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We investigate some cosmological models arising from a nonminimal coupling of a fermionic field to
gravity in the geometrical setting of Einstein-Cartan-Sciama-Kibble gravity. In the presence of torsion,
we discuss the role played by the nonminimal coupling together with fermionic self-interaction potentials
in facing problems such as cosmological singularity, inflation, and dark energy.
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I. INTRODUCTION

In spite of the great successes of general relativity (GR),
cosmological models deriving from the Einstein theory of
gravity still lack a proper explanation for inflation and dark
energy. Inflation and the present cosmic acceleration are
indeed two of the main reasons which motivate the study of
theories of gravity alternative to general relativity, at least at
large scales. Among these, scalar-tensor gravitational
theories have been one of the most widely investigated
since the early 1960s [1]. Scalar-tensor theories also arise in
other contexts like the low energy limit of Kaluza-Klein
gravity [2], in quantum field theory in curved spacetimes
[3], and in the tree-level action of string theory [4]. The
basic paradigm of such theories is the nonminimal coupling
of gravity to a scalar field, whose as-yet-unknown nature is
still the subject of intense scientific research. Among the
others, one of the suggested hypotheses is that the scalar
field is not fundamental but is constituted by a fermion
condensate. The idea that scalar fields can be composed of
other fields (for example, Dirac fields) is not very new; for
instance, in particle physics it was already proposed by
Weinberg with specific reference to the Higgs field [5] (in
this regard, see also [6,7]).

In cosmology, fermion fields have been considered
mostly since the 1990s; they have been studied as possible
sources of inflation and dark energy, driving the Universe
into accelerated expansions at both early and late times
[8—24]. In most of the papers appearing in the literature,
fermions are minimally coupled to gravity; only a few and
quite recent works instead investigate the effects of
fermionic nonminimal couplings [25-28].

In this paper, we explore some cosmological scenarios
when a Dirac field is nonminimally coupled to gravity with

fvignolo @diptem.unige.it
'sante.carloni @tecnico.ulisboa.pt
*fabbri @diptem.unige.it

1550-7998,/2015/91(4)/043528(12)

043528-1

PACS numbers: 67.85.Fg, 05.45.-a, 67.85.De, 98.80.Jk

torsion. The nonminimal interaction term we take into
account is of mass dimension 5 and reduces to the product
PwR between the condensate iy of the Dirac field and the
scalar curvature R. In a previous paper [29], we have studied
the consequences of this nonminimal coupling on the
renormalizability of the Dirac equations, showing that in
the case torsion is not neglected, fermionic nonminimal
couplings are renormalizable and possess a well-defined
behaviour even in the ultraviolet regimes. In the present
work, we investigate the cosmological counterpart of the
theory proposed in [29]. Accordingly, here we work within
the geometrical setting of Einstein-Cartan-Sciama-Kibble
gravity (ECSK), where curvature and torsion couple to
energy and spin of the Dirac field, respectively. As we shall
see, in this metric-affine approach we obtain a dynamical
equation for the scale volume of the Universe which is easier
to handle than the analogous one in the purely metric case
(compare with [27]). As a result, we present a simple analysis
of cosmological issues such as cosmological singularity,
inflation, and dark energy when the above-mentioned non-
minimal coupling is taken into account. In particular, with the
help of some illustrative examples, we discuss the role played
by different self-interaction potentials in driving inflation and
dark eras in connection with the nonminimal coupling.

The layout of the paper is the following: in Sec. II we
briefly outline the theory introduced in [29], recalling its
main features; in Sec. III we analyze different cosmological
scenarios, first in the presence of a Dirac field only, and
then when dust and radiation fluid are present too; finally,
we devote Sec. V to the conclusions. Throughout this
paper, natural units (A = ¢ = kg = 87G = 1) and metric
signature (4, —,—, —) are used.

II. THE (1 + epyw)R-THEORY WITH TORSION

In this section we briefly review the theory introduced in
[29]. In the general framework of ECSK gravity, let us
consider a Lagrangian density of the form

© 2015 American Physical Society
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L= (1+epw)eR —eLp, (1)

where the Einstein-Hilbert term R is nonminimally coupled
to a Dirac Lagrangian of the form

i, . _ _
Lp =+ @Dy = Dpl'y) — mypy + V(py)  (2)
through the nonminimal coupling term epywR, € being a
suitable coupling constant. Here, we denote by y*
(u =0, 1,2,3) Dirac matrices and we introduce the nota-
tion I'" = e},y*, where ¢! indicates a tetrad field associated

with a metric g;; = efetn,,. In Eq. (2), D; denotes the

covariant derivative of the Dirac field y defined as D,y =
g"’, + 0S,,w and Dy = 3% — ywS,,, where o is a
spin connectlon and S, [yﬂ, 7,]. Equivalently, we have
Dy =35 — Qup and Dy = 7,- + pQ;, where

1 , :
Q; = _Zgjh{rikj — €0, I (3)
and T,/ are the coefficients of a linear connection T,
associated with the spin connection through the usual
relation

L' = of jejel + e)d;e! (4)

ij

Denoting by ¢ := (1 + ejry) and by V' := d(dl/_l‘{//)’ from (1)
we can derive field equations of the form
1 1
R.——Rg: =—X.. 3
ij 2 glj @ ij ( a)
Y 2(p OxP

1

1
(6700 5P5h)+g—osijh (5b)

iC"Dyy + % T,y — my + V' (g )y — ewR = 0, (5¢)

where
1

=g (y/r Dy — DyTy) — 5 Lpgij

i 1 1

= WDy = Dply) =S epyRy;; = 5V (w) gy

1_ ;

+ V' (y)g; (6)

and
i _
Sijh :EV/{Fh,Sij}‘// (7)

are, respectively, the energy-momentum and the spin
density tensors. In Egs. (5b) and (5¢), T;;" :==T;;" — ;"
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denotes the torsion tensor and T, = T};/ its contraction,
while in Eq. (7), S;; =4 [I;.T';]. The energy-momentum
and spin tensors satisfy the conservation laws

y y o 1
ViU T80 =%, TIPS, RV +2RVIp=0  (8a)

V,Sih 4+ T,Sh + 30 -5t =0  (8b)
automatically ensured by the Dirac equations (5c) [29]. It is
seen that the antisymmetric part of the Einstein-like equa-
tions (5a) amounts to the conservation law for the spin (8b).
The significant part of the Einstein-like equations is then the
symmetric one which, making use of the trace of (5a) and
separating the purely metric terms from the torsional ones
through Eq. (5b), can be written in the final form

~a(p

- 1~ 1~ 1 38(p8(p
Rij—gRgiJZ;Ziﬂf—z( PViod

7 20x Ox/

3 0p O ~p O
v hkgzj—(/’vhajhgij>

T o oxt Y
(Wysyw)(Wysyw)gi)

L3

64¢?

_elgw) By =2V + 3uy V')
2059 -3

ij
1

1
- —owV' (U .
20 o V' (ow)gi,  (9)

V(pw)g; + 2%

ijs R, and ﬁ are, respectively, the Ricci tensor, the
Ricci scalar curvature, and the covariant derivative induced
by the Levi-Civita connection and

where R,

- i - .
Zij = 2 WDy = (DT, (10)

D ; denoting a spinor covariant derivative with respect
to the Levi-Civita connection. The Dirac equations can be
handled in a similar way, assuming the expression

~ 13
"Dy ———
l W (plﬁ[

—my + V' (py)y

() + i(ipysy)ysly
—ewR =0. (11)

For further details, the reader is referred to [29].

I11. BIANCHI-I COSMOLOGICAL MODELS
A. Coupling to Dirac field only

In order to investigate cosmological scenarios deriving
from (9) and (11), let us consider a Bianchi type I metric of
the form
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ds* = dr* — a®(1)dx* — b*(t)dy* — ¢*(1)dz>. (12)

Denoting by 7 := abc the scale volume, evaluating the linear and spin connection coefficients associated with the metric
tensor (12) and inserting the results together with (12) itself in Egs. (9), the latter are seen to assume the form

ab be a1 3 173, i 1
S o =S = —mpy — —— sy y) (i — =@ —pp—| —— V(i 13
b be Tac 29"V " gagr VST W)(‘//?’S}’yl//)‘i-(pz{ 4 (pqu] 25" V) (13a)
z;+a+i9571 L4 30 o Eo | - 2 s rerw)
p et he = g2 [P T me\ot e Gag? Prsr W) @rsry
e(pry) §oy =2V +39yV') 1 1 _
- -—V — (py) V' 13b
2003 % (W)+2¢(W) (y) (13b)
g+£+g£—i 'é+§'2 +f + 3 (— v )(— )
o e T a2 |t e\t bag2 Prsr ) rsrw
e(py)(Gow =2V +3uyV') 1 1, _
- -—V — (py) V' 13
20002 % (lllll/)+2(p<l//ll'> () (13c)
d T ap g |t e\ gag2 Prsr ) rsrw
e(py) 5oy =2V +39ypV') 1 _ 1 _
- -—V — () V' (@ry), 13d

together with the conditions

S =0=ab-ba=0Upyyy=0 (l4a)
S =0=ch—be =0Upyy'y =0  (14b)
Y3=0=aé—ca=0Upy 2y =0. (l4c)

The equations iOA =0 (A=1,2,3) result in identities.
Conditions (14) are constraints imposed on the metric or on
the Dirac field. There are three ways to satisfy these
conditions: one is to impose constraints of purely geomet-
rical origin by requiring that ab — ba =0, ac — ca =0,
cb — bé = 0, obtaining an isotropic universe; another is to
impose constraints of purely material origin by insisting
that gy y'y =0, §y’y’y =0, yy’y’y =0, giving an
anisotropic universe without spin-torsion interactions (in
fact, in this case necessarily we have that 7’y = 0, and
otherwise the condition 7’y = 0 must be true, implying
that the whole spinor must vanish); the last situation would
be of both geometrical and material origin by insisting that
for instance ab — ba = 0, with §y>y'y = 0, gy ry’y =0
giving a partial isotropy for only two axes with the
corresponding two components of the spin vector vanish-
ing. We will be back to this issue in a moment.

Following a useful procedure [10,12,14,29,30], we can
suitably combine Egs. (9), obtaining the expressions of the
scale factors as functions of the scale volume t,

a = (XY)te T )W (15a)
b= dx3yie 5P (15b)
c= T%X%Y_%e(¥ ) (15¢)

(X,Y,Z, and W being integration constants), and the
dynamical equation [31] for 7,

_3?_5jg_3my7w—3V((p+ 1) + 3ppyV’

2 o(p—3)

T @ TQ

(16)

Here, it is noteworthy that Eq. (13a) plays the role of a
constraint on the initial data and thus on the integration
constants. In this regard, in [29] it has been actually
checked that if the Hamiltonian constraint (13a) is satisfied
initially, then it is preserved in time. Analogously, in the
metric (12) the Dirac equations (11) become
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. . 3, . . .
Y+ 5w+ imyy 160 [y + i@y w)y°rlw + ieRy "y — iV'y'y = 0 (17a)
ST 3 . o R
Y5 iy — @w[(ww)yo + i@y w)r’y’] - iRy’ + iV'yry® = 0. (17b)
In order to solve Eqgs. (17), we can adapt to the present ) 7
context the arguments developed in [24]. First of all we Y3+ 2—W3 —iG(t)y3 =0 (25¢)
. .. . . . T
combine Egs. (17), obtaining the differential equations
T
d, _ 3t . } Ya+5-wa —iG(T)yy = 0. (25d)
@ )+ g ) e y) = 0. (18) 2
A solution of Egs. (25) is then given by
We search for solutions of (17) satisfying the condition
C,exp (—i [ Gdr)
@y =0. (19) :
1 | Cyexp(—i [Gadr) 26)
V=—" . ,
Under such a hypothesis, Eq. (18) implies VT | Ciexp (+i [ Gdr)
% C,exp (+i [ Gdr)
T where C; are integration constants which, because of

where K is an integration constant. At the same time, from
Egs. (52) and (5¢) we can derive the expression of the scalar
curvature R as a function of the bilinear spinor ypy:

mypy — 4V + gy V'
9—3 '

R(py) = (21)

Inview of Egs. (19), (20), and (21), the Dirac equation (17a)
can be rewritten as

W+ %v/ +iG(z)y y = 0, (22)

where we have set
3 _ _ L
G(7) = | m+——wpy+eR(py) -V (pw) - (23)
16¢ |y =~

Considering the 4-component spinor field

¥
Vo
Y3
Y4

Eqgs. (22) assume the explicit form
. T .
8] +le/1 +iG(z)y; =0 (25a)

. T :
Yo+ 72 +iG(t)y, =0 (25b)

constraints (19) and (20), have to satisfy the equations

CiC,+CiC,—C;C—CiCy =K (27a)

CiC3+ C5C, = 0. (27b)
Moreover, the constants C; have to satisfy further con-
straints deriving from the nondiagonal part of the Einstein-
like equations (9). As we have discussed above, these
additional conditions result in a maximum of three real
equations given by

CiCy + C3C + C5C, +C;C3 =0 (28a)
CiC,—CiC,+C;C4—C;C3 =0 (28b)
—CiC,+C3C, = C;C3+C;C4, =0. (28¢)

Equations (27) and (28) form a system of at most six real
equations for eight real unknowns; thus in general, one
should expect that solutions exist.

However, if all of the last constraints were considered
then we can draw some additional conclusions. By com-
bining the first two of (28), we see that

CiC,+ CiCy =0, (29)

which can be combined together with the second of (27) to
show that

C(IC1* = [C4?) = C,CiCy = C,C5Cy
- —C4C§C1 + C§C1C4 - 0, (30)
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and so either C, = 0 or |C|* = |C4|? in general. If |C,|> =
|C4|> we would have that the third of (28) remains |C,|> =
|C5|* and so K = 0. If C, = 0 we have that (29) and the
second of (27) imply that either C3; =0 or C; = C4 =0,
which by (28) again yields C; = 0. In both cases, this again
returns K = 0. Therefore, if all (28) are accounted for, then
K is necessarily zero, and there would be no condensate:
this is to be expected, because these three conditions are
equivalent to the requirement of total isotropy of the spinor
field. Indeed, if this were to be the case, then all of the
spatial components of the spin vector would have to vanish,
and because the algebraic identity 1/'/;/5}/”1//1/77/#1// =0 is
always true, then Wy y'yryow =0. Now, if Wy =
w'y = 0, the spinor itself would be zero. Therefore we
have to select the condition y°yy = 0, which means that
also the temporal component of the spin vector is zero, and
therefore the entire spin vector is zero. Furthermore, since

g wl + low? = = ryryw. (31)
the reasoning above leads to the conditions iy y =
wy = 0, which imply that there is no condensate, and
thus no nonminimal coupling. In conclusion, we have to
dismiss the case yy yly =0, uy’y>w =0, ypy’y’y =0
because it is not possible to have a geometrically aniso-
tropic universe filled with isotropic matter.

A second scenario is to have partial isotropy in both
geometry and matter as for instance in the case ab—ba=0
with yy y'y = 0, yy >y = 0. In this circumstance the
last of (28) is lost and thus a solution can be found. For
example, a solution is given by |C,|> = K and all other
constants equal to zero or by |C,|*> = K and all other
constants equal to zero: they give

(- fou) [F
ren(ofon)

which can be interpreted, respectively, as a spinor in the
spin % or the spin —% eigenstate in the nonrelativistic case
(that is, with the two lower components vanishing in
standard representation).

The third and last case is given by a totally isotropic
universe ab—ba =0, ac—ca =0, ¢cb—bc =0 filled
with anisotropic matter [32]. In such a circumstance
Egs. (28) do not apply and Egs. (27) certainly admit
solutions, for instance, still of the form (32).

or

N

S O = O O O O =

: (32)
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We remark that in any case, the condensate evolves as
Yy = § and that is all we need to perform the analysis of
the cosmological model. The fact that the entire informa-
tion about the spinor is not necessary and that only the
condensate is important may sound strange, but it is exactly
what we would expect to have in macroscopic systems
(after all, also in the physics of condensates one does not
need the complete dynamical behavior of each single
electron or Cooper couple to know the evolution of the
condensate itself—similar arguments can be used to justify
why one does not need the motion of each single atom or
molecule to know the evolution of a gas).

So, resuming the problem of finding the dynamical
equation for the scale volume z, we may insert the relation
Y = § into (16), getting the final equation

z T, 3mK  3(eK +27)V

2 0136 +5 9= -

T(p+ ¢+ T(p 7(2—%) T(Z—%)
3(eK + 1)KV’
_— 33
22-%) 9

The fact that one can combine the equations in this
way should not be surprising. In fact, given a timelike
normalized vector field X, and the projection tensor
hap = g, — X4Xp, the physical properties of any aniso-
tropic cosmology can be characterized by the expansion

scalar and the shear scalar:
1
o= 3 \/ G0

| ~ 1
Oup = Ehth(Vch +VaX.) - ghabe'

9 - h”bﬁaXb
(34)
In the particular case of the metric (12), the expansion is

a b ¢ 1
9:_+_+E:f
a C T

5 (35)

so that (33) is analogous to the Raychaudhuri equation. It is
also useful to write the shear scalar in terms of the metric
(12) and 7:

=26 O 5G]
1 {2(22 + W? _ZW)] 1/2’

T 2| 3(r+ek)?

(36)

where in the last expression we have used (15). It is
immediately clear that the only way to increase the
anisotropy of the system is to have a contraction, so these
models, if expanding, tend to isotropize. In addition, and
differently from GR, for 7 — 0 (and for ¢ > 0) the shear
tends to a finite value depending on K and other constants
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of integration; on the contrary, if ¢ < 0, the shear scalar can
blow up before 7 = 0.

Using the identity 27p+3t¢+5t¢p= j—; (2r—€KlIn7),
(33) yields

d|d 2
E |:E (21' —¢eKIn T):|
(eK + 1)K

= 6[mK— (eK +27)V +
T

Vit (37)

In the following, by exploiting the linear dependence on the
potential and its derivative in Eq. (33) [or (37)], we analyze
different scenarios associated to various choices of the
potential V. To do that we follow two different approaches:
the first one is a reconstruction technique, where a given
time evolution for the scale volume is assumed and then
Eq. (33) is solved for V, making systematic use of the
relation py = f; the second one consists in choosing V in
such a way that the right-hand side of Eq. (37) becomes
easily solvable (exactly or at least for some approxima-
tions) and the corresponding solutions represent interesting
cosmological evolutions. The properties of these scenarios
will be characterized in terms of the behavior of 6 and o.

1. The case V =10

To start with, we discuss the simplest case V = 0. In this
circumstance Eq. (37) assumes the form

d[d 2 .
T E(2T—€Kln1') = 6mKrt, (38)

which can be integrated as

d
(2t —eKInt) = £V6mKr — A, (39)

dt

yielding a first-order differential equation for z with
integration constant A. Assuming A is negative, Eq. (39)
can be integrated as

P S VAL oy LT S
~ 3wk A *

2eK 6mK
ie—arctanh< LT-l—l), (40)

VIAI |A]

but as it is also clear, A negative (with of course 7 positive)
means that the argument of the arctanh is larger than 1 and
thus such a function is ill defined. Therefore we are forced
to assume A >0: in the case A > 0, the differential
equation is integrated as

PHYSICAL REVIEW D 91, 043528 (2015)
2v/A ( omK 1)
L
A

(+B=+0"
K

om T—1>, (41)
A

3mK

2¢eK (
F ——arctan

VA

which is well defined whenever the volume is larger than a
given lower bound 7y > 6’;‘%,( and thus showing that,
regardless of the value of B, there is no way in which
the minimal volume 7z, can be zero; if A = 0, we get the

solution

2(eK +2
t—Q—B:iM, (42)
3mKr

from which again we cannot have zero scale volume at a
finite time. In all these cases then, singularities are avoided
due to the presence of the nonminimal coupling term we
have here: in fact, if ¢ =0 then there will be nothing
preventing us from having a negative A, so that it would be
possible to have the solution (40), which in this case would

reduce to
7+ 1) . (43)

allowing zero scale volume 7z =0 at the finite time

omK

H—B*j:2 il
4]

3mK

t= —Bizgri‘;—l. These phenomena are not new in the
context of ECSK theories (with minimal [33-36] and
nonminimal couplings [37]). However, differently from
these studies, our analysis relies exclusively on the exact
field equations and therefore it is of purely mathematical
nature.

Also, it must be pointed out that the analysis of the
Hamiltonian constraint (13a) provides interesting con-
straints on the constants of this model. To see this point,

using Egs. (15) and (39), we easily get the identities

el
2= (21_7261()2 (6mKt — A). (44d)

Inserting the content of (44) into (13a), we obtain the
relation
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A 1 m 3
-— 3(Z+W)2+9ZW]| =K?* | —e+—). (45
S +5l3Z + W)+ 9zw] (2e—|—64> (45)
Because of the restriction imposed on A (A > 0) found
above, the left-hand side of (45) is always nonpositive and
so must be the right-hand side: this necessarily requires

3
€L —— 4
- 32m’ (46)

which represents an upper bound for the coupling constant
€ in the case that the self-interaction potential V, or also
other kinds of matter different from the only fermionic
field, are absent. This fact, together with Eq. (36), implies
that the singularity on the scale factors can be replaced by a
singularity in the shear that happens at finite time (if
6m 7 < |e|K). In this respect, therefore, the claim that these
models are singularity free is an incomplete statement, as
the model could retain a singularity (albeit of a different
type) at some point in its history.

Another interesting aspect associated with the nonmini-
mal coupling we are studying is that if there were a
(cosmological) time interval in which the first term on
the right-hand side of Eq. (41) were negligible with respect
to the second one, then in such a time interval we would
have an expansion of the Universe according to 7 ~ (tan )2,
which could account for an accelerated behavior possibly
fitting inflationary scenarios (at least for isotropic models).
The above-mentioned circumstance could be achieved for
example by assigning initial data and then integration
constants such that v/A/K is very small.

The model outlined above is therefore rather intriguing,
because it can solve the problem of the cosmological
singularity in a quite elegant way and simultaneously, by
a careful fine-tuning, it can address the issue of inflationary
scenarios. Unfortunately, the model with V = 0 is unable to
account for cosmic acceleration at late time. This is easily
seen still considering Eq. (41), this time evaluated for large
values of 7 (with respect to a given reference volume of the
Universe), obtaining a behavior of the scale volume as
T~ ie,0=2 /t, which at late time ensures isotropiza-
tion [see Egs. (15)] but under a decelerated expansion of the
scale factors.

2. The potential for a decelerated power law expansion

As a first example in which a potential is present,
following a reconstruction approach we look for a potential
V which gives rise to an expansion law of the form 7 = 7,
already treated in the previous section. This behavior of 7
implies that the scale factors a, b, c have a decelerated
expansion law, at least at late time.

Inserting 7 = 7yf> into (33), multiplying by 7 and
expressing all in terms of yy, we get the differential
equation for the unknown V:

PHYSICAL REVIEW D 91, 043528 (2015)

3mK  3K(epy +2
27y + 2etgpy = “ — — = (GWWJE )
2-epy) Yy (2 - epy)
K(epy + 1
3 (€Wl//_+ ) a (47)
(2 - eyy)
The solution of (47) is
_ 1 ety , _ 41'0
1% = - 3
() w1 | 3K (y)” =55 (ww)
2€T
25 (P )+ i) (48)

In addition, the cosmology isotropizes (¢ — 0) in the
future, since

(49)

1[2(Z2%+ w2 - ZW)] 1/2
o =

2| 3(ro2 4 €eK)?

As above, these results could be deduced also from
Egs. (15), which converge to a « b ¢ for this behavior
of 7.

3. Potentials for exponential expansion

As a second example, we search for potentials inducing
exponential expansion of the scale volume. We begin with a
reconstruction technique considering a scale volume of the
form 7 = 7y exp(t). In this case § = 1, and

- ZW)\ /2
3[zgexp(t) + eK]z} (50)

o =

1 (2(22 +w?
2
so that the anisotropy becomes quickly zero. Inserting 7 =

7o exp(t) into (33), multiplying by 7 and using yy as an
independent variable, we get the final equation

2K 3mK  3K(epy +2) 3K(epy + 1) v
gy (2—epy) w2 - epy) (2 - ewy)
(51)
The latter admits the solution
_ yy(2e +3m) -2
V() = 2L 3m) (52)

3(epy + 1)

Another potential which yields exponential expansion at
least at late time is given by

1
6(epw +1)°

Indeed, with the choice (53), Eq. (37) can be integrated as

= \V6mKt + 72 + A, (54)

V(py) = - (53)

(2t —eK)t
7
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with A denoting an integration constant. It is evident that if
A is negative there exists automatically a strictly positive
minimum value of the scale volume, and then the singu-
larity in the scale volume is avoided. For instance, setting
A = —1 for simplicity, Eq. (54) can be integrated as

t+C=2In(V6mKz+ 7> —1+3mK + 1)

3mKz — 1
— eK arctan <m—T> , (55)
Vémkr + 7> — 1

which for large values of 7 yields exponential expansion.
We discuss more in detail the case A > 0; in such a
circumstance by integrating Eq. (53) we get

t+C=2In(V6mKz+ 1>+ A+ 3mK + 1)

eK (A +3mKt + VAV6mKz + % + A)
+—In .
VA

T

(56)

For large values of 7 we have as above exponential
expansion of the scale volume; moreover, setting € < 0,
for very small values of = (with respect to a given reference
volume of the Universe) we can approximate the solution
(56) to

r+D:\€/—I;1n<27A>, (57)

yielding again exponential expansion. We notice that both
the potentials (52) and (53) are not trivial in view of the
nonminimal coupling. Indeed, if € = 0 then (53) reduces to
a cosmological constant while (52) makes the Lagrangian
(2) identical to that of a massless Dirac spinor with
cosmological constant.

4. Potentials for transition from an early power law
inflation to a decelerated power law expansion era

Let us consider the potential

y ()Pt
KPH (p—1)(epy +1)°

V(y) = ¢ (58)

where 7 is a suitable constant. It is easily seen that for such
choice of potential Eq. (37) becomes

d|d
dt

o (2z—¢eK1n 1)] ’ = (6mK +yrP)t.  (59)

From (59), by integrating we get

K 2
<2—€—> 2 = 6mKr +
T

ST EAL(60)
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A being an integration constant. Now, for large values of 7
Eq. (60) approximates the equation

2|t| = vomKr, (61)

giving rise to 7~ > and then to isotropization. On the
contrary, for very small values of z Eq. (60) can be

approximated by
elx = , /%r* (62)
T 4

By choosing p such that I_T” =- i, g > 2 being an even

number, we have 7~ 1’9, which represents power law
inflation at least for isotropic models. In the case of initial
anisotropy, the shear scalar

1[2(2% 4+ W2 —ZwW)| /2
2| 3(zof’ + €K)?

(63)

o =

ensures a quick isotropization, depending on g. It should be
noted that potentials of the form (58) would work equally
well also in the case of minimal coupling (¢ = 0).

5. Potentials for transition from a decelerated
expansion era to dark era

Let us consider the scale volume function of the form
7 = 7y(sinh (1r))? (64)

for which the expansion is @ = 24 coth(A¢) and the shear
scalar is

1 { 2224+ w? - ZW)Z}W, (65)

"~ 2\ 3[rgsinh?(4r) + K]
i.e., a cosmology for which there is a transition between a
power law and a de Sitter expansion and the anisotropy
decreases, converging eventually to zero. In this case, we
have the identity

P 2eK 22
(27— eK Int) = 827 + 4y + ¢ : il

82K

+ d1gA? + 2eXPropy.  (66)

In view of (66), Eq. (33) assumes the form

2K K K(ewpy +2
8% + 4T0j,2 + 26/12701/_11// = 3m — - :i (€’l/ll/ —i__ )
(2—epy) wyw(2-epy)
3K(epy + 1
Klew 1), gy
(2—epy)
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A solution of (67) is given by

222700y myny 812
Vipy) = —————[*(pyp)* + 4] + ——— — —.
(68)

6. Potentials for transition power law inflation—
decelerated power law expansion—dark era

Now, let us consider a suitable combination of the
potentials introduced above as

a _ Pww
6(epy +1) O6K(epy + 1)

y ()Pt
6KP (p—1)(eypy + 1)’

V(gy) = -

+

(69)

a, B, and y being constants. This particular choice of
potential gives rise to a dynamical equation for the scale
volume of the form

2
% {% (27— €K1n7)] = (6mK +2ar + p + yr7P)1,

(70)

which, integrated a first time, yields

K\ 2
<2 —€> 12 = (6mK + B)t + ar’ NI S Ny
T -p+1

(71)

A being an integration constant. Choosing p as above, for
very small values of ¢ we recover a power law inflation
phase; for large values of 7 we recover exponential
expansion but, by carefully choosing the values of the
parameter « and f, we can have a phase where the term
(6mK + f)t is very dominant over the term az? and thus
obtain a decelerated power law expansion.

As a side remark, it should be noted that in the presence
of potentials of the form (69), the Hamiltonian constraint
(48) reduces to a relation identical to (45). However, now
the integration constant A does not have to satisfy the
condition A > 0. Thus in this case no restrictions are
imposed on the coupling constant €.

7. A note on renormalizability in the case of
a nontrivial potential

So far, we have studied a list of potentials and we have
given the expression of the single potential that condenses
them all: altogether, they are capable of fitting within a
unique scheme all expansion eras, but there is still a
problem we must address about renormalizability. As is
well known, the presence of torsion renders the Dirac
equation nonrenormalizable; and as is also widely
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recognized, nonminimal coupling does that too: one would
then reasonably expect that torsion in nonminimal coupling
would induce for the Dirac equation an even higher degree
of nonrenormalizability. But what happens is quite the
contrary: opposite to our intuition, the degree of non-
renormalizability is lowered. In fact, the resulting nonlinear
terms are even super-renormalizable [29]. This is a nice
result, and consequently it would be desirable that it be
maintained also in the presence of this potential. We split
the two cases. In the ultraviolet case, we have that

p v (gryr)?

S L SA——P
6eK  6eKPt(p—1) (72)

V(pw — ) -

so that the potential is reduced to one term that behaves as a
cosmological constant, which in high-energy physics is
irrelevant, plus a term that scales as (w)”, which therefore
is renormalizable if and only if p < %, and specifically in the
case of the equality the theory is renormalizable, while for
the inequality the theory is super-renormalizable. In the
infrared case, it is

_ a ()"t
V(py — 0) — 6+6K1’+1(p—1)’ (73)
with a cosmological constant that now is relevant, and it
constitutes the reason why the dark energy behavior is
recovered, plus an additional term in (yy)?*!, for which
we have to require p > —1 if we want the results about dark
energy preserved. All in all, the constraint given by —1 <
p =< ‘5‘ is the one that keeps the theory both in infrared and in
ultraviolet regimes completely renormalizable. And nicely,
these are also the exact constraints we would need to get for
12 = — L the limiting condition ¢ > 2 needed to provide
inflation and also the limiting condition p > —1 needed to
maintain the dark energy results. In this sense the potential
we have furnished, together with the constraining con-
ditions —1 < p < %, is such that it recovers the correct
dynamics for the expansion of the Universe precisely
because it is the potential for which the theory is renorma-
lizable. This is an interesting (and surprising) additional
result of the theory, of because at first the form of the
potential might have looked quite arbitrary, and some might
have thought it was chosen to yield the wanted cosmology,
but in reality that potential could not have been any
different, or else the theory would have been ill defined
in terms of particle physics. That the expected behavior of
the standard model of cosmology could be implied by
constraints on the standard model of particle physics was,
to our knowledge, not known before.

B. In the presence of dust fluid

In the case of the presence of dust fluid with density p,
the conservation laws for the fluid together with the relation
7= ﬁ ensure the relation
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Po _ Po
=—== 74
p rald (74)
In such a circumstance, setting
m py m
—=— 4, 75
2 K + 2 (75)

it is easily seen that the dynamical equation for the scale
volume 7 becomes

i 7, 3mK  3(eK +20)V

29 +3p+5-¢ = -~

R
3(eK + 1)KV’
— AR 76
22-f 7o

formally identical to Eq. (33), with m replacing m. The
conclusion follows that, by substituting m by rm, all results
and conclusions stated in Sec. III. A hold also in the
presence of dust.

C. In the presence of radiation fluid

We consider the presence of a radiation fluid with
equation of state p = % p. The conservation laws for the
fluid provide the relation p = 2. In this case, the dynamical
equation for 7 is given by ©

% LT 2p 3mK  3(eK +27)V

2 013 +559=""L0 -

R O I SR §
3(eK + 1)KV’
— 77
12(2—%) (77)

Choosing a potential of the form V =V + V, with V
satisfying the equation

2py  3(eK +20)V  3(eK +0)KV'

=0, (78
e s s B (.S 78)
amounting to
2 3K (ey 2) - 3K(ey 1) -
L?(l/_/l//)% - (a//l//—t ) V+ <€WW_+ ) V= O,
K Py (2 - epy) (2 - ewy)
(79)
Eq. (77) reduces to
7 T, 3mK  3(eK +27)V
2- 3p+5-¢p = -
T¢+ ProTe (2 - %) 7(2 - %)
3(eK + 1)KV’
—_— 80
(2 - %) (80)

which is identical to (33). Again, an analysis analogous to
that developed in Sec. III. A is then applicable also in this
case with identical results. A solution of (79) is given by
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— 4
_ VAW
V=2py| — ] . 81
(%) (81)

1. The case V =0
In this case Eq. (77) simplifies to

3mK
7(2 —<£)°

T

) .,
2 013 +55p="L04 (82)
T T T3

which can be handled as above, giving rise to the final
equation

K\2 12¢K
<2_€_> 2 = 12pg7 + L0 4 6mKz+ A, (83)
T 3

A being a suitable integration constant. For very small
values of 7 and supposing ¢ > 0, Eq. (83) can be approxi-
mated to

ex V/12eKpyrs, (84)
T

yielding 7 = 1%, which can account for an accelerated early
phase of the Universe (at least for isotropic models). As it is
clear from (84), we underline that this dynamics is strictly
due to the nonminimal coupling. This is a remarkable
difference with respect to the minimally coupled theory
where the presence of a fermionic self-interacting potential
is necessary to generate inflationary phases at early time
[30]. For very large values of 7z, Eq. (83) can be approxi-
mated to

214 = VemKz, (85)

yielding 7~ > and thus a decelerated expansion and
isotropization of the Universe.

2. Transition power law inflation—decelerated power
law expansion—dark era

Finally, taking the potential
a poy

Vi) = - 6(epy + 1) 6K(epy + 1) (86)

into account, suitably choosing the parameters « and f and
repeating the arguments as in Sec. III. A. 6, we recover
again a phase transition: power law inflation—decelerated
power law expansion—exponential expansion.

IV. CONCLUSIONS

In this paper we have considered cosmological models in
the framework of Einstein-Cartan-Sciama-Kibble gravity in
which a Dirac field is nonminimally coupled to gravity.
This nonminimal coupling has been investigated in a
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previous paper [29] in connection with the renormaliz-
ability issue of Dirac equations. Here, we study some
cosmological scenarios arising from such a theory. In order
to account for possible initial anisotropies of the Universe,
we have considered Bianchi-I models, looking at spatially
flat Friedmann Robertson Walker (FRW) models as a
particular case. We have shown that the nonminimal
coupling can in general avoid the initial cosmological
singularity in the scale volume (scale factors), in agreement
with the results recently obtained in [37], where another
type of fermionic nonminimal coupling was studied.
However this does not necessarily imply that the model
is singularity free as the Hamiltonian constraint can induce
bounds on € which could cause a singularity in the shear at
finite time. In this respect therefore, care should be taken in
stating that these models are not “singularity free.”
Using two different approaches, we have obtained
several examples of fermionic self-interaction potential
which generate a number of interesting cosmological
phases (power law inflation, decelerated power law expan-
sion, and dark era). In fact by an accurate fine-tuning, even
a transition power law inflation—decelerated power law
expansion—dark era is possible. Some of the potentials we
obtained have the remarkable properties to be a relatively
simple combination of power of iy and to be able to lead
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dynamically to a dark era. The presence of cosmological
fluids does not substantially modify the results achieved in
the case when only a Dirac field is present. We have
analyzed specifically the cases of dust and radiation. In
this last case it became evident that the nonminimal
coupling alone is the origin of a power law inflation at
early time.

From our results it emerges that a fermionic self-
interaction potential is necessary in order to generate an
accelerated expansion phase of the Universe at late time,
when the contribution of the nonminimal coupling van-
ishes. Conversely and differently from what happens in the
minimally coupled theory, in the presence of nonminimal
coupling the fermionic potential can no longer be necessary
for inflation; indeed there exist cases where the nonminimal
coupling alone is sufficient to generate inflationary phases
at early time (small values of scale volume).
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