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We present a calculation of next-to-next-to-next-to-leading-order (NNNLO) soft-gluon corrections for
differential distributions in top-antitop pair production in hadronic collisions. Approximate NNNLO
(aNNNLO) results are obtained from soft-gluon resummation. Theoretical predictions are shown for the
top-quark aNNNLO transverse momentum (pT ) and rapidity distributions at LHC and Tevatron energies.
The aNNNLO corrections enhance previous results for the distributions but have smaller theoretical
uncertainties.
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I. INTRODUCTION

Top-quark physics occupies a central role in particle
theory and experiment. The top quark has a unique position
as the most massive elementary particle to have been
discovered, and as the only quark that decays before it
can hadronize. Thus understanding the properties and
production rates of the top quark in the Standard Model
is crucial for QCD, electroweak and Higgs physics, and in
searches for new physics.
The production of top quarks can happen either via top-

antitop pair production or via single-top production. While
the total cross section is the simplest quantity to be
calculated and measured, differential distributions provide
more detailed information on the production processes. The
top-quark transverse momentum (pT) and rapidity distri-
butions are particularly useful for discriminating signals of
new physics. They have been measured at the Tevatron
[1,2] and the LHC [3,4] and are in excellent agreement with
approximate next-to-next-to-leading-order (aNNLO) cal-
culations for the pT [5] and rapidity [6] distributions (see
also Ref. [7] for updates). These aNNLO calculations are
based on the resummation of soft-gluon contributions in the
double-differential cross section at next-to-next-to-leading-
logarithm (NNLL) accuracy in the moment-space approach
in perturbative QCD [5–7]. For a review of resummation in
various approaches for top-quark production see the review
paper in Ref. [8]. The theoretical and experimental status of
top-quark physics has also been more recently reviewed in
Refs. [9–12].
The increasing precision of the measurements at the

LHC and the upcoming run at 13 TeV necessitate ever more
precise theoretical calculations. For the total cross section
the current state of the art is approximate next-to-NNLO
(aNNNLO) [13]. The purpose of the present paper is to
bring the calculation of the top-quark differential distribu-
tions to the same accuracy as the total cross section in
Ref. [13]. The resummation formalism for tt̄ production has
already been presented and discussed extensively in
Refs. [5–8,13,14] and we refer the reader to those papers

for more details and further references. The accuracy,
stability, and reliability of the resummation formalism that
we use has been amply demonstrated and discussed in
Refs. [5,7]; the soft-gluon corrections approximate exact
results for total cross sections and differential distributions
at the per mille accuracy level.
In Sec. II we present some details of the formalism

and kinematics. In Sec. III we present the top-quark pT
distributions at LHC and Tevatron energies. Section IV
contains the corresponding top-quark rapidity distributions.
We conclude in Sec. V.

II. SOFT-GLUON CORRECTIONS AND
KINEMATICS FOR DIFFERENTIAL

DISTRIBUTIONS

At leading order in the strong coupling, αs, for tt̄
production, i.e. Oðα2sÞ, the partonic channels are quark-
antiquark annihilation,

qðp1Þ þ q̄ðp2Þ → tðp3Þ þ t̄ðp4Þ; ð2:1Þ

and gluon-gluon fusion,

gðp1Þ þ gðp2Þ → tðp3Þ þ t̄ðp4Þ: ð2:2Þ

We define the partonic variables s ¼ ðp1 þ p2Þ2,
t1 ¼ ðp1 − p3Þ2 −m2

t , u1 ¼ ðp2 − p3Þ2 −m2
t , and β ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4m2
t =s

p
, where mt is the top-quark mass. We also

define the threshold quantity s4 ¼ sþ t1 þ u1. At partonic
threshold there is no energy available for additional
radiation and s4 vanishes in that limit but the top quark
can have arbitrarily large transverse momentum or rapidity.
Near partonic threshold the gluons radiated are soft, i.e.
have low energy.
Soft-gluon corrections appear in the partonic cross

section as plus distributions of logarithms of s4, which
are defined through their integral with parton distribution
functions, ϕ, as
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s4 max

m2
t

�
ϕð0Þ ð2:3Þ

where the integer k ranges from 0 to 2n − 1 for the nth-
order corrections, i.e. the Oðα2þn

s Þ terms. The derivation of
these corrections follows from the renormalization group
evolution of the soft and jet functions in the factorized cross
section [5,7,8].
At NNNLO the soft-gluon corrections to the double-

differential partonic cross section, d2σ̂=ðdt1du1Þ, take the
form

d2σ̂ð3Þ

dt1du1
¼ α5s

X5
k¼0

Cð3Þ
k ðs4Þ

�
lnkðs4=m2

t Þ
s4

�
þ
: ð2:4Þ

The coefficients Cð3Þ
k are in general functions of s4, s, t, u,

mt, the renormalization scale μR, and the factorization scale
μF; these coefficients have been determined from NNLL
resummation [13,14] and the expressions beyond the
leading logarithms (i.e. below k ¼ 5) are long. For sim-
plicity we only show the dependence on s4 in the argument

of the Cð3Þ
k as it will be needed explicitly below.

The hadronic variables for the process with incoming
hadrons h1 and h2 (protons at the LHC; protons and
antiprotons at the Tevatron),

h1ðph1Þ þ h2ðph2Þ → tðp3Þ þ t̄ðp4Þ; ð2:5Þ

are S ¼ ðph1 þ ph2Þ2, T1 ¼ ðph1 − p3Þ2 −m2
t , and U1 ¼

ðph2 − p3Þ2 −m2
t . Note that p1 ¼ x1ph1 and p2 ¼ x2ph2,

where xi is the parton momentum fraction in hadron hi, and
thus t1 ¼ x1T1, u1 ¼ x2U1, and s ¼ x1x2S. The top-quark
transverse momentum is pT ¼ jp3j sin θ, with θ the angle
between ph1 and p3, while the top-quark rapidity is

Y ¼ 1

2
ln

�
E3 þ p3z

E3 − p3z

�
ð2:6Þ

where p3z ¼ jp3j cos θ. Note the relations

p2
T ¼ T1U1

S
−m2

t ¼
t1u1
s

−m2
t ; ð2:7Þ

Y ¼ 1

2
ln

�
U1

T1

�
; ð2:8Þ

U1 ¼ −
ffiffiffi
S

p
mTeY , and T1 ¼ −

ffiffiffi
S

p
mTe−Y , with mT ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
t þ p2

T

p
.

The relation between x2 and the other variables is

x2 ¼
s4 − x1T1

x1SþU1

: ð2:9Þ

The elastic expression for x2, i.e. when s4 ¼ 0, is

xel2 ¼ −x1T1

x1Sþ U1

: ð2:10Þ

Then we can write the hadronic aNNNLO corrections for
the double-differential cross section in pT and rapidity as

d2σð3Þ

dp2
TdY

¼ α5s

Z
1

x−
1

dx1

Z
s4 max

0

ds4
x1x2S

x1SþU1

ϕðx1Þϕðx2Þ
X5
k¼0

Cð3Þ
k ðs4Þ

�
lnkðs4=m2

t Þ
s4

�
þ
; ð2:11Þ

where x−1 ¼ −U1=ðSþ T1Þ and s4 max ¼ x1ðSþ T1Þ þU1.
We can rewrite the above expression, using Eq. (2.3), as

d2σð3Þ

dp2
TdY

¼ α5s

Z
1

x−
1

dx1
x1S

x1SþU1

ϕðx1Þ
X5
k¼0

�Z
s4 max

0

ds4
s4

lnk
�
s4
m2

t

�h
Cð3Þ
k ðs4Þx2ϕðx2Þ − Cð3Þ

k ð0Þxel2 ϕðxel2 Þ
i

þ 1

kþ 1
lnkþ1

�
s4 max

m2
t

�
Cð3Þ
k ð0Þxel2 ϕðxel2 Þ

�
: ð2:12Þ

The aNNNLO correction to the top-quark transverse
momentum distribution is then given by

dσð3Þ

dpT
¼ 2pT

Z
Yþ

Y−

d2σð3Þ

dp2
TdY

dY ð2:13Þ

where

Y� ¼ � 1

2
ln
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

T
S

q

1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

T
S

q : ð2:14Þ

The aNNNLO correction to the top-quark rapidity
distribution is given by
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dσð3Þ

dY
¼

Z
pþ2
T

0

d2σð3Þ

dp2
TdY

dp2
T ð2:15Þ

where

pþ2
T ¼ S

4 cosh2 Y
−m2

t : ð2:16Þ

Note that the total cross section can be simply found by
integrating either over the pT distribution

σ ¼
Z

pT max

0

dσ
dpT

dpT ð2:17Þ

with pT max ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
S
4
−m2

t

q
, or over the rapidity distribution

σ ¼
Z

Ymax

Ymin

dσ
dY

dY ð2:18Þ

with

Ymax
min ¼ � 1

2
ln

�
1þ βh
1 − βh

�
ð2:19Þ

where βh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

t
S

q
is the hadronic analog of β.

III. TOP-QUARK TRANSVERSE MOMENTUM
DISTRIBUTIONS

We use the expressions in Sec. II to calculate the top-
quark differential distributions at aNNNLO. We begin with
the top-quark transverse momentum distributions. We use
the MSTW2008 NNLO parton distribution functions
(PDFs) [15] for all our numerical results.
In Fig. 1 we show the aNNNLO top-quark pT distri-

butions at 7 and 8 TeV LHC energy for pT values up to
300 GeV. For comparison we also show the aNNLO results

at each energy. The central lines are with the scale μ ¼ mt,
and the other lines display the upper and lower values from
scale variation over the interval mt=2 ≤ μ ≤ 2mt for each
energy. The uncertainty from scale variation at aNNNLO is
smaller than at aNNLO, a fact which is consistent with the
results for the total cross section in Ref. [13].
In Fig. 2 we show the aNNNLO top-quark pT distribu-

tions at 13 and 14 TeV LHC energy, also for pT values up to
300 GeV. Again, for comparison, we also display the
aNNLO curves for each energy. The scale variation is again
smaller at aNNNLO than at lower orders.
Figure 3 displays the aNNNLO top-quark pT distribu-

tions at high pT at LHC energies in a logarithmic plot over
a larger range of transverse momenta, 300 GeV ≤
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FIG. 1 (color online). The aNNNLO top-quark pT distributions
in tt̄ production at the LHC with

ffiffiffi
S

p ¼ 7 and 8 TeV.
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FIG. 2 (color online). The aNNNLO top-quark pT distributions
in tt̄ production at the LHC with

ffiffiffi
S

p ¼ 13 and 14 TeV.
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FIG. 3 (color online). The aNNNLO top-quark pT distributions
at high pT in tt̄ production at the LHC with

ffiffiffi
S

p ¼ 7, 8, 13, and
14 TeV. The inset plot shows the K factors.
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pT ≤ 1000 GeV. The distributions span 4 to 5 orders of
magnitude over the pT range shown in the figures. The
inset plot displays the K factors, i.e. the ratios of the
aNNNLO pT distribution to the NLO [16,17] result, for
each energy, all with the same choice of PDF. We observe
that the K factors increase with increasing pT as would be
expected since we get closer to partonic threshold.
Figure 4 displays the aNNNLO top-quark pT distribu-

tions (and also the aNNLO results) at the Tevatron with
1.96 TeV energy. Again, the uncertainty from scale varia-
tion at aNNNLO is smaller than in previous calculations.
The inset plot displays the high-pT region in a logarithmic
scale up to a pT of 500 GeV.
As a numerical consistency check, we note that the

aNNNLO cross sections found by integrating over the pT
distributions in Figs. 1–4 agree with the results in Ref. [13].

IV. TOP-QUARK RAPIDITY DISTRIBUTIONS

We continue with the aNNNLO top-quark rapidity
distributions in tt̄ production at the LHC and the Tevatron.
In Fig. 5 we show the aNNNLO top-quark rapidity

distributions at 7 and 8 TeV LHC energy. We also show the
aNNLO results at each energy. The central lines are with
μ ¼ mt, and the other lines display the upper and lower
values from scale variation over the interval mt=2 ≤ μ ≤
2mt for each energy. The uncertainty from scale variation at
aNNNLO is smaller than at aNNLO, a fact which is
consistent with the results for the total cross section in
Ref. [13] as well as the observations in the previous section.
In Fig. 6 we show the aNNNLO (and also the aNNLO)
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FIG. 4 (color online). The aNNNLO top-quark pT distributions
in tt̄ production at the Tevatron with
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FIG. 5 (color online). The aNNNLO top-quark rapidity dis-
tributions in tt̄ production at the LHC with

ffiffiffi
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p ¼ 7 and 8 TeV.
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FIG. 6 (color online). The aNNNLO top-quark rapidity dis-
tributions in tt̄ production at the LHC with

ffiffiffi
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p ¼ 13 and 14 TeV.
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p ¼ 7, 8, 13, and
14 TeV. The inset plot shows the K factors.
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energy. Again, the scale variation at aNNNLO is smaller
than that at aNNLO.
Figure 7 displays the aNNNLO top-quark rapidity

distributions at LHC energies in a logarithmic plot over
a larger range of rapidities. The inset plot displays the K
factors, i.e. the ratios of the aNNNLO rapidity distribution
to the NLO [16,17] result, for each energy, all with the same
choice of PDF. The K factors are larger at the edges of the

rapidity distribution, i.e. at large absolute value of the
rapidity, as expected.
Figure 8 displays the aNNNLO top-quark rapidity

distributions at the Tevatron at 1.96 TeV energy and, for
comparison, also the aNNLO results. Again, the scale
variation at aNNNLO is smaller than in previous calcu-
lations. The inset plot displays a wider rapidity region in a
logarithmic scale.
As before, as a numerical consistency check, we note

that the aNNNLO cross sections found by integrating over
the rapidity distributions in Figs. 5–8 agree with the results
in Ref. [13].

V. CONCLUSIONS

The aNNNLO top-quark transverse momentum and
rapidity distributions have been calculated in tt̄ production
at the LHC at 7, 8, 13, and 14 TeV energies, and at the
Tevatron at 1.96 TeV energy. The distributions enhance
previous results but they reduce the theoretical uncertainty.
The enhancement is particularly large at very high pT for
the transverse momentum distributions and at large abso-
lute value of the rapidity for the rapidity distributions.
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