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SU(3) and isospin breaking effects on B — PPP amplitudes
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Several modes of B decays into three pseudoscalar octet mesons PPP are measured. These decays
provide useful information for B decays in the standard model (SM). Some powerful tools in analyzing B
decays are flavor SU(3) and isospin symmetries. Such analyses are usually hampered by SU(3) breaking
effects due to a relatively large strange quark mass which breaks SU(3) symmetry down to isospin
symmetry. The isospin symmetry also breaks down when the up and down quark mass difference is
nonzero. It is, therefore, interesting to find relations which are not sensitive to SU(3) and isospin breaking
effects. We find that the relations among several fully symmetric B — PPP decay amplitudes are not
affected by first-order SU(3) breaking effects due to a nonzero strange quark mass, and also some of them
are not affected by first isospin breaking effects. These relations, therefore, hold to good precisions. The

measurements for these relations can provide important information about B decays in the SM.
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I. INTRODUCTION

Several decay modes of B decays into three pseudoscalar
octet mesons PPP have been measured [1,2]. B - PPP
has been a subject of theoretical studies [3]. The new data
have raised new interests in related theoretical studies [4—
9]. With more data from LHCb, one can expect that the
study of B — PPP will provide more important informa-
tion for B decays in the standard model (SM).

A powerful tool to analyze B decays is flavor SU(3)
symmetry [10]. Some of the interesting features of using
flavor SU(3) are the predictions of relations among differ-
ent decay modes which can be experimentally tested. The
flavor SU(3) symmetry is, however, expected to be only an
approximate symmetry because u, d, and s quarks have
different masses. Since the strange quark has a relatively
larger mass compared with those of up and down quarks, it
is the larger source of symmetry breaking. If up and down
quark masses are neglected, a nonzero strange quark mass
breaks flavor SU(3) symmetry down to the isospin sym-
metry. When the up and down quark mass difference is
kept, isospin symmetry is also broken. The SU(3) breaking
effect is at the level of 20% for the 7 and K decay constants
fr and fg. For two-body pseudoscalar octet meson B
decays, although there are some SU(3) breakings [11], it
works reasonably well, such as rate differences between
some of the AS =0 and AS =1 two-body pseudoscalar
meson B decays [12,13]. Recently, an analysis has also
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been carried out for B — PPP decays using flavor SU(3).
It has been shown that the decay and CP asymmetry
patterns for the charged B' decays into K"K KT,
K"K zt, K'z~zt, and z7z~z" do not follow SU(3)
predictions. To explain the data, large SU(3) breaking
effects are needed [6,7]. Usually, isospin breaking effects
are much smaller because the up and down quark masses
are much smaller than the strange quark mass and the
QCD scale.

Because of possible large flavor SU(3) breaking effects
for B — PPP, the predicted relations among different
decay modes can only provide limited information. One
wonders whether there exist relations which are immune
from SU(3) or even isospin breaking effects due to u, d,
and s quark mass differences. To this end, we carried out an
analysis for B - PPP decays using flavor SU(3) sym-
metry to identify possible relations and then included
SU(3) breaking effects due to a strange quark mass and
also up and down quark masses to see whether some
relations still remain to hold. We find that the relations
between several fully symmetric B — PPP decay ampli-
tudes studied in Ref. [9] are not affected by the flavor
SU(3) breaking effects due a nonzero strange quark mass,
and some of them are not even affected by isospin breaking
effects. These relations, when measured experimentally,
can provide useful information about B decays in the SM.
In the following, we provide some details.

II. SU(3)-CONSERVING AMPLITUDES

We start with the description of B decays into three
pseudoscalar octet mesons from flavor SU(3) symmetry.

© 2015 American Physical Society
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The leading quark-level effective Hamiltonian up to the
one-loop level in electroweak interaction for hadronic
charmless B decays in the SM can be written as
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where (ab),_, = ay,(1 —ys)b, and G* and F* are the
field strengths of the gluon and photon, respectively.
At the hadron level, the decay amplitude can be
generically written as
= (final state|H!|B) =

ubVZqT(q) + VthVTqP

(2.3)

where T(g) contains contributions from the tree as well as
penguin due to the charm and up quark loop corrections to
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where q can be d or s, and the coefficients ¢;, and c =
c’ - c (with j and k indicating the internal quark) are the
Wllson coefficients (WCs). The tree WCs are of order one
withc¢; = —0.31 and ¢, = 1.15. The penguin WCs are much
smaller, with the largest one (c4) equal to —0.05. These WCs
have been evaluated by several groups [14]. V;; are the KM
matrix elements. In the above the factor, VCbV has been
eliminated using the unitarity property of the KM matrix.
The operators O; are given by

(_b)v A

—AE q} V:FA’

3
08,1025(% j —Aze ‘I, qi)vias
q

Q6 G0, F*(1+ 73)b, (2.2)

|
the matrix elements, while P(g) contains contributions
purely from one-loop penguin contributions. B indicates
one of the B, B°, and BY. B; = (B*,B°, BY) forms an
SU(3) triplet.

The flavor SU(3) symmetry transformation properties
for operators O;,, 0341112, and O;y are
3,+3,+6+15, 3, and 3, + 3, + 6 + 15, respectively.
We indicate these representations by matrices in SU(3)
flavor space by H(3), H(6), and H(15). For g = d, the
nonzero entries of the matrices H (i) are given by [12]

HGP =1, HEOP=HOP=1.  HE} =HOP=-1.
HISR = HISR =3, HIHP=-2  H(5)E = HI5F = 1. 24)
And for ¢ = s, the nonzero entries are
HGP =1, HEOP=HEOPR=1. HO) =H6F =1,
HIP = HI =3, HIHP=-2  H(5)E = HI5F = 1. 25)

These properties enable one to write the decay amplitudes for B — PPP decays in only a few SU(3) invariant amplitudes

[10]. Here, P is one of the mesons in the pseudoscalar octet meson M =

(M;), which is given by

at K+

7’ Ui 0

o+ K (2.6)
s i
K Vo

The construction of the B — PPP decay amplitude can be done order by order by using three M’s, B, and the
Hamiltonian H, and also derivatives on the mesons to form SU(3). The SU(3) conserving momentum-independent

amplitudes can be constructed by the following.
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For the T'(g) amplitude, we have [6]

T(q)

6)
c'(6)B

AA/_\

T(15)B,H{ (15) MMM,

/-\

One can write a similar amplitude P(g) for the penguin
contributions.

The coefficients a(i), b(i), c(i), and d(i) are constants
which contain the WCs and information about QCD
dynamics. Expanding the above T(g) amplitude, one can
extract the decay amplitudes for specific decays in terms of
these coefficients.

In the above, we have described how to obtain flavor
SU(3) amplitudes which are momentum independent.
However, due to the three-body decay nature, in general,
there is momentum dependence in the decay amplitudes.
|

(9,B:)H' (3) ("M, YMM:,
B;H(3)(0 Mf)(aﬂM’;)M;,

The full list of the possible terms have been obtained in
Ref. [6] Appendix B. We will not repeat them here.

Using the above SU(3) decay amplitudes, one can find
some interesting relations among different decays [6]. It has
been recently pointed out that there are additional relations
among the fully symmetric final states B-decay amplitudes
Ags [9]. A study of these relations can provide further
information about flavor SU(3) symmetry in B decays.

The fully symmetric B — PPP amplitudes Agg is related
to the usual decay amplitudes A(P;(p,)P,(p,)P3(p3)) for
the final mesons P, , 5 carrying momenta p; , 3, for all three
final mesons are distinctive, by

LA ()P (p2)Pa(p))

V3
2)P2(p3)P3(p1))

+A(P(p
+A(P1(p3)P2(p1)P3(p2)))-

Aps(P1PyP3) =

(2.9)

For the cases that two of them or all three of them are
identical particles, the identical particle factorial factors
should be taken cared. Reference [9] discusses in detail
how the fully symmetric amplitudes can be determined
experimentally. We will not repeat the discussions here. We
concentrate on how these amplitudes are derived in the
framework of flavor SU(3) symmetry and how they are

= aT(ﬁ)B-Hf(ﬁ)MfoMj. +bT3)H (3)MIB;MIM, + " (3)H

B;H{ (6)M*M!, M} + b7 (6)B;H}! (6)M*M',M"

+d"(15)B;H]* (15)M,M' M.

(0,B:)H' (3)M(0*M¥)M,
B;H(3)(9, Mf)Mk(aﬂMl ),
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‘(3)MIMIMEB,
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BH{ (6)M MM, + d" (6)B,H]" (6) M}, MM
15)B,-H§j(15)M{;M£,M7 + b7 (15)B;H} (15)MEM!, M

(2.7)

|

The momentum dependence can, in principle, be deter-
mined by analyzing Dalitz plots for the decays. The lowest-
order terms with derivatives lead to two powers of
momentum dependence. One can obtain relevant terms
by taking two times of derivatives on each of the terms in
Eq. (2.7) and then collecting them together. It has been
shown [6] that there are six independent ways of taking
derivatives for each of the terms listed in Eq. (2.7). For
example, after taking derivatives for B;H'(3)M,M*M L, we
have the following independent terms:

(9,B))H!3)MIM (M),

k
1
BiHl(3)M{€(8ﬂMf‘)(8”M§). (2.8)

I
affected by SU(3) breaking effects due to finite quark
masses for u, d, and s quarks.

To understand why there are new relations between the
fully symmetric amplitudes for different decay modes, let
us consider BT — K°z" 2% and BY —» K*2%~ decays as
examples.

Expanding Eq. (2.7), one obtains

T(B* — K7t 2%) = v2(c(6) + d(6) + 2¢(15) + 2d(15))
(2.10)

and
T(B* - K*n2) = T(B* — K%z x°), (2.11)

from which we get Tgs(BT — K°zt7°) = Tpg(B? —
Kt~ n°).

As the decay amplitudes may have momentum depend-
ence, we should also check if the equality of the above two
amplitudes is equal when taking into account the momen-
tum dependence in the amplitudes. Expanding the terms in
Appendix B of Ref. [6], we find
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TP (B — K'z%7%) = aypg - p1 + aapp - P2 + a3pp - P3 + aupy - Py + aspy - p3 + agPa - Pa.
T?(BY) - K™n'n™) = p1pp - p1 + Papp - P2+ P3Ps - P3 + Pap1 - P2 + Psp1 - P3 + Pep2 - Ps- (2.12)

The coefficients ; and f; are given by

and

a; = V2(c'(6), + 2¢/(15), + d'(6); + 2d'(15)3),
(=1 (6), +1/(6), = 36/(TS), + 35/(15), + ¢/(3), = ¢ (3); + ¢(6),

RV
+(6); + ¢/(15), +3¢/(15); + d'(6), + d'(6); + 5d'(15), — d'(15),).
= \% (D' (6), = b (6), +3b'(15), =36/ (15), — ¢'(3), + ¢/(3); + ¢'(6), + ¢/(6);
+3c'(15); + ' (15)5 + d'(6), + 2d'(6), — d'(6); — d'(15), + 4d'(15), + d'(15)5),
@ = % (=b"(6)5 + b"(6)5 — 36" (15), + 36" (15); + ¢"(3), = ¢"(3), + " (6), + ¢"(6);
+¢"(15); +3¢"(15), — d"(6); +2d"(6), + d"(6); + d"(15), — d"(15), + 4d"(15)),
as = \i@ (b"(6), — b"(6) + 3b"(15), = 36"(15); — " (3); + ¢"(3), + ¢"(6),
+(6)5 + 3¢"(15), + " (15), + d"(6), + d"(6); — d"(15), + d"(15),),
as = V2(c"(6), + 2¢"(15); + d"(6), + 2d"(15),) (2.13)

P = V2(c'(6), +2¢'(15), + d'(6); +2d'(15)s),
P = \/Li(bl(6)1 —b'(6), + b'(15), = b/'(15), + ¢'(3), = ¢'(3); + ¢'(6), + ¢'(6)5

c'(15); +3¢'(15); + d'(6); +2d'(6), — d'(6); — 3d'(15), + 4d'(15), + 3d'(15)3),
B = 5 (=H(6), + D(6), =¥ (15), + H(15), = 3, + By +¢6),

+¢(6); +3¢'(15), + ¢/(15); + d'(6), + d'(6); +7d'(15), = 3d'(15)3),

= (B(6), = B(6); + b (T5), - b (T5); + ¢ (3), = "(3), + ¢'(6),

pi=ps
+¢(6); + "(15), +3¢"(15), + d'(6), + d"(6) - 3d"(15), + 1d"(T5),).

ps = ;5 (=b"(6), + b"(6)y = b"(T5), + b"(15)y = " (3) + " (3), + "(6), + " (6)5
+3¢"(15), + ¢"(15), = d"(6), +2d"(6), + d"(6)s + 3d"(15), = 3d"(15), + 4d"(15),),

B = V2("(6), +2¢"(15); + d(6), +2d"(T5),). (2.14)

One can see from the above that 77 (B* — K%z 2°) is no longer equal to 77 (BY — K*z°z~). However, one can readily
see from the above equations that

ay+ay + a3 =P+ pr+ P, ay +as + ag = Py + Ps + Pe. (2.15)

This fact makes the fully symmetric amplitudes satisfy

TP(B* - Kzt 2% g = TP(BY - K" 7%77 )ps. (2.16)
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Similarly, the penguin amplitudes P and P? have the same
properties discussed above for the tree amplitudes 7 and 77.
The total fully symmetric amplitudes Ags =V, V;,, X
(Tes + Tig) + Vi Vi, (Prs + Pig) then have the relation
ABT = Ko7 2% = ABY > KT72%27 )gg.  (2.17)
|

(1) B—- Kznr
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Enlarging the amplitudes to fully symmetric ones, indeed,
produces more relations.

Expanding Eq. (2.7) and the equations in Appendix B of
Ref. [6], we obtain the following relations confirming those
obtained in Ref. [9]. For b — 5 induced B — PPP ampli-
tudes, we have

S1.1 = AB* - Kz 2%) g — A(B® - K*7%77 )pg = 0,
512 = V2A(BT = K°n"20)ps — A(B” = K77 s + 2A(B° = K%7°2%)gs = 0,
513 =V2A(B° - K*7%77)pg + A(B* = K*n* 7 )ps — 2A(B* — K+2%20) g = 0.

(2) B - KKK

8§21 =-A(B" - K'KTK)gs + A(BT = KTK°K%)g + A(B® - K°KT K~ )pg — A(B® — KKK = 0.

3) BY - 7KK

§3.1 = V2A(B? = 2°K+ K™ )ps — V2A(BY = 1°K°K%)pg — A(B? = 77Kt K%)pg — A(BY — 7t K~K%)gg = 0.

4) BY = nnx

§4.1 =2A(B) = n°7°7°)gs — A(B = 7’277 )pg = 0.

For b — d induced B — PPP amplitudes, we have
(1) B — nKK

D1.1 = —2A(B° » n°K* K™ )gs + A(B® - 77 KK~ ) — A(B* - 77 K"K ) + V2A(B® — n°K°KO)g
+ AB® - 77 K"K ) + A(B* — 7t KOKO)pg — V2 A(Bt = 2°K*K®)gs = 0.

) B> nar

D2.1 =2A(B° - 792%2%) g — A(B® - 7727 )pg = 0,
D22 =2A(B" - nt72°2°)pg — A(BT = 772t )pg = 0.

(3) BY - Kznx

D3.1 = =2A(B? - K°2°7°) s + A(B? = K777 )ps — V2A(BY » K~ 7°) g = 0.

In the above, we have considered some relations among
decay processes with the same AS. There are also some
other relations among tree and penguin amplitudes but with
different AS. Some of them will be discussed later in the
Conclusions.

Note that we have different normalizations than those
used in Ref. [9] for some of the final meson states and also
identical particle combinatorial factors. One can easily
obtain relations that are in the form used in Ref. [9] by
multiplying a “—1” by the amplitudes when z~, K~ z°
appear each time as one of the final states, and a factor
1/4/2 and 1/+/6 in our formulation for the corresponding
amplitudes, respectively, when the decays involve two and
three identical particles.

III. SU(3) AND ISOSPIN BREAKING DUE TO
QUARK MASS DIFFERENCES

The main source for flavor SU(3) symmetry breaking
effects comes from the difference in the masses of u, d, and
s quarks. Under SU(3), the mass matrix can be viewed as
combinations of representations from 3 x 3, to matching
the (u, d, s) transformation property as a fundamental
representation, which contains one and eight irreducible
representations. The diagonalized mass matrix can be
expressed as a linear combination of the identity matrix
I and the Gell-Mann matrices 43 and Ag. We have

m, 0 O . :
0 my; O :g(mu—f—md—l—ms)l—i—i(mu—md)X
0 0 my
1
+ g my +mg =2m )W, (3.1)
with X and W given by
1 0 O 1 0 0
X=10 -1 0], W=1|0 1 0 (3.2)
0 0 O 0 0 =2

Compared with s-quark mass m,, the u and d quark
masses 1, 4 are much smaller, and SU(3) breaking effects
due to a nonzero m, dominate the SU(3) breaking effects.
When the up and down quark mass difference is neglected,
the residual symmetry of SU(3) becomes the isospin
symmetry. In that case, when studying SU(3) breaking
effects, the term proportional to X can be dropped. The
identity [ part contributes to the B-decay amplitudes in a
similar way as that given in Eq. (2.7), which can be
absorbed into the coefficients a(i) to d(i). Only the W piece
will contribute to the SU(3) breaking effects. We will first
discuss this case to first order in W and then also study the
isospin breaking effects by including the first-order term
proportional to X.

014029-5
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A. SU(3) breaking due a nonzero m;

To construct the relevant decay amplitudes for B — PPP
decays, one first breaks the contraction of indices
at any joint in Eq. (2.7), inserts a W in between, and then
contracts all indices appropriately. For example, corre-
sponding to the first term in Eq. (2.7), there are two ways to
insert W:

and

AT(B® - K*72%~) = AT(BT - K°2%x°), (3.5
which leads to the equality of the fully symmetric ampli-
tudes for these two decays. Therefore,

Sl.lZA(BO—>K+JTOJT_)F5—A(B+—’K0ﬂ+71'0)1:s:0

(3.6)

still holds.

Note that even SU(3) breaking effects affect each
of the decay amplitudes; the relation of the fully
symmetric amplitudes of these two decays is not affected
by the first-order SU(3) breaking effects. Expanding
the terms in Appendix A of Ref. [6], one can study
the relations discussed above. We find that all the
relations among the fully symmetric amplitudes still
hold; that is,

S1.1=0, S$2.1=0, S1.3=0
$21=0, S$3.1=0, S4.1=0,
D1.1=0, D21=0, D22=0, D3.1=0 (3.7)

are still true even if one includes SU(3) breaking effects
due a nonzero strange quark mass. This actually is not a
|

000

2
AT!(BY - n°72°7°) = g(a2

AT!(B? - nta= ")

ol &

9]

= V2(aX'(3) + 242 (15) + 24’ (15)
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BHG)WiMMM,,  BH!(3)MIMIMW!,.  (3.3)
The full list of possible independent terms is given in
Appendix A of Ref. [6].

Extracting the SU(3) breaking terms for BY — K°z*z°
and B® — K* 792~ decays, we have the corrections for the

decay amplitudes AT as

c1(6) + V2c(6) + cL(6) + ] (15)
)+ cE(15) + dt(6) + d5(6)

— 2d3(6) + d; (6)

—2d%(15) 4+ d%(15) + dL(15)) (3.4)

[
surprise because the relations discussed can be obtained
by isospin symmetry considerations.

Experimental verification of these relations may provide
important tests for the validity of flavor SU(3) for B decays.

B. Isospin breaking due to the up and down
quark mass difference

It would be interesting to investigate what happens when
the mass difference between the up and down quarks,
which breaks isospin symmetry, is also included. We now
discuss these isospin breaking effects for the relations
discussed before.

One can obtain the corrections by replacing W by X in
Appendix A of Ref. [6]. We indicate the coefficients in a
similar way as that of SU(3) breaking effects due to a
nonzero m, but with a superscript / to indicate the effects of
isospin breaking, for example, for tree operator corrections
by a’', b, ¢I', and d”'. The correction to the decay
amphtude will also be indicated by a superscript I, AT'.

Expanding all terms, we obtain the corrections due to
isospin breaking effects for all the decay amplitudes
discussed previously. We find that, with the exception that
the relation S4.1 still holds, all other relations for the B —
PPP decay amplitudes induced by b -5 and b — d
interactions discussed earlier are broken.

In fact, each of the decay modes relevant in S4.1 is
affected by isospin breaking effects,

3 (3) + 245" (15) + 2af’ (15) + ' (15) + b (15) + b (15) + b1'(15)),

+ bY(15) + 6% (15) + b1' (15) + bI'(15)),

but they are affected in such a way that the equality of the amplitudes is not affected. That is, we still have

541 =2A(B? - 7°2°72%) g

_A( s

+

— 7t )ps = 0.

014029-6
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This makes this relation special because this relation is
not affected by first-order SU(3) breaking effects due to a
nonzero strange quark and isospin breaking due to the up
and down quark mass difference. It should hold to a high
precision. An experimental test of this relation can provide
important information about B — PPP.

PHYSICAL REVIEW D 91, 014029 (2015)

We also found some other interesting relations where
even isospin violating effects are included; namely, the
corrections for some of the relations discussed above are
related to others. For the » — s interaction induced decay
modes, we have an additional relation which relates S1.2
and S1.3 because the isospin breaking effects satisty

[V2AT!' (Bt - K°z"2%) — AT!(B® — Kz 7~) + 2AT'(B® — K°2°2°)]

= —[V2AT!(B® - Kt772°) + AT!(B* — K*atn~) = 2AT (Bt — K*2°2°)]. (3.10)
Although the right-hand sides of $1.2 and S1.3 are not zero anymore, the above relation leads to
$1.2=-8S13#0. (3.11)
For the b — d interactions induced decay modes, we have
2ATH(BY — 2%2%%) — ATH(BY - n=ntnt)] = —[-2AT!(BY - K°2°2°) + AT!(BY —» Kzt 7™)
—V2AT!(B? » K=zt 20)],
V2[2AT!(B® - 7°2°7°%) — AT!(B® — nt772°)] = —=[2AT! (B — 7°2%z") — AT!(B* — z~zta")]. (3.12)

Because of isospin breaking effects, the right-hand sides
of D2.1, D2.2, and D3.1 are nonzero. However, the above
relations imply

V2D21=-D22#0, D22=-D3.1#0. (3.13)

We would like to emphasize that since the above
relations hold even when first-order isospin effects have
been taken into account, they can provide useful informa-
tion about B decays in the SM in a way independent of
flavor SU(3) and isospin breaking effects.

C. Momentum-dependent SU(3) and isospin
breaking amplitudes

There are also momentum-dependent amplitudes at the
same order to the SU(3) and isospin breaking effects
|

1(3),(0,B,) H* 3)Wi(8,M}) MM,
1(3);(8,B:)H (3)Wi, MM (9,M),
a(3),B;H"(3)Wi, (aﬂM;)Mf(a,,Mj),

a
a

Here, d,(3).d\(3),,a,(3);,a{(3),.d{(3),,a{(3); are
constants. We then extend a similar definition of
constants for other SU(3) breaking terms in Appendixes A
and B of Ref. [6]. There are both tree and penguin
amplitudes which can be further labeled by superscripts
T and P. We will omit writing them out with the under-
standing that what is described below will work for

|
discussed in the previous subsections. We find that all the
relations Eq. (3.7) and Egs. (3.9), (3.11), and (3.13) still
hold when SU(3) breaking effects are due, respectively, to
a nonzero m, and when isospin breaking effects are due to
the m, and m,; mass difference discussed earlier. The
analysis is similar to the case for SU(3) conserving
momentum amplitudes. We will not give details here
but just outline how the analysis can be carried out.
The leading ones are constructed by taking two powers of
derivatives on each term of the SU(3) breaking amplitudes
which have been shown in Appendix A of Ref. [6]. For
example, for the term, af(3)B;H*(3)W,MiM[M’, we
obtain the following six independent terms with two
derivatives:

d(3),(9,B)H* (3)WiM(9,M})M],
a(3),B:H  (3) W (0,M) (9, M[)Mj,

aff(3);B;H" (3)WiM}(9,M})(9,MY). (3.14)

|
both tree and penguin amplitudes. One obtains the
relevant terms for isospin breaking effects by replacing
W by X.

Expanding all possible terms, one obtains the ampli-
tudes. Taking the amplitudes in S1.1 for illustration, one
finds that the momentum-dependent amplitudes can be
written as
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ATP (BT —» K°n"7°) = Aaypg - p1 + Aaypp - pa + Aazpp - p3 + Aayp; - pr + Aaspy - p3 + Aagps - ps,

ATP(BY — K*n°7™) = ABipp - p1 + APapp - P2+ APapp - p3 + ABapy - pa + APspy - p3 + ABeps - ps.

(3.15)

The coefficients Aq;, Ap; are collections of coefficients from all possible terms. Our detailed calculations show that

A(ll + AGQ + A(Z3 = Aﬁl + Aﬁz + Aﬁ3

= V2[2¢(15), 4 2¢/(15), 4 2¢/(15)5 4 2¢5(15), 4 2¢5(15), 4 2¢5(15)5 — 4¢4(15),
= 4c3(15), = 4c4(15)5 + 264 (15) + 2¢}(15), + 2} (15)5 + 2¢5(15); + 2¢5(15), + 2¢5(15)5
+¢1(6)1 + ¢1(6), + ¢1(6)5 + ¢5(6) + ¢5(6), + 5(6)5 — 2¢5(6); — 2¢5(6), — 2¢5(6)3 + ¢4 (6),
+¢4(6); + ¢4(6)3 + ¢5(6) + ¢5(6), + ¢5(6); + 24, (15); + 24 (15), + 2} (15); + 2d5(15),
+2d5(15), + 2d5(15)5 — 4d4(15), — 4d4(15), — 4d4(15)5 + 2d,(15), + 2d,(15), + 2d,(15),
+2d5(15), + 2d5(15), + 2d5(15); + d}(6), + d(6), + d}(6)3 + d(6), + d3(6), + d3(6);3
—2d5(6); — 2d5(6); — 2d5(6)5 + d}(6), + dy(6); + d4(6); + d5(6), + d5(6); + d5(6)3]

Aay + Aas + Aag = APy + Afs + Afs

= V2[2¢1(15), + 2¢1(15)5 + 2¢7(15)5 + 2¢4(15), 4 2¢4(15), + 2¢4(15); — 4c(15),
— 4¢!(T5), — 4c4(T5); + 2¢1(15), + 2¢(T5), + 2¢(15)5 + 2¢(15), + 2¢2(T5), + 2¢!(T5)
+¢1(6); + ¢{(6); 4 ¢{(6)3 + 5(6) + ¢5(6), + c5(6); — 2¢5(6); — 2¢5(6), — 2¢5(6)3 + ¢4(6),
+ c§(6), + ¢{(6)3 + c4(6); + c4(6), + c¥(6); + 2d](15), + 2d{(15), + 2d{(15); + 2d5(15),

+2d7(15), + 242(15), + 2d~(ﬁ)
—2d5(6), —2d5(6), — 2d5(6); + d.

With these facts, after symmetrizing the amplitude to the
fully symmetric one, we find S1.1 = 0 still holds. We find
that the other relations of Eq. (3.7) also hold.

In a very similar way, one can obtain the momentum-
dependent corrections to the isospin breaking effects by
replacing W by X as has been done for the SU(3) case. We
find that all the relations of Egs. (3.9), (3.11), and (3.13)
still hold.

Before we close this section, we would like to make a
comment about the finite mass effects of m2 and m%. In
the practical extraction of the amplitudes, one should also
consider SU(3) corrections in phase space due to final
state meson mass differences, which come in order

”K/mBB since m2 ~m,,m,; and mK ~ mg which are
the same order of the SU (3) and isospin breaklng effects
considered earlier. This can be done systematically when
extracting the fully symmetric amplitudes by Dalitz plot
analysis. In the momentum-dependent amplitudes dis-
cussed in Sec. II, when expressing the amplitudes, for
example, those in Eq. (2.12), in terms of the s, ¢, and u
variables, the terms proportional to m2 and m% will be
generated. However, these will not generate new terms

— 4d(15), — 4d(15); + 2d4(15), + 2d(15), + 2d.(T5
+d{(6), +d{(6), + d{(6); +d5(6), +d3(6), + d3(6);
1(6)y +dj(6), + dj(6); + d5(6), + d5(6), + d5(6)3].

)3

compared with those already included in the SU(3)
and isospin breaking effects considered earlier in this
section. The conclusions drawn above will not be
changed.

IV. CONCLUSIONS AND DISCUSSION

Flavor SU(3) and isospin symmetries have been con-
sidered to be powerful tools in analyzing B decays. Such
analyses are usually hampered by a relatively large strange
quark mass which breaks SU(3) symmetry down to isospin
symmetry. The isospin symmetry also breaks down when
the up and down quark mass difference is kept. It is,
therefore, interesting to find relations which are not
sensitive to SU(3) and isospin breaking effects. We have
carried out detailed analyses including SU(3) and isospin
breaking effects due to u, d, and s quark mass differences
for B - PPP decays. We have found that a class of
relations in fully symmetric amplitudes is not broken by
SU(3) breaking effects due to a nonzero strange quark
mass, and the relations
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SU(3) AND ISOSPIN BREAKING EFFECTS ON ...
S41=0, S1.2+S51.3=0,

V2D2.1+4D22=0, D22+D3.1=0 (4.1)
hold even when the isospin breaking effects due to the up
and down quark mass difference are included. The mea-
surements for these relations will provide important infor-
mation about B decays in the SM.

We would like to end the paper by commenting on
SU(3) breaking effects on the U-spin symmetry relations in
the following:

Tree (BT > KTKTK™) = Tpo(BT - ztxtn™),
Thse1(BY > Ktntn™) =Tryo(BT > 2" KTK™).
(4.2)

The momentum-dependent terms also respect the above
relations. The above equalities also hold for the fully
symmetric amplitudes for corresponding pairs of decay
modes in the SU(3) limit. These relations imply in the SM
that the CP-violating rate asymmetries defined by AaSy
I'(B— PPP) — F(B — P P P) are equal but opposite in
sign for each pair of decay modes above.

|

AT(Bt > K rntn")

—AT(B* — KTKTK™)=—[AT(B* - nTKTK")

PHYSICAL REVIEW D 91, 014029 (2015)

For the fully symmetric amplitudes of these decays
modes, we also have

Tpe—1(B" = K'K'K™ )gs = Tpg—y (BT = K' 2t 77 ),
Tps—o(BY = ntan )ps = Tps=o(BT = 77 K"K )gg

(4.3)

Unlike the other fully symmetric amplitudes studied in
the previous sections, the relations in Egs. (4.2) and (4.3)
are broken when SU(3) breaking effects due to a nonzero
strange quark mass are included. Therefore, there may be
sizeable deviation for these relations. The relations in
Eq. (4.2) have been discussed recently. It was found that,
indeed, there are large SU(3) breaking effects [5-7]. The
relations in Eqgs. (4.2) and (4.3) will not provide as much
insight as those from the fully symmetric amplitudes which
still hold when isospin breaking effects are included, as
discussed earlier.

However, we have found that the SU(3) breaking effects
due to a nonzero strange quark mass and the isospin
breaking effects due to the difference of the up and down
quark masses are equal for some of the above relations with

—AT(B* > ntntn™)]

=3[al(6) +3al (15) + b1 (3 )+bT( )+ 361 (15) +cT'(3) = 5 (6) + L (6)

—Cs 1(6)=c; (15> —C3 (15)

and the isospin breaking effects satisfy

AT!(B* —» K*ntn~) — AT/ (Bt — KTKTK™) =

— o

cl(15) +3¢L(15) = dk(6) +3dL (15)],

(4.4)
—[AT!(BT - 2" K*K~) = AT!(B* - antn7)]
T(6) 4 3al’ (15) + b1 (3) + b1 (6) + 3b1" (15) + I’ (3)
—cI'(6) + cF'(6) = ' (6) — I (15) = 1" (15) — 2¢1'(15)
+ 3¢ (15) — d¥' (6) + 34T (15)). (4.5)

With the momentum-dependent corrections to the
SU(3) and isospin breaking effects and detailed analyses
similar to those carried out in Sec. III, we have found that
the following relation is still true to the order we are
considering:

ATP(BY - KTntn™) — ATP(B™ - KTKTK")

—[AT?P(BT - ztKtK™) — AT?(BT - ztntz7)).
(4.6)

Here, AT? includes both the momentum-dependent cor-
rections to the SU(3) and the isospin breaking effects.

The above leads to the following relation, which is not
affected by first-order SU(3) breaking effects due to
strange up and down quark mass differences,

T(BT = K*atn )ps — T(BY —» KTK* K )pg
=T(BY - ntntn e — T(BT = 1t KHK )pg # 0,
(4.7)

and similarly for penguin amplitudes Pgg.

When the relevant decay amplitudes are measured
precisely, one can also obtain useful information for B
decays in the SM.
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