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Relation between Lyapunov exponents and decoherence for real
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We investigate the relationship between orbital instability and decoherence in de Sitter (dS) spacetime.
We consider a simple quadratic toy model proposed by Brandenberger, Laflamme and Miji¢ of
two interacting scalar fields in a dS background. It admits a modewise separation, with each mode
consisting of a pair of nonautonomous coupled harmonic oscillators. We show that the (classical) maximal
Lyapunov exponent of every mode equals the asymptotic rate of (quantum) von Neumann entropy
production of each oscillator, assuming an initial vacuum. We find that for moderately long times
after horizon crossing, orbital instability, entropy and single-mode squeezing are larger for increasing
coupling strength. If the entropy of an oscillator increases more rapidly than squeezing, for example in the
strong-coupling regime for not too high frequencies, the noise of every quadrature of the asymptotic
state will be larger than the vacuum noise. The results suggest the possibility that simple, nonlinear
interacting physical processes with unstable or chaotic classical counterparts may provide an important
contribution to the effectiveness of the classicalization of cosmological scalar fields during a dS stage of

spacetime expansion.
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I. INTRODUCTION

The first studies of classicalization of primordial density
fluctuations used quantum optics tools in the theory of
cosmological perturbations. Such fluctuations were shown
to unitarily evolve from an initial vacuum into a highly
squeezed vacuum state in a purely de Sitter stage of
spacetime expansion. In the time-asymptotic limit, where
the squeezing is large, quantum expectation values calcu-
lated from the evolved state were found to become
indistinguishable from classical averages calculated from
a stochastic distribution [1,2]. However, the evolution of
isolated fluctuations is isoentropic. In order to evaluate the
entropy of primordial fluctuations and describe their
classicalization at quantum-state level, one needs to con-
sider environment-induced decoherence, an irreversible
process in which the system of interest loses quantum
coherences and increases its von Neumann entropy.
Because gravity has infinite range and couples to all
sources of energy, interactions with some sort of environ-
ment are unavoidable. Therefore, environmentally induced
decoherence that will certainly play a crucial role in the
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classicalization of primordial density fluctuations must be
taken into account.

The entropy increase in usual models [3-5] occurs
because of dynamically generated entanglement correla-
tions between the system and the environment, which is
assumed to consist of infinite degrees of freedom. The large
environment is unaccessible in its entirety, and tracing it out
leads to entropy generation at system level. On the other
hand, it has been shown that in Minkowski spacetimes the
coupling to a small environment (consisting of one or few
degrees of freedom), in the presence of classical dynamical
instabilities, can result in much stronger decoherence
effects [6-8]. It has been found that for such interacting
systems, displaying classical Lyapunov instability, von
Neumann entropy generation rates at observed system
level either coincide or are favored by the positive maximal
Lyapunov exponents. This type of behavior is conjectured
[9] to hold up to a certain level of generality, but still not
much is known beyond specific examples.

In the present paper, we investigate such an example in
the context of the quantum-to-classical transition of a
massless scalar field state over de Sitter (dS) spacetime.
We will consider for this purpose a simple, solvable model
proposed in [10] of two interacting massless scalar fields
coupled through a bilinear derivative interaction potential.
One of the fields is taken to represent the system of interest,
which can be thought as any massless real scalar field

© 2014 American Physical Society
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producing density fluctuations during a dS stage of infla-
tionary spacetime expansion.l The other field represents an
unobservable environment. The action for the model is
quadratic and in reciprocal space it reduces to a modewise
interaction between the system of interest and the unob-
servable field—that is, to a collection of pairs of interacting
harmonic oscillators. Thus, for each mode of the system,
the environment consists of a single degree of freedom.
When considered over Minkowski spacetime the composite
system’s classical dynamics for such an action is of course
stable, with a phase-space flow consisting of bounded
periodic orbits. However, over dS spacetime the system
becomes nonautonomous and unstable, with a positive
maximal Lyapunov exponent u that we will calculate
to be equal to the background spacetime inflation rate
(i.e., exponential expansion rate) given by the Hubble
parameter H.

Assuming an initial vacuum state for a composite system
mode, we will evaluate the asymptotic growth rate pg of
its entanglement of formation (EoF)—that is, the von
Neumann entropy for an observed system mode. We find
that 4 = ug, allowing us to calculate a logarithmic diver-
gence for the EoF modulated by the inflation rate and
to demonstrate the superhorizon relationship between
the entropy generation at system level and the classical
exponential orbit separation rate, after entanglement fluc-
tuations cease.

We also examine the relationship between orbital insta-
bility and decoherence from the point of view of the
nonclassical depth. This is a measure of the system’s state
decoherence that is also sensitive to its squeezing properties
and focuses on the emergence of a phase-space represen-
tation for it interpretable as a classical probability distri-
bution, which is a very important aspect of decoherence to
take into account in cosmological contexts. We will show
how orbital instability influences the nonclassical depth,
and thus the effectiveness of the classicalization of the
system in this sense. Although the maximal Lyapunov
exponent is independent of model details and is given here
only by the spacetime inflation rate, the actual instanta-
neous exponential orbit separation rate for a given mode
increases monotonically as a function of the coupling
strength. We shall find that it is proportional to the entropy
for late times, in such a way that entropy values will get
larger when we shift from the weak to the strong coupling
extremes. On the other hand, because Gaussianity is
preserved here in the course of evolution, the nonclassical
depth of a system mode’s state after horizon crossing will
be given by the asymptotic balance between single-mode
squeezing and von Neumann entropy. This indicates that
orbital instability will influence the nonclassical depth

'For definitiveness, the reader may consider inflaton fluctua-
tions in a first-order approximation, neglecting backreaction
effects.
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asymptotics. We will quantify this influence, by evaluating
the response of the nonclassical depth when we change
between the weak- and strong-coupling regimes. We will
prove that although in the weak-coupling regime every
mode will evolve into a highly quadrature squeezed state as
expected, in the strong-coupling limit all modes of the
observed field evolve into a state with noise larger than the
vacuum noise in every phase-space direction (zero non-
classical depth) except for the very high-frequency sector.
As we will discuss, these results suggest the possibility that
simple, nonlinear interacting physical processes with
unstable or chaotic classical dynamical counterparts may
provide an important contribution to the effectiveness of the
classicalization of cosmological scalar fields during a dS
stage of spacetime expansion.

This paper is organized as follows. First, in Sec. II, we
introduce the model, present its solution in the Heisenberg
representation and calculate its classical maximal Lyapunov
exponent. The Heisenberg picture solution makes it very
easy to write the time evolution of the composite system
Robertson-Schrodinger covariance matrix. We continue by
presenting some background material on how to compute
the quantities relevant to our analysis of decoherence in
terms of the covariance matrix in Sec. I1I. Our results will be
presented in Sec. IV and will be finally discussed in Sec. V.

II. THE BLM MODEL

Let us begin by introducing the model we will consider,
describing its exact Heisenberg picture evolution and
calculating its classical maximal Lyapunov exponent.
This model was first proposed and used in investigations
of decoherence of cosmological perturbations by
Brandenberger, Laflamme and Miji¢ in [10], and for this
reason we call it the BLM model. It describes a bipartite
system of two coupled massless fields, the system of
interest ¢ and the unobservable field y, over a curved
spacetime with metric g,,. The action of the BLM model
reads (natural units will be used throughout the text)

1
S = / 4G5 0,00 D + 0,0y + 220,401 (1)

where g = —det(g,,) and 4 is the dimensionless coupling
parameter normalized such that A # 0, || < 1. The cases
A = £1 are excluded because when 4 = =+1, (1) reduces to
the action of a single isolated field b =¢+y.

The weak- and strong-coupling limits are given by 4 — 0
and |4] = 1 respectively. Over the dS background, the

metric is ds* = a*(n)(=dn? + dx?), a(n) = —(Hn)™",
where 7 is the conformal time 5(z) = [ % In this case

we have g = a* and a(t) = €', where the Hubble param-
eter H =144 j5 3 constant.
Since the action is quadratic, the system is exactly

solvable. In order to write its exact solution in the
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Heisenberg picture, we begin by expanding the fields in
terms of their Fourier components, ¢ = > _:¢z (7)e** and

v = Z%wé(n)e"’;'z in a large box of fixed comoving

volume. Let T ; (n) and I,z (17) be the momenta conjugate

to the Fourier field components. The Hamiltonian of the
BLM model then reads H = ZzHZ’ where

1 2 2
H% - 202(] _ 22) (H(/),% + Hll/} - 2)’H¢%HV/}>

a?k?

Tt (¢% + W% + 223y7). (2)

For simplicity, we have assumed that our comoving length
units are such that the box volume in the Fourier expansion
reduces to unity.

Let us define new field modes which diagonalize the
Hamiltonian H; (1), using the symplectic transformation

(the subindex k was dropped to simplify the notation)
(5) =l )0
¢/ V2\1 1 )\y)
()0 )w)
z.) v2\1 1)/)\1,)

In terms of these new fields, the Hamiltonian (2) reads
H; =H, + H_, where

H. — Pt a*(n)k*(1 + 1)
=T 282(n)(1 £ 4) 2

RN E)

We can readily solve the equations of motion for these
field modes:

dps 1 ..+ .

— = 9H = T N ’

a ~m el = e

di. 1. 4 .

d—: :%[”ﬁ:,Hi] =—a’(1 £ )k .. (4)

The general solution of the resulting second-order equation
for these fields,

d ( ,du 212, _
dﬂ(a dﬂ)—l—aku—o, (5)

is a linear combination of Hankel functions, # and u*, with

1 Hp

u(n) :Eﬁeim(l +kin) (6)

After some algebra, it can be shown that
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(¢:I:(’7)> _ ( x(n) Ya) ) <¢:t(’70)> 7)
7. (n) (L+£)z(n) win) 7+ (o)

is the solution of the equations of motion (4). The functions
x(n), y(n), z(n), and w(n) are given by

. o kncosk(n—mny)—sink(n—n
x(n) = —i(uyvg — u,v5) = ( (])5)710 ( )

s

. H?
y(n) = l(”f;“o - ”r;”@ = —F(k(’? — 1) cos k(1 —10)—

— (L + K*non) sink(n —ny)).

k
4 — —7 * —_— A — 1 k —_— s
Z(”) l(anO Uﬂ”O) HZWOUSHI (’7 ’70)
_kngcosk(n —nq) +sink(n —1no)

w(n) = i(vyug — vyuy) = o ,

where v(n) = a®uj, and the prime here stands for differ-

entiation with respect to conformal time.

To obtain dynamically generated correlations between
the system and auxiliary (unobservable) field parties at a
given instant 7 >, starting from a factorized initial
condition pr(n9) = py(1o) & p, (1), we have to express
the nondiagonal fields at time # in terms of these diagonal-
izing field coordinates at time #,. The relation, in matrix
form, is

Ay 0
¢ *ofE 0 2R\ (¢
ml [z w -z 0 IT) ®)
v 0 2 xSV
I, -z 0z w/ \II
=M(n.10)

This equation can also be rewritten in a more compact
form as

X(n) = M(n,n0)X (no), )
where we have defined the vector
X(n) = (p(n), Ty (n), w(n), 1L, (n))" (10)

The creation and annihilation operators for the reduced
system and unobservable field are defined as

() = 5 (40 + M) = (@)’ (1)

(1) =5 (i) + M 50) = (). (12)

with the usual boson commutation relations [aﬂ;, at%,] =
j

8% 1> j.j' = 1,2, being satisfied at any time 5 > 7.
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Notice that (8) is the description of the quantum dynamics
for a given mode in the Fock Space 77 o determined by

the reference vacua |O§> and |OZW> annihilated respectively

by a,;(no) and a,;(no) at time 7.

Observe that the matrix relation (8) also describes the
classical phase-space flow associated to the dynamics of a
mode under the BLM model. That is, one just has to
consider (¢TI TI))" as an initial condition in phase-
space and (¢"TIyy"MT;,)" as the time-evolved generalized

coordinates. The time evolution of the distance between two
neighboring points, d(n)=[1X;(n)—X,(n)||=16X(n)|l=

/6XT(n)6X (1), gives the maximal Lyapunov exponent
H d*

< ()
d*(no)

Here, X(n) is the vector defined in Eq. (10). Taking
into account that r(n) evolves according to Eq. (8), we
see that the square of the distance varies as d’(n) =
5XT (70)N6X (n9). The matrix N = M7 (17,10)M(n, 1) is a
4 x 4 matrix of the form

(6 )

N = ,

B A

where A and B are 2 x 2 symmetric matrices. The character-
istic polynomial of N is the product of two quadratic
polynomials; hence, the eigenvalues of N can be explicitly

calculated. If we denote by y;, i = =+, the roots with the
largest real parts, the maximal Lyapunov exponent reads

= lim lm -
H n=0"d(n)—0 2 1In(—Hrn)

u = lim max — In 9N (ui (1, 10))

H
n—0- i==  2In(—Hp)

where N (u;(17,19)) stands for the real part of the eigenvalue
Ui, i = £. Making an expansion around # = 0, we obtain

 H*ng(kng cos kng + sin kng)? + k*(1 £ 4)%sin®kiq
N H*Rngn?

H+

C
=, C>0.

=

Finally, we find that the maximal Lyapunov exponent
coincides with the Hubble parameter H giving the back-
ground spacetime inflation rate (i.e., exponential expansion
rate),

H(InC —21n(—7))
n—0" a 211’1(—[‘17’])

I
<

(13)

III. QUANTIFYING DECOHERENCE

For the sake of completeness and to establish a notation
for the sequence, we continue by briefly describing the
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quantities we will use to measure the decoherence
process of the observed system. As mentioned in the
introduction, we restrict our attention in this work to
evaluate the time evolution of these quantities for an
initial vacuum. It is a modewise factorized state of the

form p(ny) = H%p(/)%(m)) ®pw~c(;10), where the labels ¢
and y refer to the corresponding subsystem and where

p4i(n0) = [02)(02], p, (o) = [0¥)(0¥|. The initial state
we refer to when we speak of a global vacuum initial
condition for a given mode is |O§><O'£| ® |0‘£>(0%’| In the
BLM model different modes do not interact and we can

focus here on a fixed k. So we omit from now on
reference to mode labels whenever possible.

It is in general a very difficult task to calculate
the evolution of this type of quantity for an interacting
bipartite system. In the present case, however, our quadratic
Hamiltonian will preserve the Gaussian character of an
initial global vacuum in the course of evolution: the full
composite system quantum state will be a generic two-
mode squeezed vacuum at every instant. And for Gaussian
states, these information-theoretic quantities can be written
directly in terms of the Robertson-Schrodinger covariance
matrix (CM), whose evolution can be easily found in terms
of the Heisenberg picture solution to dynamics.

Remember that the CM is the real symmetric matrix X
given in terms of second-order correlation functions for the
fields and their respective momenta as

T =t G {x, X,}/J) —tr(Xip)r(X,p),  (14)

where p denotes the full (two-mode) state and the X;
are entries of the four-dimensional vector X7 =
(¢,H¢,y/, Hl,,) = (XI,XZ,X3,X4).2 Its evolution can be
calculated from our Heisenberg picture solution of the
model, which gives us the dynamics of the second-order
correlation functions in (14) for our fields/momenta in a
form such that the CM at time # can be written as a linear
transformation of X at the earlier time 7,:

Gij(n) = Zf?jm(’% WO)Umn(HO)' (16)

Expressions for the relevant f7}" (n,mp) are given in the
appendix.

Let us explain then how we will evaluate von Neumann
entropy generation and nonclassicality in terms of the CM.
We first split the CM in blocks as

Notice that the elements of this vector satisfy the canonical
commutation relations [X;, X;] = iA;; where

AZdiag((—Ol (1))1’<—01 (1)>2)' 13
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- (59 w

where A, B and C are 2 x 2 matrices, and notice that the
submatrix A corresponds to the CM of the Gaussian state
obtained by tracing out the second (environmental) mode—
that is, the reduced system state. This state is a single-
mode squeezed thermal state (STS), which we denote
from now on by py. It is possible to show [11,12] that
the von Neumann entropy S(p,,) for such a STS is given in
the present notations as the following function of the
determinant D, of A: S(p;) = f(v/D,), where

= (o (e 2) - (s (+-2)

Since the full system evolves unitarily and we assume an
initial global vacuum, the quantum state p will always be
pure in the course of dynamics. It follows that the von
Neumann entropy of the system or the auxiliary field is a
direct measure of the quantum entanglement between the
parties. More precisely, it coincides with the so-called EoF,
defined by EoF(p) = S(tr,,p). It is convenient to notice that
the average number of excitations v for p, is related to
S(py) = EoF(p) by the formula S = f(v + 1) [13] and is
also given in terms of its CM, by

2

Concerning the nonclassicality degree of the observed
system, there are several quantifiers available besides the
entropy that focus on different aspects of the decoherence
process. We will also evaluate here a quantifier that is
sensible to the squeezing properties of the observed system
and focuses on the emergence of a phase-space represen-
tation for it interpretable as a classical probability distri-
bution, which is a very important aspect to take into
account when examining the quantum-to-classical transi-
tion in cosmological contexts. This is in agreement, for
example, with the approach taken in [5]. More precisely,
the idea is to consider that the reduced system is classical
when it admits a positive, regular Glauber-Sudarshan
P-representation’ for its state. In this case, it is known
[16] that the state’s second-order quantum coherence
function ¢ will be > 1, which for a single-mode state
is a drastic restriction for detectable quantum effects to
show up in its excitation statistics." Taking this into
account, a proper quantifier of the effectiveness of the

Here, regular means no more singular than a Dirac delta,
which describes the P-function for a coherent state [14,15].

To obtain second-order correlation effects one has to consider
multimode field states, which would show up in a nontrivial
interacting theory. This type of effect was investigated in the
context of the statistics of inflaton quanta in [17].

PHYSICAL REVIEW D 90, 125039 (2014)

decoherence process must measure how distant the system
state is from having a positive and regular P-function.

There is a nonclassicality measure which performs
exactly this task. It is the nonclassical depth, introduced
independently by Lee [18,19] and Liitkenhaus and Barnnett
[20]. In a nutshell, the rationale behind the nonclassical
depth of a state with P-function P(a*, a) is to look at its
Cahill R-function

1 1
R(a*,a,7) ——/dzuexp (——|a—u|2>P(u*,u) (19a)
nT T

R(a*,a,0) = P(a*, ) (19b)
as a convolution transformation with a Gaussian kernel
Lexp(—1|a—ul?). This convolution mask is broader for
larger 7, in such a way that the resulting smoothing effect
on the output function is enhanced as 7 increases. The
definition of the nonclassical depth goes then as follows.
First, if a given value of 7 is large enough so that the
R-function corresponding to the P-function of a given
quantum state becomes acceptable as a classical phase-
space distribution—that is, it becomes a positive ordinary
function, normalizable—then we say that 7 completes the
smoothing operation [relative to the convolution trans-
formation (19b)] for the considered state. Next, let Q
denote the set of all z that will complete the smoothing
operation of the state’s P-function. The nonclassical depth
for this state is defined as the quantity 7,, = inf,cq7.

It is immediate that we will have z,, = 0 for a state only
when its P-function is already acceptable as a classical
phase-space distribution. This is the case, for instance, for
an arbitrary coherent state. Moreover, it is possible to show
that for z =1 one always has R= Q [19], where Q =
O(a) is the Husimi Q-function. The Q-function is accept-
able as a classical phase-space distribution function for any
quantum state. This establishes the upper bound and lower
bounds for 7,,: we have 0 <7,, <1 for any state.

For a STS, the nonclassical depth can be easily evaluated
in terms of the CM. If e_ denotes the smallest eigenvalue of
the CM—called the generalized squeeze variance (GSV)
for the corresponding state—then it can be shown [19] that
its nonclassical depth is

7,, = max (1 _22€< ,0). (20)

For the present purposes, this formula reduces the
evaluation of the nonclassical depth of the observed system
state p, in the course of evolution to keeping track of
the GSV.

There is a simple expression for the GSV of a STS
such as p,. In the previous notations, it is given by the
dispersion [21]

125039-5
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1
€. = <1/—|—§> e~21, (21)

where |Z| is the single-mode squeezing strength. This
formula, albeit simple, will be important in our analysis
in the next section of the effectiveness of the decoherence
process for p,. It shows that it is the relative ratio between
the quantities v+ and e 2], related respectively to
entropy/thermalization and single-mode squeezing, which
determines the nonclassical depth. We must be able then to
write it in terms of the CM. This is done by noticing that | Z|
can be written after some algebra in terms of the CM by

1 Ty T3
Zl=-1 A ), 22
4 20“;<2\/D_,fL 4D, ) (22)

which taking Eq. (18) into account gives

2D, VD2

CTy+\/T2-4D, Va

, (23)

€<

where T4, =trA, Dy =det A and 2/D,V, = Ts+
/T4 —4D,. The formula also shows that in our context
the limiting values of the nonclassical depth have the
following interpretation: a value of 7,, close to the limit %
means that the STS py is a highly quadrature squeezed
state, while 7,, = 0 means that its noise is larger than the
vacuum noise in every phase-space direction and no
squeezed generalized quadrature exists.

For further details on the aspects of Gaussian informa-

tion theory discussed in this section, we refer the reader
to [21-25].

IV. RESULTS

We are now in position to present our results. We begin
by the study of the entropy production at system level,
followed by the analysis of the nonclassical depth/GSV.

A. Von Neumann entropy generation

As we discussed in the previous section, for a global
vacuum initial condition the von Neumann entropy S(p,)
of the reduced system state (or, equivalently, the EoF of the
full system state) accounts for both its degree of mixing and
the amount of bipartite entanglement. We have seen that it
is given by the determinant D, of the CM A for py. The
calculation of A(n) for an initial vacuum is relatively easy
because, at time 7, the only nonzero elements of the two-
mode CM are those of the diagonal, all equal to 1/2. The
determinant of the CM at time 7 is given by

L+ dy(n)2* + dy(n)A* + x> ()22 ()A°
4(1 = 12)? ’

Dyacua (77) = (24)
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where d,(n7) = x*z% — 2x*w? + 2xyzw + 2y*z* + y*w? and
dy(n) = x*w? +y?z2 = 2x?z%. It is worth noticing that
the entropy of entanglement increases monotonically
with D, in the interval D, € [1/4,00). By performing
an asymptotic expansion for #n— 07, we find
Dy = A(no; A; k; H)p=2, where A(ng; A; k; H) > 0 is a func-
tion only of 7y, 4, k and H.
We define the asymptotic entropy generation rate as

H
= lim - ——S(#).
L L (n)
Taking into account the previous discussion we find
s = H. For large values of D4, S(p,) the approximations

Slpo) = 1410 (VD3 + 3

1 1
DA + —) ~ —In DA
2
are good and we can write

Hs = nli%l_ T3 n(—Hm In(—Hn) InD,(n).

Taking into account the asymptotic expansion for D, this
gives us pug = H =y, as claimed. Thus, the maximal
Lyapunov exponent and the asymptotic entropy generation
rate at reduced system level are equal.

From this equality, we see that for late times in the
superhorizon regime the von Neumann entropy of the
reduced system state relates to the maximal Lyapunov
exponent as

S(pgin) & = In(~Hy). (25)

As the pu is equal to H this establishes a logarithmic
divergence for the late time entropy modulated by the
Hubble parameter, S(p,;n) ~ —In(—Hpn). An exception
for this behavior will be found only if & = 0, because
A(no; A; k; H) vanishes in this case and we get

P(H* (> =nd)? = 18) +94* +9

DA(k_>0+>: 36(12—1)2

(26)

But of course, this limit is not physical.

We thus see that although the general dynamical behav-
ior of the EoF is modulated by the absolute value of the
wave vector for earlier times, it diverges logarithmically
for late times (7 — 07) for any k£ # 0, in a way that is
completely frequency independent (also of any other model
detail) and is modulated only by the spacetime inflation
rate. Its early time behavior is markedly different for small
and large values of k. In the former case, the EoF remains
small and corresponds to the determinant D4 given by (26);
in the latter case, entanglement oscillates with an amplitude
which grows with k. Entanglement oscillations, which are
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1 T T T T v
-0.10 -0.08 -0.06 -0.04 -0.02 0
n

FIG. 1 (color online). Instantaneous orbit separation rate I'(y7)
for an initial vacuum. We scale conformal time into units such
that the Hubble parameter is H = 1 and choose initial time
no = —1. Here, k = 30. The dot-dashed black line corresponds to
A =0.1, the solid red line to A = 0.3, the dashed blue line to
A =10.5, and the solid green line to 4 = 0.999.

characteristic of the subhorizon regime k7 > 1, cease in the
superhorizon regime kn < 1, when the EoF diverges
asymptotically.

The result in Eq. (25) also shows that the late time
entropy relates to the actual instantaneous exponential orbit
separation rate () by

S(gim) ~ AT ). 27)

\S]

with ['(n) = In M (max,_,u;(n,179)) in the notation of
Sec. II. This, on the other hand, displays dependence on
the model details, and for a given mode it is larger for
stronger couplings. In fact, a numerical study, summarized
in Fig. 1, shows that it increases monotonically as a
function of 1 € (0, 1). The dependence in k only changes
its early time oscillatory behavior. As a consequence of this
relation, we see that the superhorizon regime values of the
von Neumann entropy of the system mode will then be
favored by the stronger orbital instability when we shift
from the weak- to the strong-coupling extremes. A numeri-
cal study of the EoF showed that this is indeed the case: the
EoF of course vanishes in the limit of no interaction, A = 0,
and the numerical investigation summarized in Fig. 2
demonstrated that it also increases with an increasing
coupling constant in the interval 1 € (0, 1).

B. Effectiveness of decoherence

Let us examine the decoherence process from the point
of view of the nonclassical depth. In the previous section,
we have seen that the GSV e_ determines the nonclassical
depth and is given by the ratio of \/D, to ¢%?l, which
measures thermalization (entropy) and squeezing of the
system. As e_ ranges from 0 to % the nonclassical depth

PHYSICAL REVIEW D 90, 125039 (2014)

FIG. 2 (color online).
vacuum. We scale conformal time into units such that the Hubble
parameter is H = 1 and choose initial time 7y = —1. Entangle-
ment oscillations are seen for initial states in the subhorizon

EoF as a function of the # for an initial

regime (k = 20, the dot-dashed purple line corresponds to 4 = 19—0,

the dashed blue line to 1 = %), but not for initial states in the
superhorizon regime (k = 11—0, the solid black line corresponds to
A= % the dotted red line to A = %). The entanglement of
formation diverges asymptotically in all cases.

varies from its maximum Gaussian state value of % to its
minimum, 0; for e_ larger than % the nonclassical depth is
zero. We have also seen in Eq. (27) that the values of the
entropy (and thus of /D) increase in the superhorizon
regime when the orbital instability measured by I'(77) gains
in importance, as we shift from the weak- to the strong-
coupling limit. This indicates that orbital instability will
influence the nonclassical depth asymptotics. We will
quantify this influence, by evaluating the response of the
nonclassical depth when we change between the weak- and
strong-coupling regimes.

From Eq. (23), we have to analyze the late time behavior
of /D, and V,. Their asymptotic expansions can be
calculated to be of the form /D, (n — 0) = —%P +0(1)

and V,(n — 0) = —%Q + O(1), where the coefficients P

and Q are functions of A,k, H. We see then that the
balance between these quantities is going to be determined
by P, Q.

The detailed form of these coefficients is very cumber-
some and we will omit the details. For simplicity, we will
assume henceforth that conformal time has been scaled into
units such that the Hubble parameter is H = 1 and choose
initial time ny = —1, corresponding to the standard cosmic
time instant ¢ = 0. The resulting asymptotic expansion for

e. =Y [Eq. (23)] is

22 G+ G,
< 0) = s 28
<=0 =35 G (28)
where
G, = G x (kcos k —sink)?, (29)
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G, = %k“sinz(k)[(l — 22)%k*sin? (k)
+ (1 + 2?)(kcos k — sink)?], (30)
and

1
G= 3 [(1 4+ A%)k*sin?(k) + (kcosk —sink)?].  (31)
With this formula available, let us begin by examining
the conditions for asymptotic quadrature squeezing. From
Eq. (28), the condition e_(n — 0) < % reduces a constraint
on A and k,

/12

G
( _/12)2 < Kk

G +G,

6

(32)

In the weak-coupling regime 4 — 0, the right-hand side
of Eq. (32) has a positive finite limit which never exceeds
%. Since the left-hand side tends to zero as 4 — 0, it follows
that (32) will be satisfied for every k as long as 4 is small
enough. Furthermore, it is not difficult to see from the
expressions for G, G; and G, that the right-hand side of
(32) diverges with increasing k, so that taking initial length
scales on the particle horizon, k = 1, or deeper, k > 1, will
lead to a larger asymptotic quadrature squeezing. Thus, the
typical output reduced system state in the weak-coupling
limit is a highly quadrature-squeezed state. This is con-
sistent with what is expected, for example, for isolated
massless inflaton fluctuations [2].

On the other hand, the condition for absence of quad-
rature squeezing (zero nonclassical depth) is e > %, which
leads to

2 G
-5 6
1 2

(33)

Since the left-hand side of (33) diverges as 1 — 1, this
inequality can hold in the strong-coupling limit as long as
we place a restriction in k. In fact, the limit of k°G/
(Gi + G,) as 1 — 1 is a positive function of k which
diverges when k is equal to one of the roots of the equation
kcos(k) = sin(k) and when k — co. Nonetheless, experi-
menting numerically with the coupling parameter shows
that taking A close enough to 1 guarantees (33) to hold up to
considerably large values of k. Thus, the asymptotic
reduced system state p,, , here is qualitatively very differ-
ent from the weak-coupling case. As we already observed,
taking the 4| — 1 limit increases the instantaneous expo-
nential orbit separation rate of the model, reflecting in
larger entropy values. In fact, remember that we showed
that although the EoF presents a logarithmic divergence for
nonzero coupling, its growth increases as A varies from
Ax~0 to A~ 1. The numerical analysis, summarized in
Fig. 3, shows that for |4| — 1 this orbit separation rate will
become strong enough to render the asymptotic state py o
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FIG. 3 (color online). GSV asymptotics. The coupling is
A =10.999999. (a) Top: the solid black line corresponds to
k = 1000, with associated initial length scale being 0.1% of
the Hubble radius and e_(n — 0) > 10. The solid red line
corresponds to k = 500, the dotted blue line to k = 350, and
the dot-dashed green line to k& = 350. (b) Bottom: for initial
length scales of order ~1%H, e.(n — 0) is huge, ~10°. The
dot-dashed green line corresponds to k = 35, the dotted blue line
to k =40 and the solid red line to k = 50. The solid black
line is practically the Hubble radius, k = 1.5; in this case
e.(n—0)~ 10",

quadrature-squeezing free except for very small subhorizon
length scales. In conclusion, we see that in the strong-
coupling cases when 7,,(p, o) = 0, decoherence is suffi-
ciently effective to make the noise for the output state
exceed the vacuum noise in all phase-space directions. This
should be compared with the results described in [5].
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V. CONCLUSIONS

We examined in this work the relation between
Lyapunov exponents and decoherence in de Sitter space-
time with spatially flat simultaneity hypersurfaces. We
considered a quadratic example model, the BLM model,
which reduces modewise to a model of nonautonomous
coupled harmonic oscillators. Assuming an initial vac-
uum, we demonstrated that there is a relationship
here between classical orbital instability as measured
by the maximal Lyapunov exponent u and the von
Neumann entropy generation rate for the reduced sub-
system, ug. We found that these are equal, leading to a
relation between the entropy and the exponential orbit
separation in the late times superhorizon regime of the
form

U
S(pgsn) ~ = In(=Hp).

Thus, the von Neumann entropy presents in this regime a
logarithmic divergence modulated by the background
spacetime inflation rate given by the Hubble parameter
H and proportional to the maximal Lyapunov exponent. In
the present case, the above relation reduces to a logarithmic
divergence of S(p,) depending only on H. But if such a
relationship between entropy and p holds in greater gen-
erality, then other simple interacting processes for the
system presenting nonlinearities or other more complicated
unstable classical counterparts can lead to greater entropy
generation rates. We believe that the example here is then
instructive in the sense that it gives an idea of how we can
expect the linear relationship between entropy and the
maximal Lyapunov exponent of Zurek-Paz type in
Minkowski spacetime [9] to be altered in de Sitter
spacetime.

The results above consider the exponential orbit sepa-
ration rate only in the limit and are seen to be independent
of the model parameters. But when we consider the actual
instantaneous orbit separation rate, we see that it is favored
for any given mode by stronger couplings. Thus, we can
actually illustrate the effect of stronger orbital instability in
the decoherence process of the system even within the
present model. We have seen that the late times von
Neumann entropy is proportional to the late times instanta-
neous orbit separation rate. So, is the corresponding
entropy generation enough to result in classicality? In this
direction, we have also analyzed the superhorizon behavior
of the nonclassical depth, which measures the emergence of
a phase-space representation of the system oscillator
quantum state corresponding to a stochastic distribution.
In the present case, it depends upon a competition between
the effect of single-mode squeezing and thermalization, as
in Eq. (21). This indicates that an influence on the non-
classical depth asymptotics will be present when the orbital
instability measured by I'() gains in importance, as we

PHYSICAL REVIEW D 90, 125039 (2014)

shift from the weak- to the strong-coupling limit. We
verified this in quantitative terms, by evaluating the
response of the nonclassical depth when we change
between the weak- and strong-coupling regimes. We
showed that in the strong-coupling limit all modes of the
observed field evolve into a state with noise larger than the
vacuum noise in every phase-space direction (zero non-
classical depth) except for the very high-frequency sector,
corresponding to very large k.

This analysis offers then more supporting evidence that
increasing the classical orbit instability will increase the
effectiveness of classicalization. It suggests that if cosmo-
logical perturbations participate in simple but realistic
physical processes during a dS stage of expansion, the
nonlinear interactions involved could lead to a very
significant contribution to their quantum-to-classical tran-
sition. These nonlinearities can lead to very complicated
dynamics, and increase the rate in which the system
explores its phase space. From what we have learned, this
can have a sensitive impact on thermalization at observed
system level and make quantum correlation effects very
difficult to show up on the statistics of the classicalized
output state (this has been the subject of several studies in
the Minkowski case; see [7]). It is remarkable from an
information-theoretic point of view that this can already be
seen for a system of coupled harmonic oscillators over
expanding spacetimes.

This type of contribution to entanglement entropy
generation for cosmological fields has also been discussed,
in the different context of isolated self-interacting scalar
field perturbations, in [26]. The issue of the quantum-
to-classical transition of cosmological perturbations is
indeed a very subtle one. If quantum-mechanical features
in the correlation structure of fields are to survive a period
of inflationary spacetime expansion and help us under-
stand through the cosmic microwave background sky the
early history of the Universe, it is determinant that we
understand in a clear way the underlying decoherence
mechanisms.
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APPENDIX: COVARIANCE MATRIX DYNAMICS

We collect here the expressions of the functions
f%yf'f(n,no) in (16). They have been obtained by using
ij
the Heisenberg picture solution for the BLM model
expressed in Eq. (8), Sec. II. The expressions are (we

drop the index k and the time argument)
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We observe that /31" = f15', fi5' = f34' f51" = 15, [5% = f14 40 = 55 fis' = fa4'- Otherwise, functions f7}" not

appearing above are null.
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