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Introducing an arbitrary number of neutral Higgs bosons in the electroweak symmetry breaking
sector, we derive a set of conditions among Higgs couplings which need to be satisfied to maintain the
unitarity of the high energy scattering amplitudes of weak gauge bosons at the tree level (unitarity sum
rules). It is shown that the unitarity sum rules require the tree level ρ parameter to be 1, without
explicitly invoking the custodial symmetry arguments. The one loop finiteness of the electroweak
oblique corrections is automatically guaranteed once these unitarity sum rules are imposed among
Higgs couplings. Severe constraints on the lightest Higgs coupling (125 GeV Higgs coupling) and the
mass of the second lightest Higgs boson are obtained from the unitarity and the results of the
electroweak precision tests (oblique parameter measurements). These results are compared with
the effective theory of the light Higgs boson, and we find simple relationships between the mass of the
second lightest Higgs boson in our framework and the ultraviolet cutoff in the effective theory
framework.
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I. INTRODUCTION

The year 2012 discovery of a Higgs boson at 125 GeV
at the Large Hadron Collider (LHC) experiments [1,2]
completed the set of all particles predicted in the standard
model (SM). We now have a key particle to solve the
mystery of the origin of particle masses (electroweak
symmetry breaking). Due to the lack of mechanism to
stabilize the electroweak scale against the radiative correc-
tions, however, the SM electroweak symmetry breaking
(EWSB) sector is believed to be incomplete. Varieties of
extended EWSB models have therefore been proposed.
These extended models typically contain more particles
other than the observed Higgs boson in their EWSB
sector.
One of the key roles of the SM Higgs boson is to

unitarize the high energy longitudinal weak gauge bosons’
scattering amplitudes [3–6]. The Higgs boson also makes
the SM renormalizable, i.e., it cancels nonrenormalizable
ultraviolet (UV) divergences appearing at the loop level.
The Higgs coupling strengths with the weak gauge bosons
are precisely adjusted in order to make the SM unitary and
renormalizable. Although experimental data accumulated
so far on the 125 GeV boson are consistent with the SM
Higgs particle [7–9] (see also Refs. [10–17]), in the
extended EWSB scenarios, the coupling strengths of the
125 GeV boson still have a chance to deviate largely from
the predicted values in the SM. Actually, it has been pointed
out that the 125 GeV particle is, within the accuracy of the
present data, also consistent [18,19] with a techni-dilaton

(light composite scalar particle) composed through hypo-
thetical walking technicolor dynamics. This situation
will change drastically in the future. Future LHC experi-
ments with high luminosity will be able to measure
hVVðV ¼ W;ZÞ coupling more accurately [20,21],
where h is the observed Higgs boson. Various Higgs
coupling strengths will be measured very precisely at the
International Linear Collider (ILC) experiment [22,23].
How can we utilize such high precision Higgs measure-

ments? If the measured value of Higgs coupling strengths
turn out to deviate from the SM values, in order to make the
theory unitary and to keep consistency with the electroweak
precision tests (EWPTs), new particles other than the
125 GeV Higgs boson need to exist. Can we make definite
predictions for the properties of this required new particle
in this case? In this paper, we try to answer this question
from the viewpoint of the unitarity and the EWPTs. We
assume the EWSB sector contains a richer spectrum of
particles, i.e., a zoo of “Higgs” bosons,1 in addition to the
discovered 125 GeV Higgs boson in order to make the
deviation of Higgs couplings possible without conflicting
with the unitarity and the EWPTs. We do not assume
particular Higgs potential models, however, since we seek
for clues of physics beyond the SM as model independent
as possible. Conditions to keep the scattering amplitudes
(perturbatively) unitary at high energy have been derived in

1We call all scalar particles participating the unitarization of
the longitudinal gauge boson scattering as Higgs bosons.
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Ref. [24] and are well known as the “unitarity sum rules.”2

However, implications of such unitarity sum rules to the
EWPTs at loop level have not been clarified until now.
In the former half of this paper, we study the implications of
the unitarity sum rules to the finiteness of the electroweak
precision parameters (oblique correction parameters S, T,
U) at the loop level. For such a purpose, we reanalyze the
unitarity sum rules by using the electroweak chiral
Lagrangian technique and the equivalence theorem to keep
manifest SUð2Þ × Uð1Þ gauge invariance, which allows us
to use the model not only for the tree level unitarity analysis
but also for the loop level oblique correction analysis. We
simplify our analysis assuming only neutral Higgs bosons
in the EWSB sector. We find the one loop finiteness of the
electroweak oblique correction parameters is automatically
guaranteed by the unitarity sum rules within this setup.
Extensions including charged Higgs bosons and fermions
will be discussed elsewhere.
In the latter half of the paper, we study phenomenologi-

cal implications of the unitarity and the electroweak
oblique parameter constraints. We use these constraints
to impose upper bounds on the second lightest Higgs boson
mass as a function of the deviation of the 125 GeV Higgs
coupling ΔκVð≡κV − 1Þ. Here ΔκV denotes the deviation
of the 125 GeV Higgs coupling with weak gauge bosons
from its SM value. Once the absence of the second lightest
Higgs boson is confirmed below 1 TeV, the electroweak
precision constraint will rule out ΔκV ≲ −0.02 at 95% C.L.
We keep the tree-level ρ parameter arbitrary in the

unitarity analysis, which enables us to investigate theoreti-
cal structures which determine the value of the ρ parameter.
Especially, we are able to show, without explicitly invoking
the custodial symmetry arguments, the unitarity of the
scattering amplitudes requires the tree-level ρ parameter to
be unity in any EWSB model if it only possesses neutral
Higgs bosons. Custodial symmetry is not a required
symmetry. Instead, ρ ¼ 1 is considered as a result of the
unitarity in this class of models. This is consistent with the
fact that ρ ¼ 1 is predicted in all the known renormalizable
EWSB models which do not contain charged Higgs boson
couplings with the electroweak gauge bosons. Our finding
will be helpful to understand the reason of ρ ¼ 1 in the
septet Higgs extension model [30–32] which does not
enjoy explicit custodial symmetry. We will discuss the
septet issue in our separate publication.
Our strategy described in this paper should not be

confused with the usual light Higgs effective field theory
approaches [33–63]. In the effective field theory approach
based on the linear sigma model [33–49], the discovered

125 GeV Higgs boson field is assumed to be a component
of a doublet Higgs field just like in the SM. The deviations
of Higgs couplings are encoded in the higher dimensional
effective Lagrangian coefficients including their renormal-
ization group flow at the loop level [35–40,55–60].
Due to the presence of such higher dimensional oper-

ators, perturbative unitarity of the scattering amplitudes is
violated at a certain high energy scale (cutoff scale of the
effective theory) in the effective field theory [64,65]. Yet
unknown UV completion theory therefore needs to replace
the effective field theory above the cutoff scale. In this
sense, in addition to the studies of the effective field theory,
we need to study UV completions model dependently.
Actually, many model dependent studies have been per-
formed [27,30,31,66–84]. In this paper, we try to establish
a systematic classification of possibilities of perturbative
UV completions appearing at the cutoff scale.3 Especially,
we find simple relationships between bounds on the second
lightest Higgs boson mass in our framework and the UV
cutoff in the effective field theory framework.
This paper is organized as follows: In Sec. II, we

describe the model we use in this paper. For simplicity,
we restrict ourselves only to the neutral Higgs extension
models. We next take the unitary gauge in Sec. III, and
compare our model with the gauge noninvariant model
used in Ref. [24]. Section IV is devoted to the unitarity sum
rules and their possible applications to physics. We then
evaluate the one loop radiative corrections to the ff̄ → f0f̄0
amplitudes in Sec. V. We explicitly show that the ampli-
tudes automatically remain finite at one loop level if we
impose the unitarity sum rules among various Higgs
couplings. The explicit formulas of the electroweak oblique
parameters [88] (Peskin-Takeuchi parameters) are pre-
sented in Sec. VI, and we obtain bounds on the second
lightest Higgs boson mass from the unitarity and the
EWPTs in Sec. VII. Section VIII discusses extra conditions
other than the unitarity sum rules we need to impose to
make the theory fully UV complete. The relationship
between our approach and the effective field theory will
be discussed in Sec. IX. Conclusions and outlook are given
in Sec. X.

II. THE MODEL

We use the electroweak chiral Lagrangian [89,90] tech-
nique to describe the arbitrary interactions among weak
gauge bosons and neutral Higgs bosons in an SUð2Þ ×Uð1Þ
gauge invariant manner. The Lagrangian L of this model can
be decomposed as

L ¼ Lχ þ Lgauge þ LHiggs; ð2:1Þ2Unitarity sum rules in the Higgsless theories [25], in which a
tower of spin-1 resonances exists instead of the spin-0 Higgs
boson in the Higgs sector, have been fully investigated in
Ref. [26]. Assuming simultaneous existence of both spin-0
and spin-1 particles, Ref. [27] gave model independent sum
rules. See also Refs. [28] and [29] for related topics.

3Reference [85] found theoretical constraints on effective
Lagrangian parameters assuming unitary UV completion behind
the effective theory. See also Refs. [86] and [87].
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with Lχ , Lgauge, and LHiggs being the SUð2Þ ×Uð1Þ=Uð1Þ
nonlinear sigma model Lagrangian, the SUð2Þ ×Uð1Þ
gauge Lagrangian, and the Higgs Lagrangian, respectively.
Hereafter, we restrict our model Lagrangian to contain only
terms of mass dimension four or less and up to (at most)
two derivatives [Oð∂2Þ terms] since we are interested in
models in which scattering amplitudes remain unitary at high
energy.
The spontaneous EWSB sector is described by using the

electroweak chiral Lagrangian

Lχ ¼
v2

4
tr½ðDμUÞ†ðDμUÞ�

þ β
v2

4
tr½U†ðDμUÞτ3�tr½U†ðDμUÞτ3�: ð2:2Þ

We denote v≃ 246 GeV the decay constant of the charged
would-be Nambu-Goldstone boson (NGB). The nonlinear
sigma model field U,

U ¼ exp ði ~waτaÞ; ð2:3Þ

is introduced in Eq. (2.2), so as to describe the NGB field
arising from the spontaneous EWSB. Here τa (a ¼ 1; 2; 3)
are the Pauli matrices, and ~wa are the NGB fields. Note that,
under the SUð2Þ × Uð1Þ gauge transformation, the NGB
field ~waτa transforms nonlinearly,

U → GLUG†
Y; ð2:4Þ

with

GL ≡ exp

�
i
τa
2
θaL

�
; GY ≡ exp

�
i
τ3
2
θY

�
: ð2:5Þ

The covariant derivative DμU is defined as

DμU ¼ ∂μU þ igWμU − igYUBμ; ð2:6Þ

with SUð2Þ ×Uð1Þ gauge fields Wμ and Bμ being
defined by

Wμ ¼ Wa
μ
τa
2
; Bμ ¼ Bμ

τ3
2
: ð2:7Þ

The gauge transformation of Eq. (2.6) is

DμU → GLðDμUÞG†
Y; ð2:8Þ

where the gauge fields transform as

Wμ → GLWμG
†
L þ i

g
ð∂μGLÞG†

L; ð2:9Þ

Bμ → GYBμG
†
Y þ i

gY
ð∂μGYÞG†

Y: ð2:10Þ

The gauge invariance of the electroweak chiral Lagrangian
(2.2) is manifest.
The vacuum expectation value (VEV) of U,

hUi ¼ 1; ð2:11Þ

breaks the electroweak symmetry spontaneously:

hUi → hGLUG†
Yi ¼ GLG

†
Y ≠ 1 ¼ hUi: ð2:12Þ

The spectrum of physical particles can be obtained by
taking the unitary gauge U ¼ 1, with which the electro-
weak chiral Lagrangian (2.2) leads to the mass terms of W
and Z bosons,

M2
W ¼ g2

4
v2; M2

Z ¼ g2Z
4
v2Z; ð2:13Þ

with

v2Z ≡ v2ð1 − 2βÞ; ð2:14Þ

and

g2Z ≡ g2 þ g2Y: ð2:15Þ

Here the charged W boson field (Wμ), the neutral Z boson
field (Zμ) and the photon field Aμ are given by

W�
μ ¼ 1ffiffiffi

2
p ðW1

μ ∓ iW2
μÞ; ð2:16Þ

and

�
Zμ

Aμ

�
¼
�
c −s
s c

��
W3

μ

Bμ

�
; ð2:17Þ

with

s≡ gYffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g2Y

p ;

c≡ gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g2Y

p : ð2:18Þ

The QED coupling strength e is given by

e≡ gs: ð2:19Þ

The coefficient β in the electroweak chiral Lagrangian
(2.2) can be related with the tree-level ρ parameter, which is
defined as

ρ0 ≡ g2Z=M
2
Z

g2=M2
W
¼ v2

v2Z
¼ 1

1 − 2β
: ð2:20Þ
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We keep ρ0 arbitrary in our analysis of longitudinal gauge
boson scattering amplitudes, which makes it possible to
investigate the effects of ρ0 ≠ 1 in the longitudinal gauge
boson scattering amplitudes. This is in contrast to the
analysis of Ref. [24] in which ρ0 ¼ 1 is assumed in their
practical applications of the unitarity sum rules to the
EWSB models.
We investigate the longitudinal gauge boson scattering

amplitudes using their equivalence with the NGB scattering
amplitudes [4,6,91]. We define the NGB fields w� (charged
NGB) and z (neutral NGB)

w� ¼ vffiffiffi
2

p ð ~w1 ∓ i ~w2Þ;

z ¼ vZ ~w3; ð2:21Þ

to make the kinetic terms of w� and z normalized
canonically. We then obtain

~waτa ¼
ffiffiffi
2

p

v
ðwþτþ þ w−τ−Þ þ

1

vZ
zτ3; ð2:22Þ

with

τ� ≡ 1

2
ðτ1 � iτ2Þ: ð2:23Þ

The SUð2Þ ×Uð1Þ gauge Lagrangian Lgauge is given by

Lgauge ¼ −
1

2
tr½WμνWμν� − 1

2
tr½BμνBμν�: ð2:24Þ

Here SUð2Þ × Uð1Þ field strengths Wμν, Bμν are

Wμν ≡ ∂μWν − ∂νWμ þ ig½Wμ;Wν�; ð2:25Þ

Bμν ≡ ∂μBν − ∂νBμ: ð2:26Þ

Note the gauge field strengths behave

Wμν → GLWμνG
†
L;

Bμν → Bμν; ð2:27Þ

under the gauge transformation given in Eqs. (2.9) and
(2.10). The Lagrangian (2.24) is therefore invariant under
the gauge transformation.
We next incorporate neutral spin-0 Higgs bosons

(ϕ0
n, n ¼ 1; 2;…N0) as “matter” particles in the chiral

Lagrangian, which keep the model unitary at high energy,

LHiggs ¼ −V þ 1

2

XN0

n1¼1

XN0

n2¼1

Kn1n2ð∂μϕ
0
n1Þð∂μϕ0

n2Þ þ Lint;

ð2:28Þ

with V, K being functions of ϕ0
n.

The masses of these Higgs particles and their self-
interactions are described by Vðϕ0Þ.4 We assume

hϕ0
ni ¼ 0; ð2:29Þ

for n ¼ 1; 2;…N0. Vðϕ0Þ is therefore

Vðϕ0Þ ¼ 1

2

XN0

n¼1

M2
ϕ0
n
ϕ0
nϕ

0
n þ � � � ; ð2:30Þ

with “� � �” being terms of self-interactions among these
Higgs particles. We take Kn1n2 so as to make the Higgs
kinetic term canonically normalized5

Kn1n2ðϕ0Þ ¼ δn1n2 : ð2:31Þ

Interactions of these Higgs particles with the electroweak
gauge bosons are described by Lint,

Lint ¼ Lϕ þ L
ϕ∂↔ϕ

þ Lϕϕ; ð2:32Þ

where

Lϕ ¼ −v
XN0

n¼1

κϕ
0
n

WWϕ
0
ntr½U†ðDμUÞτþ�tr½U†ðDμUÞτ−�

−
v
4

XN0

n¼1

κϕ
0
n

ZZϕ
0
ntr½U†ðDμUÞτ3�tr½U†ðDμUÞτ3�;

ð2:33Þ

L
ϕ∂↔ϕ

¼ −
i
4

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

Z ðϕ0
n∂
↔

μϕ
0
mÞtr½U†ðDμUÞτ3�;

ð2:34Þ

4Note that ϕ0
n in Eq. (2.29) is classified by the unbroken

Uð1Þem symmetry. Equation (2.29) does not imply the absence of
the vacuum expectation values of the linearly realized Higgs
multiplet field to which ϕ0

n is considered to belong.
5In general, Kn1;n2 induces higher dimensional operators

which are functions of Higgs fields. We ignore these operators,
however, since they violate the perturbative unitarity of ϕþ ϕ →
ϕþ ϕ scattering amplitudes explicitly at high energy.
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Lϕϕ ¼ −
1

2

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

WW ϕ0
nϕ

0
m

× tr½U†ðDμUÞτþ�tr½U†ðDμUÞτ−�

−
1

8

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

ZZ ϕ0
nϕ

0
m

× tr½U†ðDμUÞτ3�tr½U†ðDμUÞτ3�; ð2:35Þ

with

ϕ0
n∂
↔

μϕ
0
m ≡ ϕ0

nð∂μϕ
0
mÞ − ð∂μϕ

0
nÞϕ0

m: ð2:36Þ
Note that our Higgs ϕ0

n are all real scalar fields. The

Higgs coupling parameters κϕ
0
n

WW , κϕ
0
n

ZZ, κϕ
0
nϕ

0
m

Z , κϕ
0
nϕ

0
m

WW and

κϕ
0
nϕ

0
m

ZZ are therefore required to be real. We also note the

n↔m antisymmetry of κϕ
0
nϕ

0
m

Z , i.e.,

κϕ
0
nϕ

0
m

Z ¼ −κϕ
0
mϕ

0
n

Z ; ð2:37Þ

and the n↔m symmetry of κϕ
0
nϕ

0
m

VV , i.e.,

κϕ
0
nϕ

0
m

WW ¼ κϕ
0
mϕ

0
n

WW ; κϕ
0
nϕ

0
m

ZZ ¼ κϕ
0
mϕ

0
n

ZZ : ð2:38Þ

Although the interaction Lagrangian (2.32) has some
similarity with the light Higgs effective theory realized
in the nonlinear sigma model [51–54,63], our approach
differs from the low energy effective theory,
since we explicitly introduce heavy Higgs bosons in order
to keep the model unitary at high energy as we stressed
before.
We here make a couple of comments on the CP trans-

formation properties of the model. We know

ðCPÞwþðxμÞðCPÞ−1 ¼ −w−ðxμÞ;
ðCPÞw−ðxμÞðCPÞ−1 ¼ −wþðxμÞ;
ðCPÞzðxμÞðCPÞ−1 ¼ −zðxμÞ;

and thus6

ðCPÞ ~waðxμÞτaðCPÞ−1 ¼ τ2ð ~waðxμÞτaÞτ2: ð2:39Þ

The CP transformation of the nonlinear sigma model field
is therefore given by

ðCPÞUðxμÞðCPÞ−1 ¼ τ2UðxμÞτ2: ð2:40Þ

In order to keep the electroweak chiral Lagrangian (2.2)
invariant under the CP transformation, Wμ and Bμ need to
transform as

ðCPÞWμðxμÞðCPÞ−1 ¼ τ2WμðxμÞτ2; ð2:41Þ

and

ðCPÞBμðxμÞðCPÞ−1 ¼ τ2BμðxμÞτ2: ð2:42Þ

It is easy to check that Eqs. (2.41) and (2.42) are consistent
with conventional CP quantum number assignments of
the electroweak gauge bosons. We also find

ðCPÞtr½U†ðDμUÞτ��ðCPÞ−1 ¼ −tr½U†ðDμUÞτ∓�; ð2:43Þ

ðCPÞtr½U†ðDμUÞτ3�ðCPÞ−1 ¼ −tr½U†ðDμUÞτ3�: ð2:44Þ

We are now ready to discuss the CP transformation
properties of neutral Higgs bosons in our model. We
assign

ðCPÞϕ0
nðxμÞðCPÞ−1 ¼ ηnϕ

0
nðxμÞ; ð2:45Þ

with

ηn ¼
�þ1 forCP even

−1 forCP odd:
ð2:46Þ

Requiring the Lagrangians (2.33), (2.34)
and (2.35) invariant under the CP transformation, we
obtain

κϕ
0
n

WWηn ¼ κϕ
0
n

WW; κϕ
0
n

ZZηn ¼ κϕ
0
n

ZZ; ð2:47Þ

− κϕ
0
nϕ

0
m

Z ηnηm ¼ κϕ
0
nϕ

0
m

Z ; ð2:48Þ

and

κϕ
0
nϕ

0
m

WW ηnηm ¼ κϕ
0
nϕ

0
m

WW ; κϕ
0
nϕ

0
m

ZZ ηnηm ¼ κϕ
0
nϕ

0
m

ZZ : ð2:49Þ

From Eq. (2.47), it is easy to see

κϕ
0
n

WW ¼ κϕ
0
n

ZZ ¼ 0; for ηn ¼ −1: ð2:50Þ

Also, combining Eqs. (2.38) and (2.49), we obtain

κϕ
0
nϕ

0
m

WW ¼ κϕ
0
nϕ

0
m

ZZ ¼ 0; for ηnηm ¼ −1; ð2:51Þ

if the Higgs sector preserves the CP invariance.

III. LAGRANGIAN IN THE UNITARY GAUGE

Unitarity sum rules of longitudinal weak boson scatter-
ing amplitudes [3–5] were thoroughly investigated by
Ref. [24] in the context of the SUð2Þ ×Uð1Þ gauge theory
with arbitrary Higgs multiplets. Reference [24] performed
their analysis without introducing unphysical would-be
NGBs, however, in contrast to our chiral Lagrangian

6Precisely speaking, we choose the convention for charged
NGBs under the CP transformation by Eq. (2.39).
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analysis in which SUð2Þ ×Uð1Þ gauge invariance is kept
manifest. In order to make direct comparisons between
the results of Ref. [24] and the results presented in this
paper, it is convenient to rewrite our model in the unitary
gauge

U ¼ 1; ð3:1Þ

in which unphysical would-be NGBs are absent. We then
find

Lχ ¼ M2
WW

þ
μ W−μ þ 1

2
M2

ZZμZμ; ð3:2Þ

Lϕ ¼ gMW

XN0

n¼1

κϕ
0
n

WWϕ
0
nWþ

μ W−μ

þ gZ
2

v
vZ

MZ

XN0

n¼1

κϕ
0
n

ZZϕ
0
nZμZμ; ð3:3Þ

L
ϕ∂↔ϕ

¼ gZ
4

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

Z ðϕ0
n∂
↔

μϕ
0
mÞZμ; ð3:4Þ

Lϕϕ ¼ g2

4

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

WW ϕ0
nϕ

0
mWþ

μ W−μ

þ g2Z
8

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

ZZ ϕ0
nϕ

0
mZμZμ; ð3:5Þ

which correspond to the masses of vector bosons (V), the
Higgs-V-V vertices, the Higgs-Higgs-V vertex, and the
Higgs-Higgs-V-V vertices of Ref. [24], respectively. It is
easy to see that the CP properties [Eqs. (2.47)–(2.49)] are
identical to the CP properties of WWϕ, ZZϕ, Zϕϕ,
WWϕϕ, ZZϕϕ couplings obtained in Ref. [24].

IV. UNITARITY SUM RULES

The cancellation of the unitarity violating high energy
scattering amplitudes of longitudinally polarized gauge
bosons requires a set of conditions among Higgs couplings
(“unitarity sum rules”) [3–5]. The unitarity sum rules in
the SUð2Þ ×Uð1Þ gauge theory were studied a couple of
decades ago by Ref. [24] and recently by Ref. [92]. In this
section, using the equivalence theorem of the amplitudes of
longitudinal gauge bosons and the would-be NGBs, we
rederive the sum rules [24] in our gauge invariant
Lagrangian through the NGB scattering amplitudes. We
will then check explicitly the equivalence of our results
with the sum rules derived in Ref. [24], which supports
the consistency of our method using the gauge invariant
Lagrangian.

A. NGBþNGB → NGBþNGB

The NGB scattering amplitudes are calculated in
Appendix A in the case of g ¼ gY ¼ 0 (gaugeless limit).
Mandelstam variables s, t, and u are also defined in
Appendix A. Requiring the cancellation of the OðuÞ
divergence in the high energy wþw− → wþw− scattering
amplitude (A2), we obtain

−4þ 3
v2Z
v2

þ
XN0

n¼1

κϕ
0
n

WWκ
ϕ0
n

WW ¼ 0; ð4:1Þ

which agrees with Eq. (4.1) of Ref. [24] in the absence of
doubly charged Higgs bosons. Although we here impose
the cancellation of scattering amplitude up to the ultimately
high energy scale, the energy (cutoff) dependent modifi-
cations of OðM2

V=sÞ to the sum rules may be allowed.
On the other hand, as we will see later, exact sum rules are
required to maintain the finiteness of the oblique correc-
tions. We see, from Eq. (4.1), an inequality

v2Z ≤
4

3
v2; ð4:2Þ

which is satisfied in the SM v2Z ¼ v2. However, the
inequality (4.2) is not satisfied in the triplet Higgs model
(I ¼ 1, Y ¼ 1), in which v2Z ¼ 2v2 is predicted.7 Actually,
the triplet Higgs model contains (doubly) charged Higgs
bosons coupled with electroweak gauge bosons in its
spectrum, and thus cannot be covered by the analysis
presented in this manuscript.
In a similar manner, using the wþw− → zz amplitude

(A4), we find a sum rule,

v2Z
v2

−
v2

v2Z

XN0

n¼1

κϕ
0
n

ZZκ
ϕ0
n

WW ¼ 0: ð4:3Þ

Again, it is straightforward to see the equivalence of
Eq. (4.3) with Eq. (4.2) of Ref. [24] in the absence of
charged Higgs bosons.
We note that the zz → zz amplitude (A6) does not

produce extra conditions because of sþ tþ u ¼ 0. Note
NGBs are massless in the gaugeless limit.

B. NGBþNGB → ϕþ ϕ

We next consider the wþw− → ϕ0
n1ϕ

0
n2 amplitude (A8).

The amplitude can be decomposed into two pieces, depend-
ing on the relative angular momentum between two scalar
bosons in the final state. Requiring the cancellation of the
OðsÞ enhanced term in the S-wave amplitude, we obtain a
relation between WWϕϕ and WWϕ interaction terms,

7The (pure) triplet Higgs model does not accommodate mass
generation mechanisms for SM fermions and cannot be accepted
as a phenomenologically viable EWSB model.
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κ
ϕ0
n1
ϕ0
n2

WW − κ
ϕ0
n1

WWκ
ϕ0
n2

WW ¼ 0: ð4:4Þ

On the other hand, requiring the cancellation of the
Oðt − uÞ term in the P-wave amplitude, we obtain

κ
ϕ0
n1
ϕ0
n2

Z ¼ 0: ð4:5Þ

Presence of κ
ϕ0
n1
ϕ0
n2

Z without introducing extra particles
other than the neutral Higgs bosons would therefore cause
a violation of unitarity in the WW → ϕϕ scattering
amplitude.
These relations (4.4) and (4.5) correspond to a single

equation Eq. (A3) of Ref. [24], which reads

κ
ϕ0
n1
ϕ0
n2

WW − κ
ϕ0
n1

WWκ
ϕ0
n2

WW þ iκ
ϕ0
n1
ϕ0
n2

Z ¼ 0; ð4:6Þ

in the notation of the present manuscript. Using Eqs. (2.37)
and (2.38), however, Eq. (4.6) can be decomposed into
n1↔n2 symmetric and antisymmetric parts, which can be
shown to be identical to our Eqs. (4.4) and (4.5),
respectively.
We next move to the zz → ϕ0

n1ϕ
0
n2 amplitude (A10). We

find a sum rule

κ
ϕ0
n1
ϕ0
n2

ZZ −
XN0

m¼1

κ
ϕ0
n1
ϕ0
m

Z κ
ϕ0
n2
ϕ0
m

Z −
v2

v2Z
κ
ϕ0
n1

ZZ κ
ϕ0
n2

ZZ ¼ 0; ð4:7Þ

which is required to cancel the OðsÞ divergence of the
amplitude. Equation (4.7) is identical to Eq. (A18) of
Ref. [24].

C. NGBþ NGB → ϕþ NGB

The wþw− → ϕ0
nz amplitude also possesses S-wave and

P-wave contributions in Eq. (A12). The cancellation of the
high energy P-wave amplitude requires

κϕ
0
n

WW −
v2

v2Z
κϕ

0
n

ZZ ¼ 0; ð4:8Þ

while the S-wave amplitude requires

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
m

WW ¼ 0: ð4:9Þ

Again, we note that the zz → ϕ0
nz amplitude (A14) does

not produce extra conditions. It is also easy to check the
equivalence of Eqs. (4.8) and (4.9) with Eq. (4.5)
of Ref. [24].

D. Applications

As emphasized in Ref. [24], the unitarity sum rules
can be applied to constrain various extended Higgs models.
For an example, as Ref. [24] argued, assuming v ¼ vZ, that

the future observation of the Higgs-W-W coupling larger
than the SM value would suggest the existence of charged
Higgs particles. This fact can be seen from Eq. (4.1), which

leads to an upper bound of Higgs-W-W coupling κϕ
0
n

WW ≤ 1

for v ¼ vZ in any model only having extra neutral Higgs
particles.
In this subsection, we list a couple of observations in the

unitarity sum rules which have not been stressed in earlier
literature.
Let us start with an implication of the unitarity sum

rules to the ρ parameter ρ0 ¼ v2=v2Z. Combining Eqs. (4.1)
and (4.3), we find

XN0

n¼1

κϕ
0
n

WWðκϕ
0
n

WW − ρ0κ
ϕ0
n

ZZÞ ¼
4

ρ0
ðρ0 − 1Þ: ð4:10Þ

On the other hand, the unitarity sum rules for wþw− → ϕz
Eq. (4.8) reads

κϕ
0
n

WW ¼ ρ0κ
ϕ0
n

ZZ: ð4:11Þ

Plugging Eq. (4.11) into Eq. (4.10), we obtain a condition
on the ρ0 parameter,

1

ρ0
ðρ0 − 1Þ ¼ 0; ð4:12Þ

solely from the unitarity requirements. The ρ0 parameter
needs to be 1 in order to unitarize the wþw− → wþw−,
wþw− → zz and wþw− → ϕz scattering amplitudes in any
EWSB model with v ≠ 0, vZ ≠ 0 that only has neutral
Higgs particles. Note that this argument cannot be applied
to the triplet Higgs mixing model (a doublet and a triplet
Higgs fields) [93–97], since we restrict ourselves within the
neutral Higgs extension cases only. However, the unitarity
argument will be useful when we understand ρ0 ¼ 1 in the
septet Higgs case [30–32], in which we do not have
manifest custodial symmetry. We will discuss the issue
in our subsequent paper, in which we extend our analysis
including the charged Higgs bosons.
It is also intriguing that the unitarity sum rule for the

wþw− → zz amplitude (4.3) is sensitive to the sign of

κϕ
0
n

ZZκ
ϕ0
n

WW . Note that the current experimental results on the
125 GeV Higgs boson (h) are sensitive only to the
absolute values of hZZ and hWW couplings (jκhZZj and
jκhWW j), not to their relative sign.8 As shown in Eq. (4.3), a
wrong sign κhZZκ

h
WW would cause a violation of unitarity in

the WW → ZZ amplitude. Future measurements on the
WW → ZZ (or ZZ → WW or WZ → WZ) cross section

8This fact is in contrast to the case of the relative sign between
κW and κt (top-Higgs coupling), which can be determined using
the h → γγ channel in the SM.
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can thus be used to check whether the κϕ
0
n

ZZκ
ϕ0
n

WW sign is like
the SM or not.
The condition (4.5) gives us an insight on the hypo-

thetical CP-odd neutral Higgs boson properties in a model
independent manner. Existence of such a CP-odd Higgs
boson a, having nonvanishing haZ coupling without
introducing extra charged Higgs boson, would contradict
with the unitarity relation (4.5) and would therefore cause
an enhancement of the WW → ha cross section.
We finally make an important comment on the impli-

cations of the unitarity sum rules to the electroweak
radiative corrections. As we will see in the sections below,
a violation of the unitarity sum rules often causes a UV
divergence in the electroweak radiative corrections. It is
therefore severely constrained by the existing precision
measurements on the electroweak interactions. The issue is
studied extensively in this manuscript in Secs. V and VI.

V. FINITENESS OF f f̄ → f 0f̄ 0 AMPLITUDES
INCLUDING OBLIQUE CORRECTIONS

AT ONE LOOP

Thanks to the gauge invariance of the nonlinear sigma
model Lagrangian we use, in the present framework, effects
of radiative corrections can be studied without causing
unphysical negative metric particle problems even in the Rξ

gauge fixing method. Lack of the renormalizability of the
nonlinear sigma model, however, causes UV divergences in
the amplitudes, which cannot be renormalized by the
redefinitions of the Lagrangian parameters. As we show
in this section, one loop UV divergences in the massless
fermion scattering amplitudes disappear after appropriate
redefinitions of gauge coupling strengths and the VEVs,
only when a set of sum rules is satisfied among the Higgs
coupling strengths. In this section, we write down such a set
of sum rules explicitly. We find these sum rules are
automatically satisfied once the Higgs coupling strengths
satisfy the unitarity sum rules we found in the previous
section.
Before going into detail in the loop analysis, we briefly

summarize the relationships between the vacuum polari-
zation functions Π33, Π3Q, ΠQQ and Π11 and the ff̄ → f0f̄0

scattering amplitudes. We assume here the vacuum polari-
zation functions evaluated in the background gauge fixing
method, with which the cancellation of the divergences
between the one loop vertex corrections and the fermion
wave function renormalizations is guaranteed, thanks to the
naive Ward-Takahashi identities.
We first discuss the relationship between the vacuum

polarization functions Π33, Π3Q, ΠQQ and Π11,

Π33ðp2Þ ¼ Π33ð0Þ þ p2Π0
33ðp2Þ; ð5:1Þ

Π11ðp2Þ ¼ Π11ð0Þ þ p2Π0
11ðp2Þ; ð5:2Þ

Π3Qðp2Þ ¼ p2Π0
3Qðp2Þ; ð5:3Þ

ΠQQðp2Þ ¼ p2Π0
QQðp2Þ; ð5:4Þ

and the ff̄ → f0f̄0 scattering amplitudes. Here Π33ðp2Þ,
Π11, and ΠQQ are neutral and charged weak SUð2Þ current
correlators, and the electromagnetic current correlator,
respectively. Π3Q is the correlator between the neutral
weak SUð2Þ current and the electromagnetic current.
These current correlators can be related with the vacuum
polarization functions of the electroweak gauge bosons,

Π11 ¼
1

g2
ΠWW; ð5:5Þ

Π33 ¼
1

g2Z

�
ΠZZ þ g2Y

g2
ΠAA þ 2

gY
g
ΠZA

�
; ð5:6Þ

Π3Q ¼ 1

g2
ΠAA þ

1

ggY
ΠZA; ð5:7Þ

ΠQQ ¼ g2Z
g2g2Y

ΠAA: ð5:8Þ

The naive Ward-Takahashi identities arising from the
conservation of the electromagnetic current give

Π3Qðp2 ¼ 0Þ ¼ ΠQQðp2 ¼ 0Þ ¼ 0: ð5:9Þ

By using these vacuum polarization functions, the neutral
and charged current ff̄ → f0f̄0 scattering amplitudes
(f ≠ f0) including these oblique corrections can be
expressed as

−MNC ¼ e2�
QQ0

−p2
þ ðI3 − s2�QÞðI03 − s2�Q0Þ
−ðs2�c2�e2�

− Π0
33 þ Π0

3QÞp2 þ v2Zr
4

; ð5:10Þ

−MCC ¼ ðIþI0− þ I−I0þÞ=2
−ðs2�e2� − Π0

11 þ Π0
3QÞp2 þ v2r

4

; ð5:11Þ

with renormalized parameters v2Zr, v2r , e2�, s2� and c2�
defined by

v2Zr ¼ v2Z þ δv2Z þ 4Π33ð0Þ; ð5:12Þ

v2r ¼ v2 þ δv2 þ 4Π11ð0Þ; ð5:13Þ

1

e2�
¼ 1

g2
þ 1

g2Y
þ δ

�
1

g2

�
þ δ

�
1

g2Y

�
− Π0

QQ; ð5:14Þ

s2�
e2�

¼ 1

g2
þ δ

�
1

g2

�
− Π0

3Q; ð5:15Þ
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c2� ¼ 1 − s2�; ð5:16Þ

with δv2Z, δv2, δð1=g2Þ, δð1=g2YÞ being counterterms to
renormalize the divergences in Π33ð0Þ, Π11ð0Þ, Π0

QQ and
Π0

3Q. Here the amplitudes are described by using a
simplified version of notations of Ref. [98]. The definitions
of I3, I�, and Q are given in Ref. [99]. Finiteness of the
scattering amplitudes thus requires

δv2Z
4

þ Π33ð0Þ; ð5:17Þ

δv2

4
þ Π11ð0Þ; ð5:18Þ

Π0
33 − Π0

3Q; ð5:19Þ

Π0
11 − Π0

3Q; ð5:20Þ

are all finite. We study these conditions in the subsec-
tions below.

A. Π33ð0Þ and Π11ð0Þ
We investigate the conditions of finiteness of Eqs. (5.17)

and (5.18). The UV divergences in Π11ð0Þ and Π33ð0Þ can
be absorbed into the renormalizations of vZ and v if these
two parameters are independently adjustable parameters.
Triplet Higgs mixing models [93–97] including Georgi-
Machacek scenario [100–103] fall into this category. In
multi-Higgs doublet models [104] including the SM, and
the doublet-septet mixing model [30–32], on the other
hand, vZ and v are linearly related parameters,

v2Z ¼ 1

ρ0
v2; ð5:21Þ

with ρ0 being a positive constant. Although the parameter
ρ0 is phenomenologically required to be9

ρ0 ¼ 1; ð5:22Þ

in this manuscript, we keep this parameter arbitrary for a
while in order to clarify the theoretical structure of
Eqs. (5.17) and (5.18).
In models satisfying the requirement (5.21), the counter-

terms we can introduce should satisfy

δv2Z ¼ 1

ρ0
δv2: ð5:23Þ

In this class of models, we therefore find

v2ZΠ11ð0Þ − v2Π33ð0Þ ð5:24Þ

needs to be finite in order to keep the ff̄ → f0f̄0 amplitude
finite at the loop level. In this subsection, we focus on the
conditions which guarantee the finiteness of Eq. (5.24) at
the one loop level.
We evaluate the vacuum polarization functions Π11ðp2Þ

and Π33ðp2Þ at the one loop level. It is convenient to
decompose these functions into two pieces,

Π11ðp2Þ ¼ ~Π11ðp2Þ þ ΠHiggs
11 ðp2; κÞ; ð5:25Þ

Π33ðp2Þ ¼ ~Π33ðp2Þ þ ΠHiggs
33 ðp2; κÞ; ð5:26Þ

where ~Π11ðp2Þ and ~Π33ðp2Þ are contributions arising from
loops containing solely the gauge bosons and NGBs, and
are independent of the Higgs coupling strengths κ. These
contributions are evaluated by using the background gauge
fixing method with ’t Hooft-Feynman gauge ξ ¼ 1. See
Appendix B for details. Using the dimensional regulariza-
tion, we obtain

~Π11ðp2 ¼ 0Þ ¼ ðD − 2Þ
�
AðMWÞ þ

g2

g2Z
AðMZÞ þ

g2Y
g2Z

Að0Þþ g2

g2Z
B0ðMW;MZ; 0Þ þ

g2Y
g2Z

B0ðMW; 0; 0Þ
�

þ v2Z
4v2

½AðMWÞ þ AðMZÞ þ B0ðMW;MZ; 0Þ� −
1

4

�
4 − 3

v2Z
v2

�
AðMWÞ −

1

4

v2Z
v2

AðMZÞ

−
1

g2Z

�
g2

v
2

�
2 −

v2Z
v2

�
− g2Y

v2Z
2v

�
2

BðMW;MZ; 0Þ −
g2g2Y
g2Z

�
v
2

�
2 −

v2Z
v2

�
þ v2Z
2v

�
2

BðMW; 0; 0Þ

−
g2v2Z
4

BðMW;MZ; 0Þ; ð5:27Þ

~Π33ðp2 ¼ 0Þ ¼ −
1

2

v4Z
v4

AðMWÞ −
1

2
g2

v4Z
v2

BðMW;MW ; 0Þ; ð5:28Þ

9Strictly speaking, what we need to require is ρ≃ 1 after taking account of the quantum corrections allowing experimental
uncertainty of the 10−3 level.
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with D being the number of space-time dimensions. Here
UV divergent loop functions A, B and B0 are defined by
Eqs. (C1), (C2) and (C3).
We next evaluate the Higgs loop contributions to ΠHiggs

11 .
The corresponding Feynman diagrams are given in Fig. 1.
In the ’t Hooft-Feynman gauge, we find

ΠHiggs
11 ðp2 ¼ 0; κÞ

¼ 1

g2
ΠHiggs

WW ð0Þ ¼ 1

4

XN0

n¼1

κϕ
0
nϕ

0
n

WW AðMϕ0
n
Þ

þ 1

4

XN0

n¼1

κϕ
0
n

WWκ
ϕ0
n

WWfB0ðMϕ0
n
;MW ; 0Þ

−4M2
WBðMϕ0

n
;MW ; 0Þg; ð5:29Þ

where the first, the second and the third terms are from
Figs. 1(a), 1(b), and 1(c), respectively.
In a similar manner, evaluating the Feynman diagrams

Fig. 2, we obtain

ΠHiggs
33 ðp2 ¼ 0; κÞ

¼ 1

g2Z
ΠHiggs

ZZ ð0Þ ¼ 1

8

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z B0ðMϕ0
n
;Mϕ0

m
; 0Þ

þ 1

4

XN0

n¼1

κϕ
0
nϕ

0
n

ZZ AðMϕ0
n
Þþ v2

4v2Z

XN0

n¼1

κϕ
0
n

ZZκ
ϕ0
n

ZZfB0ðMϕ0
n
;MZ; 0Þ

−4M2
ZBðMϕ0

n
;MZ; 0Þg: ð5:30Þ

There may also exist tadpole graphs if ϕ0
n fields acquire

their VEVs at one loop. We assume these one loop VEVs of
FIG. 1. One loop diagrams for theW boson self-energies ΠHiggs

WW
in our model.

FIG. 2. One loop diagrams for the Z boson self-energies ΠHiggs
ZZ

in our model.
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ϕ0
n are eliminated by introducing appropriate linear potential

counterterms in the Higgs potential (2.30).
Our results of the vacuum polarization functions,

Eqs. (5.27), (5.28), (5.29), and (5.30), can be compared

with the SM, taking N0 ¼ 1, v ¼ vZ, κ
ϕ0
1

WW ¼ κ
ϕ0
1

ZZ ¼
κ
ϕ0
1
ϕ0
1

WW ¼ κ
ϕ0
1
ϕ0
1

ZZ ¼ 1.10 Comparing them with the SM results
of Hagiwara-Matsumoto-Haidt-Kim (HMHK) [105] which
employs the pinch technique in their evaluation of the
vacuum polarization functions, we find

ΠNTT
11 ð0Þ − ΠHMHK

11 ð0Þ ¼ −
1

2
AðMWÞ −

1

4
AðMZÞ; ð5:31Þ

ΠNTT
33 ð0Þ − ΠHMHK

33 ð0Þ ¼ −
1

2
AðMWÞ −

1

4
AðMZÞ; ð5:32Þ

where ΠNTT
11 ð0Þ and ΠNTT

33 ð0Þ denote the results presented in
this section with the assumptions above, while ΠHMHK

11 ð0Þ
and ΠHMHK

33 ð0Þ are the SM pinch technique results of
Ref. [105]. These differences do not affect physical conse-
quences, however. They actually can be considered to arise
from the difference of conventions for the choice of normal
ordering in the WW-NGB-NGB and the ZZ-NGB-NGB
vertices in the linear sigma model Lagrangian (HMHK) and
in the nonlinear sigma model Lagrangian (NTT).
Let us go back to our nonlinear sigma model Lagrangian

with arbitrary Higgs coupling strengths κ. Note that the loop
functions A, B, and B0 diverge in the ultraviolet. Introducing
the UV cutoff momentum Λ, they can be expressed by using
Eqs. (C8), (C9) and (C10). It is now straightforward to
obtain the UV divergences in Π11 and Π33.
We find

Π11ð0Þjdiv ¼
1

4

�XN0

n¼1

κϕ
0
nϕ

0
n

WW − 2
XN0

n¼1

κϕ
0
n

WWκ
ϕ0
n

WW − 4þ 2
v2Z
v2

�

×
Λ2

ð4πÞ2 þ
�
1

4

XN0

n¼1

ð−κϕ0
nϕ

0
n

WW þ κϕ
0
n

WWκ
ϕ0
n

WWÞM2
ϕ0
n

−
3

16

XN0

n¼1

κϕ
0
n

WWκ
ϕ0
n

WWg
2v2−

3

16
g2Z

v4Z
v2

−
3

4
g2v2 þ 9

16
g2v2Z

�
1

ð4πÞ2 ln
Λ2

μ2
; ð5:33Þ

and

Π33ð0Þjdiv¼
1

4

�
−
XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z þ
XN0

n¼1

κϕ
0
nϕ

0
n

ZZ

−2
v2

v2Z

XN0

n¼1

κϕ
0
n

ZZκ
ϕ0
n

ZZ−2
v4Z
v4

�
Λ2

ð4πÞ2

þ
�
1

4

XN0

n¼1

�XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z −κϕ
0
nϕ

0
n

ZZ þv2

v2Z
κϕ

0
n

ZZκ
ϕ0
n

ZZ

�
M2

ϕ0
n

−
3

16
g2Zv

2
XN0

n¼1

κϕ
0
n

ZZκ
ϕ0
n

ZZ−
3

8
g2
v4Z
v2

�
1

ð4πÞ2 ln
Λ2

μ2
:

ð5:34Þ
We are now ready to derive conditions to guarantee the

finiteness of Eq. (5.24). We obtain a condition,

0 ¼ v4Z
v2

− v2Z þ v2Z
4

XN0

n¼1

ðκϕ0
nϕ

0
n

WW − 2κϕ
0
n

WWκ
ϕ0
n

WWÞ

−
v2

4

XN0

n¼1

�
κϕ

0
nϕ

0
n

ZZ − 2
v2

v2Z
κϕ

0
n

ZZκ
ϕ0
n

ZZ −
XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z

�
;

ð5:35Þ
which guarantees the cancellation of theΛ2 divergence, and

0 ¼ −
3

16
g2Z

v6Z
v2

þ 3

16
g2v2Zð5v2Z − 4v2Þ

−
3

16
v2
XN0

n¼1

ðg2v2Zκϕ
0
n

WWκ
ϕ0
n

WW − g2Zv
2κϕ

0
n

ZZκ
ϕ0
n

ZZÞ

þ
�
−
v2Z
4

XN0

n¼1

ðκϕ0
nϕ

0
n

WW − κϕ
0
n

WWκ
ϕ0
n

WWÞM2
ϕ0
n

þ v2

4

XN0

n¼1

�
κϕ

0
nϕ

0
n

ZZ −
v2

v2Z
κϕ

0
n

ZZκ
ϕ0
n

ZZ−
XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z

�
M2

ϕ0
n

�
;

ð5:36Þ

for the cancellation of the lnΛ2 divergence. If we impose
conditions that terms proportional to g2Z, g

2 andM2
ϕ0
n
should

vanish separately in Eq. (5.36), we obtain

0 ¼ −
v6Z
v6

þ
XN0

n¼1

κϕ
0
n

ZZκ
ϕ0
n

ZZ; ð5:37Þ

0 ¼ 5
v2Z
v2

− 4 −
XN0

n¼1

κϕ
0
n

WWκ
ϕ0
n

WW; ð5:38Þ

0 ¼ −ðκϕ0
nϕ

0
n

WW − κϕ
0
n

WWκ
ϕ0
n

WWÞ þ
v2

v2Z

�
κϕ

0
nϕ

0
n

ZZ −
v2

v2Z
κϕ

0
n

ZZκ
ϕ0
n

ZZ

�

−
v2

v2Z

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z : ð5:39Þ10κ
ϕ0
1
ϕ0
1

Z ¼ 0 is automatic because of the antisymmetry n1↔n2
in κ

ϕ0
n1
ϕ0
n2

Z ¼ 0.
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B. Π0
33ð0Þ − Π0

3Qð0Þ
We next turn to the finiteness of Eq. (5.19). In a similar

manner to the previous subsection, we decompose

Π3Qðp2Þ ¼ ~Π3Qðp2Þ þ ΠHiggs
3Q ðp2; κÞ: ð5:40Þ

It is evident

ΠHiggs
AA ¼ ΠHiggs

ZA ¼ 0; ð5:41Þ

since the neutral Higgs bosons do not couple with the
photon. Using Eqs. (5.6), (5.7) and (5.8), we therefore
obtain

ΠHiggs
33 ¼ 1

g2Z
ΠHiggs

ZZ ; ΠHiggs
3Q ¼ ΠHiggs

QQ ¼ 0: ð5:42Þ

Analysis similar to Eq. (5.30) then gives the divergent part
of Π0Higgs

33 ð0; κÞ as

Π0Higgs
33 ð0; κÞjdiv

¼ −
�
1

24

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z þ 1

12

v2

v2Z

XN0

n¼1

κϕ
0
n

ZZκ
ϕ0
n

ZZ

�

×
1

ð4πÞ2 ln
Λ2

μ2
: ð5:43Þ

Note that the vacuum polarization function Π0Higgs
3Q is also

trivial

Π0Higgs
3Q ð0; κÞj

div
¼ 0: ð5:44Þ

The κ independent contributions to the divergent coef-
ficients to Π0

33 and Π0
3Q have been evaluated in the

Appendix of Ref. [106]. They are

~Π0
33ð0Þjdiv ¼

��
22

3
−

1

12

v2Z
v2

�
−

1

12

�
1 −

v2Z
v2

��
4 −

v2Z
v2

��

×
1

ð4πÞ2 ln
Λ2

μ2
; ð5:45Þ

and

~Π0
3Qð0Þjdiv ¼

��
22

3
−

1

12

v2Z
v2

�
−
1

3
þ 1

4

v2Z
v2

�
1

ð4πÞ2 ln
Λ2

μ2
:

ð5:46Þ

It is now straightforward to obtain a condition guaran-
teeing the cancellation of the lnΛ2 divergence in Eq. (5.19),

0 ¼ 1

12

v2Z
v2

�
2 −

v2Z
v2

�
−

1

24

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z

−
1

12

v2

v2Z

XN0

n¼1

κϕ
0
n

ZZκ
ϕ0
n

ZZ: ð5:47Þ

C. Π0
11ð0Þ − Π0

3Qð0Þ
The finiteness condition of Π0

11ð0Þ − Π0
3Qð0Þ can be

studied in a similar manner. We find

Π0Higgs
11 ð0; κÞjdiv ¼ −

1

12

XN0

n¼1

κϕ
0
n

WWκ
ϕ0
n

WW
1

ð4πÞ2 ln
Λ2

μ2
; ð5:48Þ

and

~Π0
11ð0Þjdiv ¼

�
22

3
−

1

12

v2Z
v2

�
1

ð4πÞ2 ln
Λ2

μ2
: ð5:49Þ

Using Eqs. (5.44), (5.46), (5.48) and (5.49), we find a
condition guaranteeing the finiteness of Π0

11ð0Þ − Π0
3Qð0Þ:

0 ¼ 1

3
−
1

4

v2Z
v2

−
1

12

XN0

n¼1

κϕ
0
n

WWκ
ϕ0
n

WW: ð5:50Þ

D. Unitarity sum rules vs finiteness of f f̄ → f 0 f̄ 0

It is easy to show that the conditions of the finiteness of
the ff̄ → f0f̄0 amplitudes, i.e., Eqs. (5.35), (5.37), (5.38),
(5.39), (5.47), and (5.50), are automatically satisfied if the
Higgs coupling parameters satisfy the unitarity sum rules
[Eqs. (4.1), (4.3), (4.4), (4.5), (4.7) and (4.8)] in the present
framework.
Even though we do not require the renormalizability of

the model in its construction, any unitary EWSB model
with neutral Higgs extension only thus leads to finite ff̄ →
f0f̄0 amplitude at the one loop level. This fact enables us to
perform the EWPTs for any unitary model using ff̄ → f0f̄0
amplitudes at the one loop level.
Let us next consider the converse of the problem: Does a

model satisfying the finiteness constraints [Eqs. (5.35),
(5.37), (5.38), (5.39), (5.47), and (5.50)], automatically
satisfy the unitarity sum rules? Evidently, the answer is
negative. There is a large class of models which satisfy the
finiteness constraints [Eqs. (5.35), (5.37), (5.38), (5.39),
(5.47), and (5.50)], but do not satisfy the unitarity sum rules
[Eqs. (4.1), (4.3), (4.4), (4.5), (4.7) and (4.8)]. To give an

example, the κ
ϕ0
n1
ϕ0
n2

WW coupling cannot be constrained by the
finiteness conditions [Eqs. (5.35), (5.37), (5.38), (5.39),
(5.47), and (5.50)] for n1 ≠ n2. On the other hand, the

κ
ϕ0
n1
ϕ0
n2

WW coupling not satisfying Eq. (4.4) violates the
perturbative unitarity in the WW → ϕ0

n1ϕ
0
n2 amplitude.

Although the great success of the EWPTs, which use the
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ff̄ → f0f̄0 processes, suggests the validity of the finiteness
conditions, Eqs. (5.35), (5.37), (5.38), (5.39), (5.47), and
(5.50), with very high accuracy, it does not imply the
perturbative unitarity in the WW → ϕ0

n1ϕ
0
n2 process.

It should also be noted that the finiteness conditions are
only sensitive to the absolute values of the Higgs-V-V

couplings (κϕ
0
n

ZZ and κϕ
0
n

WW) and insensitive to their relative

sign κϕ
0
n

ZZκ
ϕ0
n

WW . If we adequately choose the other parameters,
the finiteness conditions can be satisfied even with a wrong

signed κϕ
0
n

ZZκ
ϕ0
n

WW < 0. On the other hand, the wrong signed

κϕ
0
n

ZZκ
ϕ0
n

WW < 0 clearly contradicts with the unitarity sum rule
in the WW → ZZ process [Eq. (4.3)] as we stressed in
Sec. IV D.
The numerical comparison between the unitarity sum

rules and the finiteness conditions will be performed in
Secs. VII and IX in this manuscript.

VI. OBLIQUE CORRECTION PARAMETERS

In order to compare our models with the electroweak
precision measurements of the ff̄ → f0f̄0 processes, it is
most convenient to introduce the electroweak precision
parameters such as the oblique correction parameters of
Ref. [88] (S, T and U). Hereafter we assume

vZ ¼ v; ð6:1Þ

and the bare parameters v and vZ cannot be adjusted
independently to renormalize the UV divergences of
Π33ð0Þ and Π11ð0Þ. The electroweak oblique correction
parameters are defined by

1

16π
S ¼ ðΠ0

33ð0Þ − Π0
3Qð0ÞÞ − ðΠ0

33ð0Þ − Π0
3Qð0ÞÞjSM;

ð6:2Þ

αT ¼ 4

v2
ðΠ11ð0Þ − Π33ð0ÞÞ −

4

v2
ðΠ11ð0Þ − Π33ð0ÞÞjSM;

ð6:3Þ

1

16π
U ¼ ðΠ0

11ð0Þ − Π0
33ð0ÞÞ − ðΠ0

11ð0Þ − Π0
33ð0ÞÞjSM;

ð6:4Þ

where ΠjSM denotes the vacuum polarization function in
the SM.
As we did in the previous section, we decompose

Πðp2Þ ¼ ~Πðp2Þ þ ΠHiggsðp2;Mϕ0 ; κÞ: ð6:5Þ

Under the assumption of Eq. (6.1), ~Π in our generalized
model is identical to that of the SM. Also, since the neutral
Higgs bosons have no coupling with the photon, we can
easily show

ΠHiggs
3Q ¼ ΠHiggs

QQ ¼ 0: ð6:6Þ

Equation (6.2) can therefore be rewritten as

1

16π
S ¼ Π0Higgs

33 ð0;Mϕ0 ; κÞ − Π0Higgs
33 ð0;Mh; κSMÞ; ð6:7Þ

with κSM denoting the SM values of the Higgs coupling
strengths. In a similar manner, we obtain

αT ¼ 4

v2
ðΠHiggs

11 ð0;Mϕ0 ; κÞ − ΠHiggs
11 ð0;Mh; κSMÞÞ

−
4

v2
ðΠHiggs

33 ð0;Mϕ0 ; κÞ − ΠHiggs
33 ð0;Mh; κSMÞÞ; ð6:8Þ

and

1

16π
U ¼ ðΠ0Higgs

11 ð0;Mϕ0 ; κÞ − Π0Higgs
11 ð0;Mh; κSMÞÞ

− ðΠ0Higgs
33 ð0;Mϕ0 ; κÞ − Π0Higgs

33 ð0;Mh; κSMÞÞ:
ð6:9Þ

We are now ready to write down the one loop formulas
for the oblique correction parameters,

S ¼ Slog þ Sf; ð6:10Þ

T ¼ Tquad þ T log þ Tf; ð6:11Þ

U ¼ Ulog þUf: ð6:12Þ

Here Tquad denotes the Λ2 divergent term. Slog, T log and
Ulog are the lnΛ2 terms. Sf, Tf and Uf are the finite terms.

We find

Slog ¼
1

12π

�
1 −

XN0

n¼1

κϕ
0
n

ZZκ
ϕ0
n

ZZ −
1

2

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z

�
ln
Λ2

μ2
; ð6:13Þ

Sf ¼ 1

4π

XN0

n¼1

κϕ
0
n

ZZκ
ϕ0
n

ZZG
Zϕ0

n
0
−

1

4π
GZh

0 þ 1

8π

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z Fϕ0
nϕ

0
m
0
; ð6:14Þ
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αTquad ¼
XN0

n¼1

�
κϕ

0
nϕ

0
n

WW − 2κϕ
0
n

WWκ
ϕ0
n

WW − κϕ
0
nϕ

0
n

ZZ þ 2κϕ
0
n

ZZκ
ϕ0
n

ZZ þ
XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z

�
Λ2

ð4πÞ2v2 ; ð6:15Þ

αT log ¼
�XN0

n¼1

��
−κϕ

0
nϕ

0
n

WW þ κϕ
0
n

WWκ
ϕ0
n

WW þ κϕ
0
nϕ

0
n

ZZ − κϕ
0
n

ZZκ
ϕ0
n

ZZ −
XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z

�M2
ϕ0
n

v2

−
3

4
ðg2κϕ0

n
WWκ

ϕ0
n

WW − g2Zκ
ϕ0
n

ZZκ
ϕ0
n

ZZÞ
�
−
3

4
g2Y

�
1

ð4πÞ2 ln
Λ2

μ2
; ð6:16Þ

αTf ¼
1

ð4πÞ2v2
XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z

�
−
1

2
Fϕ0

nϕ
0
m þM2

ϕ0
n

�
ln
M2

ϕ0
n

μ2
− 1

��

þ 1

ð4πÞ2v2
XN0

n¼1

ðκϕ0
nϕ

0
n

WW − κϕ
0
n

WWκ
ϕ0
n

WW − κϕ
0
nϕ

0
n

ZZ þ κϕ
0
n

ZZκ
ϕ0
n

ZZÞM2
ϕ0
n

�
ln
M2

ϕ0
n

μ2
− 1

�

þ 1

2ð4πÞ2v2
XN0

n¼1

ðκϕ0
n

WWκ
ϕ0
n

WW − κϕ
0
n

ZZκ
ϕ0
n

ZZÞM2
ϕ0
n

þ 1

ð4πÞ2v2
XN0

n¼1

κϕ
0
n

WWκ
ϕ0
n

WW

�
GWϕ0

n −
1

2
M2

ϕ0
n
−M2

W

�
ln
M2

W

μ2
− 1

��

−
1

ð4πÞ2v2
XN0

n¼1

κϕ
0
n

ZZκ
ϕ0
n

ZZ

�
GZϕ0

n −
1

2
M2

ϕ0
n
−M2

Z

�
ln
M2

Z

μ2
− 1

��

þ 1

ð4πÞ2v2
�
−GWh þM2

W

�
ln
M2

W

μ2
− 1

�
þGZh −M2

Z

�
ln
M2

Z

μ2
− 1

��
; ð6:17Þ

and

Ulog ¼
1

12π

�XN0

n¼1

ð−κϕ0
n

WWκ
ϕ0
n

WW þ κϕ
0
n

ZZκ
ϕ0
n

ZZÞ þ
1

2

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z

�
ln
Λ2

μ2
; ð6:18Þ

Uf ¼ 1

4π

XN0

n¼1

κϕ
0
n

WWκ
ϕ0
n

WWG
Wϕ0

n
0
−

1

4π
GWh0 −

1

4π

XN0

n¼1

κϕ
0
n

ZZκ
ϕ0
n

ZZG
Zϕ0

n
0 þ 1

4π
GZh0 −

1

8π

XN0

n¼1

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
nϕ

0
m

Z Fϕ0
nϕ

0
m
0
: ð6:19Þ

It is obvious Tquad ¼ Slog ¼ T log ¼ Ulog ¼ 0 in models satisfying the conditions Eqs. (5.35), (5.36), (5.47) and (5.50).

VII. CONSTRAINTS ON A HEAVY HIGGS BOSON

If the masses of the extra Higgs bosons become extremely
heavy keeping their nonvanishing κs, the longitudinal
electroweak gauge boson scattering amplitude is enhanced
and the perturbative unitarity can be violated even in the
models which satisfy the unitarity sum rules. In a similar
manner, the heavy extra Higgs boson mass induces large
finite correction to the electroweak precision parameters (S
and T) even in the model which satisfies the finiteness
conditions. The mass of the extra Higgs boson can therefore
be constrained by the perturbative unitarity and the
EWPTs.
In this section, we assume models in which the unitarity

sum rules [Eqs. (4.1), (4.3), (4.4), (4.5), (4.7) and (4.8)] are

satisfied. We also identify the 125 GeV Higgs boson (h)
discovered by the LHC experiments as the lightest Higgs
boson in our framework (ϕ0

1), i.e., Mϕ0
1
¼ Mh ¼ 125 GeV.

The second lightest Higgs boson ϕ0
2 is denoted byH. In the

following subsections, constraints on the second lightest
Higgs boson massMH ¼ Mϕ0

2
are investigated by using the

perturbative unitarity argument and the results of EWPTs.

A. Unitarity constraints

Thanks to the equivalence theorem between the high
energy longitudinal gauge boson scattering amplitudes and
the NGB scattering amplitudes, S-wave amplitude of the
WLWL → WLWL processes is evaluated as an integral over
the scattering angle θ of the corresponding NGB amplitude,
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t
Wþ

LW
−
L→Wþ

LW
−
L

0 ¼ 1

32π

Z
1

−1
d cos θAwþw−→wþw− ; ð7:1Þ

where the validity of the equivalence is of OðM2
V=sÞ.

The scattering angle θ is related with the Mandelstam
variable s, t as

t ¼ −
s
2
ð1 − cos θÞ: ð7:2Þ

Similarly, the S-wave ZLZL → WLWL and ZLZL → ZLZL

amplitudes are

t
ZLZL→Wþ

LW
−
L

0 ¼ 1

32π

1ffiffiffi
2

p
Z

1

−1
d cos θAwþw−→zz; ð7:3Þ

tZLZL→ZLZL
0 ¼ 1

32π

1

2

Z
1

−1
d cos θAzz→zz: ð7:4Þ

Factors 1=
ffiffiffi
2

p
in Eq. (7.3) and 1=2 in Eq. (7.4) arise from

the Bose statistics of identical particles in the initial and
final states.
We assume the unitarity sum rules [Eqs. (4.1), (4.3),

(4.4), (4.5), (4.7) and (4.8)]. The Higgs coupling constants
therefore satisfy

κϕ
0
n

WW ¼ κϕ
0
n

ZZ; κ
ϕ0
n1
ϕ0
n2

Z ¼ 0; ð7:5Þ

κ
ϕ0
n1
ϕ0
n2

WW ¼ κ
ϕ0
n1

WWκ
ϕ0
n2

WW; κ
ϕ0
n1
ϕ0
n2

ZZ ¼ κ
ϕ0
n1

ZZ κ
ϕ0
n2

ZZ ; ð7:6Þ

and the tree-level ρ parameter restricted to be unity.
Plugging these relations into the NGB scattering ampli-
tudes [Eqs. (A2), (A4), and (A6)] and computing the
integrals of Eqs. (7.1), (7.3), and (7.4), for sufficiently
high energy scale s ≫ M2

ϕ0
n
, we obtain

t
Wþ

LW
−
L→Wþ

LW
−
L

0 ¼ T ; ð7:7Þ

t
ZLZL→Wþ

LW
−
L

0 ¼ 1

2
ffiffiffi
2

p T ; ð7:8Þ

tZLZL→ZLZL
0 ¼ 3

4
T ; ð7:9Þ

with

T ≡ −
GF

4
ffiffiffi
2

p
π

XN0

n¼1

ðκϕ0
n

V Þ2M2
ϕ0
n
; GF ¼ 1ffiffiffi

2
p

v2
: ð7:10Þ

Here the Higgs-V-V coupling is denoted by κϕ
0
n

V ,

κϕ
0
n

V ≡ κϕ
0
n

WW ¼ κϕ
0
n

ZZ: ð7:11Þ

Using the unitarity sum rule

XN0

n¼1

ðκϕ0
n

V Þ2 ¼ 1; ð7:12Þ

and our ordering of neutral Higgs bosons

Mh ¼ Mϕ0
1
< MH ¼ Mϕ0

2
≤ Mϕ0

3
≤ � � � ; ð7:13Þ

we see

jT j ≥ GF

4
ffiffiffi
2

p
π
½κ2VM2

h þ ð1 − κ2VÞM2
H�; ð7:14Þ

with κV being defined as

κV ≡ κhV ¼ κ
ϕ0
1

V ¼ κ
ϕ0
1

WW ¼ κ
ϕ0
1

ZZ: ð7:15Þ

We next deduce the bound on MH from the perturbative
unitarity in the S-wave transition matrix amongWþ

LW
−
L and

ZLZL states,

T ¼
 
t
Wþ

LW
−
L→Wþ

LW
−
L

0 t
Wþ

LW
−
L→ZLZL

0

t
ZLZL→Wþ

LW
−
L

0 tZLZL→ZLZL
0

!

¼
 

T 1

2
ffiffi
2

p T

1

2
ffiffi
2

p T 3
4
T

!
: ð7:16Þ

It is easy to calculate the maximum eigenvalue of the
transition matrix T,

tmax
0 ¼ 5

4
T : ð7:17Þ

Perturbative unitarity requires jtmax
0 j should satisfy

jtmax
0 j < 1

2
; ð7:18Þ

in the off-resonant energy region, which immediately leads
to a mass constraint on the second lightest Higgs boson,

M2
Hð1 − κ2VÞ þM2

hκ
2
V <

16π

5
v2: ð7:19Þ

Once the deviation of the 125 GeV Higgs boson coupling
κV from its SM value κV ¼ 1 is experimentally confirmed
in a future experiment, the inequality (7.19) provides a
mass upper bound on the extra Higgs boson.
We here make a comment comparing Eq. (7.19) with the

famous Lee-Quigg-Thacker bound [6] on the Higgs boson
mass in the SM

M2
h <

8π

3
v2: ð7:20Þ

The difference of a factor 5=6 between the right-hand side
of Eqs. (7.19) and (7.20) arises from our neglect of the hh,
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hH and HH channels in the T -matrix. The amplitudes
including these channels depend on the triple-Higgs and
quartic-Higgs coupling strengths, which we did not incor-
porate in our theory, however. We will discuss the issue in
our forthcoming publications.

B. Electroweak precision tests

We next study the constraints on the heavier Higgs boson
massMH given by the EWPTs. In a model with v ¼ vZ and
satisfying the unitarity sum rules, as we found in Sec. VI,
the cancellation of UV divergences in the oblique correc-
tion parameters,

Tquad ¼ Slog ¼ T log ¼ Ulog ¼ 0; ð7:21Þ

takes place at the one loop level. Moreover, the expressions
of finite corrections to the oblique parameters are greatly
simplified thanks to the unitarity sum rules. We find

S ¼ −
1

4π
ð1 − κ2VÞGZh0 þ 1

4π

XN0

n¼2

ðκϕ0
n

V Þ2GZϕ0
n
0
; ð7:22Þ

T ¼ 1 − κ2V
16π2v2α

½GZh − GWh�

−
1

16π2v2α

XN0

n¼2

ðκϕ0
n

V Þ2½GZϕ0
n −GWϕ0

n �; ð7:23Þ

U ¼ 1 − κ2V
4π

½GZh0 −GWh0�

−
1

4π

XN0

n¼2

ðκϕ0
n

V Þ2½GZϕ0
n
0
−GWϕ0

n
0�: ð7:24Þ

Here we used the notations Eqs. (7.11) and (7.15). The loop
functions GVϕ and GVϕ0 are defined in Appendix C.
For sufficiently heavy ϕ0

n (n ≥ 2), Eqs. (7.22), (7.23) and
(7.24) can be approximated by

S≃ 1

12π

XN0

n¼2

ðκϕ0
n

V Þ2
�
ln
M2

ϕ0
n

M2
h

þ 0.86

�
; ð7:25Þ

T ≃ −
3

16π2v2α
ðM2

Z −M2
WÞ ×

XN0

n¼2

ðκϕ0
n

V Þ2
�
ln
M2

ϕ0
n

M2
h

− 1.05

�
;

ð7:26Þ

U ≃ 1 − κ2V
3π

× ð−0.028Þ þ 1

3π

XN0

n¼2

ðκϕ0
n

V Þ2 M
2
Z −M2

W

M2
ϕ0
n

;

ð7:27Þ

where we used MZ ¼ 91.2 GeV, MW ¼ 80.4 GeV in the
estimates of the numerical coefficients. As we see from

Eq. (7.27), the typical value of U parameter prediction is
jUj≲ 3 × 10−3, which is well below the present value of
the measured value of U parameter uncertainty 10−2. We
are thus allowed to perform a two-dimensional fit in the S-T
plane neglecting the U parameter constraint.
Using the unitarity sum rule (7.12) and the ordering of

the Higgs mass (7.13), S and T parameters given in
Eqs. (7.25) and (7.26) can be shown to satisfy

S ≥ SH ≃ 1 − κ2V
12π

�
ln
M2

H

M2
h

þ 0.86

�
> 0; ð7:28Þ

T ≤ TH ≃ −
3ð1 − κ2VÞ
16π2v2α

ðM2
Z −M2

WÞ
�
ln
M2

H

M2
h

− 1.05

�
< 0;

ð7:29Þ

withH being the second lightest neutral Higgs boson in the
model. Here SH and TH denote S and T parameters,
respectively, in a model with two neutral Higgs bosons
(N0 ¼ 2 model). The inequalities in Eqs. (7.28) and (7.29)
guarantee that the limits on MH deduced from the EWPTs
can be regarded as conservative bounds.
Figure 3 shows contours of the likelihood function of S

and T corresponding to 95% and 99% confidence level
(C.L.) probability, derived from the present limit [107]

S ¼ 0.06� 0.09; T ¼ 0.10� 0.07; ð7:30Þ

with

ρST ¼ 0.91: ð7:31Þ

FIG. 3. The behaviors of ðSH; THÞ. Contours of likelihood in
the S-T plane, corresponding to 95% (gray) and 99% (dark gray)
C.L., assuming Mh ¼ 125 GeV and mtop ¼ 173 GeV, are also
shown.
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Two lines in Fig. 3 show behaviors of ðSH; THÞ. The shorter
line is for ΔκV ¼ −0.05, and the longer one is for
ΔκV ¼ −0.15, varying the second lightest Higgs boson
mass MH from 250 GeV to 5 TeV. Five dots on each line
starting from the origin of this figure toward the right-
bottom direction correspond to the pointsMH ¼ 500 GeV,
1.0 TeV, 1.5 TeV, 2.0 TeV and 2.5 TeV, respectively. Note
that these lines are not straight, since we do not use the
large MH approximations (7.28) and (7.29) in this figure.
Also, we obtain ðSH; THÞ ¼ ð0; 0Þ as we expect when we
take MH ¼ Mh. If the 125 GeV Higgs boson coupling κV
turns out to deviate sizably from the SM prediction κV ¼ 1,
then we will obtain an upper bound on the extra Higgs
boson mass from the EWPTs. Actually, as we see from
Fig. 3,MH ¼ 283 GeV (836 GeV) with ΔκV ¼ −0.05, and
MH ¼ 171 GeV (265 GeV) with ΔκV ¼ −0.15 are ruled
out in the present model at 95% C.L. (99% C.L.).

C. Unitarity vs EWPTs

We are now ready to compare the unitarity limit on MH
[Eq. (7.19)] and the EWPT limit shown in Fig. 3. These
limits onMH are depicted in Fig. 4 as functions of ΔκV . We
note, for −0.008≲ ΔκV < 0 (−0.03≲ ΔκV < 0), the uni-
tarity limit gives a constraint stronger than that of EWPTs at
95% C.L. (99% C.L.). Note here that, for MH heavier than
the unitarity bound, the theory becomes highly nonpertur-
bative.We cannot make reliable perturbative calculations of
S and T parameters in this case.
On the other hand, if the deviation of the Higgs-V-V

coupling from its SM value is relatively large, e.g.,
ΔκV ≲ −0.03, then Fig. 4 shows EWPTs give a limit,

MH ≲ 450 GeV at 95% C.L. (MH ≲ 2.4 TeV at 99% C.L.),
which is stronger than the unitarity limit. In this case, the
theory remains perturbative and the bounds from EWPTs
are considered to be trustable.
It is also interesting to compare Fig. 4 with the present

experimental value of κV measured for the 125 GeV Higgs
boson. The ATLAS collaboration reported

κV ¼ 1.15� 0.08; ð7:32Þ

in Ref. [7], while the CMS collaboration [8] gave a bound

κV ¼ 1.01� 0.07: ð7:33Þ

Results of ATLAS and CMS are both consistent with the
SM value ΔκV ¼ 0, though positive ΔκV ¼ κV − 1 is
slightly favored by ATLAS, while the CMS experiment
prefers the SM prediction.
If the positive ΔκV (as favored by the present ATLAS

result) would be established by the upgraded LHC in the
future, since our model is constrained to be ΔκV < 0, then
we could claim we need a framework of models to include
new particles other than the neutral Higgs bosons. On the
other hand, in the case of negative ΔκV , if the observed
discrepancy were of order jΔκV j≃ 0.02 or below, it would
be difficult to identify the origin of the difference. In this
case, as shown in Fig. 4, even a very heavy extra Higgs
boson (MH ≳ 1 TeV) can explain the EWPT result if we
allow 95% C.L. uncertainty. We are able to predict a new
neutral Higgs particle below 1 TeVor less only in the case
of negative ΔκV with jΔκV j≳ 0.02.

D. Comparison with the CMS direct search

The LHC experiments continue to search for an extra
heavy Higgs boson in various channels [108–115], after the
discovery of the 125 GeV Higgs particle. Among them,
Ref. [113] searched for the hypothetical heavy extra Higgs
boson which arises in a singlet extension of the SM in the
H → ZZ → 2l2ν channel, and gave nontrivial constraints
in its mass-coupling plane, especially in its high mass
region. Note that the heavy Higgs coupling is related with
the couplings of the 125 GeV Higgs boson through the
unitarity argument,

ðκhVÞ2 þ ðκHV Þ2 ¼ 1: ð7:34Þ

The constraint of Ref. [113] can therefore be superimposed
on our Fig. 4, as shown in Fig. 5. Here we assumed that, in
addition to the bosonic amplitudes we discussed in this
paper, Zh → tt̄ and ZH → tt̄ amplitudes are unitarized
solely by two Higgs bosons (125 GeV Higgs boson h and
an additional heavy Higgs boson H). This assumption
makes it possible to relate the Htt̄ coupling, which affects
the gg → H production cross section, with the value of
ΔκV . See the fermionic unitarity sum rules of Ref. [24]. It is

FIG. 4. Limits on the second lightest Higgs boson mass as a
function of ΔκV ≡ κV − 1. The hatched area is disfavored from
the perturbative unitarity. The 95% and 99% C.L. excluded areas
from EWPTs are shown by gray and dark gray, respectively.
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quite interesting that, assuming the extra Higgs boson mass
MH ≃ 400 GeV, Fig. 5 excludes jΔκV j≳ 0.016 at the
95% C.L., which is stronger than the present signal strength
constraints on the 125 GeV Higgs boson coupling ΔκV
(7.32) and (7.33). On the other hand, for MH ≲ 300 GeV
and MH ≳ 460 GeV, the strongest constraint comes from
EWPTs. EWPTs have good sensitivity for constraining the
Higgs coupling deviations for a wider range of the extra
Higgs boson mass.

VIII. A UV COMPLETION AND SELF-
INTERACTIONS AMONG HIGGS BOSONS

Although the model we analyze in this paper is based on
the nonlinear sigma model, once the unitarity sum rules
[Eqs. (4.1), (4.3), (4.4), (4.5), (4.7) and (4.8)] are imposed
among its Higgs coupling strengths κs, the longitudinal
gauge boson scattering amplitudes can be perturbative
enough to satisfy the unitarity constraints. Moreover, the
electroweak oblique correction parameters S, T and U are
shown to be finite at the one loop level thanks to these
unitarity sum rules.
Can the model we analyze in this paper be regarded as a

renormalizable model, which does not need further UV
completion, then? The answer depends on the assump-
tions on the Higgs self-interactions. In this section, we
take an example of N0 ¼ 2 to study what kind of
constraints we need to impose among the self-interactions
of the Higgs particles, so as to make the model completely
renormalizable.
In the case of N0 ¼ 2, the unitarity sum rules severely

constrain the Higgs-gauge boson interaction Lagrangian,

Lint ¼
v
2

X
n¼1;2

κϕ
0
n

V ϕ0
ntr½ðDμUÞ†ðDμUÞ�

þ 1

4

X
n¼1;2

X
m¼1;2

κϕ
0
n

V κϕ
0
m

V ϕ0
nϕ

0
mtr½ðDμUÞ†ðDμUÞ�; ð8:1Þ

with

X
n¼1;2

ðκϕ0
n

V Þ2 ¼ 1: ð8:2Þ

On the other hand, the Higgs self-interaction Lagrangian is
left arbitrary from the unitarity arguments:

V ¼ 1

2

X
n¼1;2

M2
ϕ0
n
ϕ0
nϕ

0
n þ

1

3!

X
n1;n2;n3

λn1n2n3ϕ
0
n1ϕ

0
n2ϕ

0
n3

þ 1

4!

X
n1;n2;n3;n4

λn1n2n3n4ϕ
0
n1ϕ

0
n2ϕ

0
n3ϕ

0
n4 ; ð8:3Þ

in which we have 12 free parameters in total (one free
parameter in κV ; two free parameters in M2

ϕ0
n
; four in triple

Higgs couplings λn1n2n3 ; and five in quartic couplings
λn1n2n3n4 .)
In the absence of heavier particles other than these two

neutral Higgs bosons, the model above should be described
by the doublet-singlet mixing scenario,11 which possesses
an SUð2Þ doublet Higgs field (ϕ) and a real singlet Higgs
field (σ2) with Y ¼ 0. The Lagrangian of the doublet-
singlet mixing scenario is given by

L ¼ ðDμϕÞ†ðDμϕÞ þ 1

2
ð∂μσ2Þ2 − V: ð8:4Þ

Requiring the renormalizability, the Higgs potential V
should be given by

V ¼ λ

2

�
ϕ†ϕ −

1

2
v2
�

2

þM2
σ2

2
σ22 þ

λσσσ
3!

σ32 þ
λσσσσ
4!

σ42

þ λϕ†ϕσ

�
ϕ†ϕ −

1

2
v2
�
σ2 þ

1

2
λϕ†ϕσσ

�
ϕ†ϕ −

1

2
v2
�
σ22:

ð8:5Þ

Minimizing the Higgs potential V, the doublet Higgs field
acquires its VEV

FIG. 5. Limits on the extra Higgs boson of the singlet extension
of the SM, as function of ΔκV ≡ κV − 1. The 95% and 99% C.L.
excluded areas from EWPTs are shown by gray and dark gray,
respectively. The region surrounded by the dashed contour is
excluded by the CMS direct search [113] at the 95% C.L.

11Reference [116] studied the oblique electroweak corrections
in the doublet-singlet mixing scenario by using the effective
theory framework. Unitarity constraints of this model are dis-
cussed in Ref. [117]. See also Ref. [118] for the studies of
radiative corrections in the doublet-singlet mixing model with an
extra Uð1Þ.
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hϕi ¼
�

0

1ffiffi
2

p v

�
: ð8:6Þ

Note that this model is described only by six free
parameters. In order for Eq. (8.3) to be regarded as a
renormalizable theory, the free parameters in Eq. (8.3)
should satisfy 12 − 6 ¼ 6 constraints.
Hereafter we investigate such constraints. For such a

purpose, we introduce the SUð2Þ matrix field U,

ϕ ¼ 1ffiffiffi
2

p ðvþ σ1ÞU
�
0

1

�
; ð8:7Þ

with v being the VEVof the doublet Higgs field. Using the
chiral field U, the Lagrangian (8.4) can be rewritten as

L ¼ 1

2
ð∂μσ1Þ2 þ

1

2
ð∂μσ2Þ2 þ

v
2
σ1tr½ðDμUÞ†ðDμUÞ�

þ 1

4
σ1σ1tr½ðDμUÞ†ðDμUÞ� − V; ð8:8Þ

with

V ¼ 1

2
ðσ1; σ2ÞM2

�
σ1

σ2

�
þ λ

2
vσ31 þ

1

2
λϕ†ϕσσ

2
1σ2

þ 1

2
λϕ†ϕσσvσ1σ

2
2 þ

1

3!
λσσσσ

3
2 þ

λ

8
σ41 þ

1

4
λϕ†ϕσσσ

2
1σ

2
2

þ 1

4!
λσσσσσ

4
2: ð8:9Þ

Here the 2 × 2 mass matrix M2 is given by

M2 ≡
 

λv2 λϕ†ϕσv

λϕ†ϕσv M2
σ2

!
: ð8:10Þ

We diagonalize the mass matrix (8.10):

V†M2V ¼
 
M2

ϕ0
1

0

0 M2
ϕ0
2

!
; ð8:11Þ

and identify �
σ1

σ2

�
¼ V

�
ϕ0
1

ϕ0
2

�
; ð8:12Þ

with V being an orthogonal matrix to make the mass
matrix diagonal. Comparing the Higgs couplings in
Eq. (8.1) and those in Eq. (8.8), we see V should be
expressed by κV,

V ¼
 

κ
ϕ0
1

V κ
ϕ0
2

V

−κϕ
0
2

V κ
ϕ0
1

V

!
: ð8:13Þ

We next rewrite

�
ϕ0
1

ϕ0
2

�
¼ V†

�
σ1

σ2

�
; V† ¼

 
κ
ϕ0
1

V −κϕ
0
2

V

κ
ϕ0
2

V κ
ϕ0
1

V

!
; ð8:14Þ

and put Eq. (8.14) into Eq. (8.3). We obtain

V ¼ 1

2
ðσ1; σ2Þ ~M2

�
σ1

σ2

�

þ
~λ111
3!

σ31 þ
~λ112
2

σ21σ2 þ
~λ122
2

σ1σ
2
2

þ
~λ222
3!

σ32 þ
~λ1111
4!

σ41 þ
~λ1112
3!

σ31σ2

þ
~λ1122
2!2!

σ21σ
2
2 þ

~λ1222
3!

σ11σ
3
2 þ

~λ2222
4!

σ42: ð8:15Þ

Here ~M2 and ~λ are functions ofM2, λ and κ, and are defined
in Appendix D. Comparing Eq. (8.15) with Eq. (8.9), we
find six constraints:

~λ111 ¼
3

v
ð ~M2Þ11; ð8:16Þ

~λ1111 ¼
3

v2
ð ~M2Þ11; ð8:17Þ

~λ112 ¼
1

v
ð ~M2Þ12; ð8:18Þ

~λ1122 ¼
1

v
~λ122; ð8:19Þ

0 ¼ ~λ1112; ð8:20Þ

0 ¼ ~λ1222; ð8:21Þ

which should be satisfied to make the model
UV-complete one.

IX. EFFECTIVE FIELD THEORY AND
CONSTRAINTS ON ITS CUTOFF

Varieties of effective field theory approaches have been
proposed to describe the properties of the observed
125 GeV Higgs particle. In the effective field theory
approaches, deviations of the 125 GeV Higgs particle
are parametrized by the coefficients of higher dimensional
operators. These higher dimensional operators violate the
perturbative unitarity of the high energy scattering ampli-
tudes. They also conflict with the renormalizability of the
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model, and we need to introduce a UV cutoff in the loop
level analysis of the effective field theory. Perturbative
unitarity and the EWPTs are used to constrain the cutoff
scale in the effective field theory approaches.
Our approach we adopt in this paper differs from the

effective field theory approaches, since we introduce
heavier Higgs bosons other than the observed 125 GeV
Higgs particle. Moreover, the parameters of our Lagrangian
are assumed to satisfy the unitarity sum rules, thus the
scattering amplitudes are free from the perturbative uni-
tarity violation even at high energies.
On the other hand, if we integrate out the heavier Higgs

bosons from our Lagrangian [e.g., N0 ¼ 2 model,
Eq. (8.1)], we obtain an effective field theory of the
125 GeV Higgs particle:

Lint ¼
v
2
κVhtr½ðDμUÞ†ðDμUÞ� þ 1

4
κhhV hhtr½ðDμUÞ†ðDμUÞ�;

ð9:1Þ

with h being the 125 GeV Higgs particle h ¼ ϕ0
1, and

κV ¼ κ
ϕ0
1

V ; κhhV ¼ κ
ϕ0
1

V κ
ϕ0
1

V −
κ
ϕ0
2

V

M2
ϕ0
2

vλ112: ð9:2Þ

Here λ112 is the Higgs self-interaction coefficient defined in
Eq. (8.3).12 Our approach should be understood as a
systematic trial to construct a perturbative UV completion
theory (unitary theory) of the light Higgs effective field
theory.
In this section, we evaluate the present constraints on the

cutoff scale in the effective field theory using the pertur-
bative unitarity and the results of the EWPTs. We then
compare the cutoff constraints in the effective field theory
method with our findings on the heavy Higgs boson mass
bounds in our approach.

A. Unitarity constraints

In the effective field theory [Eq. (9.1)], the deviation of
the Higgs coupling κV from its SM value affects the
longitudinal gauge boson scattering amplitudes to violate
the perturbative unitarity constraint at high energy scale.
This is one of the reasons why we need to introduce a UV
cutoff scale in the effective field theory framework. We
estimate the upper bound of the cutoff scale Λ from the
S-wave amplitudes,

t
Wþ

LW
−
L→Wþ

LW
−
L

0 ≃ 1

2
~T ; ð9:3Þ

t
ZLZL→Wþ

LW
−
L

0 ≃ 1ffiffiffi
2

p ~T ; ð9:4Þ

tZLZL→ZLZL
0 ≃ 0; ð9:5Þ

for s ≫ M2
h. Here ~T is given by

~T ≡ GF

8
ffiffiffi
2

p
π
ð1 − κ2VÞs; ð9:6Þ

with s being the square of the energy of the scattering.
The S-wave transition matrix among Wþ

LW
−
L and ZLZL

states is

T ¼
 
t
Wþ

LW
−
L→Wþ

LW
−
L

0 t
Wþ

LW
−
L→ZLZL

0

t
ZLZL→Wþ

LW
−
L

0 tZLZL→ZLZL
0

!

¼
 1

2
~T 1ffiffi

2
p ~T

1ffiffi
2

p ~T 0

!
; ð9:7Þ

and we obtain the maximum eigenvalue of the T matrix

tmax
0 ¼ ~T : ð9:8Þ

The perturbative unitarity requires jtmax
0 j < 1=2, and we

thus find

ð1 − κ2VÞΛ2 < 8πv2: ð9:9Þ

Here we identified the cutoff scale Λ as the scattering
energy scale below which the amplitudes can be safely
evaluated by using the effective theory framework.
Comparing Eq. (9.9) with Eq. (7.19), we find the upper

bound of the heavy Higgs boson massMH as we discussed
in Sec. VII A can be related with the upper bound of the
effective field theory cutoff scale Λ :

Mupper
H ¼

ffiffiffi
2

5

r
Λupper: ð9:10Þ

Noting

ffiffiffi
2

5

r
≃ 0.63; ð9:11Þ

we see that, in our model, the upper bound on the extra
Higgs mass MH is a bit tighter than the estimation of the
cutoff scale in the effective field theory framework.

12Using the UV-completeness constraints [Eqs. (8.16)–(8.21)],
and the unitarity sum rule ðκϕ0

1

V Þ2 þ ðκϕ0
2

V Þ2 ¼ 1, we are able to
show ðκV − 1Þ ¼ ðκhhV − 1Þ=4 for sufficiently large M2

ϕ0
2

. The

relation is consistent with the findings of Ref. [119]
κV ¼ 1 − v2=ð2f2ÞcH , κhhV ¼ 1 − 2v2=f2cH , derived in the con-
text of the strongly interacting light Higgs effective theory.
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B. Electroweak precision tests

We next turn to the electroweak precision constraint on
the cutoff Λ scale in the effective field theory approach.
Using the results of Sec. VI, it is straightforward to evaluate
the oblique correction parameters from the effective field
theory Lagrangian (9.1),

S ¼ 1

4π
ð1 − κ2VÞ

�
1

3
ln
Λ2

μ2
−GZh0

�
ð9:12Þ

T ¼ −
3ð1 − κ2VÞ
16π2v2α

ðM2
Z −M2

WÞ
�
ln
Λ2

μ2
−
1

3
−
1

3

GZh − GWh

M2
Z −M2

W

þ 1

3ðM2
Z −M2

WÞ
�
M2

Z ln
M2

Z

μ2
−M2

W ln
M2

W

μ2

��
; ð9:13Þ

U ¼ 1

4π
ð1 − κ2VÞ½GZh0 −GWh0�; ð9:14Þ

with Λ being the UV cutoff scale as we define in
Appendix. C. The finite parts in the above formulas can
be easily evaluated, and we obtain

S≃ 1

12π
ð1 − κ2VÞ

�
ln

Λ2

M2
h

þ 1.69

�
; ð9:15Þ

T ≃ −
3ð1 − κ2VÞ
16π2α

M2
Z −M2

W

v2

�
ln

Λ2

M2
h

− 0.22

�
; ð9:16Þ

U ≃ 1 − κ2V
3π

× ð−0.028Þ: ð9:17Þ

Again, we used MZ ¼ 91.2 GeV, MW ¼ 80.4 GeV in the
estimates of the finite parts.
It should be emphasized, however, that the definition of

the cutoff parameter Λ in the loop integrals is not unique.
There is a non-negligible ambiguity in the size of finite
corrections in Eqs. (9.15) and (9.16). Actually, Refs. [120]
and [107] neglect these finite corrections and use a simpler
form,

S≃ 1

12π
ð1 − κ2VÞ ln

Λ2

M2
h

; ð9:18Þ

T ≃ −
3ð1 − κ2VÞ
16π2α

M2
Z −M2

W

v2
ln

Λ2

M2
h

: ð9:19Þ

Note that the T-parameter constraint is more stringent than
the S-parameter. Comparing Eq. (9.19) with Eq. (7.26), we
find

Mupper
H ≃ 1.69 × Λupper; ð9:20Þ

with 1.69≃ e1.05=2. We see that, in the electroweak
precision constraints, the upper bound on MH is a bit

weaker than the corresponding bound on Λ of the effective
field theory framework.

X. CONCLUSIONS AND OUTLOOK

In this paper we discussed how the unitarity of the
longitudinal gauge boson scattering amplitudes is related
with the finiteness of the electroweak oblique parameters S,
T, and U. Starting from the general Lagrangian of the
electroweak symmetry breaking sector with arbitrary num-
ber of neutral Higgs bosons, we (re)derived the unitarity
sum rules among Higgs couplings, which should be
satisfied to keep the longitudinal gauge boson scattering
amplitudes unitary at high energy. The unitarity arguments
allow us to show, without invoking the custodial symmetry
explicitly, the tree-level ρ parameter to be unity in any
unitary EWSB model if it only possesses neutral Higgs
bosons. This finding explains the reason of the ρ parameter
stability against the radiative corrections in the septet Higgs
extension model which does not enjoy explicit custodial
symmetry [30–32]. Thanks to the electroweak chiral
Lagrangian framework we used, the electroweak gauge
symmetry is kept manifest, which allows us to investigate
the one loop radiative corrections to the electroweak
oblique parameters explicitly at the one loop level. We
showed the finiteness of the oblique parameters is auto-
matically guaranteed in our framework, once we impose the
unitarity sum rules among various Higgs couplings.
We also derived upper bounds on the second lightest

Higgs boson mass MH as functions of the deviation of the
125 GeV Higgs boson coupling ΔκV . We found, for ΔκV ≲
−0.008 (ΔκV ≲ −0.03), the oblique parameter constraint at
95% C.L. (99% C.L.) gives a more stringent bound on MH
than the unitarity bound. The result of the LHC direct
search of the second lightest Higgs boson can also be
combined, and we found a constraint on ΔκV tighter than
the present signal strength uncertainty of the 125 GeV
Higgs boson measurements. The combined results with the
LHC direct search give the strongest bound on κV for
MH ≃ 400 GeV, while for the wide range of MH region
EWPTs have the best sensitivity.
Finally, we compared our bounds on MH with the

bounds on the UV cutoff Λ of the effective field theory
approach. Simple relationships were found between MH
and Λ bounds both in the unitarity and the oblique
parameter arguments.
It should be emphasized, however, that our results

heavily rely on the assumption we made: the EWSB is
perturbatively realized only with additional neutral Higgs
bosons. We need to relax our model to include, e.g.,
charged Higgs bosons so as to make our analysis applicable
to a wider class of EWSB models, including the triplet
Higgs extensions [100–103] and the septet Higgs exten-
sions [30–32]. It will also be interesting to utilize the
Yukawa coupling unitarity sum rules which can be derived
from the amplitudes involving heavy fermions. We are now
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preparing a complete set of the unitarity sum rules and the
oblique parameter formulas in the models including arbi-
trary number of charged Higgs bosons. The results will be
published elsewhere.
Possibility of nonperturbative EWSB should also be

investigated, since the present experimental results still
allow such a possibility. For an example, as we discussed in
Sec. IV D, the wrong sign κhZZκ

h
WW is consistent with the

present measurements of the 125 GeV Higgs particle and
the EWPTs. The present measurements are sensitive only to
jκhZZj2 and jκhWW j2, not to its relative sign. The sign should
be determined by measuring the WW → ZZ cross section
at the future LHC experiments.
We finally emphasize that the 125 GeV Higgs coupling

measurements, the precision oblique parameter measure-
ments, and the direct search of the extra Higgs bosons give
complementary limits on the model. Future precision
measurements of these parameters at the ILC experiments
will be able to pin down the direction of the new physics
beyond the standard model.
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APPENDIX A: SCATTERING AMPLITUDES AT
TREE LEVEL IN THE GAUGELESS LIMIT

In this Appendix, we evaluate the would-be NGB two-
body scattering amplitudes in the gaugeless limit
(g ¼ gY ¼ 0) in the model discussed in Sec. II. The
equivalence theorem between the longitudinally polarized
vector boson amplitudes and the NGB amplitudes then
enables us to evaluate the longitudinally polarized vector
boson amplitudes in the high energy limit.
We first consider the amplitude

wþðp1Þw−ðp2Þ → wþðp3Þw−ðp4Þ: ðA1Þ

Note that the NGBs are massless in the gaugeless limit. We
find

Awþw−→wþw− ¼ −
1

v2

�
4 − 3

v2Z
v2

�
u −

1

v2
XN0

m¼1

ðκϕ0
m

WWÞ2
t2

t −M2
ϕ0
m

−
1

v2
XN0

m¼1

ðκϕ0
m

WWÞ2
s2

s −M2
ϕ0
m

; ðA2Þ

with s, t and u being the usual Mandelstam variables

s≡ ðp1 þ p2Þ2 ¼ ðp3 þ p4Þ2;
t≡ ðp1 − p3Þ2 ¼ ðp2 − p4Þ2;
u≡ ðp1 − p4Þ2 ¼ ðp2 − p3Þ2:

The factor ð4 − 3v2Z=v
2Þ in the first term of Eq. (A2) agrees

with the low energy theorem of SUð2Þ ×Uð1Þ=Uð1Þ NGB
scattering. It arises from the corresponding factor in the
contact four-NGB vertex given in Eq. (2.2). The second and
third terms in Eq. (A2) come from the t- and s-channel
exchanges of the neutral Higgs bosons, respectively. We
next consider the amplitude of

wþðp1Þw−ðp2Þ → zðp3Þzðp4Þ: ðA3Þ

It should be noted the existence of the wwz vertex in the
second term of Eq. (2.2) produces t- and u-channel
w-exchange (NGB exchange) diagrams when v2Z ≠ v2.
The NGB pole cancels with the numerator at the on-shell
p2
1 ¼ p2

2 ¼ p2
3 ¼ p2

4 ¼ 0 in these NGB exchange ampli-
tudes. Combined with the four-NGB contact interaction
(2.2), these NGB exchange amplitudes reproduce the
low energy theorem amplitude of SUð2Þ ×Uð1Þ=Uð1Þ
symmetry breaking. We now obtain

Awþw−→zz ¼
v2Z
v4

s −
1

v2Z

XN0

m¼1

ðκϕ0
m

WWÞðκϕ
0
m

ZZÞ
s2

s −M2
ϕ0
m

; ðA4Þ

where the first term is the low energy theorem amplitude,
while the second term comes from the s-channel Higgs
exchange diagram.
Due to the lack of the low energy theorem amplitude, the

amplitude

zðp1Þzðp2Þ → zðp3Þzðp4Þ ðA5Þ

behaves as OðE4Þ at low energy. We find

Azz→zz ¼ −
v2

v4Z

XN0

m¼1

ðκϕ0
m

ZZÞðκϕ
0
m

ZZÞ

×

�
s2

s −M2
ϕ0
m

þ t2

t −M2
ϕ0
m

þ u2

u −M2
ϕ0
m

�
: ðA6Þ

We next consider the amplitude

w−ðp1Þwþðp2Þ → ϕ0
n1ðp3Þϕ0

n2ðp4Þ; ðA7Þ

which can be evaluated from the contact interaction terms
[Eqs. (2.34)–(2.35)] and the t- and u-channel w exchange
graphs arising from Eq. (2.33).
We also note that there exists an s-channel Higgs

exchange contribution arising from triple-Higgs couplings.
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The s-channel Higgs exchange graph, however, does not
grow up in the high energy limit, and we neglect it in this
Appendix. We obtain

Aw−wþ→ϕ0
n1
ϕ0
n2
¼ −

i
v2

κ
ϕ0
n1
ϕ0
n2

Z ðt − uÞ − 1

v2
κ
ϕ0
n1
ϕ0
n2

WW s

−
1

v2
κ
ϕ0
n1

WWκ
ϕ0
n2

WW

½t −M2
ϕ0
n1
�½t −M2

ϕ0
n2
�

t

−
1

v2
κ
ϕ0
n1

WWκ
ϕ0
n2

WW

½u −M2
ϕ0
n1
�½u −M2

ϕ0
n2
�

u
:

ðA8Þ
Note here that the P-wave final state is present when

κ
ϕ0
n1
ϕ0
n2

Z ≠ 0. We also note the imaginary number in the
amplitude is the result of CP violation arising from the

simultaneous existence of κ
ϕ0
n1
ϕ0
n2

Z ≠ 0 and κ
ϕ0
n1

WWκ
ϕ0
n2

WW ≠ 0.
The amplitude

zðp1Þzðp2Þ → ϕ0
n1ðp3Þϕ0

n2ðp4Þ ðA9Þ
can also be evaluated in a similar manner. We find

Azz→ϕ0
n1
ϕ0
n2
¼ −

1

v2Z
κ
ϕ0
n1
ϕ0
n2

ZZ s

þ 1

v2Z

X
m

κ
ϕ0
n1
ϕ0
m

Z κ
ϕ0
mϕ

0
n2

Z

½t −M2
ϕ0
n1
�½t −M2

ϕ0
n2
�

t −M2
ϕ0
m

þ 1

v2Z

X
m

κ
ϕ0
n1
ϕ0
m

Z κ
ϕ0
mϕ

0
n2

Z

½u −M2
ϕ0
n1
�½u −M2

ϕ0
n2
�

u −M2
ϕ0
m

−
v2

v4Z
κ
ϕ0
n1

ZZ κ
ϕ0
n2

ZZ

½t −M2
ϕ0
n1
�½t −M2

ϕ0
n2
�

t

−
v2

v4Z
κ
ϕ0
n1

ZZ κ
ϕ0
n2

ZZ

½u −M2
ϕ0
n1
�½u −M2

ϕ0
n2
�

u
: ðA10Þ

We finally consider the amplitude

wþðp1Þw−ðp2Þ → ϕ0
nðp3Þzðp4Þ: ðA11Þ

Evaluating t- and u-channel w exchange graphs, contact
interaction graphs, and the s-channel Higgs exchange
graph, we obtain

Awþw−→ϕ0
nz ¼ −

i
vvZ

�
v2Z
v2

κϕ
0
n

WW − κϕ
0
n

ZZ

�
ðt − uÞ

þ 1

vvZ

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
m

WW

½s −M2
ϕ0
n
�s

s −M2
ϕ0
m

: ðA12Þ

Again, the imaginary number in the amplitude is a
consequence of the CP violating coupling of the Higgs
bosons.

In a similar manner,

zðp1Þzðp2Þ → ϕ0
nðp3Þzðp4Þ ðA13Þ

amplitude can be evaluated from the Higgs exchange
graphs. We obtain

Azz→ϕ0
nz ¼

v
v3Z

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
m

ZZ

½s −M2
ϕ0
n
�s

s −M2
ϕ0
m

þ v
v3Z

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
m

ZZ

½t −M2
ϕ0
n
�t

t −M2
ϕ0
m

þ v
v3Z

XN0

m¼1

κϕ
0
nϕ

0
m

Z κϕ
0
m

ZZ

½u −M2
ϕ0
n
�u

u −M2
ϕ0
m

: ðA14Þ

APPENDIX B: EVALUATING ~Π33ð0Þ AND ~Π11ð0Þ
In order to evaluate the vacuum polarization functions

~Π33ð0Þ and ~Π11ð0Þ in the electroweak gauged chiral
Lagrangian (2.24) and (2.2), it is convenient to introduce
the background field formalism. See, e.g., Appendix A 2 of
Ref. [106].
We decompose the chiral field U into background field

Ū and dynamical fields u1; u2; uz,

U ¼ Ū exp

�
iðu1τ1 þ u2τ2Þ

v

�
exp

�
iuzτ3
vZ

�
: ðB1Þ

The gauge fields Wμ and Bμ are also decomposed as

Bμ ¼ B̄μ þ bμ
τ3
2
; ðB2Þ

and

W0
μ ¼ Ū†WμŪ −

i
g
Ū†∂μŪ ¼ W̄μ þ

X3
a¼1

wa
μ
τa
2
; ðB3Þ

with

B̄μ ¼ B̄μ
τ3
2
; W̄μ ¼

X3
a¼1

W̄a
μ
τa
2
: ðB4Þ

Here the background gauge fields are denoted by B̄μ and
W̄μ, while the quantum fields are bμ and wμ. In order to
evaluate radiative corrections, we introduce the gauge
fixing Lagrangian,

LGF ¼ −
1

2ξ
½ðDμwμÞ1 − ξg

v
2
u1�2 −

1

2ξ
½ðDμwμÞ2 − ξg

v
2
u2�2

−
1

2ξ
½ðDμwμÞ3 − ξg

vZ
2
uz�2−

1

2ξ
½∂μbμ þ ξgY

vZ
2
uz�2;

ðB5Þ
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with

ðDμwνÞa ≡ ∂μwa
ν − gϵabcW̄b

μwc
ν: ðB6Þ

The LagrangianLχ , Eq. (2.2), is expanded in terms of the
fluctuating quantum field u. We find the bilinear terms of u
can be summarized in a compact expression,

Lχ juu þ LGFjuu ¼
1

2
tðDμuÞðDμuÞ − 1

2
tuσu; ðB7Þ

with

u≡
0
B@

u1
u2
uz

1
CA: ðB8Þ

In Eq. (B7), Dμu is defined as

Dμu≡ ∂μuþ Γμu; ðB9Þ

with

Γμ ¼

0
B@

Γ11
μ Γ12

μ Γ1z
μ

Γ21
μ Γ22

μ Γ2z
μ

Γz1
μ Γz2

μ Γzz
μ

1
CA; ðB10Þ

Γ11
μ ¼ Γ22

μ ¼ Γzz
μ ¼ 0; ðB11Þ

Γ12
μ ¼ −Γ21

μ ¼ 1

2

�
2 −

v2Z
v2

�
gW̄3

μ þ
1

2

v2Z
v2

gYB̄μ; ðB12Þ

Γ1z
μ ¼ −Γz1

μ ¼ −
vZ
2v

gW̄2
μ; ðB13Þ

and

Γ2z
μ ¼ −Γz2

μ ¼ vZ
2v

gW̄1
μ: ðB14Þ

Similarly, the matrix σ is given by

σ ¼

0
B@

σ11 σ12 σ1z

σ21 σ22 σ2z

σz1 σz2 σzz

1
CA; ðB15Þ

with

σ11 ¼
1

4

�
4 − 3

v2Z
v2

�
g2W̄2

μW̄2μ

þ 1

4

v4Z
v4

ðgW̄3
μ − gYB̄μÞðgW̄3μ − gYB̄μÞ þ ξM2

W;

ðB16Þ

σ22¼
1

4

�
4−3

v2Z
v2

�
g2W̄1

μW̄1μ

þ1

4

v4Z
v4

ðgW̄3
μ−gYB̄3

μÞðgW̄3μ−gYB̄μÞþξM2
W; ðB17Þ

σzz ¼
v2Z
4v2

g2ðW̄1
μW̄1μ þ W̄2

μW̄2μÞ þ ξM2
Z; ðB18Þ

σ12 ¼ σ21 ¼ −
1

4

�
4 − 3

v2Z
v2

�
g2W̄1

μW̄2μ; ðB19Þ

σ1z ¼ σz1 ¼ −
1

4

v3Z
v3

gW̄1
μðgW̄3μ − gYB̄μÞ; ðB20Þ

σ2z ¼ σz2 ¼ −
1

4

v3Z
v3

gW̄2
μðgW̄3μ − gYB̄μÞ; ðB21Þ

with

M2
W ¼ g2

4
v2;

M2
Z ¼ g2 þ g2Y

4
v2Z: ðB22Þ

In the derivation of Eq. (B7), we used equations of motion
of the background field.
The bilinear terms of wa

μ and bμ are

Lχ jvv þ Lgaugejvv þ LGFjvv
¼ −

1

2
ðDμwνÞaðDμwνÞa þ 1

2

�
1 −

1

ξ

�
ðDμwμÞaðDνwνÞa

þ ϵabcgW̄a
μνwbμwcν −

1

2
ð∂μbνÞð∂μbνÞ

þ 1

2

�
1 −

1

ξ

�
ð∂μbμÞð∂νbνÞ þ

g2v2

8

X
a¼1;2

wa
νwaν

þ v2Z
8
ðgw3

ν − gYbνÞðgw3ν − gYbνÞ: ðB23Þ

We also find

Lχ juv þ LGFjuv
¼ − g2

v
2

�
2 −

v2Z
v2

�
ðW̄2

μw3μu1 − W̄1
μw3μu2Þ

− ggY
v2Z
2v

ðW̄2
μbμu1 − W̄1

μbμu2Þ

− g
v2Z
2v

ððgW̄3
μ − gYB̄μÞw1μu2 − ðgW̄3

μ − gYB̄μÞw2μu1Þ

− g2
vZ
2
ðW̄1

μw2μuz − W̄2
μw1μuzÞ: ðB24Þ

We are now ready to evaluate the vacuum polarization
functions arising from the bosonic fluctuation field
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(u, wμ and bμ) loops. We first consider the vacuum
polarization functions (at zero momentum) arising from
the tuσu term in Eq. (B7) with u boson loop. In the
Feynman gauge ξ ¼ 1, we obtain

Πu
11ð0Þ ¼ −

1

4

�
4 − 3

v2Z
v2

�
AðMWÞ −

v2Z
4v2

AðMZÞ; ðB25Þ

Πu
33ð0Þ ¼ −

v4Z
2v4

AðMWÞ; ðB26Þ

where the loop integral function A is defined by Eq. (C1).
In a similar manner, the u boson loop contributions arising
from Γμ term in Eq. (B7) can be expressed by using the
loop integral functions B0 [See Eq. (C3) for its definition],

Πuu
11ð0Þ ¼

v2Z
4v2

½AðMWÞ þ AðMZÞ þ B0ðMW;MZ; 0Þ�;
ðB27Þ

Πuu
33ð0Þ ¼

1

4

�
2 −

v2Z
v2

�
2

½2AðMWÞ þ B0ðMW;MW ; 0Þ� ¼ 0:

ðB28Þ

We next consider the gauge boson loop diagrams arising
from Eq. (B23). For such a purpose, we first rearrange w3μ

and bμ to the mass eigenfields (zμ and aμ)

w3μ ¼ 1

gZ
ðgzμ þ gYaμÞ; ðB29Þ

bμ ¼ 1

gZ
ð−gYzμ þ gaμÞ; ðB30Þ

in the Lagrangian (B23). In the Feynman gauge ξ ¼ 1, we
obtain

Πvv
11ð0Þ¼D

�
AðMWÞþ

g2

g2Z
AðMZÞþ

g2Y
g2Z

Að0Þ

þ g2

g2Z
B0ðMW;MZ;0Þþ

g2Y
g2Z

B0ðMW;0;0Þ
�
; ðB31Þ

Πvv
33ð0Þ ¼ 2D

�
AðMWÞ þ

1

2
B0ðMW;MW ; 0Þ

�
¼ 0: ðB32Þ

The effects of the Faddeev-Popov ghost loop can be
evaluated in a similar manner, we obtain

Πcc
11ð0Þ ¼−2

�
AðMWÞþ

g2

g2Z
AðMZÞþ

g2Y
g2Z

Að0Þ

þ g2

g2Z
B0ðMW;MZ; 0Þþ

g2Y
g2Z

B0ðMW;0;0Þ
�
; ðB33Þ

Πcc
33ð0Þ ¼ −4

�
AðMWÞ þ

1

2
B0ðMW;MW ; 0Þ

�
¼ 0: ðB34Þ

We next consider the u and gauge boson loop diagrams
arising from Eq. (B24). We obtain

Πuv
11ð0Þ ¼ −

1

g2Z

�
g2

v
2

�
2 −

v2Z
v2

�
− g2Y

v2Z
2v

�
2

BðMW;MZ; 0Þ

−
g2g2Y
g2Z

�
v
2

�
2 −

v2Z
v2

�
þ v2Z
2v

�
2

BðMW; 0; 0Þ

−
g2v2Z
4

BðMW;MZ; 0Þ; ðB35Þ

Πuv
33ð0Þ ¼ −

g2v4Z
2v2

BðMW;MW ; 0Þ; ðB36Þ

with B being defined by Eq. (C2).
It is now easy to evaluate ~Π11ð0Þ and ~Π33ð0Þ as

~Π11 ¼ Πu
11 þ Πuu

11 þ Πvv
11 þ Πuv

11 ; ðB37Þ

~Π33 ¼ Πu
33 þ Πuu

33 þ Πvv
33 þ Πuv

33 : ðB38Þ

APPENDIX C: LOOP INTEGRALS

We define loop integrals in D dimensions

AðmÞ≡
Z

dDk
ð2πÞDi

1

m2 − k2
; ðC1Þ

and

Bðm1; m2;p2Þ≡
Z

dDk
ð2πÞDi

1

½m2
1 − ðkþ pÞ2�½m2

2 − k2� ;

ðC2Þ

gμνB0ðm1;m2;p2Þ≡
Z

dDk
ð2πÞDi

ð2kþpÞμð2kþpÞν
½m2

1− ðkþpÞ2�½m2
2−k2�

				
gμν
;

ðC3Þ
with Iμνjgμν denoting the gμν part of integral IμνðpÞ, i.e.,

IμνðpÞ ¼ gμνIjgμν þ pμpνIjpμpν :

Note that the above definitions of the loop integrals differ
slightly from the definitions of A, B0, B22 used in
Ref. [121]:

Aðm2Þ ¼ −ð4πÞ2AðmÞ; ðC4Þ

B0ðp2;m1; m2Þ ¼ ð4πÞ2Bðm1; m2;p2Þ; ðC5Þ
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B22ðp2;m1; m2Þ ¼
ð4πÞ2
4

B0ðm1; m2;p2Þ: ðC6Þ

It is easy to see

gμνB0ðm1; m2;p2Þ

¼
Z

dDk
ð2πÞDi

4kμkν

½m2
1 − ðkþ pÞ2�½m2

2 − k2�
				
gμν
: ðC7Þ

In the D → 4 limit, these loop integrals suffer UV
divergences. Introducing the UV cutoff momentum Λ,
they can be written as

AðmÞ ¼ Λ2

ð4πÞ2 −
m2

ð4πÞ2 ln
Λ2

μ2
þ ArðmÞ; ðC8Þ

and

Bðm1; m2;p2Þ ¼ 1

ð4πÞ2 ln
Λ2

μ2
þ Brðm1; m2;p2Þ; ðC9Þ

B0ðm1; m2;p2Þ

¼ −2
Λ2

ð4πÞ2 þ
1

ð4πÞ2
�
m2

1 þm2
2 −

1

3
p2

�
ln
Λ2

μ2

þ B0rðm1; m2;p2Þ; ðC10Þ

with μ being a finite scale parameter. Finite functions
Ar; Br; B0r can be expressed as

ArðmÞ ¼ −
m2

ð4πÞ2
�
ln

μ2

m2
þ 1

�
; ðC11Þ

Brðm1; m2;p2Þ

¼ 1

ð4πÞ2
Z

1

0

dx ln

�
μ2

m2
1xþm2

2ð1 − xÞ − p2xð1 − xÞ
�
;

ðC12Þ

B0rðm1; m2;p2Þ

¼ 2

ð4πÞ2
Z

1

0

dx½m2
1xþm2

2ð1 − xÞ − p2xð1 − xÞ�

×

�
ln

�
μ2

m2
1xþm2

2ð1 − xÞ − p2xð1 − xÞ
�
þ 1

�
:

ðC13Þ

Performing the parameter integrals, we find

ð4πÞ2Brðm1; m2; 0Þ ¼ 1 −
1

m2
1 −m2

2

�
m2

1 ln
m2

1

μ2
−m2

2 ln
m2

2

μ2

�
;

ðC14Þ

ð4πÞ2Br
0ðm1; m2; 0Þ

¼ 1

ðm2
1 −m2

2Þ2
�
m2

1 þm2
2

2
−

m2
1m

2
2

m2
1 −m2

2

ln
m2

1

m2
2

�
; ðC15Þ

ð4πÞ2B0rðm1; m2; 0Þ

¼ 3

2
ðm2

1 þm2
2Þ −

1

m2
1 −m2

2

�
m4

1 ln
m2

1

μ2
−m4

2 ln
m2

2

μ2

�
;

ðC16Þ

ð4πÞ2B0r
0ðm1; m2; 0Þ

¼ −
1

18

5m4
1 − 22m2

1m
2
2 þ 5m4

2

ðm2
1 −m2

2Þ2
þ 1

3

1

ðm2
1 −m2

2Þ3

×

�
m4

1ðm2
1 − 3m2

2Þ ln
m2

1

μ2
−m4

2ðm2
2 − 3m2

1Þ ln
m2

2

μ2

�
;

ðC17Þ

with B0
r, B0

0r being defined by

B0
rðm1; m2;p2Þ≡ d

dp2
Brðm1; m2;p2Þ;

B0
0rðm1; m2;p2Þ≡ d

dp2
B0rðm1; m2;p2Þ: ðC18Þ

The functions used in the expressions of Sf, Tf and Uf
are defined as

Fϕnϕm ≡ ð4πÞ2½B0rðMϕn
;Mϕm

; 0Þ þ ArðMϕn
Þ þ ArðMϕm

Þ�

¼ M2
ϕn

þM2
ϕm

2
−

M2
ϕn
M2

ϕm

M2
ϕn

−M2
ϕm

ln
M2

ϕn

M2
ϕm

; ðC19Þ

Fϕnϕm 0 ≡ ð4πÞ2B0
0rðMϕn

;Mϕm
; 0Þ

¼ −
1

3

�
4

3
−
M2

ϕn
ln

M2
ϕn
μ2

−M2
ϕm

ln
M2

ϕm
μ2

M2
ϕn

−M2
ϕm

−
M2

ϕn
þM2

ϕm

ðM2
ϕn

−M2
ϕm
Þ2 F

ϕnϕm

�
; ðC20Þ

GVϕ≡ ð4πÞ2½B0rðMϕ;MV ;0Þ−4M2
VBrðMϕ;MV ;0Þ

þArðMϕÞþArðMVÞ�

¼FVϕþ4M2
V

 
−1þ

M2
ϕ ln

M2
ϕ

μ2
−M2

V ln
M2

V

μ2

M2
ϕ−M2

V

!
; ðC21Þ

GVϕ0 ≡ ð4πÞ2½B0
0rðMϕ;MV ; 0Þ − 4M2

VB
0
rðMϕ;MV ; 0Þ�

¼ FVϕ0 −
4M2

V

ðM2
V −M2

ϕÞ2
FVϕ; ðC22Þ
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where functions Ar, Br, B0r B0
r and B0

0r are given in
Eqs. (C11), (C14), (C15), (C16) and (C17).
For ΔMϕnϕm

≡ jMϕn
−Mϕm

j ≪ Mϕn
;Mϕm

, we find

Fϕnϕm ¼ 2

3
ðΔMϕnϕm

Þ2 − 1

30

ðΔMϕnϕm
Þ4

M̄2
ϕnϕm

þ � � � ; ðC23Þ

Fϕnϕm
0 ¼ 1

3
ln
M̄2

ϕnϕm

μ2
þ 1

20

ðΔMϕnϕm
Þ2

M̄2
ϕnϕm

þ � � � ; ðC24Þ

with

M̄ϕnϕm
≡Mϕn

þMϕm

2
: ðC25Þ

For MV ≪ Mϕ, we also note

GVϕ ¼ 1

2
M2

ϕ þ
�
3 ln

M2
ϕ

μ2
þ ln

M2
V

μ2
−
7

2

�
M2

V þ � � � ; ðC26Þ

GVϕ0 ¼ 1

3
ln
M2

ϕ

μ2
−

5

18
−
4

3

M2
V

M2
ϕ

þ � � � : ðC27Þ

APPENDIX D: SELF-INTERACTIONS AMONG
HIGGS BOSONS

In this Appendix, we list the formulas of ~M and ~λ used in
Sec. VIII,

ð ~M2Þ11 ¼ ðκϕ0
1

V Þ2M2
ϕ0
1

þ ðκϕ0
2

V Þ2M2
ϕ0
2

; ðD1Þ

ð ~M2Þ12 ¼ ðκϕ0
1

V Þðκϕ0
2

V ÞðM2
ϕ0
2

−M2
ϕ0
1

Þ; ðD2Þ

ð ~M2Þ22 ¼ ðκϕ0
2

V Þ2M2
ϕ0
1

þ ðκϕ0
1

V Þ2M2
ϕ0
2

; ðD3Þ

~λ111 ¼ λ111ðκϕ
0
1

V Þ3 þ λ222ðκϕ
0
2

V Þ3 þ 3λ112ðκϕ
0
1

V Þ2ðκϕ0
2

V Þ
þ 3λ122ðκϕ

0
1

V Þðκϕ0
2

V Þ2; ðD4Þ

~λ112 ¼ −λ111ðκϕ
0
1

V Þ2ðκϕ0
2

V Þ þ λ222ðκϕ
0
1

V Þðκϕ0
2

V Þ2

þ λ112½ðκϕ
0
1

V Þ3 − 2ðκϕ0
1

V Þðκϕ0
2

V Þ2�
− λ122½ðκϕ

0
2

V Þ3 − 2ðκϕ0
1

V Þ2ðκϕ0
2

V Þ�; ðD5Þ

~λ122 ¼ λ111ðκϕ
0
1

V Þðκϕ0
2

V Þ2 þ λ222ðκϕ
0
1

V Þ2ðκϕ0
2

V Þ
þ λ112½ðκϕ

0
2

V Þ3 − 2ðκϕ0
1

V Þ2ðκϕ0
2

V Þ�
þ λ122½ðκϕ

0
1

V Þ3 − 2ðκϕ0
1

V Þðκϕ0
2

V Þ2�; ðD6Þ

~λ222 ¼ −λ111ðκϕ
0
2

V Þ3 þ λ222ðκϕ
0
1

V Þ3 þ 3λ112ðκϕ
0
1

V Þðκϕ0
2

V Þ2

− 3λ122ðκϕ
0
1

V Þ2ðκϕ0
2

V Þ; ðD7Þ

~λ1111 ¼ λ1111ðκϕ
0
1

V Þ4 þ λ2222ðκϕ
0
2

V Þ4

þ 6λ1122ðκϕ
0
1

V Þ2ðκϕ0
2

V Þ2

þ 4λ1112ðκϕ
0
1

V Þ3ðκϕ0
2

V Þ þ 4λ1222ðκϕ
0
1

V Þðκϕ0
2

V Þ3; ðD8Þ

~λ1112 ¼ −λ1111ðκϕ
0
1

V Þ3ðκϕ0
2

V Þ þ λ2222ðκϕ
0
1

V Þðκϕ0
2

V Þ3

þ 3λ1122ðκϕ
0
1

V Þðκϕ0
2

V Þ½ðκϕ0
1

V Þ2 − ðκϕ0
2

V Þ2�
þ λ1112ðκϕ

0
1

V Þ4 − 3λ1112ðκϕ
0
1

V Þ2ðκϕ0
2

V Þ2

− λ1222ðκϕ
0
2

V Þ4 þ 3λ1222ðκϕ
0
1

V Þ2ðκϕ0
2

V Þ2; ðD9Þ

~λ1122 ¼ ðλ1111 þ λ2222Þðκϕ
0
1

V Þ2ðκϕ0
2

V Þ2

þ λ1122½ðκϕ
0
1

V Þ4 − 4ðκϕ0
1

V Þ2ðκϕ0
2

V Þ2 þ ðκϕ0
2

V Þ4�
− 2ðλ1112 − λ1222Þðκϕ

0
1

V Þðκϕ0
2

V Þ
× ½ðκϕ0

1

V Þ2 − ðκϕ0
2

V Þ2�; ðD10Þ

~λ1222 ¼ −λ1111ðκϕ
0
1

V Þðκϕ0
2

V Þ3f þ λ2222ðκϕ
0
1

V Þ3ðκϕ0
2

V Þ;
− 3λ1122½ðκϕ

0
1

V Þ2 − ðκϕ0
2

V Þ2�ðκϕ0
1

V Þðκϕ0
2

V Þ
þ λ1112½3ðκϕ

0
1

V Þ2 − ðκϕ0
2

V Þ2�ðκϕ0
2

V Þ2

þ λ1222½ðκϕ
0
1

V Þ2 − 3ðκϕ0
2

V Þ2�ðκϕ0
1

V Þ2; ðD11Þ

~λ2222 ¼ λ1111ðκϕ
0
2

V Þ4 þ λ2222ðκϕ
0
1

V Þ4

þ 6λ1122ðκϕ
0
1

V Þ2ðκϕ0
2

V Þ2

− 4λ1112ðκϕ
0
1

V Þðκϕ0
2

V Þ3 − 4λ1222ðκϕ
0
1

V Þ3ðκϕ0
2

V Þ: ðD12Þ

DOES UNITARITY IMPLY FINITENESS OF … PHYSICAL REVIEW D 91, 034030 (2015)

034030-27



[1] G. Aad et al. (ATLAS Collaboration), Phys. Lett. B 716, 1
(2012).

[2] S. Chatrchyan et al. (CMS Collaboration), Phys. Lett. B
716, 30 (2012).

[3] J. M. Cornwall, D. N. Levin, and G. Tiktopoulos, Phys.
Rev. Lett. 30, 1268 (1973); 31, 572(E) (1973).

[4] J. M. Cornwall, D. N. Levin, and G. Tiktopoulos, Phys.
Rev. D 10, 1145 (1974); 11, 972(E) (1975).

[5] C. H. Llewellyn Smith, Phys. Lett. 46B, 233 (1973).
[6] B. W. Lee, C. Quigg, and H. B. Thacker, Phys. Rev. D 16,

1519 (1977).
[7] ATLAS Collaboration, Report No. ATLAS-CONF-2014-

009.
[8] CMS Collaboration, Report No. CMS PAS-HIG-14-009.
[9] G. Aad et al. (ATLAS Collaboration), Phys. Lett. B 726,

88 (2013).
[10] P. P. Giardino, K. Kannike, M. Raidal, and A. Strumia,

Phys. Lett. B 718, 469 (2012).
[11] I. Low, J. Lykken, and G. Shaughnessy, Phys. Rev. D 86,

093012 (2012).
[12] D. Carmi, A. Falkowski, E. Kuflik, T. Volansky, and

J. Zupan, J. High Energy Phys. 10 (2012) 196.
[13] A. Falkowski, F. Riva, and A. Urbano, J. High Energy

Phys. 11 (2013) 111.
[14] P. P. Giardino, K. Kannike, I. Masina, M. Raidal, and

A. Strumia, J. High Energy Phys. 05 (2014) 046.
[15] P. Artoisenet, P. de Aquino, F. Demartin, R. Frederix,

S. Frixione, F. Maltoni, M. K. Mandal, P. Mathews et al.,
J. High Energy Phys. 11 (2013) 043.

[16] F. Boudjema, G. Cacciapaglia, K. Cranmer, G. Dissertori,
A. Deandrea, G. D. la Rochelle, B. Dumont, U. Ellwanger
et al., arXiv:1307.5865.

[17] K. Cheung, J. S. Lee, and P. Y. Tseng, Phys. Rev. D 90,
095009 (2014).

[18] S. Matsuzaki and K. Yamawaki, Phys. Lett. B 719, 378
(2013).

[19] S. Matsuzaki and K. Yamawaki, Phys. Rev. D 86, 115004
(2012).

[20] ATLAS Collaboration, Report No. ATL-PHYS-PUB-
2014-012.

[21] CMS Collaboration, arXiv:1307.7135.
[22] D. M. Asner, T. Barklow, C. Calancha, K. Fujii, N. Graf,

H. E. Haber, A. Ishikawa, S. Kanemura et al., arXiv:
1310.0763.

[23] M. E. Peskin, arXiv:1207.2516.
[24] J. F. Gunion, H. E. Haber, and J. Wudka, Phys. Rev. D 43,

904 (1991).
[25] C. Csaki, C. Grojean, H. Murayama, L. Pilo, and J.

Terning, Phys. Rev. D 69, 055006 (2004).
[26] R. S. Chivukula, H. J. He, M. Kurachi, E. H. Simmons, and

M. Tanabashi, Phys. Rev. D 78, 095003 (2008).
[27] T. Abe, N. Chen, and H.-J. He, J. High Energy Phys. 01

(2013) 082.
[28] R. S. Chivukula, D. A. Dicus, H. J. He, and S. Nandi, Phys.

Lett. B 562, 109 (2003).
[29] S. Chang and H. J. He, Phys. Lett. B 586, 95 (2004).
[30] J. Hisano and K. Tsumura, Phys. Rev. D 87, 053004

(2013).
[31] S. Kanemura, M. Kikuchi, and K. Yagyu, Phys. Rev. D 88,

015020 (2013).

[32] C. Alvarado, L. Lehman, and B. Ostdiek, J. High Energy
Phys. 05 (2014) 150.

[33] W. Buchmuller and D. Wyler, Nucl. Phys. B268, 621
(1986).

[34] B. Grzadkowski, M. Iskrzynski, M. Misiak, and J. Rosiek,
J. High Energy Phys. 10 (2010) 085.

[35] A. De Rujula, M. B. Gavela, P. Hernandez, and E. Masso,
Nucl. Phys. B384, 3 (1992).

[36] K. Hagiwara, S. Ishihara, R. Szalapski, and D. Zeppenfeld,
Phys. Lett. B 283, 353 (1992).

[37] K. Hagiwara, S. Ishihara, R. Szalapski, and D. Zeppenfeld,
Phys. Rev. D 48, 2182 (1993).

[38] K. Hagiwara, R. Szalapski, and D. Zeppenfeld, Phys. Lett.
B 318, 155 (1993).

[39] S. Alam, S. Dawson, and R. Szalapski, Phys. Rev. D 57,
1577 (1998).

[40] J. Elias-Miró, J. R. Espinosa, E. Masso, and A. Pomarol,
J. High Energy Phys. 11 (2013) 066.

[41] V. Barger, T. Han, P. Langacker, B. McElrath, and
P. Zerwas, Phys. Rev. D 67, 115001 (2003).

[42] S. Kanemura and K. Tsumura, Eur. Phys. J. C 63, 11
(2009).

[43] T. Corbett, O. J. P. Eboli, J. Gonzalez-Fraile, and
M. C. Gonzalez-Garcia, Phys. Rev. D 86, 075013 (2012).

[44] T. Corbett, O. J. P. Eboli, J. Gonzalez-Fraile, and M. C.
Gonzalez-Garcia, Phys. Rev. D 87, 015022 (2013).

[45] T. Corbett, O. J. P. Eboli, J. Gonzalez-Fraile, and
M. C. Gonzalez-Garcia, Phys. Rev. Lett. 111, 011801
(2013).

[46] H. Mebane, N. Greiner, C. Zhang, and S. Willenbrock,
Phys. Lett. B 724, 259 (2013).

[47] G. Belanger, B. Dumont, U. Ellwanger, J. F. Gunion, and
S. Kraml, Phys. Rev. D 88, 075008 (2013).

[48] D. López-Val, T. Plehn, and M. Rauch, J. High Energy
Phys. 10 (2013) 134.

[49] E. Boos, V. Bunichev, M. Dubinin, and Y. Kurihara, Phys.
Rev. D 89, 035001 (2014).

[50] G. F. Giudice, C. Grojean, A. Pomarol, and R. Rattazzi,
J. High Energy Phys. 06 (2007) 045.

[51] B. Grinstein andM. Trott, Phys. Rev. D 76, 073002 (2007).
[52] R. Alonso, M. B. Gavela, L. Merlo, S. Rigolin, and

J. Yepes, Phys. Lett. B 722, 330 (2013).
[53] G. Buchalla and O. Cata, J. High Energy Phys. 07 (2012)

101.
[54] A. Azatov, R. Contino, and J. Galloway, J. High Energy

Phys. 04 (2012) 127; 04 (2013) 140(E).
[55] C. Grojean, E. E. Jenkins, A. V. Manohar, and M. Trott,

J. High Energy Phys. 04 (2013) 016.
[56] J. Elias-Miró, J. R. Espinosa, E. Masso, and A. Pomarol,

J. High Energy Phys. 08 (2013) 033.
[57] E. E. Jenkins, A. V. Manohar, and M. Trott, J. High Energy

Phys. 10 (2013) 087.
[58] E. E. Jenkins, A. V. Manohar, and M. Trott, J. High Energy

Phys. 01 (2014) 035.
[59] R. Alonso, E. E. Jenkins, A. V. Manohar, and M. Trott,

J. High Energy Phys. 04 (2014) 159.
[60] R. Alonso, E. E. Jenkins, and A. V. Manohar, Phys. Lett. B

739, 95 (2014).
[61] R. Contino, M. Ghezzi, C. Grojean, M. Muhlleitner, and

M. Spira, J. High Energy Phys. 07 (2013) 035.

RYO NAGAI, MASAHARU TANABASHI, AND KOJI TSUMURA PHYSICAL REVIEW D 91, 034030 (2015)

034030-28

http://dx.doi.org/10.1016/j.physletb.2012.08.020
http://dx.doi.org/10.1016/j.physletb.2012.08.020
http://dx.doi.org/10.1016/j.physletb.2012.08.021
http://dx.doi.org/10.1016/j.physletb.2012.08.021
http://dx.doi.org/10.1103/PhysRevLett.30.1268
http://dx.doi.org/10.1103/PhysRevLett.30.1268
http://dx.doi.org/10.1103/PhysRevLett.31.572
http://dx.doi.org/10.1103/PhysRevD.10.1145
http://dx.doi.org/10.1103/PhysRevD.10.1145
http://dx.doi.org/10.1103/PhysRevD.11.972
http://dx.doi.org/10.1016/0370-2693(73)90692-8
http://dx.doi.org/10.1103/PhysRevD.16.1519
http://dx.doi.org/10.1103/PhysRevD.16.1519
http://dx.doi.org/10.1016/j.physletb.2013.08.010
http://dx.doi.org/10.1016/j.physletb.2013.08.010
http://dx.doi.org/10.1016/j.physletb.2012.10.042
http://dx.doi.org/10.1103/PhysRevD.86.093012
http://dx.doi.org/10.1103/PhysRevD.86.093012
http://dx.doi.org/10.1007/JHEP10(2012)196
http://dx.doi.org/10.1007/JHEP11(2013)111
http://dx.doi.org/10.1007/JHEP11(2013)111
http://dx.doi.org/10.1007/JHEP05(2014)046
http://dx.doi.org/10.1007/JHEP11(2013)043
http://arXiv.org/abs/1307.5865
http://dx.doi.org/10.1103/PhysRevD.90.095009
http://dx.doi.org/10.1103/PhysRevD.90.095009
http://dx.doi.org/10.1016/j.physletb.2013.01.031
http://dx.doi.org/10.1016/j.physletb.2013.01.031
http://dx.doi.org/10.1103/PhysRevD.86.115004
http://dx.doi.org/10.1103/PhysRevD.86.115004
http://arXiv.org/abs/1307.7135
http://arXiv.org/abs/1310.0763
http://arXiv.org/abs/1310.0763
http://arXiv.org/abs/1207.2516
http://dx.doi.org/10.1103/PhysRevD.43.904
http://dx.doi.org/10.1103/PhysRevD.43.904
http://dx.doi.org/10.1103/PhysRevD.69.055006
http://dx.doi.org/10.1103/PhysRevD.78.095003
http://dx.doi.org/10.1007/JHEP01(2013)082
http://dx.doi.org/10.1007/JHEP01(2013)082
http://dx.doi.org/10.1016/S0370-2693(03)00553-7
http://dx.doi.org/10.1016/S0370-2693(03)00553-7
http://dx.doi.org/10.1016/j.physletb.2004.02.027
http://dx.doi.org/10.1103/PhysRevD.87.053004
http://dx.doi.org/10.1103/PhysRevD.87.053004
http://dx.doi.org/10.1103/PhysRevD.88.015020
http://dx.doi.org/10.1103/PhysRevD.88.015020
http://dx.doi.org/10.1007/JHEP05(2014)150
http://dx.doi.org/10.1007/JHEP05(2014)150
http://dx.doi.org/10.1016/0550-3213(86)90262-2
http://dx.doi.org/10.1016/0550-3213(86)90262-2
http://dx.doi.org/10.1007/JHEP10(2010)085
http://dx.doi.org/10.1016/0550-3213(92)90460-S
http://dx.doi.org/10.1016/0370-2693(92)90031-X
http://dx.doi.org/10.1103/PhysRevD.48.2182
http://dx.doi.org/10.1016/0370-2693(93)91799-S
http://dx.doi.org/10.1016/0370-2693(93)91799-S
http://dx.doi.org/10.1103/PhysRevD.57.1577
http://dx.doi.org/10.1103/PhysRevD.57.1577
http://dx.doi.org/10.1007/JHEP11(2013)066
http://dx.doi.org/10.1103/PhysRevD.67.115001
http://dx.doi.org/10.1140/epjc/s10052-009-1077-0
http://dx.doi.org/10.1140/epjc/s10052-009-1077-0
http://dx.doi.org/10.1103/PhysRevD.86.075013
http://dx.doi.org/10.1103/PhysRevD.87.015022
http://dx.doi.org/10.1103/PhysRevLett.111.011801
http://dx.doi.org/10.1103/PhysRevLett.111.011801
http://dx.doi.org/10.1016/j.physletb.2013.06.021
http://dx.doi.org/10.1103/PhysRevD.88.075008
http://dx.doi.org/10.1007/JHEP10(2013)134
http://dx.doi.org/10.1007/JHEP10(2013)134
http://dx.doi.org/10.1103/PhysRevD.89.035001
http://dx.doi.org/10.1103/PhysRevD.89.035001
http://dx.doi.org/10.1088/1126-6708/2007/06/045
http://dx.doi.org/10.1103/PhysRevD.76.073002
http://dx.doi.org/10.1016/j.physletb.2013.04.037
http://dx.doi.org/10.1007/JHEP07(2012)101
http://dx.doi.org/10.1007/JHEP07(2012)101
http://dx.doi.org/10.1007/JHEP04(2012)127
http://dx.doi.org/10.1007/JHEP04(2012)127
http://dx.doi.org/10.1007/JHEP04(2013)140
http://dx.doi.org/10.1007/JHEP04(2013)016
http://dx.doi.org/10.1007/JHEP08(2013)033
http://dx.doi.org/10.1007/JHEP10(2013)087
http://dx.doi.org/10.1007/JHEP10(2013)087
http://dx.doi.org/10.1007/JHEP01(2014)035
http://dx.doi.org/10.1007/JHEP01(2014)035
http://dx.doi.org/10.1007/JHEP04(2014)159
http://dx.doi.org/10.1016/j.physletb.2014.10.045
http://dx.doi.org/10.1016/j.physletb.2014.10.045
http://dx.doi.org/10.1007/JHEP07(2013)035


[62] E. E. Jenkins, A. V. Manohar, and M. Trott, J. High Energy
Phys. 09 (2013) 063.

[63] G. Buchalla, O. Cata, and C. Krause, Nucl. Phys. B880,
552 (2014).

[64] B. Zhang, Y.-P. Kuang, H.-J. He, and C. P. Yuan, Phys.
Rev. D 67, 114024 (2003).

[65] J. Chang, K. Cheung, C.-T. Lu, and T.-C. Yuan, Phys. Rev.
D 87, 093005 (2013).

[66] H. S. Cheon and S. K. Kang, J. High Energy Phys. 09
(2013) 085.

[67] N.CraigandS.Thomas, J.HighEnergyPhys.11(2012)083.
[68] S. Chang, S. K. Kang, J. P. Lee, K. Y. Lee, S. C. Park, and

J. Song, J. High Energy Phys. 05 (2013) 075.
[69] Y. Bai, V. Barger, L. L. Everett, and G. Shaughnessy, Phys.

Rev. D 87, 115013 (2013).
[70] P. M. Ferreira, R. Santos, H. E. Haber, and J. P. Silva, Phys.

Rev. D 87, 055009 (2013).
[71] J. Chang, K. Cheung, P. Y. Tseng, and T. C. Yuan, Phys.

Rev. D 87, 035008 (2013).
[72] C. Y.Chen andS.Dawson, Phys. Rev.D 87, 055016 (2013).
[73] A. Celis, V. Ilisie, and A. Pich, J. High Energy Phys. 07

(2013) 053.
[74] B. Grinstein and P. Uttayarat, J. High Energy Phys. 06

(2013) 094; 09 (2013) 110(E).
[75] C. Y. Chen, S. Dawson, and M. Sher, Phys. Rev. D 88,

015018 (2013); 88, 039901(E) (2013).
[76] N. Craig, J. Galloway, and S. Thomas, arXiv:1305.2424.
[77] S. Kanemura, K. Tsumura, and H. Yokoya, Phys. Rev. D

88, 055010 (2013).
[78] P. M. Ferreira, J. F. Gunion, H. E. Haber, and R. Santos,

Phys. Rev. D 89, 115003 (2014).
[79] S. Kanemura, K. Tsumura, K. Yagyu, and H. Yokoya,

Phys. Rev. D 90, 075001 (2014).
[80] S. Chang, C. A. Newby, N. Raj, and C. Wanotayaroj, Phys.

Rev. D 86, 095015 (2012).
[81] C.-W. Chiang, A.-L. Kuo, and K. Yagyu, J. High Energy

Phys. 10 (2013) 072.
[82] K. Earl, K. Hartling, H. E. Logan, and T. Pilkington, Phys.

Rev. D 88, 015002 (2013).
[83] R. Killick, K. Kumar, and H. E. Logan, Phys. Rev. D 88,

033015 (2013).
[84] A. Pich, I. Rosell, and J. J. Sanz-Cillero, Phys. Rev. Lett.

110, 181801 (2013).
[85] I. Low, R. Rattazzi, and A. Vichi, J. High Energy Phys. 04

(2010) 126.
[86] A. Falkowski, S. Rychkov, and A. Urbano, J. High Energy

Phys. 04 (2012) 073.
[87] B. Bellazzini, L. Martucci, and R. Torre, J. High Energy

Phys. 09 (2014) 100.
[88] M. E. Peskin and T. Takeuchi, Phys. Rev. Lett. 65, 964

(1990).
[89] T. Appelquist and C.W. Bernard, Phys. Rev. D 22, 200

(1980).
[90] T. Appelquist and C.W. Bernard, Phys. Rev. D 23, 425

(1981).

[91] M. S. Chanowitz and M. K. Gaillard, Nucl. Phys. B261,
379 (1985).

[92] B. Grinstein, C. W. Murphy, D. Pirtskhalava, and P.
Uttayarat, J. High Energy Phys. 05 (2014) 083.

[93] W. Konetschny and W. Kummer, Phys. Lett. 70B, 433
(1977).

[94] M. Magg and C. Wetterich, Phys. Lett. 94B, 61 (1980).
[95] T. P. Cheng and L. F. Li, Phys. Rev. D 22, 2860 (1980).
[96] G. Lazarides, Q. Shafi, and C. Wetterich, Nucl. Phys.

B181, 287 (1981).
[97] R. N. Mohapatra and G. Senjanovic, Phys. Rev. Lett. 44,

912 (1980).
[98] D. C. Kennedy and B.W. Lynn, Nucl. Phys. B322, 1

(1989).
[99] R. S. Chivukula, E. H. Simmons, H. J. He, M. Kurachi, and

M. Tanabashi, Phys. Rev. D 70, 075008 (2004).
[100] H. Georgi and M. Machacek, Nucl. Phys. B262, 463

(1985).
[101] M. S. Chanowitz and M. Golden, Phys. Lett. 165B, 105

(1985).
[102] J. F. Gunion, R. Vega, and J. Wudka, Phys. Rev. D 42,

1673 (1990).
[103] J. F. Gunion, R. Vega, and J. Wudka, Phys. Rev. D 43,

2322 (1991).
[104] G. C. Branco, P. M. Ferreira, L. Lavoura, M. N. Rebelo,

M. Sher, and J. P. Silva, Phys. Rep. 516, 1 (2012).
[105] K. Hagiwara, S. Matsumoto, D. Haidt, and C. S. Kim,

Z. Phys. C 64, 559 (1994); 68, 352(E) (1995).
[106] R. S. Chivukula, E. H. Simmons, S. Matsuzaki, and

M. Tanabashi, Phys. Rev. D 75, 075012 (2007).
[107] M. Baak, J. Cúth, J. Haller, A. Hoecker, R. Kogler, K.

Mönig, M. Schott, and J. Stelzer (Gfitter Group Collabo-
ration), Eur. Phys. J. C 74, 3046 (2014).

[108] ATLAS Collaboration, Report No. ATLAS-CONF-2013-
027.

[109] ATLAS Collaboration, Report No. ATLAS-CONF-2013-
067.

[110] ATLAS Collaboration, Report No. ATLAS-CONF-2014-
031

[111] S. Chatrchyan et al. (CMS Collaboration), Eur. Phys. J. C
73, 2469 (2013).

[112] CMS Collaboration, Report No. CMS PAS-HIG-13-008.
[113] CMS Collaboration, Report No. CMS PAS-HIG-13-014.
[114] CMS Collaboration, Report No. CMS-PAS-HIG-13-025.
[115] CMS Collaboration, Report No. CMS PAS-HIG-14-006.
[116] B. Henning, X. Lu, and H. Murayama, arXiv:1404.1058.
[117] S. K. Kang and J. Park, arXiv:1306.6713.
[118] R. S. Gupta, H. Rzehak, and J. D. Wells, Phys. Rev. D 88,

055024 (2013).
[119] R. Contino, C. Grojean, M. Moretti, F. Piccinini, and

R. Rattazzi, J. High Energy Phys. 05 (2010) 089.
[120] J. R. Espinosa, C. Grojean, M. Muhlleitner, and M. Trott,

J. High Energy Phys. 12 (2012) 045.
[121] G. Passarino and M. J. G. Veltman, Nucl. Phys. B160, 151

(1979).

DOES UNITARITY IMPLY FINITENESS OF … PHYSICAL REVIEW D 91, 034030 (2015)

034030-29

http://dx.doi.org/10.1007/JHEP09(2013)063
http://dx.doi.org/10.1007/JHEP09(2013)063
http://dx.doi.org/10.1016/j.nuclphysb.2014.01.018
http://dx.doi.org/10.1016/j.nuclphysb.2014.01.018
http://dx.doi.org/10.1103/PhysRevD.67.114024
http://dx.doi.org/10.1103/PhysRevD.67.114024
http://dx.doi.org/10.1103/PhysRevD.87.093005
http://dx.doi.org/10.1103/PhysRevD.87.093005
http://dx.doi.org/10.1007/JHEP09(2013)085
http://dx.doi.org/10.1007/JHEP09(2013)085
http://dx.doi.org/10.1007/JHEP11(2012)083
http://dx.doi.org/10.1007/JHEP05(2013)075
http://dx.doi.org/10.1103/PhysRevD.87.115013
http://dx.doi.org/10.1103/PhysRevD.87.115013
http://dx.doi.org/10.1103/PhysRevD.87.055009
http://dx.doi.org/10.1103/PhysRevD.87.055009
http://dx.doi.org/10.1103/PhysRevD.87.035008
http://dx.doi.org/10.1103/PhysRevD.87.035008
http://dx.doi.org/10.1103/PhysRevD.87.055016
http://dx.doi.org/10.1007/JHEP07(2013)053
http://dx.doi.org/10.1007/JHEP07(2013)053
http://dx.doi.org/10.1007/JHEP06(2013)094
http://dx.doi.org/10.1007/JHEP06(2013)094
http://dx.doi.org/10.1007/JHEP09(2013)110
http://dx.doi.org/10.1103/PhysRevD.88.015018
http://dx.doi.org/10.1103/PhysRevD.88.015018
http://dx.doi.org/10.1103/PhysRevD.88.039901
http://arXiv.org/abs/1305.2424
http://dx.doi.org/10.1103/PhysRevD.88.055010
http://dx.doi.org/10.1103/PhysRevD.88.055010
http://dx.doi.org/10.1103/PhysRevD.89.115003
http://dx.doi.org/10.1103/PhysRevD.90.075001
http://dx.doi.org/10.1103/PhysRevD.86.095015
http://dx.doi.org/10.1103/PhysRevD.86.095015
http://dx.doi.org/10.1007/JHEP10(2013)072
http://dx.doi.org/10.1007/JHEP10(2013)072
http://dx.doi.org/10.1103/PhysRevD.88.015002
http://dx.doi.org/10.1103/PhysRevD.88.015002
http://dx.doi.org/10.1103/PhysRevD.88.033015
http://dx.doi.org/10.1103/PhysRevD.88.033015
http://dx.doi.org/10.1103/PhysRevLett.110.181801
http://dx.doi.org/10.1103/PhysRevLett.110.181801
http://dx.doi.org/10.1007/JHEP04(2010)126
http://dx.doi.org/10.1007/JHEP04(2010)126
http://dx.doi.org/10.1007/JHEP04(2012)073
http://dx.doi.org/10.1007/JHEP04(2012)073
http://dx.doi.org/10.1007/JHEP09(2014)100
http://dx.doi.org/10.1007/JHEP09(2014)100
http://dx.doi.org/10.1103/PhysRevLett.65.964
http://dx.doi.org/10.1103/PhysRevLett.65.964
http://dx.doi.org/10.1103/PhysRevD.22.200
http://dx.doi.org/10.1103/PhysRevD.22.200
http://dx.doi.org/10.1103/PhysRevD.23.425
http://dx.doi.org/10.1103/PhysRevD.23.425
http://dx.doi.org/10.1016/0550-3213(85)90580-2
http://dx.doi.org/10.1016/0550-3213(85)90580-2
http://dx.doi.org/10.1007/JHEP05(2014)083
http://dx.doi.org/10.1016/0370-2693(77)90407-5
http://dx.doi.org/10.1016/0370-2693(77)90407-5
http://dx.doi.org/10.1016/0370-2693(80)90825-4
http://dx.doi.org/10.1103/PhysRevD.22.2860
http://dx.doi.org/10.1016/0550-3213(81)90354-0
http://dx.doi.org/10.1016/0550-3213(81)90354-0
http://dx.doi.org/10.1103/PhysRevLett.44.912
http://dx.doi.org/10.1103/PhysRevLett.44.912
http://dx.doi.org/10.1016/0550-3213(89)90483-5
http://dx.doi.org/10.1016/0550-3213(89)90483-5
http://dx.doi.org/10.1103/PhysRevD.70.075008
http://dx.doi.org/10.1016/0550-3213(85)90325-6
http://dx.doi.org/10.1016/0550-3213(85)90325-6
http://dx.doi.org/10.1016/0370-2693(85)90700-2
http://dx.doi.org/10.1016/0370-2693(85)90700-2
http://dx.doi.org/10.1103/PhysRevD.42.1673
http://dx.doi.org/10.1103/PhysRevD.42.1673
http://dx.doi.org/10.1103/PhysRevD.43.2322
http://dx.doi.org/10.1103/PhysRevD.43.2322
http://dx.doi.org/10.1016/j.physrep.2012.02.002
http://dx.doi.org/10.1007/BF01957770
http://dx.doi.org/10.1007/BF01566682
http://dx.doi.org/10.1103/PhysRevD.75.075012
http://dx.doi.org/10.1140/epjc/s10052-014-3046-5
http://dx.doi.org/10.1140/epjc/s10052-013-2469-8
http://dx.doi.org/10.1140/epjc/s10052-013-2469-8
http://arXiv.org/abs/1404.1058
http://arXiv.org/abs/1306.6713
http://dx.doi.org/10.1103/PhysRevD.88.055024
http://dx.doi.org/10.1103/PhysRevD.88.055024
http://dx.doi.org/10.1007/JHEP05(2010)089
http://dx.doi.org/10.1007/JHEP12(2012)045
http://dx.doi.org/10.1016/0550-3213(79)90234-7
http://dx.doi.org/10.1016/0550-3213(79)90234-7

