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We extend the study of Higgs boson couplings in the “golden” gg → H → ZZ� → 4l channel in two
important respects. First, we demonstrate the importance of off-shell Higgs boson production
(gg → H� → ZZ → 4l) in determining which operators contribute to the HZZ vertex. Second, we
include the five operators of lowest nontrivial dimension, including the ZμZμ

□H and HZμ□Zμ operators
that are often neglected. We point out that the former operator can be severely constrained by the
measurement of the off-shell H� → ZZ rate and/or unitarity considerations. We provide analytic
expressions for the off-peak cross sections in the presence of these five operators. On shell, the
ZμZμ□H operator is indistinguishable from its Standard Model counterpart HZμZμ, while the
HZμ□Zμ operator can be probed, in particular, by the Z� invariant mass distribution.
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I. INTRODUCTION

Now that a Standard Model (SM)-like Higgs boson has
been discovered at the Large Hadron Collider (LHC) [1,2],
it is critical to measure its couplings. The sensitivity of the
H → ZZ� → 4l to the couplings of the putative Higgs
boson to Z bosons is well established theoretically [3–58];
measurements of this channel have indeed been performed
by the experimental collaborations [59–66].
Recently, the importance of the off-shell cross section

(M4l ≫ 125 GeV) for measuring the full width of the
Higgs boson has been demonstrated [30,49,56,67–69]. We
point out that the off-shell cross section in this channel is
also useful for constraining anomalous HZZ couplings,
since these anomalous operators are of a higher dimension
and can enhance the production cross section at large values
of the invariant mass. Previous studies of Higgs boson
couplings at the LHC (see, e.g. Ref. [70] and references
therein) have focused on three specific operators, one of
mass dimension three and two of mass dimension five.
Here we also study two additional dimension-five operators
that are suppressed on shell [45] (see also Refs. [71–76]).
In Sec. II, we discuss parametrizations of the XZZ

couplings (we consider an arbitrary scalar, X, in our
discussions). Five independent operators (or equivalently,
five independent Lorentz structures in the amplitude)
should be considered. The measurement of the couplings
of these five operators is the cornerstone of the future LHC
physics program and will proceed in several stages:
(1) The measurement of the overall signal rate in the

four-lepton channel from an on-shell Higgs boson
provides an important constraint on these five
operators, effectively reducing the parameter space

by one dimension [45]. This “geolocating” pro-
cedure is reviewed and extended to five degrees
of freedom in Sec. III.

(2) The measurement of the Higgs boson contribution to
the ZZ continuum at high invariant masses provides
a second, independent constraint that is the subject
of Sec. IV.

(3) Finally, precision measurements of decay kinematics
on the Higgs boson peak provide additional infor-
mation on the tensor structure of the XZZ couplings,
as discussed in Sec. V.

The goal of this paper is to consider the most general
XZZ couplings involving operators up to mass dimension
five without theoretical prejudice. This is precisely the
approach taken in four-lepton analyses by the ATLAS and
CMS collaborations [59–66]—our contribution here is to
point out the existence of additional operators and identify
their phenomenological consequences. In doing so, we
shall steer clear of any theory bias. For example, we shall
not assume any particular representation of the “Higgs”
resonance, nor shall we assume that SUð2Þ ×Uð1Þ gauge
symmetry is necessarily preserved in the full effective field
theory. (After all, electroweak symmetry is at least appa-
rently broken.) We shall not make any assumptions about
the complete set of operators that would be generated; in
particular we are not concerned with XZγ, Xγγ, or XWW
operators.1 In this sense, our paper is complementary to
many other studies in the literature, which have made some

1Of course, if one has a complete set of operators, one could
also constrain their coefficients from precision electroweak data
along the lines of Refs. [77–91].
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or all of these assumptions [41,71,74,92–125]. We discuss
possible unitarity violation in detail and give guidance on
how to deal with this issue when using our parametrization
of XZZ couplings. We also point out the importance of
anomalous couplings when studying off-shell four-lepton
events, though we leave a precise estimation of the
experimental sensitivity to these effects (which would have
to include interference with continuum gg → ZZ produc-
tion) to future studies.

II. PARAMETRIZATION OF XZZ COUPLINGS

There are two obvious and equivalent approaches to
describing the coupling of an arbitrary spin-zero scalar to
two Z bosons:
(1) Introducing a general amplitude for X → Zλ1Zλ2,

2 as
is done, e.g. in Refs. [19,20,34], or

(2) Through the operators in an effective theory
Lagrangian.

The correspondence between these two prescriptions is as
follows:

iϵ�1 · ϵ
�
2⇔ −

1

2
XZμZμ; ð1Þ

iðp1 · p2Þðϵ�1 · ϵ�2Þ⇔
1

2
X∂μZν∂μZν; ð2Þ

iðp1 · ϵ�2Þðp2 · ϵ�1Þ⇔
1

2
X∂μZν∂νZμ; ð3Þ

iϵμνρσϵ
�;μ
1 ϵ�;ν2 pρ

1p
σ
2⇔ −

1

2
ϵμνρσ∂μZν∂ρZσ; ð4Þ

iðp2
1 þ p2

2Þðϵ�1 · ϵ�2Þ⇔XZμ□Zμ; ð5Þ

where ϵμ1 ¼ ϵμðp1Þ and ϵμ2 ¼ ϵμðp2Þ are gauge boson
polarization vectors. The five operators (1)–(5) are dimen-
sion five or less.3 These operators correspond to the five
independent amplitude structures which have mass dimen-
sion two or less.
In either approach, there is the freedom to choose the

most convenient set of operators as a basis for a particular
application. Our basis is described below:
(1) The expression (1) is proportional to the tree-level

SM Higgs boson coupling.4 For convenience, we
therefore define

O1 ¼ −
M2

Z

v
XZμZμ; ð6Þ

where v is the Higgs vacuum expectation value,
246 GeV; hence O1 is equal to the tree-level SM
coupling.

(2) Of the five operators, only (4) is invariant under the
gauge transformation Zμ → Zμ þ ∂μχ.

5 We therefore
define

O3 ¼ −
1

2v
XFμν

~Fμν ð7Þ

to be proportional to this expression, where ~Fμν ¼
1
2
ϵμνρσFρσ and Fμν ¼ ∂μZν − ∂νZμ.

(3) None of the remaining four operators in (1)–(5) are
individually gauge invariant, but the difference of
expressions (2) and (3) is. We therefore define O2 to
be proportional to this difference:

O2 ¼ −
1

2v
XFμνFμν: ð8Þ

In Ref. [45], we presented a framework for measuring
the couplings of the putative Higgs boson X to a pair
of gauge bosons with a primary focus on the “golden”
X → ZZ� → 4l channel. In that work, we considered in
detail only O1, O2, and O3 and described how, after fixing
the overall rate, the measurements of the coefficients of
these operators corresponded to the “geolocation” of the
Higgs boson couplings on a suitably defined sphere. In this
work, we will explore the phenomenological consequences
of performing such measurements in the full five-dimen-
sional operator space, in particular considering operators
which were mentioned, but ultimately neglected,
in Ref. [45].
Before proceeding, we note that, in general, complex

contributions to the form factors in the amplitude
can be generated through loops involving light particles;
schemes for measuring the coupling in such scenarios
were discussed in Ref. [45]. However, such loop-induced
contributions are expected to be small (see, e.g. Ref. [53]).
All couplings are taken to be real in the analysis pre-
sented here.
To study the phenomenological consequences of the

full five-dimensional operator space, we must first
identify the two basis operators not space spanned by
O1, O2, and O3. A convenient choice, for phenomeno-
logical reasons, is

2The Z bosons have arbitrary invariant masses. We will not
assume any Z boson to be on shell, unless explicitly noted.

3If we assume that the overall constant contains one power of
the vacuum expectation value, we must refer to, e.g. a dimension-
five operator as a dimension-six operator.

4Electroweak corrections to the SM H → 4l process are
discussed, for example, in Refs. [126,127].

5Invariance under the full set of SUð2Þ ×Uð1Þ gauge trans-
formations depends on the coefficients of the corresponding
operators in X → WW, X → Zγ, and X → γγ. As we are only
considering X → ZZ channels, we will use the term “gauge
invariant” to mean invariant under Zμ → Zμ þ ∂μχ.
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O5 ¼
2

v
XZμ□Zμ; ð9Þ

which is proportional to the operator in expression (5). For
the final basis operator, one choice is

O4 ¼
M2

Z

M2
Xv

□XZμZμ; ð10Þ

where MX is the mass of the putative Higgs boson
(≈125 GeV). This operator is equivalent to the operators
in expressions (2) and (5) after using integration by parts.
Specifically,

O4⇔
M2

Z

M2
Xv

Xð∂μZν∂μZν þ Zμ□ZμÞ; ð11Þ

which can be seen directly by considering the correspond-
ing amplitudes. As an alternative to O4, we will also
consider an operator which is proportional to the sum of the
operators in expressions (2) and (3) and hence is orthogonal
to O2. We define this operator as

O6 ¼
1

v
Xð∂μZν∂νZμ þ ∂μZν∂μZνÞ: ð12Þ

Note that fO1;O2;O3;O4;O5g and fO1;O2;O3;O5;O6g
are bases, but fO1;O2;O3;O4;O5;O6g is a linearly
dependent set.
Choosing fO1;O2;O3;O4;O5g as our basis, we obtain

the Lagrangian

L ⊃
X5
i¼1

κiOi ¼ −κ1
M2

Z

v
XZμZμ −

κ2
2v

XFμνFμν

−
κ3
2v

XFμν
~Fμν ð13Þ

þ κ4M2
Z

M2
Xv

□XZμZμ þ 2κ5
v

XZμ□Zμ: ð14Þ

The amplitude corresponding to this Lagrangian may be
written as

A ¼ −
2i
v
ϵ�μ1 ϵ�ν2 ða1gμν þ a2p1νp2μ þ a3ϵμνρσp

ρ
1p

σ
2Þ; ð15Þ

where

a1 ≡ κ1M2
Z þ ð2ðM2

Z=M
2
XÞκ4 − κ2Þp1 · p2

þ ððM2
Z=M

2
XÞκ4 þ κ5Þðp2

1 þ p2
2Þ; ð16Þ

a2 ≡ κ2; ð17Þ

a3 ≡ κ3: ð18Þ

Different operators (or equivalently, different amplitude
structures) correspond to different symmetry properties, as
is elucidated in Table I. Thus, for example, the most general
CP-even coupling involves the four operators O1, O2, O4,
and O5. The most general gauge-invariant coupling
involves only O2 and O3. We emphasize also that this
choice of operators allows one to parametrize all amplitude
structures up to a given mass dimension. In particular, κ1,
κ2, κ4, and κ5 can parametrize any Bose symmetric, Lorentz
invariant kinematic function with mass dimension ≤ 2 for
a1, while retaining sufficient freedom to assign any
possible constant value to a2.

6

III. GEOLOCATING: THE ON-PEAK
CROSS SECTION

In Ref. [45], we provided a parameterization of XZZ
couplings in terms of directions on a suitably defined
sphere with a constant value for the on-peak (M4l ¼ MX)
cross section times branching ratio for the 4l final state. We
note in passing that this “geolocating” approach has the
experimental benefit of making the normalization of the
differential cross section used in the Matrix Element
Method [128–136] trivial. To obtain the analogous
“sphere” in the five-dimensional κi space corresponding
to the Lagrangian in Eq. (14), we must determine the
coefficients γij in the equation

ΓðX → ZZ → 4lÞ ¼ ΓSM

X
i;j

γijκiκj; ð19Þ

where ΓðX → ZZ → 4lÞ is the partial width for X →
ZZ� → 4l for the given final state (4e, 4μ or 2e2μ) after
specified selections, ΓSM is the value of this quantity for the
tree-level SM (κi ¼ δi1), and the κi are defined by Eq. (14).
We take γij ¼ γji.
For any kinematic configuration with M4l ¼ MX, the

contributions to the amplitude from O1 and from O4 are
equal. Thus

γ1j ¼ γ4j; ð20Þ

TABLE I. A summary of the properties of the Oi operators
considered in the text.

Operator Dimension CP Gauge invariant

O1 3 Even No
O2 5 Even Yes
O3 5 Odd Yes
O4 5 Even No
O5 5 Even No

6See Ref. [53] for a dictionary of conventions used for
describing XZZ couplings in various works.
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and in particular γ11 ¼ γ14 ¼ γ44 ¼ 1 (as γ11 ¼ 1 by con-
struction). Also, as the interference between parity-odd and
parity-even amplitudes generically vanishes at the level of
total cross sections, γ3j ¼ 0 for j ≠ 3. Thus, the only γij
which we need to calculate, beyond those provided in
Ref. [45], are γ15, γ25, and γ55. For convenience, we present
all γij for the 2e2μ final state without event selection in
Table II. In general these values depend both on the choice
of four-lepton final state and the event selection applied.
It is interesting that γ55 is close to, but slightly less than,

1. We therefore explore how this value arises. In general,

ΓB

ΓA
¼ 1

ΓA

Z
dΓB

dx
dx ¼

Z �
dΓB

dx

�
dΓA

dx

��
dΓA

dx

�
ΓA

�
dx

¼
��

dΓB

dx

�
dΓA

dx

��
A
; ð21Þ

that is, the ratio of widths is given by the expectation value
of the ratio of differential widths as found using the
appropriate hypothesis. If dΓi=dx is the differential width
for some set of kinematic variables, x, when κi ¼ 1 and
κj ¼ 0 for j ≠ i, then we find�

dΓ5

dx

�
dΓ1

dx

�
¼

�
M2

Z1
þM2

Z2

M2
Z

�
2

; ð22Þ

where MZ1ð2Þ is the invariant mass of the heavier (lighter)
lepton pair. Thus

γ55 ¼
��

M2
Z1

þM2
Z2

M2
Z

�
2
�

SM
: ð23Þ

As for most events with M4l ≈MX, MZ1
≈MZ and

MZ2
≲MX −MZ, so with MX ¼ 125 one would expect

ðM2
Z1

þM2
Z2
Þ2=M4

Z ≈ 1.1–1.3, which disagrees with our
result for γ55 in Table II. However, this is a naive expect-
ation. Figure 1 illustrates that while the peak of the
distribution of ðM2

Z1
þM2

Z2
Þ2=M4

Z for SM events is
1.125, a long tail extends to very low values of this
quantity. This tail lowers the average value of the quantity,
and hence of γ55 to 0.987, as shown in Table II. We note
that in this paper we utilize the event generators
MadGraph5 [137] and CalcHEP [138] using a model file
created with FeynRules [139].
We have presented the γij corresponding to a particular

Higgs boson width in the limit of no event selection; a more
realistic analysis should include the event selection, effi-
ciencies, etc. We emphasize that the three operators (O1,
O2, and O3) that were the focus in Ref. [45], and which
have been the focus of most experimental and theoretical
analyses thus far, do not exhaust all the possibilities. Even
if studies of these three operators seem to indicate a SM-
like Higgs boson, one must still probe the complementary
ðκ1; κ4; κ5Þ space to conclusively establish the boson’s
identity.

IV. OFF-SHELL PHENOMENOLOGY
OF XZZ OPERATORS

A. Invariant mass dependence of off-shell cross sections

As noted above, there has been much interest recently in
using four-lepton events from off-shell Higgs boson pro-
duction, i.e. events with M4l ≫ MX, to constrain the total
Higgs boson width [30,49,56,67–69]. We point out here
that, for a fixed value of the X → ZZ partial width (19) (or
sphere of fixed radius in geolocating language), the off-
shell X� → ZZ cross section due to any of the dimension-
five operators (7)–(12) is much higher than in the Standard
Model. The experimental sensitivity to this off-shell pro-
duction is greatly enhanced through interference with the
NLO gg → ZZ background [30,49,56,67–69,140–148], so
determining the precise experimental sensitivity to some
nonstandard XZZ couplings is somewhat nontrivial. In this
paper, we consider only the enhancement in cross sections
relative to the Standard Model that is attained with these
operators; a detailed study of the sensitivity, including the
effects of interference, will be treated in future work.

TABLE II. Numerical values for the coefficients defined in Eq. (19) that give the partial width for decay of the putative Higgs boson to
the 2e2μ final state with no event selection applied.

γ11 ¼ γ14 ¼ γ44 γ22 γ12 ¼ γ24 γ33 γ13 ¼ γ23 ¼ γ34 ¼ γ35 γ25 γ15 ¼ γ45 γ55

1 0.090 −0.250 0.038 0 −0.250 0.978 0.987

FIG. 1 (color online). The distribution of the quantity
ðM2

Z1
þM2

Z2
Þ2=M4

Z, which is the ratio of differential cross
sections due to the operator O5 and due to the SM operator,
O1, as evaluated for SM events [see Eqs. (22) and (23)]. The
mean of this quantity is equal to γ55.
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Before proceeding, we consider the obvious question of
what value of the ggX coupling to use. In the Standard
Model, the ggX coupling is given by

gggXðM4lÞ ¼
αsðM4lÞ
4πv

X
Q

AH
1=2ðτQÞ ð24Þ

at one loop, where

AH
1=2ðτÞ ¼ 2½τ þ ðτ − 1ÞfðτÞ�τ−2; ð25Þ

fðτÞ is defined by

fðτÞ ¼
(
arcsin2

ffiffiffi
τ

p
τ ≤ 1

− 1
4

h
log 1þ

ffiffiffiffiffiffiffiffiffi
1−τ−1

p

1−
ffiffiffiffiffiffiffiffiffi
1−τ−1

p − iπ
i
2

τ > 1

)
; ð26Þ

and τQ ¼ M2
4l=4M

2
Q, following the expressions in e.g.

Refs. [149,150]. This expression, more frequently viewed
as describing the evolution of the ggH coupling with MH,
can be interpreted somewhat more generally, as it gives the
value of this coupling at a particular value of invariant
mass, regardless of the on-shell mass of the resonance.
However, if we are introducing (in some cases radically)

new physics in the XZZ couplings, we cannot necessarily
assume that the SM expression for the ggX coupling will
hold. Therefore, we consider an alternative hypothesis that
the ggX coupling is fixed at all scales to its SM value at
125 GeV. We show the LO cross sections σ1–5 as a function
ofM4l for the five “pure” operatorsO1–5 in Fig. 2, in which

the ggX coupling does not evolve with M4l. In Fig. 3, we
show these same cross sections, but now calculated with a
coupling that evolves according to Eq. (24). Explicitly, σi is
the cross section, in a particular ggX coupling scenario,
when κi ¼ γ−1=2ii and κj ¼ 0 for i ≠ j. This choice of κi
serves to normalize the cross sections, so that the SM value
for cross section times branching ratio for M4l ≈ 125 GeV
is obtained. Signal and background rates integrated over a
range of off-shell invariant masses are provided in Table III.
We note from this table, and from Figs. 2 and 3 above, that
σ2–5 are significantly larger than σ1, the SM off-shell cross
section, though the overall scale of cross sections is
relatively small, with the exception of σ4. While, as noted
above, we cannot translate these observations directly into a
sensitivity, largely because of the importance of interfer-
ence with the gg → ZZ continuum background, it is clear
that the off-shell cross sections provide a source of
information about the tensor XZZ couplings that is com-
plementary to data obtained on the Higgs boson mass peak.
As the large values of σ4 are symptomatic of potential
unitarity-violating behavior, in Subsec. IV C we will
quantify the reduction of the cross section for O4 when
one only integrates over values of invariant mass consistent
with unitarity requirements.

B. Analytic expressions for off-peak cross sections

To gain a greater understanding of the behavior
of the various cross sections at large invariant mass, we
obtain analytic expressions for the partonic differential
cross section dσ̂ðŝÞ

dMZ1
dMZ2

. These expressions are valid in

general, though we have suppressed the dependence on
the Higgs boson width, as our interest is in the regime
where the Higgs boson is not on shell. Specifically, we
find that
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FIG. 2 (color online). The differential cross section as a function
of four-lepton invariant mass for 2e2μ events before event selec-
tions. Results are shown for pureO1,O2,O3,O4, andO5 couplings
[cf. Eq. (14)], as well as for the irreducible qq̄ → ZZ → 2e2μ
background (bg). There is no event selection applied to the signal
events; for the background, a minimal Mll̄ > 1 GeV selection is
applied to avoid infrared divergences. For each signal hypothesis,
the normalization has been chosen to be equal to the entire SM on-
peak Higgs boson cross section in this channel. In this figure, the
ggX coupling is taken to be constant with respect to invariant mass.
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FIG. 3 (color online). The same as Fig. 2, but in this figure, the
ggX coupling evolves with invariant mass according to the
expression in Eq. (24).
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dσ̂ðŝÞ
dMZ1

dMZ2

¼g2ggXðg2Lþg2RÞ2
�
M5

Z1
M5

Z2

ffiffiffi
x

p

21432π5v2ŝ2

��
ŝ

ŝ−M2
X

�
2
� ð2MZ1

dMZ1
Þð2MZ2

dMZ2
Þ

ðM2
Z1
−M2

ZÞ2þM2
ZΓ2

ZÞðM2
Z2
−M2

ZÞ2þM2
ZΓ2

ZÞ
�X

i;j

κiκjχij; ð27Þ

where, using the coupling of the Z to charged leptons, we
have that

g2Lþg2R ¼ 16π2αEMðŝÞ2
�
2sin4θW − sin2θW þ1=4

sin2θWcos2θW

�
; ð28Þ

and x is defined, analogously to Refs. [19,34], by

x ¼
�
ŝ −M2

Z1
−M2

Z2

2MZ1
MZ2

�
2

− 1: ð29Þ

The expressions for the unique, nonvanishing χij are

χ11 ¼ ð3þ xÞ
�

M2
Z

MZ1
MZ2

�
2

; ð30Þ

χ12 ¼ −
3

2

�
M2

Z

MZ1
MZ2

�
2
�

ŝ
M2

Z
−
M2

Z1
þM2

Z2

M2
Z

�
; ð31Þ

χ14 ¼ ð3þ xÞ
�

M2
Z

MZ1
MZ2

�
2
�

ŝ
M2

X

�
; ð32Þ

χ15 ¼ ð3þ xÞ
�

M2
Z

MZ1
MZ2

�
2
�
M2

Z1
þM2

Z2

M2
Z

�
; ð33Þ

χ22 ¼ 3þ 2x; ð34Þ

χ24 ¼ −
3

2

�
M2

Z

MZ1
MZ2

�
2
�

ŝ
M2

X

��
ŝ
M2

Z
−
M2

Z1
þM2

Z2

M2
Z

�
; ð35Þ

χ25¼−
3

2

�
M2

Z

MZ1
MZ2

�
2
�
M2

Z1
þM2

Z2

M2
Z

��
ŝ
M2

Z
−
M2

Z1
þM2

Z2

M2
Z

�
;

ð36Þ

χ33 ¼ 2x; ð37Þ

χ44 ¼ ð3þ xÞ
�

M2
Z

MZ1
MZ2

�
2
�

ŝ
M2

X

�
2

; ð38Þ

χ45 ¼ ð3þ xÞ
�

M2
Z

MZ1
MZ2

�
2
�
M2

Z1
þM2

Z2

M2
Z

��
ŝ
M2

X

�
; ð39Þ

χ55 ¼ ð3þ xÞ
�

M2
Z

MZ1
MZ2

�
2
�
M2

Z1
þM2

Z2

M2
Z

�2

: ð40Þ

We have defined these quantities such that χij ¼ χji.
Note that χi3 ¼ 0 for i ≠ 3, essentially due to the parity
properties of the operators. Equation (27) is normalized for
the 4e or 4μ final state (though it does not include the
effects of interference between lepton pairs; see, e.g.
Ref. [40] for more discussion of this effect). To obtain
the differential cross section for the 2e2μ final state, one
must multiply by 2.
We now proceed to obtain expressions for the partonic

cross section, σ̂ðŝÞ, by using the narrow width approxima-
tion to integrate over MZ1

and MZ2
. The result is that

σ̂ðŝÞ ¼ g2ggX

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4M2

Z=ŝ
p

M4
Z

512πv2ŝ

��
ŝ

ŝ −M2
X

�
2

×
X
i;j

κiκjξijðBRðZ → lþl−ÞÞ2; ð41Þ

where BRðZ → lþl−Þ gives the branching ratio for Z decay
to a specific lepton flavor. As in Eq. (30), this expression
gives the cross section for the 4e or 4μ final states; the value
for the 2e2μ final state is greater by a factor of 2. The ξij can
be found using the expression

TABLE III. Integrated cross sections in femtobarns for the 2e2μ final state without event selections for various
signal processes and the LO irreducible background. The signal cross sections have been normalized to give the SM
Higgs boson on-resonance cross section. Values are given both for a fixed ggX coupling and assuming the SM
evolution of this quantity with invariant mass.

Operator σ > MX, fixed gggX σ > 250 GeV, fixed gggX σ > MX, gggXðM4lÞ σ > 250 GeV, gggXðM4lÞ
O1 0.005 0.004 0.009 0.008
O2 0.099 0.083 0.171 0.152
O3 0.206 0.186 0.366 0.341
O4 18.2 18.2 4.54 4.53
O5 0.023 0.018 0.037 0.032
LO BG 38.8 13.1 38.8 13.1
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ξij ¼ lim
MZ1;2

→MZ

χij: ð42Þ

Explicitly, the values of ξij are

ξ11 ¼
ŝ2

4M4
Z
−

ŝ
M2

Z
þ 3; ð43Þ

ξ12 ¼ −
3ŝ
2M2

Z
þ 3; ð44Þ

ξ14 ¼
�

ŝ
M2

X

��
ŝ2

4M4
Z
−

ŝ
M2

Z
þ 3

�
; ð45Þ

ξ15 ¼ 2

�
ŝ2

4M4
Z
−

ŝ
M2

Z
þ 3

�
; ð46Þ

ξ22 ¼
ŝ2

2M4
Z
−

2ŝ
M2

Z
þ 3; ð47Þ

ξ24 ¼
�

ŝ
M2

X

��
−

3ŝ
2M2

Z
þ 3

�
; ð48Þ

ξ25 ¼ 2

�
−

3ŝ
2M2

Z
þ 3

�
ð49Þ

ξ33 ¼
ŝ2

2M4
Z
−

2ŝ
M2

Z
; ð50Þ

ξ44 ¼
�

ŝ
M2

X

�
2
�

ŝ2

4M4
Z
−

ŝ
M2

Z
þ 3

�
; ð51Þ

ξ45 ¼ 2

�
ŝ
M2

X

��
ŝ2

4M4
Z
−

ŝ
M2

Z
þ 3

�
; ð52Þ

ξ55 ¼ 4

�
ŝ2

4M4
Z
−

ŝ
M2

Z
þ 3

�
: ð53Þ

We note that many of these expressions can be obtained
from the relations

ξi4 ¼ ðŝ=M2
XÞξi1 ð54Þ

and

ξi5 ¼ 2ξi1: ð55Þ
As was the case for χij, ξij ¼ ξji and ξi3 ¼ 0 when i ≠ 3.
Some observations about the cross sections from the

various operators are as follows:
(1) O2: As noted above, the value of κ2 which gives the

SM partial width when all other couplings vanish is
κ2 ¼ γ−1=222 . (See Table II for the values of the γij.)
Thus, in the high invariant mass limit,

limffiffî
s

p
→∞

σ2ð
ffiffiffî
s

p Þ
σ1ð

ffiffiffî
s

p Þ¼
1

γ22
limffiffî
s

p
→∞

ξ22ð
ffiffiffî
s

p Þ
ξ11ð

ffiffiffî
s

p Þ¼
2

γ22
≈22: ð56Þ

Naively, it might be surprising that ξ22=ξ11 asymp-
totes to a constant value in the high

ffiffiffî
s

p ¼ M4l limit,
as O2 is built of the operators given in (2) and (3)
that are higher dimensional than O1. However, the
contributions to the helicity amplitudes from these
higher-dimensional operators which depend on the
highest powers of ŝ cancel. This cancellation is
related to the preservation of unitarity by gauge
invariant operators.

(2) O3: Using the analogous procedure, we find that

limffiffî
s

p
→∞

σ3ð
ffiffiffî
s

p Þ
σ1ð

ffiffiffî
s

p Þ ¼
2

γ33
≈ 53: ð57Þ

Again, the fact that the highest power of ŝ in ξ33 is 2
is related to the gauge invariance of the O3 operator.

(3) O4: Here there is a dramatic enhancement of the
cross section at high energies as

limffiffî
s

p
→∞

σ4ð
ffiffiffî
s

p Þ
σ1ð

ffiffiffî
s

p Þ ¼
ŝ2

M4
X
: ð58Þ

The tendency for amplitudes associated with this
operator to grow with energy leads to issues with
unitarity, as we will discuss in more detail in
Subsec. IV C.

(4) O5: If we use the expressions for ξ11 and ξ55 in
Eqs. (43) and (53), then we would obtain

limffiffî
s

p
→∞

σ5ð
ffiffiffî
s

p Þ
σ1ð

ffiffiffî
s

p Þ ¼
4

γ55
≈ 4: ð59Þ

However, following Eqs. (31) and (40), we note that

χ55
χ11

¼
�
M2

Z1
þM2

Z2

M2
Z

�
2

: ð60Þ

The extra powers of MZ1
and MZ2

in χ55 mean that
the narrow width approximation (NWA), which was
used in obtaining the ξij from the χij, breaks down,
leading to an enhancement of the cross section at
high invariant mass from events with very off-shell Z
bosons. The prevalence of events with very off-shell
(high invariant mass) Z bosons can be seen in Fig. 4;
the enhancement of the partonic cross section as a
function of ŝ is shown in Fig. 5. The enhancement in
cross section versus the NWA expectation for O5

might seem to promise an increase in sensitivity.
However, the interference between signal events
with large, off-shellMZ1

andMZ2
and the continuum

gg → ZZ will be quite small, and the total cross
section for such events is small for LHC purposes.
Perhaps the situation will be somewhat more opti-
mistic at a 100 TeV collider.
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C. Unitarity bounds on O4

A striking feature in Figs. 2 and 3, as well as in the
integrated cross sections in Table III, is the rapidly growing
cross section from the O4 operator. However, the growth in
the strength of this operator with invariant mass will lead to
amplitudes which violate partial wave unitarity at some
mass scale Λ [117,151–153]. Three approaches to this issue
are, in increasing order of conservatism,
(1) Ignore unitarity and set limits using the entire

predicted off-shell cross section.
(2) Use form factors, e.g. as in Ref. [154,155], that

prevent the amplitude from violating unitarity, or at
least increase the mass scale at which unitarity is
violated.

(3) Consider only cross sections for invariant masses
less than Λ.

We demonstrate how one obtains the predicted off-shell
cross section in each of these approaches in Fig. 6. We note
that options 2 and 3 both require a study of the unitarity
bounds on κ4.
Unitarity-violating behavior can be probed in a variety of

channels [117,149,151–153]. As we have specified only an
effective theory of the XZZ coupling, we will look only at
ZLZL → ZLZL scattering, as our study of this process
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FIG. 4 (color online). The distribution of Z invariant mass for the Z with invariant mass closest to MZ (MON, left) and the Z with
invariant mass furthest from MZ (MOFF, right), in gg → X → ZZ → 2e2μ events with ŝ ¼ 2 TeV. The curve labeled “κi ≠ 0” is the
distribution for which κi is nonvanishing but κj ¼ 0 for i ≠ j; these curves have the same colors as the corresponding curves in Figs. 2
and 3. We learn that a significant fraction of events from O5, and to a lesser extent O2, involve very off-shell Z bosons.

FIG. 5 (color online). The ratio between the actual partonic
gg → ZZ� → 2e2μ cross section for pure O5 couplings, and the
value of this partonic cross section calculated in Eq. (43) using
the narrow width approximation (NWA).

FIG. 6 (color online). The differential cross section dσ=dM4l in
fb/GeV for a pure O4 operator with κ4 ¼ 1, for several choices of
the form-factor scale Λff: ∞ (black line), 1 TeV (blue line),
500 GeV (red line), and 250 GeV (green line). The vertical dotted
lines denote the scale Λ at which unitarity violation occurs in each
case. The cross section considered (and listed in Table IV) in each
form-factor scenario is that found by integrating under the
relevant cross section curve up to the relevant dotted line.
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requires no assumptions beyond the Lagrangian presented
above in Eq. (14). However, in the well-motivated limit
where SUð2Þ symmetry is spontaneously broken, we would
expect the XWW couplings to be related, allowing the
study of additional channels.
Longitudinal ZZ scattering involves three diagrams; s-,

t-, and u-channel scalar exchange. In the limit where MZ
(and, of course, ΓH) can be neglected, the contribution to
the J ¼ 0 partial wave when κ4 is nonzero,
κ2 ¼ κ3 ¼ κ5 ¼ 0, and κ1 ¼ 1 − κ4 (to ensure that one
obtains the SM value of the partial width), is

a0ðsÞ ¼
�

M2
X

32πv2

��ðs=M2
XÞ2

6
ðð10 − 3s=M2

XÞκ24 − 20κ4Þ

ð61Þ

−
�
3þ M2

X

s −M2
X
−
2M2

X

s
log

�
1þ s

M2
X

��	
; ð62Þ

where we have included the factor of 1=2 from the
normalization of ZZ in our expression for a0 [149,151].
Even for relatively moderate values of

ffiffiffi
s

p
, a0ðsÞ is

dominated by the κ24 and κ4 terms. Clearly, at very high
values of s, we have

a0ðsÞ ∼
−s3κ24

64πM4
Xv

2
: ð63Þ

Thus, the s dependence of this quantity is three powers
greater than for its SM analogue, which asymptotes to a
constant value. Two of these three additional powers are
due to the s dependence of the O4 vertex, while the third is
due to a failure of the unitarity-preserving cancellation
between amplitudes that cause the SM amplitude to
approach a constant at high energies.
Using expression (63), an approximate unitarity bound

found by setting jRea0ðΛ2Þj ¼ 1=2 (cf. Ref. [149]) is

Λ ¼ ð32πM4
Xv

2Þ1=6jκ4j−1=3: ð64Þ

As ð32πM4
Xv

2Þ1=6 ≈ 340 GeV, it is clear that we cannot
neglect the other terms in a0ðsÞ.
Considering now the entire term proportional to κ24 in

Eq. (61), we note that for either sign of κ4, this term is
positive for s <

ffiffiffiffiffiffiffiffiffiffi
10=3

p
MH ≈ 230 GeV and negative

thereafter. The term linear in κ4 gives a negative contribu-
tion when κ4 is positive and a positive contribution when κ4
is negative. Thus, if κ4 > 0 (and if the unitarity bound Λ is
greater than ≈230 GeV), then the unitarity bound will
occur when a0ðsÞ becomes sufficiently negative, i.e. when

FIG. 7 (color online). The contribution to the J ¼ 0 partial wave for the ZLZL → ZLZL scattering amplitude, a0ðsÞ, shown as a
function of

ffiffiffi
s

p
for several different values of κ4 to illustrate the qualitative differences in the behavior of this function for different values

of κ4. In all cases κ1 ¼ 1 − κ4 to ensure that the point considered gives the SM partial width.
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a0ðΛ2Þ ¼ −1=2. However, if κ4 < 0, then a0ðsÞ will be
positive up to some scale > 230 GeV, and possibly much
greater. At sufficiently high values of s, the curve must turn
negative and approach expression (63) at high energies. So
the minimal (and hence the physically interesting) scale at
which partial wave unitarity is violated may occur for either
positive or negative values of a0ðsÞ. Defining Λ� to be the
lowest value of

ffiffiffi
s

p
for which a0ðsÞ ¼ �1=2, we demon-

strate the behavior of a0ðsÞ for various choices of κ4 in
Fig. 7. We find numerically that when Λþ exists, it is often
approximately equal to Λlinear, the value of the unitarity
bound if a0ðsÞ contained only the term linear in κ4, while
Λ− is generally closer to Λquad, the value of the unitarity
bound if a0ðsÞ contained only the term quadratic in κ4.
Based on this understanding of the behavior of a0ðsÞ for

various values of κ4, a unitarity bound as a function of κ4
can be determined, which is shown in Fig. 8. We note that
the transition from the region where the unitarity bound is
≈Λquad to the region where the unitarity bound is ≈Λlinear at
κ4 ¼ κ4;special provides a “first-order transition.” This is
because for values of κ4 slightly greater than the values at
this point, ja0ðsÞj ¼ 1=2 for both positive and negative
values of a0ðsÞ, while for values slightly less than the
values at this point, ja0ðsÞj ¼ 1=2 only occurs when
a0ðsÞ ¼ −1=2. At this point, κ4;special ≈ −0.1004, the maxi-
mum of a0ðsÞ is equal to 1=2, as may be seen in the bottom-
left plot in Fig. 7.
In a conservative approach to taming the high-energy

behavior ofO4, we only consider events withM4l < Λðκ4Þ
when excluding a particular value of κ4. A less conservative
approach is to consider a “form-factor” scenario in κ4
depends on s as follows:

κ4 →
1þM2

X=Λ
2
ff

1þ s=Λ2
ff

× κ4: ð65Þ

The expression in the numerator is only a normalization
used to ensure that κ4ðMXÞ is unchanged by the trans-
formation. As noted above, the high-energy behavior of
a0ðsÞ, in the absence of form factors, goes as the third
power of s. Hence, the transformation in Eq. (65) does not
fully unitarize ZLZL scattering. Therefore, in employing
this procedure, we consider only the cross section inte-
grated up to the unitarity bound found when the coupling is
modified as in Eq. (65). We also modify the gg → X →
ZZ� → 4l cross section accordingly, as can be seen
in Fig. 6.
Cross sections obtained from this procedure are shown in

Table IV and Fig. 9 for several choices of the form-factor
scale Λff. We have also included the cross section found
from the unitarity bounds in the case where we do not
modify κ4; this corresponds to the Λff → ∞ limit. We note
that these cross sections are quite modest, especially
compared with the value for σ4 shown in Table III above
(18.2=4.54 fb in the fixed/evolving ggX coupling scenario).
However, the off-shell cross section for a pure O4

coupling is still significantly larger than the SM off-shell
cross section (5=9 ab in the fixed/evolving ggX coupling
scenario, as given in Table III). As it was suggested in
Ref. [56] that the LHC may be sensitive ultimately to an
off-shell cross section 5 to 10 times greater than the SM
value, there is reason to hope that one can discriminate
between O1 and O4, even when taking unitarity into
account in a conservative manner.

V. ON-SHELL PHENOMENOLOGY OF XZZ
OPERATORS

Now that we have shown the importance of the off-shell
(M4l ≫ MX) four-lepton cross section for probing XZZ
couplings, we proceed to make a few remarks about the
relevant on-shell phenomenology, focusing, in particular,
on probing O5 couplings. We note that interference with

FIG. 8 (color online). The unitarity violation scale Λ (in GeV)
as a function of κ4, for an admixture of κ1 and κ4 couplings. As
above, κ1 ¼ 1 − κ4 so that one obtains the SM value for the
X → 4l partial width.

TABLE IV. Integrated cross sections in femtobarns (at leading
order) for the 2e2μ final state without event selections and for the
case of a pure O4 operator, with different values of the form-
factor scale Λff . The signal cross sections have been normalized
to give the SM Higgs boson on-resonance cross section. The first
values are obtained with a fixed ggX coupling, while the values in
parentheses assume the SM evolution of this quantity with
invariant mass. The second column shows the scale Λ of unitarity
violation. The results in the third (fourth) column are obtained
after integrating over the whole allowed range forM4l (only up to
M4l ≤ Λ).

Λff (GeV) Λ (GeV)
σ > MX ,

all M4l (fb)
σ > MX, for
M4l ≤ Λ (fb)

∞ 341.3 18.205 (4.544) 0.044 (0.065)
1000 349.2 1.526 (1.435) 0.043 (0.065)
500 373.0 0.333 (0.472) 0.038 (0.065)
250 461.8 0.064 (0.107) 0.026 (0.053)
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continuum gg → ZZ is less important here than in the
off-shell case considered above due to one of the Z bosons
necessarily being off shell.

A. Distinguishing O5 on peak

LetA1ð5Þ refer to the amplitude for a particular kinematic
configuration due to O1ð5Þ. Then

A5 ¼
M2

Z1
þM2

Z2

M2
Z

A1; ð66Þ

as alluded to above. Thus, when M4l ≈MX, the depend-
ence of the amplitude onM2

Z1
þM2

Z2
will affect the angular

and invariant distributions of the four leptons, in particular

the MZ2
distribution. To demonstrate this, we compare the

MZ2
distribution due to pure O1, O5, and O6 couplings in

Fig. 10. We note that while there is a discernible difference
between the SM O1 distribution and the O5 distribution,
this difference is relatively subtle, which suggests that it
may be somewhat challenging to discover or constrain κ5
couplings at the LHC. We give some idea of the extent to
which this is true in the next subsection.

B. Quantifying sensitivity to non-SM couplings

The optimal discrimination between two hypotheses is
that obtained using the likelihood as the test statistic [156].
With this in mind, we can quantify the maximum possible
sensitivity for the exclusion of non-SM Higgs boson
couplings to Z bosons by determining the average value
of the log likelihood ratio using SM events, namely

hΔ logLiSM ¼
�
log

��
σ1
σfκig

��
dσfκig
dx

�
dσ1
dx

�	�
SM

:

ð67Þ

We determine this quantity for the pure operator couplings
O2, O3, O5, and O6; the results are shown in Table V. We
use only events with M4l ¼ MX ¼ 125 GeV (the off-shell
cross section is of course small for the SM in any case),
hence hΔ logLiSM is 0 for O4, as this operator is identical
to the SM O1 operator when M4l ¼ MX.
In the limit of large statistics, twice the log likelihood

ratio is equivalent to the difference in the χ2 values of the
two hypotheses fit to data. Thus, e.g. 32=ð2hΔ logLiSMÞ
gives an approximation, valid in the limit of sufficient
events, for the expected number of events required to obtain
a 3σ limit on the given pure couplings, assuming the tree-
level SM is the true theory. This number will undershoot
the true value, as we are taking into account neither the
irreducible SM background nor detector effects. However,
the result is reasonable. The CMS analysis was able to rule
out a pureO3 coupling at slightly greater than 3σ andO2 at
slightly less than 2σ with ∼20 signal events [61]. This
suggests that the number of events needed to obtain a given
sensitivity in Table V is smaller than the number of events
actually needed in an experiment by a factor of 2–5.
(ATLAS reported a slightly less than 3σ exclusion of O3

in Ref. [63]; they did not report a limit on O2.)
We note that the O5 operator, as expected, is harder to

distinguish from the SM than the O2 or O3 operators. This
justifies the postponement of the measurement of this
operator, as was suggested in Ref. [45]. Assuming the
scaling between the theoretical optimum value in Table V
and the actual number of events needed by an experiment
for a given sensitivity holds, then 100–200 fb−1 of 13 TeV
running at LHC should conclusively rule out a pure O5

coupling, if the Higgs boson is truly SM-like.

FIG. 10 (color online). This figure shows the invariant mass
distribution for the reconstructed Z with lower invariant mass
(MZ2

) for pure O1 (tree-level SM) couplings (red solid line), pure
O5 couplings (green dashed line), and pure O6 couplings (blue
dotted line).

FIG. 9 (color online). The same as Fig. 8, but in the presence of
a form factor with Λff ¼ 1 TeV (blue), Λff ¼ 500 GeV (red),
and Λff ¼ 250 GeV (green).
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VI. CONCLUSIONS

In this paper we have extended the framework for XZZ
coupling measurements in the four-lepton final state
presented in Ref. [45] in two important ways: (i) in
considering all five operators with dimension ≤ 5, and
(ii) in pointing out the effectiveness of the off-shell Higgs
boson cross section for determining the coupling structure.
We found that all non-SM operators lead to larger off-

shell gg → X → ZZ� → 4l cross sections. This will allow
a complementary constraint on (or measurement of) the
non-SM couplings of the putative Higgs boson to Z bosons.
This is especially true for the O4 operator; however, its
amplitude violates unitarity at relatively low energies (in a
way that was quantified above).
Another way to interpret this result is to note that if

experimental tests of the invisible Higgs boson width in this
channel, along the lines suggested in Refs. [30,49,56,67–
69], observe an excess in high invariant mass four-lepton
events, then we will be presented with the challenge of
determining whether this signal results from the invisible
width of the Higgs boson or from higher-dimensional
operators, as both serve to enhance the off-shell Higgs
boson cross section for a given on-shell Higgs boson cross
section. In fact, one could consider the parameter space
consisting of the coupling constants for the five operators,
κ1−5, and the invisible width of the Higgs. Limits on non-
SM XZZ couplings from the Higgs contribution to the off-
shell four-lepton cross section are strengthened by the
addition of non-negligible invisible width for the Higgs.
We also noted that the “contact operator” O5 produces

very off-shell Z bosons at large
ffiffiffî
s

p
. While the cross section

for the production of these events is rather small at the

LHC, future colliders may be able to measure or constrain
κ5 using this interesting effect.
Future work will include the effect of interference with

the gg → ZZ background explicitly, as this is the dominant
effect in constraining the magnitude of Higgs contributions
to the four-lepton cross section at large invariant mass. It is
particularly interesting to see how the magnitude of this
interference changes when varying the XZZ tensor struc-
ture. Also of interest is the effect on precision electroweak
observables [75,85,88,115] from the five operators con-
sidered above, as well as the natural extension to other
Higgs boson production processes such as weak vector
boson fusion or associated production. We note that while
the “golden” four-lepton channel has many benefits, the
framework provided here could be easily extended to other
channels—in particular, other channels which also involve
X → VV decays.
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