (i, j) this

d;

,j—efu

gives the relation (e — edf) = 0. Since all d, are real, we
conclude that (d; — d})u;; = O Again in matrix form this
reads DU — UD' = 0. Reinstating U = OO’'T and rearrang-
ing finally results in
=0"DO=0"D'0' =H' (A4)

which proves the uniqueness of H.

Now let us come back to Eq. (A1). First we consider the
case where (apart from g) h is given.

Theorem 2. If & is real and symmetric, then g defined
by g = ge?f]h is symmetric and positive definite.

Proof Symmetry:

gT — (e.?]_lh>TgT — gh (g )Tg — egg_lllg_lg

=gl hglg=gel " =g. (A5)
Positive definiteness: Since g is symmetric and positive
definite, we can define §'/> to be the (unique) principal
square root, which is again symmetric. Let z be a nonzero
vector with n real components. Then
1/2 —1/2 1/2+ 1/2

Tz = 7Tge" 'hy = 7T ged hg™ "5 7
_ 12512
1205720572 g1/2,

=2z gg
1/2 g 2hg 2 2172\ — T K A6
=(9"%2)"e (5'%2) =y"ety,  (A6)
with y = §'/?z and K = g~ '/>hg'/%>. We observe that K is

symmetric. Thus, we can write eX = (¢2K)7¢2X Inserting
this into the previous equation yields
gz =yTeKy = (eKy)T(eKy) =xTx >0, (A7)

with x = ek y, proving positive definiteness.

Finally, we consider the case where g and g are given.

Theorem 3. Let g be the background metric and g
be any dynamical metric at a given spacetime point x.
Then there exists a unique real symmetric matrix &
satisfying g = ge? "

Proof Existence: Let again §'/?> be the (real and sym-
metric) principal square root of g. The key idea is to rewrite
the defining equation as follows:
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1/2 -1/2 1/2 1/2
g= geg 'h —geg hg~

1/2 ~12pg/2 1/2 (A8)
leading to

g\ 2gg VP = e (A9)
We observe that the left-hand side of Eq. (A9) is sym-
metric and positive definite (z7g~"/2g5~"/%z = (g7'/%2)Tx
9(g7"?z) = yTgy > 0). According to Theorem 1, there
exists a unique real symmetric matrix H satisfying
G 295712 = M. Setting h = §'/?Hg'/? and noting that
h is real and symmetric proves the existence.
Uniqueness: Since there is more than one square root of g
in general, it remains to show that the 4 constructed above
does not depend on the choice of the root. Assume there
exists another symmetric solution /' corresponding to
another square root (5'/2)', i.e., g = ge? . In the manner
of Eq. (A9) we rewrite again
-1/2

_1/2 o g 1/2]1/——1/2 ! e——l/Zh——l/Z

g 299 (A10)

where we use the principal root '/2 on all sides. We already
know that the symmetric logarithm of the lhs is unique.
Therefore, the exponents on the rhs have to agree,
G20 g V2 = g7 '/2hg~'/?, and finally h’ = h, completing
the proof of uniqueness.

APPENDIX B: HESSIANS AND g-FUNCTIONS

1. Single-metric

We adopt the notation of Ref. [26]. When inserting the
new parametrization (3) into I'; given by Eq. (17) and

expanding I'; in orders of h,,, the quadratic term reads

1
quad — /ddX\/g_—]//lMy( —KH [)6D2 + U;,w/m)h/m',

322G,
(B1)
with K* ,, = 1(8,8% + 848, — §3,,) and
Urv __l_’/_ R—|—l(_/’”’]_? +g Rﬂ”)
po 49” g/)a 2 g po g[){)’
1 - - 1_
5 (Ry/)ﬂ,; + Ryaﬂp) + 7gﬂygp6Ak7 (BZ)

2 2

so the additional terms resulting from the new parametri-
zation cancel some of those which are already present in the
standard calculation. After splitting the field £, into trace
and traceless part, h,, = fzﬂ,, + bgﬂyqﬁ, where ¢ = gh,

and g””fzw =0, and inserting a maximally symmetric
background for g,,, we obtain

PHYSICAL REVIEW D 91, 044030 (2015)
1 _ .
raved — / a4 —D? + CLR)W™
647G, x\/_ o ( + CtR)

- (dz;d>¢(_D2 +CsR - ﬂAk)qb}, (B3)

with the constants Ct = @ d2 7 Cs = 2d . As
argued on general grounds in the 1ntr0duct10n, the cosmo-
logical constant does indeed drop out of the traceless sector.

The resulting anomalous dimension of Newton’s con-
stant is given by ny = where

422 and y =

qB’

By =

U)I»—\

<4n>-f+l{<d ~3d-2)},, ,(0)

3d+2
12— d (I)Lzl/z(o) + 2(1)611/2—1 (=pd)

d-2
- 1297285},

1

B, =gt { (@ 1)(a + 28l 0

d+2 -~ ~
- 127(I)d/2(0) + 2‘I>é1/2-1 (=pl)

d

- 129228 . (B3)

The threshold functions ® and ® are defined in Ref. [26].
Finally, we have the S functions of g, = k“>G; and
j’k — k_zAk,

ﬂ,, =(d =2 +ny)g. (B6)
Br=—2=ny)A+53 (4”)__+19{2(

—(d-1)(d+ 2)’7N(i);l/2(0)
+ 4‘1)611/2(—/1/1) - 2’7N‘i>511/2(—ﬂﬂ)}-

—-3d-2)® d/z(o)

(B7)

2. Bimetric

The conformal projection technique consists in setting
the dynamical metric to g,, = ¢**g,,. In the following, we
denote this projection by (- - -),,. For the new parametriza-
tion, g, = g,,(e")”,. itis equivalent to setting h”, = 2Q8).
This affects the derivatives of g, with respect to £,
appearing in Eq. (14) as follows,

89w (X)) o _
5hpo-(y) o =e %51/5()6 y)’ (BS)
852G, (1)
5h/)6(x)5h/1y(y) pr
= S e, + )6~ )6(u— ). (BY)
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After applying the conformal projection and choosing the
Q deformed a = 1 gauge for the same gauge-fixing action
as in Ref. [30] (or, more precisely, its “g,, version,”
cf. Sec. II), we obtain the Hessian

N e 2l
O 3G 2

1, - o
_E(R_262QAEY )g;wgpa

+ 2RO 4 o R gWRﬂ”} (B10)
in the graviton sector, and
(((EVE) = VAR, +80D%)  (BID)

PHYSICAL REVIEW D 91, 044030 (2015)
and (") g) = —(F%h)é? in the ghost sector. Compared to
[30], the Hessians for the ghosts have not changed, but the one
for the graviton is different: (a) The terms in the curly brackets
in (B10) have changed, in particular, the cosmological
constant term is proportional to ¢**g”° now, so it drops out
of the traceless sector as it did in the single-metric computation
of Sec. B 1. (b) The numerator of the prefactor has changed
from e(4-9 into ¢(?~2€ signaling the special role of two
dimensions. We include this factor also in the cutoff R .

The f functions are determined as in [30] by inserting
the Hessians into the FRGE and projecting the trace onto
the corresponding invariants. Since they contain a large
number of terms, it would take several pages to write them
down, and we refrain from presenting them here. Instead,
we show the resulting flow diagrams and analyze their
properties in Sec. IV.
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