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Two-dimensional Horava-Lifshitz black hole solutions
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In this paper, we address the issue of black hole solutions in (1 + 1)-dimensional nonprojectable
Horava-Lifshitz gravity. We consider several models by considering different potentials in the scalar matter
sector. We also consider the gravitational collapse of a distribution of pressureless dust filling a region in
one-dimensional space. The time of the collapse can be faster or slower depending on the parameter A of

the theory.
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I. INTRODUCTION

The (1 + 1)-dimensional theory of gravity has been
considered in some detail in several studies in the literature
[1-6]. Remarkably, it has similarity to four-dimensional
general relativity in many aspects. These include a
Newtonian limit, cosmological solutions, interior solutions,
gravitational waves, and the gravitational collapse of pres-
sureless dust into black holes with event horizon structures,
which is identical to the four-dimensional Schwarzschild
solution. Since from the classical point of view the
(1 4 1)-dimensional gravity structure is so close to
(3 + 1)-dimensional gravity, it is expected that its quantiza-
tion procedure should be quite similar to that in (3 4 1)-
dimensional quantum gravity. Furthermore, its semiclassical
properties also produces interesting effects such as Hawking
radiation and also black hole condensation. This is because
the nontrivial event horizon structure developed in (1 + 1)-
dimensional theory of gravity has similarities with their
(3 + 1)-dimensional general relativistic counterparts.

Recently, in Ref. [7], a new theory of gravity was put
forward. This is now well known as the Horava-Lifshitz
(HL) gravity. In the HL gravity, it is intended to obtain
a renormalizable four-dimensional theory of gravity via
power counting due to higher-order scaling on the
3-momentum at the UV scale. The price to pay is that
space and time now scales in a different way via a
dynamical critical exponent in the UV regime, and as a
consequence, the Lorentz invariance is lost at the high-
energy scale. Despite this, several studies have been
considered in the literature [8], including modifications
of the original theory in order to circumvent undesirable
extra modes [9]. However, to our knowledge, in low-
dimensional HL gravity, there have been few studies

*Corresponding author.
fabrito @df.ufcg.edu.br

1550-7998,/2015/91(4)/044026(7)

044026-1

PACS numbers: 04.60.Kz, 04.50.Kd, 04.70.Bw

considered in the literature. To quote a few, very recently
considerations appeared on black hole solutions in 2 + 1
dimensions [10-12] and quantization of the (14 I)-
dimensional projectable Horava-Lifshitz gravity [13].

In the present study, we investigate black hole solutions
and gravitational collapse of a pressureless dust distribution
in 1 4+ 1 dimensions. We shall consider the nonprojectable
version of HL gravity [9].

The paper is organized as follows. In Sec. II, we briefly
introduce our setup. In Sec. III, we are able to find several
black hole solutions by considering distinct models through
several specific potentials in the scalar matter sector.
In Sec. IV, we shall assume only dust in the matter sector
to address the issue of gravitational collapse. In Sec. V, we
present our final considerations.

II. LOWEST-DIMENSIONAL HL THEORY

In this section, we shall briefly review the nonprojectable
HL gravity. In Horava-Lifshitz gravity, the spacetime
decomposes as follows:

ds? = —N?dr* + gij(dxi + Nidt)(dxf + Nfdt). (1)
For this theory, one finds

1

K;; :ﬁ(gij_viNj_vjNi)’ (2)

and the (D + 1)-dimensional action is written as
M3, -
s="n / dPxdt (KK + K+ V), (3)

where 4 > 1 and the potential V is associated with the
nonprojectable HL. gravity defined as

) 1 1
V=¢(R+na'a;+— L4+
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with a; being a vector that describes the proper acceleration
of the vector field of unit normals to the foliation surfaces
[9] given by

a; = ailnN, (5)

where i =1, 2, 3 in 3 4+ 1 dimensions, though we shall
concentrate ourselves in 1+ 1 dimensions. In 141
dimensions, the theory turns out to be much simpler,
such that

L on =29,y (6)

K=—
2N

with z =D =1, g;; = g1, and a; = a,. In this form, the
HL action coupled to matter fields

becomes written in terms of

M2
SuL =" [ dxdry/g[(1 = DK +ng'ara] - (8)

and
1
S¢ = / dthN\/§ [ﬁ (3,(15 - val)2 - a(V1¢)2

V()= PV ay - y¢a1v1¢} , (9)

with a, B, and y being dimensionless coupling constants.
In the relativistic limit, we have @ = 1 and f =y = 0 [13].

III. LOWEST-DIMENSIONAL BLACK
HOLES IN HL THEORY

Notice that from Eq. (8) the A parameter will be irrelevant
for the static black hole solutions of the present section
because, in this case, K = 0, whereas the 7 parameter will
be present in most of the solutions. One should mention
that in next section, where we shall address the problem of
gravitational collapse, the opposite will occur because, in
that case, a; — 0 (projectability).

Now, rewriting the complete action using the fact that
K = 0, by admitting N(x) = 0 in our case, we have

SZ%/dxdtx/—_g@g”a%—20!9”45’2—2 (¢)>
2 Mg, Mg,

(10)
or simply

M2 2 2
S:—P‘/ddt —nN%a? + —aN?*¢? ——V
[ 4 (71 A+ gV <¢>)
(11)
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since ,/—g =1 in the present study—see below. Now,
varying this action with respect to N, it is easy to get the
important condition

—nat + —agp* =0, (12)

whereas by varying S with respect to the scalar field ¢, we
find

d 1 oV

—(N?*¢) = ——-. 13

V) =52 4 (13)
Notice from Eq. (12) that for a = nM3,/2 we can find
a, = |¢’|. This gives us an important relation between the
matter scalar field and a;. From the nonprojectable HL
theory, we can take advantage of Eq. (5), which in 1 + 1
dimensions simply becomes

:dlnN

a=TE S o N=et (1)

where we have used the aforementioned condition between
a; and ¢’ and integrated out the equation for N.

The equation of motion, Eq. (13), can be now written in
the simpler form

d 5 1 ov
— P =V, V -
(’78 ¢) ¢ ¢_)M12318¢’

e (15)

where we used the above definition of a and the solution for
N given in Eq. (14). The Planck mass appeared here
because we kept 2/k? = M3, /2 in the Lagrangian (for later
convenience—see next section), although [k] =52 =0
since in our case z = D = 1. Thus, for the moment, we can
indeed consider M3, = 1 for simplicity and consistence.
Let us now focus on the following model with V(¢) = 0.

By using the equation of motion (13), we find
N’ =M, (16)

where M is an integration constant. Now, using Eq. (14),
we find

dN
N —

= 4M, 17
Ix (17)

that integrating for N(x) we find the general solution

N(x) =+/2(M|x| + C). (18)
For an integration constant chosen as C = —1/2, we find
N(x)? =2M|x| - 1. (19)

Consequently, the scalar field can also be found via relation
N = ¢? given in Eq. (14) such that

$(x) = In/2M]x| - 1. (20)
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This scalar solution can be thought of as a dilatonic
solution. Its diverging behavior near the horizon is in
accord with two other well-known places where the
same phenomenon develops. Whereas our present study of
black holes in low-dimensional (two-dimensional) Horava
gravity has some resemblance with low-dimensional non-
extremal black Dp branes (e.g., p < 3) in string theory
[14], the fact that Horava gravity is in general a higher-
derivative theory of gravity is somehow connected with
higher-derivative gravity in arbitrary dimensions—see, for
instance, the dilatonic Einstein—Gauss—Bonnet in Ref. [15].
In both these situations, the dilatonic solutions diverge on
the black hole horizon. In the following, we shall focus on
the black hole solutions.

Thus, we obtain the following simplest solution of black
hole in two-dimensional HL. gravity:

ds? = —(2M|x| - 1)di* + A, (21)

(2M|x| - 1)

This solution has previously appeared in Ref. [1]. Of course,
since we have a scalar potential V(¢) that in general does not
vanish, it is very natural to look for other solutions. However,
as we shall see, it is not possible to find analytical solutions
in some interesting cases. Despite this, we shall consider the
following models.

First, let us consider the model with V(¢) = A¢.
By using the equation of motion (15) and the fact that
N = e¢?, we get the following equation:

n(NN" +N'"?) -V, =0. (22)
This equation can be solved analytically, for which the
solution for N(x) and ¢(x) is given, respectively, by

N(x)? = (A/n)x* =2Cx +2C, (23)
and
$(x) =In[(A/n)x> = 2Cx + 2C,] /2. (24)
Now, taking C; = —M and ¢ = 2C,, we find
¢(x) = In[(A/n)x> + 2Mx — €]'/? (25)
and also
N(x)* = (A/n)x* +2Mx —e. (26)

Thus, in the present model, the new solution of the black
hole in two-dimensional HL gravity is

ds* = —((A/n)x* + 2Mx — €)dr®
1

e oo™

(27)
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See in Ref. [4] (the first reference) a similar solution.
Before presenting more examples, some comments are in
order. The cases studied previously are the simplest ones
in which we can choose a scalar potential and obtain
explicit solutions. For further generalized potentials, we
cannot in general obtain explicit solutions analytically. In
this sense, one can choose, instead, not a scalar potential
itself but its derivative as a function of an implicit scalar
field, which in turns depends on the spatial coordinate.
So, we shall now consider forms of V(¢ (x)) = V4(x) as
follows:

B C

V(/,(X)ZA+X—3+x—4. (28)

Now, substituting Eq. (28) into the equation of motion
(15), we find the general solution for N(x) and ¢(x) given
explicitly by

A B C
N(x)?2=2C, +—x*-2C — 4 — 29
(x) 2+’7x lx+77x+377x2 (29)
and
A B C
q[)(x) =1In \/2C2 + ;Xz —-2Cx + T]_X + W (30)

The only problem with this procedure is finding the
potential back in terms of the scalar field ¢ because, in
most cases, one cannot invert the solutions in order to
obtain x = f(¢). Aside from this fact, we can find several
interesting solutions for N(x) and ¢(x) given explicitly, as
we can see below. By properly choosing the parameters,
the spacetime may represent a black hole, a white hole, a
naked singularity, or other more complicated structures.
As stated in Ref. [1], this spacetime can also be used to
easily extended it to multiple point sources.

Some special cases are in order:

(i) ForC,=-M,C,=-1/2,n=1,andA=B=C=0,
we simply have V, =0 (V = const), which is
equivalent to the case with V =0 for which the
solution is given by Egs. (20)—(21).

(i1) Another similar example is C, = —¢/2, C, = —M,
A = A, and B = C = 0 for which we have Vy = A,
which is also equivalent to the case V(¢) = Ag.
The solution for this case is given by Eqs. (26)—(27).
If one wants to leave the solution in the same form
presented in Ref. [1], one can still consider = 1
and A = —A/2.

In the following, we shall consider two-dimensional
Schwarzschild and Reissner—Nordstrom-like solutions.
These types of solutions have previously appeared, e.g.,
in Refs. [5] and [6], respectively.
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A. Schwarzschild-like solution

In this case, one considers C, = 1/2, B=-2M,n =1,
and A = C = C; = 0. This leaves

Vol =25 (1)

This gives the following explicit solution for N(x)

and ¢(x):

NGx)? =1-"2 (32)

X

$(x) =1ny/1 —27M. (33)

Interestingly, in this case, we can invert (31) and integrate
on ¢ to obtain the scalar potential

and

B 3B

3B
" Ter ¢

NEDEN

2 w__B e
48M3

V(g)
(34)

This will be quite easy anytime the polynomial form of
V,(x) is restricted to a unique term.

B. Reissner—Nordstrom-like solution

One can expect that the last term in V,(x) given in
Eq. (28) is associated with the effect of an electrical charge
Q. This is more evident through the use of the general
solution (29)—(30) and making a suitable choice of the
parameters, that is, for C, = 1/2,B = -2M, C = 302,
n=1andA=C; =0,

2M  30%
Vy(x) = _?er—Q“' (35)

Again, as in the previous cases, this gives the following
explicit solution for N(x) and ¢(x):

2M 2
N(x)2: —7+% (36)
and
2M 2
plx) =Iny[1-=Z+ %. (37)

Differently from the previous case, now one cannot easily
invert (31) and integrate on ¢ to obtain a scalar potential.
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C. New black hole solution

The two cases presented above are well-known solutions
in four dimensions with several issues addressed such as
the number of horizons, Hawking temperature, entropy, and
so on. The other cases with B = C = 0 are also well known
in 1 + 1-dimensional gravity. Thus, we do not need to say
more about them. However, in the case that we will present
here, we shall consider the Hawking temperature.

Just for maintaining the usual notation, let us rename the
general solution (29) as follows f(x) = N(x)?, i..,

A B C
=2C,+—x*-2C —+—. 38
f0x) =2C 4227 =20+ Lt 2 (38)

For C; #0,C, #0, B#0, and A = C =0, we have
B
f(x) =2C, —2Cx +—. (39)
nx

This solution develops the following horizons:

C; 2B
=24 VA, A=—24+"—. 40
x; c, VA C%+TIC1 (40)

As A =0, they degenerate, i.e., x| = xj,.

The Hawking temperature is given in terms of the outer
(x;7) horizon as follows:

(%)

4 | _ + '
x=x,

TH:

(41)

For the special case C, =0, C; = —M and B = —2M, the
horizons are independent of the mass M:

xhi—:t\/iﬁ(r/>0). (42)

The temperature is then given by

1 B
Ty=-(-2C1 -5 ). (43)
4r (ﬁ)z
or simply
1

This is a typical relation between the Hawking temperature
and the mass of black holes in 1 + 1 dimensions [1].

IV. GRAVITATIONAL COLLAPSE

In this section, we address the issue of the gravitational
collapse of a certain mass of dust with negligible pressure
confined into a region of the unidimensional space [—r, r],
of which the metric is given in comoving coordinates by
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ds* = —N(z)%d7> + a(z)*dp?. (45)
In this case, the action we shall consider is that given by

Eq. (7) with the matter sector not restricted only to scalar
fields. Now, we have the action

M2
S = TPI/dZXN\/gn [(1=2)K> +ng" ¢ + S, (46)
which is explicitly given in terms of the metric (45) in the
form

M5 (1-2Na’a?] M3 Nnd'
S="2 | &ix|——| +-H / d*x|——

2 / x{ N T2 1 a
+ / d*xN+/g11L,,. (47)

The tensor energy momentum is given in terms of the
matter Lagrangian through its usual definition

2 6(y/=9gL,,
r, =2 W 0kn) (48)
Vam'} 69;41/
By varying the action with respect to N, i.e.,
oS
— =0, 49
N (49)

we obtain the equation that relates the dynamics of the
spacetime (45) with the energy density

(G- )MpE | Ml
2N? 2a

1 &S,
V911 6N
Now, making N = 1, and recalling that N = ¢? from our

previous investigations, then consequently the scalar field
¢ = 0 so that we have

c. (50)

(A= 1)M}a*a* = 2. (51)
A. Interior solution for the gravitational collapse

Since we are working with a pressureless fluid, then
TW = cU*UY, with U' = 0 and U’ = 1. Thus, the equa-
tion for conservation of energy and momentum now reads

v, " = 0—)% (0'\/;15> =0,

which means that 6V a2 is constant. Thus, in terms of the
constants a, and p, defined at the initial time of the
collapse, it simply gives

(52)

o =20% (53)

a
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Now, substituting this equation into Eq. (51), we find the
differential equation

. 20pa
a‘a? = ﬁ (54)
that can still be recast in the form
=k, |20 _yp (55)
My (A= 1)
of which the solutions are
a= (£3pc+C)'/3. (56)

Now, choosing C = 1, N = 1 and taking the solution with
minus sign, we finally have the metric in the interior of the
gravitational collapse:

ds* = —d7* + (1 = 3p7)*3dp>. (57)
See in Ref. [3] a similar solution. The density of the dust
given by ¢ goes to infinity (singularity) as the scale factor

approaches zero. This occurs in the finite time 7. = 1/(3f),
that is

(2= )M,

. 58
180'0(10 ( )

c =

The square-root dependence on A — 1 would be a problem
in the projectable original HL gravity [7] where this
parameter is allowed to be only A < 1. Fortunately, this
is not the case in the healthy nonprojectable HL gravity
developed in Ref. [9] where 4 > 1. Notice that, given an
initial density oy, the collapse can occur slower or faster
depending on the parameter 1. As an example, for 1 — 1,
the time 7. — 0, which means a distribution of dust that
collapses very quickly can otherwise live longer with a time
7. # 0 before collapsing for 4 > 1.

B. Exterior solution for the gravitational collapse

Inspired in the Birkhoff theorem, which states that it is
always possible to find a coordinate system in which the
exterior solution of a spherical solution in 3 + 1 dimensions
is time independent [16,17], we shall proceed in a similar
way into 1 + 1 dimensions to connect our interior time-
dependent solution previously obtained to an exterior
time-independent solution [4]. Thus, we shall relate the
coordinate x that describes a black hole, the static exterior
solution, with a comoving coordinate p that describes the
motion of the dust in the gravitational collapse, the interior
solution, via

x(z.p) = pa(r) = p(1 = 3pr)*? (59)
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in such a way that, from the interior metric
ds® = —di* + a*(t, p)dp?, (60)
we should find the static exterior solution
ds? = —A(x)2dr* + A(x)2dx>. (61)

There is a Killing vector that corresponds to energy
conservation satisfying

dx* dt dx
K, ; K,— o +K,— = = const, (62)
where
K, = (-A%,0). (63)
Then, we find the following solution:
dt E
—=——. 64
dr A? (64)

In addition, there is another constant of the motion along
the geodesic

dx* dx*
=—q,, —— 65
I gz de (65)
that is
dr\? dx
—e = —A? A2 = 66
=) ()
or simply
en? — —at(41) 4 (Y (67)
a dr dr )’
dx\ 2
— A% —E? = 0. 68
(&) +e (68)

If the particle is at rest (dx/dz = 0) in the limit x — r,
we have eE?> = C? with C — A(r). Recall that r is the
boundary of the dust in a one-dimensional region. In the
case of massive particles, we can make ¢ = 1, and then

d 2
<d—f_> LA -2 =0, (69)

Notice also that from Eq. (64) we can now write

dt C

—=——. 70

dr A? (70)
Imposing the conditions x = x(p,z), =1t(p,7), and

X = pa, we have

PHYSICAL REVIEW D 91, 044026 (2015)

Ox Ox da

dx a—dr—l—a—dp Por dt + adp (71)
ot ot C ot

dt = —d —dp=——d —dp. 72

Substituting this into (61) and comparing with (60), we
have the following conditions:

o 11 da 11 p

ey ey Saey e (73)
2 2 ,(0a)? 2 ﬂz
A*=C*—p 5 =C* - 4p (74)
ot\2 a*> a?
@) —5 "
from which we conclude that
2
A =1 —ﬁ— . (76)
Making p = r and x = ra, we have
2.6
A2 =1 —ﬁx—: (77)

2,6 2,6\ -1

ds? <1 —ﬁ—> ar + (1 —ﬂ—:> dx2.  (78)
X

This is precisely one of the solutions found in Ref. [3].

The scalar curvature is given by

204%r°

X6

R= (79)

Thus, x = 0 is truly a singularity, that is, a curvature singu-
larity. Furthermore, the two-dimensional Schwarzschild
radius is given by

(80)

Xy = PR — r3/2[ 2090, ]1/4

Mg (3—1)

The previous analysis has many similarities with that consid-
ered long ago [3]. However, there are some peculiar points
here. It seems the most striking difference is the one related
to the Schwarzschild radius. In the (1 + 1)-dimensional
Einstein gravity explored in Ref. [3], the Schwarzschild
radius is not defined at r = 1//4b, where b = 27Gp, and
r is the boundary of the dust. On the other hand, the
Schwarzschild radius in the present case is well defined for
A > 1, which is also naturally consistent for a collapse at
finite time discussed above.
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V. CONCLUSIONS

We have investigate black hole solutions in the
two-dimensional HL gravity. The solutions are in principle
the same obtained in 1+ 1 general relativity but are
controlled by the parameter # that controls the coupling
of the vector associated with the nonprojectability of the
theory. However, they do not depend on the coupling 4 > 1.
The opposite happens to the gravitational collapse of the
pressureless dust. In this case, there is no dependence on 7,
but it depends on A. This is due to the specific dependence

PHYSICAL REVIEW D 91, 044026 (2015)

of the solutions on the coordinates in each case. Whereas
the black hole solutions are only spatial dependent, the
obtained interior solution for the gravitational collapse of
dust has only time dependence. The exterior solution is just
obtained from the interior solution.
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