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Quark number densities at imaginary chemical potential in N, = 2 lattice
QCD with Wilson fermions and its model analyses
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We investigate the temperature (T') dependence of quark number densities (n,) at imaginary and real
chemical potential (u) by using Ny = 2 lattice QCD and the hadron resonance gas (HRG) model. Quark
number densities are calculated at imaginary u with lattice QCD (LQCD) on an 82 x 16 x 4 lattice with the
clover-improved Ny = 2 Wilson fermion action and the renormalization-group-improved Iwasaki gauge
action. The results are consistent with the previous results of the staggered-type quark action. The n,
obtained are extrapolated to real y by assuming the Fourier series for the confinement region and the
polynomial series for the deconfinement region. The extrapolated results are consistent with the previous
results of the Taylor expansion method for the reweighting factor. The upper bound (p/T),,,, Of the region
where the extrapolation is considered to be reliable is estimated for each temperature 7. We test whether 7
dependence of nucleon and A-resonance masses can be determined from LQCD data on n, at imaginary p
by using the HRG model. In the test calculation, nucleon and A-resonance masses reduce by about 10% in

the vicinity of the pseudocritical temperature.
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I. INTRODUCTION

There are many interesting topics on quantum chromo-
dynamics (QCD) at high density. The observation [1] of a
two-solar-mass neutron star has an impact on the equation
of state (EOS) of dense matter and the QCD phase diagram
at high density. The experiments of relativistic heavy-ion
collisions, for example the beam energy scan experiments,
are exploring QCD not only at finite temperature 7" but also
at finite quark-chemical potential u [2,3]. Lattice QCD
(LQCD) is the first-principle calculation to study QCD, but
it has the serious sign problem at finite p.

In LQCD, the fermion determinant det M (u/T) becomes
complex for finite real y, because

(det M(u/T))* = det M(—u*/T) = det M(=p/T). (1)

This interferes with the use of Monte Carlo simulations
based on the importance sampling. For this reason, several
methods have been proposed to avoid the sign problem
[4,5]. Very recently, the complex Langevin method [6-9]
and the Lefschetz thimble theory [10,11] have attracted
much attention as the method to go beyond u/T = 1.
One of the methods to avoid the sign problem is the
imaginary-u approach. For purely imaginary chemical
potential y = iyy, it is convenient to introduce the dimen-
sionless chemical potential & = y;/T. The first equality of
Eq. (1) shows that the fermion determinant det M (i6) is real
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for imaginary p. This makes LQCD simulations feasible
there. Observables at real p are extracted from those at
imaginary u by assuming functional forms for the
observables.

In the imaginary u region, QCD has two characteristic
properties: one is the Roberge-Weiss (RW) periodicity and
the other is the RW phase transition [12]. Figure 1 shows a
schematic graph for the QCD phase diagram in the 7' — 6
plane. The QCD grand partition function Z(0) has a
periodicity of 2z/N, in 0,

Z(0) = z(a + %) : (2)

where N, is the number of colors and k = 1, ..., N,. This is
a remnant of Z, symmetry in pure gauge theory and is
now called the RW periodicity. Meanwhile, the RW
transition is the first-order phase transition appearing at
T higher than some temperature Tryw and 6 = z/N,. This
transition line and its Zy_images are plotted by the solid
lines in Fig. 1. The point located at (7,0) = (Trw,7/N.,)
is called the RW end point. Meanwhile, the dashed line
represents the transition line of confinement/deconfinement
crossover. The pseudocritical temperature 7'.(6) is a func-
tion of 0, and the value at @ = 0 [13] is denoted by T,. As
shown later, Ty is located between 1.08 and 1.207 ., The
order parameter of the RW transition is a C-odd quantity,
such as the phase of the Polyakov loop or the quark number
density [14], where C means charge conjugation. The
existence of the RW transition and the RW periodicity is
numerically confirmed with LQCD simulations [15-20]
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FIG. 1 (color online). QCD phase diagram in the imaginary p
region. The solid and dashed lines stand for the RW phase
transition and the deconfinement crossover, respectively.

and the underlying mechanism is clearly understood with
the effective model [14,21,22] by introducing a new
concept of extended Z,_symmetry.

The quark number density n, is a fundamental quantity
to study high-density physics and important in determining
the EOS at finite real u. The EOS plays an essential role in
investigating the structure of neutron stars. Moreover, n,, is
useful to determine the strength of vector-type interaction
in the effective model [23,24]. For small real u/ T, the quark
number density was calculated with the Taylor expansion
method for the reweighting factor in which either the
staggered-type [25] or the Wilson-type quark action [26] is
taken. The quark number density is also computed at
imaginary p in Refs. [17,18,27-29] with the staggered-
type quark action, and n,, at real y is deduced from that at
imaginary y by assuming analytic forms for n,.

In this paper, we investigate the u dependence of n, at
both imaginary and real . We first perform LQCD
simulations at imaginary u with the Wilson-type quark
action since the quark number density at imaginary u was
not calculated with the Wilson-type quark action. LQCD
simulations at imaginary p do not require any special
prescription in numerical calculations since there is no sign
problem. The n,, obtained at imaginary u are extrapolated to
the real u region by assuming functional forms for n,. The
extrapolated results are confirmed to be consistent with
the previous results [26] of the Taylor expansion method for
the reweighting factor. The upper bound (u/T),,,, of the
region where the extrapolation is considered to be reliable
is estimated for each 7.

The hadron resonance gas (HRG) model is reliable in the
confinement region. For the 24 1-flavor case at zero
chemical potential, in fact, it is shown in Ref. [30] that
the model well reproduces LQCD data on pressure at
T < 1.2T. As shown by the dashed line in Fig. 1, the
pseudocritical temperature 7.(0) of deconfinement tran-
sition increases from T to Try as 0 increases from zero
to n/N.. As for real p, meanwhile, the pseudocritical
temperature 7. (u) decreases as p increases. When u varies
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from the purely imaginary value to the real value with T
fixed at T, the system is, thus, in the confinement phase
for imaginary ¢ and in the deconfinement phase for real .
Using this property, one can suggest that 7" dependence of
nucleon and A-resonance masses in the vicinity of 7, can
be determined from 7, at imaginary u by using the HRG
model. We test how the suggestion works in this paper.

Actual LQCD simulations are done on an 8> x 16 x 4
lattice with the clover-improved two-flavor Wilson fermion
action and the renormalization-group-improved Iwasaki
gauge action. We confirmed that the n, calculated on an
82 x 16 x 4 lattice are consistent with the previous results
[18,29] calculated on a 167 x 4 lattice. We then adopted an
82 x 16 x 4 lattice to reduce simulation time and take more
trajectories. We consider two temperatures, 7/T . = 0.93
and 0.99, in the confinement region and four temperatures,
T/T, = 1.08, 1.20, 1.35, and 2.07, in the deconfinement
region. Following the previous LQCD simulation [26],
we compute n, along the line of constant physics at
mpg/my = 0.80, where mpg and my are pseudoscalar-
and vector-meson masses, respectively. This corresponds to
the case of the pion mass m, ~ 616 MeV and the quark
mass m, ~ 130 MeV [24] for Ty ~ 171 MeV [31]. The
analytic continuation is carried out with the Fourier series
for T < T, and the polynomial series for 7' > Try.

This paper is organized as follows. In Sec. I, we explain
the lattice action, the quark number density, and the
analytic continuation. In Sec. IIl, we show our simulation
parameters and numerical results for n, at both imaginary
and real p. In Sec. IV, we test whether 7" dependence of
nucleon and A-resonance masses can be determined from
LQCD data on n, at imaginary u by using the HRG model.
Section V is devoted to a summary.

II. FORMULATION

A. Lattice action

We use the renormalization-group-improved Iwasaki
gauge action S, [32] and the clover-improved two-flavor
Wilson quark action S, [33] defined by

S=5,+S, (3)

4 4
S.g=—ﬂZ<co Sowk@ e Y w},ﬂx)),

u<vip,v=1 pFvpuv=1
(4)

Sy = > > kMl (5)

f=u,d x.y

where = 6/g* for the gauge coupling g, ¢; = —0.331,
co=1-38cy, and
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—kfef(1 - 74)Ucad, 14, + e (1+ 74)Uy4 Opyiat
— 5xyCSWKZGMDFﬂ” (6)

u<v

xz x+ly + (1 + yl)U;15X¥+l}

Here « is the hopping parameter, j is the quark chemical
potential in lattice units, and the lattice field strength F,
defined as F,, = (f,, — fl)/(8i) with fu the standard
clover—shaped combinat10n of gauge links. For the clover
coefficient cqyw, we take the mean-field value estimated
from W' in the one-loop level: cgy = (W*1)=3/4 =
(1 —0.841251)73/4 [32]. The value of « is determined at
u = 0 for each f# along the line of constant physics with
mpg/my = 0.80 [31,34,35].

B. Quark number density

The quark number density n, is defined as

ng 1 0

s 4
V2o " )
NfN* oM
= r|M!
Ny [ 8/4]7 ®)

where V is the volume, N is the number of flavors, N, is
the temporal lattice size, Ny is the lattice volume, and M
is the fermion matrix. We apply the random-noise method
for the trace in Eq. (8). The number of noise vectors is about
4,000. The partition function Z is u even (C even), so that n,
is 4 0dd (C odd) from Eq. (7). This means that n, is purely
imaginary for imaginary u; actually,

. l@an *
e = \Va(io)

We have confirmed in our LQCD simulations that the real
part of n, is zero at imaginary u. For later convemence we
represent the imaginary part of n, by nq' nq Im(n,,).

1 0lnZ
“vorg O

C. Analytic continuation

Our final interest is n, at real 4. We then extrapolate the
n, calculated at imaginary x with LQCD to the real u
region, assuming some functional forms for n,. As for the
pseudocritical line, it is shown in Refs. [20,36-38] that the
terms of order higher than u? are necessary.

In the imaginary-u region, n, is a 6-odd function with the
RW periodicity. We then consider only a period —z/3 <
0 < /3 for simplicity. In the confinement region at
T < Ty, the quark number density is smooth for any 6,
indicating thatn, = 0 atd = 0, +r/3[14,21,22]. Hence n,
can be described with good accuracy by a partial sum
S%(T,0) of the Fourier series,
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nq(T 19)

3 T@-lZaF

where the superscript n of S%.(T, 0) represents the highest

)sin (3k0),  (10)

order in the partial sum. The coefficients a;k)(T) are
obtained by fitting the function (10) to LQCD data at
imaginary p = iy;. The analytic continuation from pu = iy
to 4 = pr can be made by replacing iu;/T with ug/T in
Eq. (10):

Here note that the coefficients al(;k)

determined at imaginary .

In the region Ty < T < Trw, the system is in the
deconfinement region for small € but in the confinement
region for large @ near /3, as shown in Fig. 1. Because of
this property, the & dependence of n, is complicated and
makes the analytic continuation difficult. We then do not
perform the analytic continuation in this region.

In the deconfinement region at 7 > TRy, the quark
number density is discontinuous at & = 4+x/3 where the
first-order RW phase transition takes place; note that n, is
the order parameter of the RW first-order transition [14].
Owing to this property, n, monotonically increases with 6,
as shown later in Fig. 2. This suggests that n, can be
described with good accuracy by a partial sum 2"~ (T, 9)
of the polynomial series,

(T) have already been

n,(T,i0)

o mASPTUT.0) =y a) (),

k=1

(12)

where the superscript n of $2"'(T,6) represents the
highest order in the partial sum. Again, the analytic

"T/T,,=0.93
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FIG. 2 (color online). u;/T dependence of nl/T? at various
values of 7. The LQCD data are shown by symbols with error
bars, although the error bars are quite small.
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continuation is made by replacing iy;/T with ug/T in
Eq. (12):

nq(T’ ﬂR/T) ~ 2n—1 T HR
T3 ~ g!’ ’7

=S nena o ()

III. NUMERICAL RESULTS

Full QCD configurations with N, = 2 dynamical quarks
were generated with the hybrid Monte Carlo algorithm on a
lattice of N, X Ny x N, X N, = 82 x 16 x 4. The step size
of the molecular dynamics is 6z = 0.02 and the step
number is N, = 50. The acceptance ratio is more than
95%. We generated about 32,000 trajectories and removed
the first 4,000 trajectories for the thermalization of all the
parameters and measured n, at every 100 trajectories. The
relation of parameters x and f to the corresponding 7/T,
was determined in Refs. [31,34,35]; see Table I for the
relation.

A. Quark number density at imaginary u

Figure 2 shows n}/T* as a function of & for all the
temperatures we consider. The LQCD data are plotted by
symbols with error bars, although the errors are quite small.
The number density nf] should be zero at 0 = z/3 below
Trw but finite above TRy, since nf] is the order parameter
of the first-order RW phase transition. One can see from
this fact that Try is located between 1.08 and 1.27 .. The
quark number density an /T3 behaves as the sine function
for T < T, but monotonically increases up to 6 = /3 for
T > Trw. As for T =1.08T., the system is in the
deconfinement region for € < 0.8 but in the confinement
region for 0.8 < 6 < /3, since nl,/T? increases monoton-
ically up to 8 ~ 0.7 but decreases to zero for 8 > 0.8. This
result is consistent with that of the staggered-type fermion
in Ref. [29]. The present result is, thus, independent of the
fermion action taken.

TABLE I. Summary of the simulation parameter sets deter-
mined in Refs. [31,34,35]. Note that T, = 171 MeV, where T,
is the pseudocritical temperature of deconfinement transition at
u = 0. In the parameter setting, the lattice spacing a is about
0.14-0.2 fm.

K ﬁ T/TCO
0.141139 1.80 0.93(5)
0.140070 1.85 0.99(5)
0.138817 1.90 1.08(5)
0.137716 1.95 1.20(6)
0.136931 2.00 1.35(7)
0.135010 2.20 2.07(10)
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FIG. 3 (color online).  Results of y? fitting to LQCD data for the
case of T < T. The results of S and S% are plotted by dashed
and solid lines, respectively. LQCD data are shown by symbols
with error bars.

First we consider the case of T < T, and determine the
coefficients a(Fk)(T) of the Fourier series from the n,
calculated at imaginary yu with LQCD. In principle, n,, is
described as an infinite series of sine functions for
imaginary p and of hyperbolic sine functions for real g,
as shown in Egs. (10) and (11). The partial sum is valid
only when the series converges. Particularly for real u, the
hyperbolic sine functions increase rapidly as x/T becomes
large. In this sense, it is important that the coefficients al(f)
become small rapidly as k increases.

In Fig. 3, the results of y? fitting are compared with the
LQCD results. Here, two cases of Sk and S% are plotted by
dashed and solid curves, respectively. The two results well
reproduce the LQCD data.

The coefficients obtained are tabulated in Table II for
three cases of Sk, S, and S3. and two cases of T = 0.93T
and 0.99T, together with the values of y? per degree of
freedom (dof). As for T = 0.93T, the absolute value of

a(Fz) is much smaller than a§J> in S%, but al@ is comparable

to the absolute value of a(F2) in S3. In addition, the y?/dof
value little changes between S2 and S3. The result of S% is,
thus, acceptable, but that of S} is not. Similar discussion is

possible for T = 0.997 y; note that the absolute value of

af) is comparable to that of a§3> in S5 if the error ranges of

ag) and ag) are taken into account. As shown in Fig. 3,
moreover, the deviation of LQCD data from the solid line
(the result of %) is rapidly oscillating with € and cannot be
reproduced by the next-order term sin(96). Thus, the
coefficients higher than al@ may not be determined from
the present LQCD data. We then consider Sk and S% as the
extrapolation function from imaginary y to real p.

Next we consider the case of T > Trw and determine the

coefficients a;Zk_l)(T) of the polynomial series. In Fig. 4,
the fitting results are compared with LQCD data for S?, in
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TABLE II.  Coefficients of the Fourier series for Sk, S%, and S5..

T/T aSJ) af) ag) y?/dof uy/T (fitting range)
0.93 0.250(2) 5.937 0~nr/3
0.93 0.251(2) —0.00457(216) 6.084 0~nx/3
0.93 0.251(2) —0.00526(219) 0.00440(214) 6.290 0~nx/3
0.99 0.718(2) 11.06 0~n/3
0.99 0.728(3) —0.0179(26) 7.453 0~n/3
0.99 0.727(3) —-0.0137(30) —0.00825(276) 7.288 0~nr/3

panel (a) and for Sf, in panel (b). For each case of
T =1.20T, 1.35T, and 2.07T ., two dashed lines stand
for the upper and lower bounds of y? fitting, respectively.
The fitting results well reproduce LQCD data. The resulting

coefficients ag,zk_U(T) are tabulated in Table III for three
cases of S5, S5, and S7, together with the y?/dof values.
For each temperature, SZ, has the smallest )(2 /dof value
among S5, S5, and 7. Particularly at T = 1.35T, the
value is almost one. Nevertheless, for each temperature the
absolute value of ag) is comparable to that of af)
whereas the absolute value of a§,5>
a§,3) in Sf, by about an order of magnitude. We also

performed a fit with ratios of polynomials to take account
of the terms of order higher than ag>, following Ref. [37].
The resulting y?/dof value is much larger than the case of
SZ,. This may indicate that ag) and its higher-order
coefficients cannot be determined properly from the present
LQCD data. We then use S3 and S5 as the extrapolation

function from imaginary u to real p.

Q7
in§,,

is smaller than that of

B. Quark number density at real u

First we consider the case of T/T, < 1. As the
extrapolation function from imaginary p to real u, we
consider gk and g%. Figure 5 shows the y/T dependence of
n,/ T3 for T = 0.99T. The result of the extrapolation is

4.5
4t
35
3t
251
2t
15}
1t
05
ot
-0.5

(@

an/T3

0.4
0

0.2

shown by a pair of lines; the two lines correspond to the
upper and lower bounds of the extrapolation and the
uncertainty comes from the errors in a;k). The g% case

(solid line) has a larger error than the gl case (dashed line),

because the former error comes from both a'' and ag) but

F
the latter comes only from a}l). We also use symbols with
error bars to show the previous LQCD result [26] of the
Taylor expansion method for the reweighting factor. In the
previous calculation, n,, is described by a polynomial series
of u/T and the terms up to (u/T)? are taken into account.
The result of g2 deviates from that of the Taylor expansion
method at /T > 0.8. To clarify what causes the deviation,
in Eq. (11) for g%, we expand the hyperbolic sine function
into a polynomial series and discard the terms of order
higher than (u/T)3. We denote the resulting function by g2.
The result of g% (dotted line) is consistent with that of the
Taylor expansion method at /T < 1. Thus, the difference
between g% and the Taylor expansion method comes from
the terms of order higher than (u/T)%, and g% yields a
correction to the result of the Taylor expansion. From the
fact that the correction is small at u/T < 0.8, we can
conclude that both the previous result of the Taylor
expansion method and the present result of g% are reliable
at least at u/T < 0.8.

Figure 6 shows u/T dependence of n,/T° at
T =0.93T. The definition of lines is the same as in
Fig. 5. The difference between the two results of gk and g%

4.5 —
41 (b)
35}
3 L
o 25t
_\G‘ 2 L
= 15t
1 b TITyp=1.20 —x— |
05F & TITp=1.35 —&— |
TITgy=2.07 —+—
O & 5 1
8,2(T,0) -
-0.5 - : : : ‘ :
0 0.2 0.4 0.6 0.8 1
0

FIG. 4 (color online). Results of y? fitting to LQCD data for the case of 7 > Try. Panels (a) and (b) show the results of S;’, and S;,
respectively. For each temperature, two dashed lines correspond to the upper and lower bounds of the y? fitting, respectively. LQCD data

are shown by symbols with error bars.
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TABLE III. ~ Coefficients of the polynomial series for S3, S5, and S7,.

T/T af,,” ag) aﬁf) ag) y?/dof uy/T (fitting range)
1.20 4.437(4) —1.214(7) 13.66 0-1
1.20 4.407(5) —1.024(27) —0.1935(260) 8.472 0-1
1.20 4.427(7) —1.274(66) —0.4458(1569) —0.4229(1024) 7.245 0-1
1.35 4.675(3) —0.9973(49) 6.036 0-1
1.35 4.662(5) —0.9223(223) —0.06736(1956) 5.308 0-1
1.35 4.695(7) —1.295(67) —0.7986(1469) —0.5310(893) 1.011 0-1
2.07 5.174(2) —0.8904(40) 9.161 0-1
2.07 5.177(4) —0.9056(177) 0.01356(1531) 10.21 0-1
2.07 5.158(6) —0.7119(432) 0.4381(932) 0.2819(574) 8.220 0-1

reduces as T decreases from 0.99 to 0.937,. The extrapo-
lation of g%, thus, becomes more reliable as T decreases. As
mentioned above, the g% extrapolation is reliable at least
at u/T <0.8 for T=0.99T,. This means that for

Ejiri,et al.(2010) ~—x—

3
nq/T

0 0.2 0.4 0.6 0.8 1

wT
FIG. 5 (color online). u/T dependence of n,/T° at
T = 0.99T . The results of gk, g%, and g% are plotted by dashed,
solid, and dotted lines, respectively; see the text for the definition
of g%. For each case, the upper and lower bounds of 4 fittings are

shown by a pair of lines. The symbols denote LQCD results of the
Taylor expansion method for the reweighting factor in Ref. [26].

61 g ATWT) ——

nq/T3

0 0.2 0.4 0.6 0.8 1
wT

FIG. 6 (color online). x/T dependence of n,/T° at
T =0.93T,,. See Fig. 5 for the definition of lines. Two cases
of g and g% are plotted.

T = 0.93T, as well, the g% extrapolation is reliable at
least at u/T < 0.8.

Next we consider the case of 7 > Txrw. As the extrapo-
lation function from imaginary y to real x4, we consider gf’,
and gf, Figures 7, 8, and 9 show the u/T dependence of
ng/T* at T = 1.20T, 1.35T, and 2.07T, respectively.
The result of g3, (g5) is plotted by a pair of dashed (solid)
lines; the two lines correspond to the upper and lower
bounds of extrapolation. For each temperature, the result of
g?, agrees with the previous result [26] of the Taylor
expansion method for the reweighting factor. In the
Taylor expansion method, n, is described by a polynomial
series and the terms up to (u/T)? are taken. The highest
order taken is the same in the g?, extrapolation and the
Taylor expansion method. Thus, the agreement of n,
between the two methods is natural, although the coef-
ficients are determined with different procedures in the two
methods. The difference between g?, and gf, becomes small
as T increases. Contributions of order higher than (u/T)?,
thus, become small as T increases.

7 3
g (TT) =
6 g, (T./T)
51 Ejiri,et al.(2010) ———
m& 4
Nl
s 3}
2 L
1t
0 L L L L L L
0 0.2 0.4 0.6 0.8 1
wT

FIG. 7 (color online). u/T dependence of n,/T° at
T =1.20T,. Two cases of gf, and gf, are plotted. The upper
and the lower bounds of y? fitting are shown by a pair of dashed
lines for gf, and by a pair of solid lines for gf,. The symbols denote
LQCD results of the Taylor expansion method for the reweighting
factor in Ref. [26].
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Ejiri,et al.(2010) ——

0 0.2 0.4 0.6 0.8 1
wT

FIG. 8 (color online). u/T dependence of n,/T° at
T = 1.35T. Two cases of g5 and g, are plotted. See Fig. 7
for the definition of lines. The symbols denote LQCD results of
the Taylor expansion method for the reweighting factor in
Ref. [26].

7
6 L
5 L
cV>E 4 +
Nl
N 3+
21 g (TulT)
1 8, (T WT) ——
Ejiri,et al.(2010) ——
O L L L L L
0 0.2 0.4 0.6 0.8 1
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FIG. 9 (color online). u/T dependence of n,/T° at
T =2.07T. Two cases of g3 and g, are plotted. See Fig. 7
for the definition of lines. The symbols denote LQCD results of
the Taylor expansion method for the reweighting factor in
Ref. [26].

Now we estimate the upper bound (u/T),,,, Of the region
in which the extrapolation is considered to be reliable and
investigate 7' dependence of (u/T),,. for T > Try. For
this purpose, we define the relative difference o between g?,
and g, as § = |g), — g3 |/g), and assume that the extrapo-
lation is reliable when 6 < 0.1. The relative difference &
exceeds 10% at u/T =0.72 for T = 1.20T, u/T =1.2
for T = 1.35Ty and u/T = 2.6 for T = 2.07T, as shown
in Fig. 10. The upper bound (u/T),. of the reliable
extrapolation is plotted as a function of 7/T, in Fig. 11.
The upper bound goes up as T increases, indicating that
contributions of order higher than (u/T)? become less
important as 7 becomes high. Thus, the present result of g;
and the previous result [26] of the Taylor expansion method
become more reliable as T increases.
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FIG. 10 (color online). /T dependence of n,/ T? and the
region of 6 < 0.1 for (a) T = 1.35T, and (b) T = 2.07T,. The
relative difference § exceeds 10% at y/T = (u/T) ax tePresented
by the vertical dotted line. The dashed and solid lines denote the
mean values of ¢}, and g, respectively.
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FIG. 11 (color online). 7T dependence of the upper bound
(1/T)ax Of the reliable extrapolation for the case of T > Try.

IV. HADRON RESONANCE GAS MODEL

Now we consider the confinement region at € > 0 and
test whether nucleon and A-resonance masses can be
determined from the present LQCD results at € > 0 by
using the HRG model particularly in the vicinity of 7.
The HRG model considers noninteracting hadrons and
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resonances, each classified with species i, i.e., with mass
m;, baryon number B; and isospin /5;. For the 2 + 1-flavor
case at zero chemical potential, the HRG model well
reproduces LQCD data on pressure at 7 < 1.2T ., [30].
This means that the HRG model is applicable at 7 < T,
even if 6 is finite, because T.(6) > T for any finite 6. The
pressure of the model is obtained by

T
HRG M .
p = E InZX(T,V,u;)

i€Emeson

T
—5 S WZHTL V) (14)

i€baryon

with

Va. [
InZYVB = 12—52% dpp*In (1Fz,e~/T)  (15)

for the energy ¢; = \/p? + m;, the degeneracy factor g;,
and the fugacity

B; 215;p;
7, = eﬂg/T _ CXP< iHB +T 31/‘150) ) (16)

where ug(=3u) and p;, are the baryon and isospin
chemical potentials, respectively. Here we consider only
the case of p;,, = 0. The baryon number density is easily
obtained as

HRG _ _ 7 HRG. 17
nB aﬂB p ( )

There are lattice artifacts in LQCD simulations. These were
already discussed in Refs. [25,26,39-41]. For small N,, for
example, thermodynamic quantities exceed the Stefan-
Boltzmann (SB) limit. Since it is not easy to eliminate
the lattice artifact exactly, we take the following simple

03 " TIT3p=0.93 ——
TIT,4=0.99
025 HRG model
0.2
o
£ 0.15
S
<
0.1
0.05
0 L L L L
0 0.2 0.4 0.6 0.8 1

wr

FIG. 12 (color online). ¢ dependence of n,/ngg at T = 0.93
and 0.99T,. The cross and square symbols with error bars
represent the LQCD results at 7 = 0.93 and 0.99T,, respec-
tively, whereas the solid lines stand for the HRG model results.
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TABLE IV. Results of y? fitting for baryon masses m, and m,
in the HRG model and y>/dof values.

T/Ty My (MeV) MA(MeV) 2% /dof
0.93 1091 1547 6.625
0.99 940 1385 7.993

prescription. We consider the lattice SB limit that is defined
by the lattice action with massless and free quarks and
normalize LQCD results with the corresponding values in
the lattice SB limit in order to reduce the lattice artifacts;
see Appendix A for the quark number density in the lattice
SB limit. For the HRG model, meanwhile, the quark
number density is normalized by the value in the continuum
SB limit. In the HRG model, we assume that nucleon mass
my and A-resonance mass m, depend only on 7. The
baryon masses are determined so as to reproduce the LQCD
result. Here we assume that the masses of 24 resonance
states above the mass threshold m&, are fixed at 1.8 GeV,
following Ref. [39]. But the contribution of 24 states to n,,
is small.

Figure 12 shows the € dependence of the normalized
quark number density n,/ngg for T = 0.93 and 0.997,.
The HRG-model results (solid lines) well reproduce the 6
dependence of LQCD results (symbols with error bars) for
both cases, T = 0.93 and 0.997,. This implies that my
and m, depend little on . The resulting nucleon and
A-resonance masses are shown in Table IV, together with
x*/dof values. The y?/dof values are close to those for g2
in Table II. The resulting masses are heavier than the
corresponding physical values because the quark mass is
much heavier than the physical value in our simulations. As
shown in Table IV, both m, and m, decrease by about 10%
as T increases from 0.93 to 0.997 .

HRG model
Ejiri,et al.(2010) =
0.7 |
0.6 |
om
»
2 os
S
<
0.4
0.3
0.2 ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1

wT

FIG. 13 (color online). /T dependence of n,/ngg in the real
region for T = 0.99T,. The symbols with error bars stand for
LQCD results of the Taylor expansion method for the reweighting
factor in Ref. [26], while the solid line is the result of the
HRG model.
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Finally we consider the case of real y. The HRG
model becomes less reliable as p increases, because the
pseudocritical temperature 7.(u) of deconfinement tran-
sition goes down from T, as u increases from zero.
Figure 13 shows the u/T dependence of n,/ngg at
T =0.99T. In the range u/T < 0.4, the HRG model
result (solid line) is consistent with the previous LQCD
results [26] (symbols with error bars) based on the Taylor
expansion method for the reweighting factor. Beyond the
range, the HRG model overestimates the LQCD results.
The HRG model is, thus, reliable only at 4/T < 0.4 for the
case of T = 0.99T .

V. SUMMARY

We have investigated 4 dependence of n, at imaginary
and real u, performing LQCD simulations at imaginary u
and extrapolating the results to the real-y region by
assuming functional forms for n,. LQCD calculations were
done on an 8% x 16 x 4 lattice with the clover-improved
two-flavor Wilson fermion action and the renormalization-
group-improved Iwasaki gauge action. We considered two
temperatures below T, and four temperatures above 7.
The quark number density was computed along the line of
constant physics at mpg/my = 0.80.

For imaginary u, the quark number density calculated
with the Wilson-type fermion action is consistent with the
previous result [29] based on the staggered-type fermion
action. The LQCD results, thus, do not depend on the
fermion action taken.

We have extrapolated n, at imaginary u to real u,
assuming the Fourier series ¢y for 7 <7, and the
polynomial series gf,"‘l for T > Trw; here the superscript
n represents the highest order in the partial sum. As for
T = 0.99T ), the present result of g2 is consistent with the
previous result [26] of the Taylor expansion method for the
reweighting factor in the range p/T < 0.8. The extrapola-
tion based on g% is, thus, reliable at u/T < 0.8 for
T =0.99Ty. Furthermore, the difference between the
two results of gk and g2 reduces as T decreases from
T, indicating that higher-order contributions become less
important as T decreases. Therefore, the extrapolation
based on g% is reliable at u/T < 0.8 for any 7 less than Ty.

For T > Tgry, the previous study based on the Taylor
expansion method for the reweighting factor has contribu-
tions up to (u/T)*, but the present ¢, extrapolation retains
contributions up to (u/T)>. Using this advantage of the
present method from the previous method, we have
estimated to what extent the Taylor expansion or the gf,
extrapolation works. The upper bound (/7). of the
reliable extrapolation goes up as T increases from TRy,
because higher-order contributions become less important.

The HRG model is reliable in the confinement region.
For the 2 + 1-flavor case at zero chemical potential, in fact,
the HRG model well reproduces LQCD data on pressure at
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T < 1.2T,[30]. When y is varied with T fixed at Ty, the
system is in the confinement phase at imaginary u but in the
deconfinement phase at real . This means that the HRG
model is more reliable at imaginary u than at real y, when T
is fixed at Ty. We have then tested whether 7" dependence
of my and m, in the vicinity of T, can be determined from
LQCD data on n, at imaginary u by using the HRG model.
The HRG model well reproduces the LQCD results, when
my and m, are assumed to depend on T only. This implies
that my and m, little depend on 6(= p;/T). In our test
calculation, my and m, reduce by about 10% when T
increases from 0.937, to 0.99T ;. We propose this method
as a handy way of determining 7 dependence of my and
my in the vicinity of T. This method is practical, since it is
not easy to measure 7" dependence of pole masses directly
with LQCD simulations.
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APPENDIX: QUARK NUMBER DENSITY FOR
THE WILSON FERMION IN THE MASSLESS
FREE-GAS LIMIT

We consider n,, for the Wilson fermion in the lattice SB
limit (the massless free-gas limit). In the high-T" limit, we
can consider a quark as a massless and noninteracting
particle, since the effects of finite quark mass and inter-
actions between quarks are negligible there. In the
Appendix of Ref. [26], the lattice SB limit is discussed
except for the quark number density.

The partition function with free Wilson fermions is

given by

Z(x, 1) = (det M)Mr, (A1)
3
Mxy - 5xy - KZ [(1 - yi)5x+2.y + (1 + yi)éx—g.y}
i=1
- K[e+ﬁ<1 - 7/4)6x+2i,y + e_ﬁ(l + 7/4)5,\*—21,}*] (Az)

on an N, X Ny x N, x N, lattice. After the unitary trans-
formation to momentum space, we obtain
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(A3)

Z(1/8, ) (HdetM ) o
[Zsmzk + {22 sin? (%) }2

4{2Zsin2 <§> + 1}sin2 (kf_T’”ﬂz

(A4)

det M

in the massless quark limit x = 1/8, where M is the
fermion matrix in momentum space, and

2xj;
k= ]’\’,J’, ji=0,%+1,....N,/2 (A5)
for the spatial components (i = x, y, z) and
27(j, +1/2
= ZUE2) G N2 (AG)

N, '
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for the time component. The quark number density in the
lattice SB limit is then obtained as

n, N} 0 N
Ny 8A1 nZ(1/8,j1)
ddet M(k) -
= ————— = |detM A7
NNfNVEj G et (AT)
with
ddetM(k) 1 (ki
T = —? {2 Ei sin E + 1
x (sinh i cosk, + icoshjisink,). (A8)

The quark number density at imaginary y is obtained by
replacing ji with ifi; in Eqs. (A7) and (AS).
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