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In a dynamical lattice simulation with the overlap Dirac operator and Nf ¼ 2 mass degenerate quarks we
study all possible J ¼ 0 and J ¼ 1 correlators upon exclusion of the low-lying “quasizero” modes from the
valence quark propagators. After subtraction of a small amount of such Dirac eigenmodes all disconnected
contributions vanish and all possible point-to-point J ¼ 0 correlators with different quantum numbers
become identical, signaling a restoration of the SUð2ÞL × SUð2ÞR × Uð1ÞA. The original ground state of the
π meson does not survive this truncation, however. In contrast, in the I ¼ 0 and I ¼ 1 channels for the J ¼ 1

correlators the ground states have a very clean exponential decay. All possible chiral multiplets for the J ¼ 1

mesons become degenerate, indicating a restoration of an SUð4Þ symmetry of the dynamical QCD-like string.
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I. INTRODUCTION

In Ref. [1] we have studied the behavior of masses of
the isovector J ¼ 1mesons ρ; ρ0; a1; b1 upon subtraction of
the lowest-lying eigenmodes of the manifestly chirally
invariant overlap Dirac operator [2] from the valence quark
propagators (for a previous lattice study with a chirally
improved Dirac operator see Refs. [3,4]). A nonvanishing
density of the quasizero modes of the Dirac operator (in the
infinite volume limit) represents, through the Banks-Casher
relation [5], the quark condensate of the vacuum.
Consequently, a removal of a sufficient amount of the
lowest-lying Dirac eigenmodes should eventually lead to
the artificial restoration (“unbreaking”) of chiral symmetry.
Of course, correlators obtained after such a truncation do

not correspond to a local quantum field theory [6] and we
call that case QCDr in order to distinguish it from the full,
untruncated QCD. Despite that fact the correlators show
intriguing behavior. First, they have a very clean exponen-
tial decay for all isovector J ¼ 1 mesons, suggesting that
these states survive the unbreaking procedure. Second, they
have interesting symmetry patterns: All ρ; ρ0; a1; b1 states
become degenerate. Certainly this degeneracy is not acci-
dental and tells us something important about the under-
lying dynamics. From this degeneracy we could infer a
simultaneous restoration of both SUð2ÞL × SUð2ÞR and
Uð1ÞA symmetries. However, a degeneracy of all isovector
states implies a larger symmetry that includes SUð2ÞL ×
SUð2ÞR and Uð1ÞA as subgroups. This larger symmetry
would require a degeneracy of all possible chiral multiplets
that contain both isovector and isoscalar J ¼ 1 mesons.
One of the principal purposes of the present study is to
investigate the isoscalar J ¼ 1 states from all possible

chiral multiplets and clarify whether they become degen-
erate upon unbreaking of the chiral symmetry.
This larger symmetry has been identified in Ref. [8] as an

SUð4Þ ⊃ SUð2ÞL × SUð2ÞR ×Uð1ÞA, that mixes compo-
nents of the fundamental four-component vector ðuL; uR;
dL; dRÞ. This symmetry, which is a symmetry of the
confining interaction in QCDr, is not a symmetry of the
original QCD Lagrangian and should be considered as an
emergent symmetry that appears from the QCD dynamics
upon subtraction of the quasizero modes of the Dirac
operator. From the degeneracy of all possible J ¼ 1 chiral
multiplets and from this symmetry it was possible to
conclude that there is no color-magnetic field in the system
suggesting that we observe quantum levels of a dynamical
QCDr string.
Our second aim in the present paper is to study the fate of

the ground states of the π; σ; a0; η mesons upon unbreaking
of the chiral symmetry. One naturally expects a disappear-
ance of the pion as a Goldstone boson from the spectrum.
However, a priori it is not clear what behavior to expect for
the other J ¼ 0 mesons. We find that the disconnected
contributions vanish and that the point-to-point correlation
functions in all J ¼ 0 channels become indistinguishable
after removal of the lowest-lying modes. This confirms a
restoration of the SUð2ÞL × SUð2ÞR and Uð1ÞA sym-
metries. The eigenvalues of the correlation matrices that
correspond to the ground states of π; σ; a0; η mesons lose,
however, the exponential decay property implying that the
unbreaking removes the physical ground states of π; σ; a0; η
mesons from the spectrum.

II. LATTICE TECHNIQUES

A. Quark propagators

As was discussed in the Introduction we use in our study
the overlap Dirac operator. The gauge ensemble consists of
100 gauge configurations generated with Nf ¼ 2 mass
degenerate dynamical overlap fermions on a 163 × 32
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lattice with a lattice spacing a ∼ 0.12 fm [9,10]. The gauge
configurations were generated by constraining the simu-
lation always to the same topological sector QT ¼ 0. The
effect of this was discussed in Ref. [11]. While it is known
that there is a slight dependence Oð1=VÞ of the bound state
masses on the topological sector [12] it is expected to be
very small [13] compared to our statistical error and should
become irrelevant in the infinite volume limit.1

The pion mass in this ensemble is Mπ ¼ 289ð2Þ MeV
[14]. The overlap quark propagators and gauge configura-
tions were generously provided by the JLQCDCollaboration
[9,10,14]. The quark propagators were computed by the
combining of the exact 100 low modes (eigenvectors of the
Dirac operator) with the stochastic estimates for the higher
modes (see Appendix A for details).
To unbreak the chiral symmetry we exclude the lowest-

lying modes from the valence quark propagators. We
introduce the reduced valence quark propagators using
the spectral representation where an increasing number k of
the near-zero modes is excluded from the full propagator:

Skðx; yÞ ¼
X100

n¼kþ1

1

λn
unðxÞu†nðyÞ þ SStoch: ð1Þ

Full (not reduced) quark propagators correspond to k ¼ 0
and all reduced to k > 0.

B. Meson observables

Meson spectroscopy is done by means of the standard
variational approach [15]. In each channel we use a set of
interpolators with all possible chiral structures [16]; see
Table I. Each of these operators is constructed from quark
propagators with smeared sources. The exponential type of
smearing with a set of different smearing parameters is used
at the source/sink and summarized in Appendix A (for the
computational techniques see [10,17]). This way we have
several interpolators in each quantum channel and can use
the variational method.
After construction of the cross-correlation matrices

CijðtÞ ¼ h0jOiðtÞO†
jð0Þj0i ð2Þ

with the size of the matrices Cij ranging from 5 × 5 to
10 × 10 we solve the generalized eigenvalue problem

CðtÞ~υnðtÞ ¼ ~λðnÞðtÞCðt0Þ~υnðtÞ: ð3Þ
Resulting masses of the states are obtained by identifying
the exponential behavior of the eigenvalues ~λðnÞðt; t0Þ ¼
e−Enðt−t0Þð1þOðe−ΔEnðt−t0ÞÞÞ with t0 ¼ 1. Such states are
extracted for each truncation level k in a given quantum
channel.

III. RESULTS

A. J ¼ 0 mesons

The symmetry connections between the J ¼ 0 interpo-
lators [18] are shown in Fig. 1. If both the SUð2ÞL ×
SUð2ÞR and Uð1ÞA symmetries get restored we should
observe, on the one hand, a coincidence of the point-to-
point correlators obtained with all these four operators.
On the other hand, if there are physical states with the
corresponding quantum numbers, i.e., π; σ; a0; η, they must
be degenerate. One should stress that a coincidence of the
point-to-point correlators does not imply yet existence of
the degenerate physical states. Only if the eigenvalues of
the correlation matrices show an exponential decay at large
time one can speak about the states.
In general there are two distinct contributions to the

correlation functions depending on the isospin I [19,20].
The isovector correlation functions contain only connected
(C) contributions. Both the connected and disconnected
(D) diagrams contribute to the isoscalar mesons; see Fig. 2.
The difference between the isoscalar and isovector channels
with the same parity, i.e., between η and π, as well as
between σ and a0 is described by the contribution DðtÞ
coming from the disconnected diagrams:

FηðσÞ ¼ Cπða0Þ þDηðσÞ; ð4Þ
where F is the full correlator.

TABLE I. J ¼ 0 and J ¼ 1 meson interpolating fields with the
corresponding chiral representation R.

I; JPC O R

πð1; 0−þÞ q̄γ5 ~τ
2
q ð1=2; 1=2Þa

ηð0; 0−þÞ q̄γ5q ð1=2; 1=2Þb
a0ð1; 0þþÞ q̄ ~τ

2
q ð1=2; 1=2Þb

σð0; 0þþÞ q̄q ð1=2; 1=2Þa

ρð1; 1−−Þ
q̄γi

~τ
2
q ð1; 0Þ þ ð0; 1Þ

q̄γiγt ~τ2 q ð1=2; 1=2Þb
ωð0; 1−−Þ q̄γiq (0,0)

q̄γiγtq ð1=2; 1=2Þa
a1ð1; 1þþÞ q̄γiγ5

~τ
2
q ð1; 0Þ þ ð0; 1Þ

f1ð0; 1þþÞ q̄γiγ5q (0,0)

b1ð1; 1þ−Þ q̄γiγj
~τ
2
q ð1=2; 1=2Þa

h1ð0; 1þ−Þ q̄γiγjq ð1=2; 1=2Þb

FIG. 1. Symmetry relations among J ¼ 0 interpolators.

1In our previous study without fixing topological charge [4]
the observed symmetries were noted as well, although with less
precision.
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A subtraction of the quasizero modes of the Dirac
operator should naturally lead to the restoration of the
chiral SUð2ÞL × SUð2ÞR symmetry since these modes are
connected to the quark condensate of the vacuum.
Consequently, upon unbreaking of the chiral symmetry
one expects a coincidence of the π and σ as well as of the a0
and η correlators. However, one does not know a priori
what will happen with the Uð1ÞA symmetry. If the chiral
symmetry is restored but the Uð1ÞA symmetry is still
broken the π and η correlators should be different; i.e.,
the η disconnected contributions should not vanish. If, on
the contrary, the same low-lying modes are responsible for
both SUð2ÞL × SUð2ÞR and Uð1ÞA breaking, one expects
that the η disconnected contributions should vanish upon
elimination of the lowest-lying Dirac modes.
Hence, it is instructive to study the behavior of the

connected and disconnected correlators upon exclusion of
the near-to-zero modes separately from each other. In Fig. 3
we show the connected (π) and disconnected (η) contri-
butions for untruncated correlators (k ¼ 0) and after sub-
traction of the 10 lowest eigenmodes of the Dirac operator
(k ¼ 10). It is clearly seen that in the untruncated case both
the connected and disconnected contributions are equally
important, which provides an essential difference of the π
and η masses. Actually, for the η propagator they almost
cancel, prohibiting a determination of the mass. This is due
to the fixing of the global topological charge which leads
to a vanishing topological susceptibility χT. (In Ref. [21] it
is discussed how to estimate χT in this case from the
disconnected part of the η correlator.)
In the figures we exhibit both the propagators with and

without the stochastic contributions to the quark propa-
gators [see Eq. (1)]. We see that the stochastic part is very
small beyond t > 5 and negligible for the disconnected
parts. The dependence of the disconnected parts with
truncation is remarkable. Upon elimination of the 10 lowest
Dirac eigenmodes the disconnected contribution practically
vanishes. This signals a simultaneous restoration of both
symmetries.
The same observation holds for the connected and

disconnected contributions in the a0 and σ channels. The
ratios of the corresponding contributions are shown in
Fig. 4. We conclude that the same lowest-lying eigenmodes
of the Dirac operator are responsible for both SUð2ÞL ×
SUð2ÞR and Uð1ÞA breakings which is consistent with the
instanton-induced mechanism of both breakings [22–24].

The total (F) point-to-point correlators in all π; σ; a0; η
channels are shown in Figs. 5 and 6. For the untruncated
case we see again by comparing the plots in Fig. 5 left to
right, that the stochastic contribution is relevant for small
distances and responsible for the increased noise in the σ
correlation. For the truncated case (Fig. 6) the results agree
whether one includes the stochastic contribution or not. An
exception is again the σ where the noise due to the
stochastic term shadows the large distance behavior. The
unusual shape of the η correlator is due to the fixing of
the global topological charge as discussed in Ref. [10].
Without truncation of the lowest-lying Dirac modes the
correlators are all very different due to breakings of both
SUð2ÞL × SUð2ÞR and Uð1ÞA symmetries. After truncation
of a small amount of the quasizero modes they become all
almost identical. This tells once again that both symmetries
are restored.
The next natural question is to ask whether the states still

exist as physical states in this chirally restored regime. To
answer this question we concentrate on the pion channel for
the following reason: The original π states can be easily
identified in the untruncated case. Extraction of good
effective mass plateaus in other quantum channels requires
much better statistics.
On exclusion of the near-zero modes the ground state

effective mass plateau of the pion deteriorates and dis-
appears; see Fig. 7. The correlation function decays with
time not exponentially and thus the eigenstate is not a
physical state. Hence unbreaking of the chiral symmetry
removes the pion from the physical spectrum. This is
consistent with the Goldstone boson nature of the pion. The
quasizero modes play an important role in the pion and are
crucial for its existence. The π0 state might, however,
survive the unbreaking, though to firmly conclude it one
needs better statistics.
A sufficient condition for a symmetry restoration is a

coincidence of the correlators obtained with the operators
that are connected by the symmetry transformation. From
the results presented above it then follows that the
SUð2ÞL × SUð2ÞR andUð1ÞA symmetry in the J ¼ 0 sector
is restored upon unbreaking. Existence or nonexistence of
the bound states in the symmetry restored regime is the
other question. If at a given energy at least in one of the
channels there is no bound state, then the symmetry
requires that there must not be bound states at the same
energy in all other J ¼ 0 channels. The pion does not

FIG. 2. Connected (left) and disconnected (right) contributions to meson correlators.
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FIG. 3 (color online). Connected (left) and disconnected (right) contributions to the η and σ meson correlators with included or
excluded stochastically estimated parts of the quark propagator, k ¼ 0; 10.
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survive the unbreaking. Consequently, there cannot be
respective σ; a0; η bound states after unbreaking. The
excited π0 state might survive, however. If it does, there
must be then degenerate π0; σ0; a00; η0 states in the spectrum.

B. J ¼ 1 mesons

Like the isoscalar J ¼ 0 mesons, the isoscalar J ¼ 1
mesons also contain both connected and disconnected
contributions. In contrast to the J ¼ 0 channels, the
disconnected contributions in the J ¼ 1 case are small
compared to the connected ones. Indeed, the ground states
of ρ and ω mesons are approximately degenerate in nature.
Microscopically their splitting is due to contributions of the
disconnected graphs. Hence the latter contributions have to
be small compared to the connected ones. The most likely

interpretation is that these disconnected diagrams are
supported in the infrared by the instantons, i.e., by the ’t
Hooft vertex. This vertex is limited, however, to the J ¼ 0
channel. Consequently, while for the J ¼ 0 mesons a
removal of the lowest Dirac eigenmodes from the valence
quarks diminishes the otherwise large disconnected con-
tributions, for the spin J ¼ 1 mesons we should not expect
any significant changes in the disconnected correlators.
The disconnected contributions for J ¼ 1 are small, very

noisy and suffer from large fluctuations; see Fig. 8. From
the results in the J ¼ 0 sector we have seen that the
contributions to the disconnected terms from the stochastic
part are negligibly small. Consequently, we have decided to
omit the small but very noisy stochastically estimated
contribution of the high-lying modes to the disconnected
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FIG. 5 (color online). π, σ, a0, η correlators with stochastic contributions (left), without stochastic contributions (right) without
exclusion of the near-zero modes, k ¼ 0.
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FIG. 6 (color online). π, σ, a0, η correlators with stochastic contributions (left), without stochastic contributions to disconnected pieces
(right) upon exclusion of the near-zero modes, k ¼ 30.
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FIG. 7 (color online). π effective masses at k ¼ 0; 10; 60.
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correlators and discuss in this case only the exactly
calculated contribution coming from the lowest 100 modes.
In Fig. 9 we show the ratio of the disconnected to the

connected contribution in the h1 correlator. The connected
h1 and b1 contributions coincide. We see that the dis-
connected contribution is very small even for the “untrun-
cated” case k ¼ 0 and vanishes practically completely upon
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FIG. 8 (color online). Connected (left) and disconnected (right) contributions to h1 meson correlator with included or excluded
stochastically estimated part of the quark propagator, k ¼ 0; 10.
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FIG. 11. Symmetry relations among J ¼ 1 mesons [18,25].
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removal of the lowest 12 Dirac eigenmodes. A similar
behavior is found in other J ¼ 1 isoscalar channels.
The point-to-point correlators obtained with the J ¼ 1

operators from Table I are shown in Fig. 10. The symmetry
connections between these operators are illustrated in
Fig. 11. A coincidence of the correlators in the ρ − a1, b1 −
ω0 and h1 − ρ0 pairs evidences a restoration of SUð2ÞL×
SUð2ÞR. The equality of the h1; ρ0; b1;ω0 correlation
functions demonstrates the SUð2ÞL × SUð2ÞR ×Uð1ÞA
symmetry. A coincidence of all eight correlators tells about
some higher symmetry; we will return to this question
below.
Now we turn to the discussion of the bound states in all

these channels. The bound states of the isovector mesons
ρ; ρ0; a1; b1 have been shown in our previous paper [1].
Figure 12 demonstrates effective mass plateaus for all
isoscalar J ¼ 1 mesons upon truncation of the lowest-lying
Dirac eigenmodes. We see a reliable mass plateau for the
ground state h1, which significantly improves upon trunca-
tion of the lowest eigenmodes. Upon unbreaking of chiral
symmetry the ground ω state and its first excitation ω0 get
degenerate. It is similar to what happens to ρ and ρ0 states [1].
All final results for masses, obtained from the one-

exponential fits to the eigenvalues of the cross-correlation
matrices are shown in Fig. 13. The fit ranges and the
extracted masses with their errors are given in Appendix B
in Table III.

We see a degeneracy in all possible chiral multiplets of
the J ¼ 1mesons (see Fig. 11): ρ − a1, b1 − ω0 and h1 − ρ0.
This evidences a restoration of SUð2ÞL × SUð2ÞR.
Simultaneously the Uð1ÞA symmetry gets also restored,
because all four mesons h1; ρ0; b1;ω0 are degenerate. A
degeneracy of all eight J ¼ 1mesons indicates a restoration
of an even higher symmetry SUð4Þ ⊃ SUð2ÞL × SUð2ÞR ×
Uð1ÞA [8]. The transformations of the latter mix the
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components of the fundamental four-component vector
ðuL; uR; dL; dRÞ. The high degeneracy of the energy levels
and the SUð4Þ symmetry imply absence of a color-
magnetic field in the system and could be interpreted as
a manifestation of a dynamical string in QCDr.

IV. CONCLUSION

We have studied all possible q̄q, J ¼ 0; 1 mesons in a
dynamical lattice simulation with the manifestly chirally
invariant overlap Dirac operator and their behavior upon
reduction of the lowest-lying eigenmodes of the Dirac
operator from the valence quark propagators. In the π; σ;
a0; η channels (J ¼ 0) we observe a simultaneous restora-
tion of both chiral and Uð1ÞA symmetries: All possible
point-to-point correlators become identical. The ground
states of π; σ; a0; η mesons do not survive the unbreaking,
however. They disappear from the physical spectrum of the
bound states, because the corresponding correlation func-
tions decay not exponentially.
In the J ¼ 1 channels we find in contrast a very clean

exponential decay of the correlators. Consequently, the
J ¼ 1 states survive the unbreaking of the chiral symmetry.
After removal of the quasizero modes their masses become
manifestly chirally symmetric.
In the present case we also have evidence of a simulta-

neous restoration of both SUð2ÞL × SUð2ÞR and Uð1ÞA
symmetries, like in the J ¼ 0 channels. In the J ¼ 1
channels we clearly see a degeneracy of all eight possible
mesons, which signals a restoration of the higher symmetry,
the SUð4Þ. The latter symmetry is not a symmetry of
the QCD Lagrangian, but is an emergent symmetry that
appears from the QCD dynamics upon removal of the
close-to-zero Dirac modes. It operates only in J ≥ 1
mesons. This symmetry suggests an absence of a color-
magnetic field and can be interpreted as a symmetry of a
dynamical string in QCDr.
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APPENDIX A: CORRELATION FUNCTIONS

In this section we present an outline of the meson two-
point correlation function computation with stochastic
estimation techniques. Here is a list of quark vectors
representing quark sources and solution vectors according
to [17,26],

fvkg ¼ fu1; u2;…; uNe
; x1;…; xNd

g

fwkg ¼
�
u1
λ1

;
u2
λ2

;…;
uNe

λNe

; Plη1;…; PlηNd

�
; ðA1Þ

where uk are Ne ¼ 100 low-lying modes and ηNd
single

Zð2Þ noise vector for each configuration. These are diluted
into Nd ¼ 3 × 4 × Nt=2 vectors ηd (d ¼ 1;…; NdÞ, which
have nonzero elements only for a single combination of
color and Dirac indices and at two consecutive time slices.
The vectors xd represent the solution of the linear equation

DovðmÞxd ¼ Plηd ðA2Þ

with a low-mode projector Pl ¼ 1 −
PNe

n¼1 unu
†
n. Next we

use these vectors for the evaluation of two-point functions
in the isovector meson channel,

GI¼1
Γ ðt;p ¼ 0Þ ¼ hðq̄1Γq2ÞðtÞðq̄2Γ†q1Þð0Þi

¼
XNeþNd

n¼1

XNeþNd

m¼1

Oðm;nÞðtÞOðn;mÞð0Þ

¼ CðtÞ; ðA3Þ
and in the isoscalar meson channel,

GI¼0
Γ ðt;p ¼ 0Þ ¼ hðq̄ΓqÞðtÞðq̄ΓqÞð0Þi

¼
XNeþNd

n¼1

XNeþNd

m¼1

Oðm;nÞðtÞOðn;mÞð0Þ

− 2
XNeþNd

n¼1

Oðn;nÞðtÞ
XNeþNd

m¼1

Oðm;mÞð0Þ

¼ CðtÞ þDðtÞ; ðA4Þ
with

Oðn;mÞðtÞ ¼
X
r

ϕðrÞwmðxþ r; tÞΓvnðx; tÞ ðA5Þ

defined as a smeared meson interpolating field at time t
with Γ a product of Dirac matrices and smearing functions
ϕ. We used an exponential type of smearing functions and

TABLE II. Smearing functions with normalizationP
rjϕsðrÞj ¼ 1.

s ϕsðrÞ ∝ s ϕsðrÞ ∝
1 δr;0 8 jrje−jrj
2 const 9 jrje−jrj2
3 e−0.4jrj 10 jrj2e−0.2jrj2
4 e−jrj 11 jrj2e−0.4jrj2
5 e−0.4jrj2 12 jrj2e−0.7jrj2
6 e−0.7jrj2 13 jrj2e−jrj2
7 e−jrj2 14–26 ϕs ¼ ϕ1−13
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Γ structure combinations fϕs;Γg listed in Tables II and I
for J ¼ 0; 1 mesons.

APPENDIX B: FIT RESULTS

Single exponential effective mass fits and corresponding
χ2=d:o:f are presented in Table III. It is possible to optimize

the set of interpolators in order to improve the signal of the
extracted states and consequently χ2=d:o:f ratios at each
truncation level k of near-zero modes. For the sake of
consistency, we present numerical results for masses of
mesons obtained with the fixed set of interpolators in each
quantum channel for all values of k.
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