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Torsional instanton effects in quantum gravity
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We show that in the first-order gravity theory coupled to axions the instanton number of the Giddings-
Strominger wormhole can be interpreted as the Nieh-Yan topological index. The axion charge of the baby
universes is quantized in terms of the Nieh-Yan integers. Tunneling between universes of different
Nieh-Yan charges implies a nonperturbative vacuum state. The associated topological vacuum angle can be

identified with the Barbero-Immirzi parameter.
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I. INTRODUCTION

The study of the topology change of spacetime due to
quantum fluctuations dates back to Wheeler [1], and con-
tinues to be a fascinating endeavor for physicists. While a
complete and consistent quantum theory of gravity is still
missing, one hopes that an analysis of the role of geometrical
or topological fluctuations might bring out certain qualitative
features of small-scale gravity that are otherwise difficult to
unravel. In fact it is this perspective from which the func-
tional integral formulation of quantum gravity can still be
thought to be relevant [2], even though this theory is known
to exhibit perturbative nonrenormalizability.

There exists a considerable amount of literature regard-
ing gravitational instantons which are responsible for the
change in topology of spacetime, both in pure and matter-
coupled gravity theories. Among these, what we shall be
concerned with in this paper is the wormhole instanton
[3-8]. These are known to appear in the Euclidean theory of
gravity coupled to antisymmetric tensor gauge field of rank
two. Their existence as finite action solutions of axionic
gravity was first noted by Giddings and Strominger [6].
Whereas the wormhole itself acts as a bridge connecting
two asymptotically flat universes, the semiwormhole,
which is just the half of it, can be interpreted as an
instanton which leads to the creation or annihilation of a
baby universe. Each such small universe has the topology
of a three-sphere at any instant of time. This instanton
effectively tunnels between two topologically distinct three
geometries, namely, R*> and R + S3. Subsequently, these
authors have used these configurations to study various low
energy effects, e.g., loss of coherence and CP violation.
Wormbhole physics has also been applied by Coleman to
argue that the cosmological constant should vanish and
that coupling constants in general should get renormalized
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[9-12]. That the effects of topology change due to a small
wormhole can be represented by the insertion of an
effective local vertex operator in the correlation functions
has been observed in Ref. [13].

In quantum field theory, any nontrivial instanton physics
is generally associated with the emergence of a non-
perturbative quantum vacuum which supercedes the naive
perturbative vacuum state [14]. Such a nontrivial structure
is essentially characterized by an additional free parameter
in the theory, namely, a topological coupling constant.
These nonperturbative effects can be ascribed solely to the
existence of a topological density in the classical theory
itself, which could be included as an additional term in an
effective Lagrangian. Such a term will come multiplied
by the same topological parameter which shows up as the
vacuum angle in the quantum theory. Thus, even though
topological densities, being total divergences, do not affect
the classical dynamics, they do show up in the quantum
theory. For example, in gauge theories such as the Quantum
Chromodynamics (QCD), the origin of the famous 6
vacuum lies in the fact that there exists a topological
density in the theory, namely, the Pontryagin class, which
can be added to the original Lagrangian alongwith a free
coefficient 6. Although classical physics remains insensitive
to this addition, quantum theory perceives it and exhibits
a nonperturbative structure of the vacuum. While the naive
perturbative vacua are degenerate and are characterized
by different values of the winding number, the instanton
configurations break this degeneracy by tunneling between
these vacua. As a result, the true vacuum state, also known as
the € vacuum, is a superposition of all the perturbative vacua
weighted by #-dependent phases.

Similar to gauge theories, gravity theory in four dimen-
sions also admits an effective Lagrangian with additional
terms which are topological densities. However, for gravity,
there are three such terms, namely, Euler, Pontryagin and
Nieh-Yan [15-18]. Whereas the first two depend on the
curvature tensor, the third depends only on torsion [15].
In other words, Nieh-Yan invariant can be nontrivial only
for configurations with a nonvanishing torsion. There exist

© 2014 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.90.124081
http://dx.doi.org/10.1103/PhysRevD.90.124081
http://dx.doi.org/10.1103/PhysRevD.90.124081
http://dx.doi.org/10.1103/PhysRevD.90.124081

ROMESH K. KAUL AND SANDIPAN SENGUPTA

many examples of gravitational instantons carrying non-
trivial Euler and Pontryagin numbers [19-22]. However,
configurations that correspond to nonzero Nieh-Yan num-
bers as well as satisfy the equations of motion are not
known to exist in pure gravity theory. Since torsion is
identically zero in second-order gravity, such configura-
tions, if possible, can necessarily live only in the first-order
formulation (with or without matter) where tetrad and spin
connection are treated as independent fields [23]. In view of
this, axionic gravity, which admits a first-order theory with
nonvanishing torsion and exhibits instanton solutions,
appears as a natural candidate where Nieh-Yan instantons
can exist.

Also, keeping the general features of instanton physics
in the case of gauge theories in mind, there is a reason to
believe that the semiwormhole instanton in axionic gravity
must represent tunneling between topologically distinct
“vacua.” The topological numbers characterizing these
vacua could be associated with one of three possible
topological classes in gravity theory, namely, Pontryagin,
Nieh-Yan or Euler. However, such an interpretation has
been missing so far.

Here we provide a unified answer to both the issues
raised above. First, we set up a first-order formulation of
gravity theory coupled to axionic matter, which admits the
Giddings-Strominger wormholes as solutions. Then, we
show that within this framework, the wormholes can be
interpreted as torsional pseudoparticles, whose instanton
number is the same as the Nieh-Yan index of the baby
universe created (or annihilated) by the instanton.

Torsional instantons have also been discussed earlier in
theories of gravity with or without matter [24-27]. Among
the pure gravity configurations, the one found by Hanson
and Regge [24] is neither a solution of equations of motion
nor does it carry a Nieh-Yan charge. On the other hand, the
Chandia-Zanelli instantons [25], which are not solutions of
equations of motion, do carry nontrivial Nieh-Yan number.
The torsion is purely geometric in these cases, having its
origin in the degeneracy of the tetrad. In contrast, in our
case here, the torsion is generated by the antisymmetric
tensor gauge field (or axion) through a special choice of
its coupling to gravity.

In the next section, we present a first-order action
formulation for axionic gravity with nonvanishing torsion.
This theory is then used to provide a new interpretation of
the instanton number of the (semi)wormholes. We also find
that the axion charge is quantized in terms of Nieh-Yan
integers. Next, we discuss the nontrivial vacuum structure
originating due to wormhole effects which introduce an
angular parameter # as a new quantum coupling. This
constant is the inverse of the Barbero-Immirzi parameter of
loop quantum gravity [28]. The details of the large gauge
transformations which induce a change of the Nieh-Yan
number are also elaborated. Finally, we make a few
concluding remarks.
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II. FIRST-ORDER LAGRANGIAN FOR
AXIONIC GRAVITY

We study the following first-order Lagrangian density
for (Euclidean) gravity theory coupled to an antisymmetric
tensor gauge field of rank two:

1 1
Le.0.B) = =5 5 echiR, (@) + 5 cHPeLD, (0)e

+ ﬂeH’waH;wa (1)

where R,," (w) :(9[/40)1/1]J + oy w,,’, D,(w)e), = 0,e/+
w,”e,;, H,q = 0},B,,. The internal metric is Euclidean:
nyy = diag[1,1,1,1]. In the second term above, the tor-
sional current J,,, = ef”Dl,(a))ea],, which is totally anti-
symmetric in its indices, has been coupled to the field
strength H,,,. This coupling induces a nonvanishing
torsion in this first-order theory. The coupling constant /3
is dimensionless.

The Lagrangian, being a functional of three independent
sets of fields e/, ®,"”, and B,,, leads to three sets of
equations of motion. We discuss these next.

A. Spin connection equation
Varying (1) with respect to w,’/, we obtain the following

expression of torsion in terms of the field strength:

1
Taﬁl = —

K ou
3 [a(a))eﬁ]——ze"H

apu.

The spin connection may be decomposed into a torsionless
part ,'/(e) and contortion K, as

o, =w,(e)+K,". (2)

Using the identity K., =K, e,1¢4) =Ty = Ty — Ty
we obtain

Kpo=~H (3)

pvo 2 pvat

B. B,, equation

A variation of (1) with respect to B, yields
Ou| 529" ¢ 9 el D (@)eqyy + 2perrme| 0.
K

This, upon using the connection equation, leads to
O,[eH"*] = 0. (4)

Notice that this is the same equation for B, as obtained in
the case without torsion. Also, due to the fact that the field
strength H,,, is an exact form, there is a corresponding
Bianchi identity:

E”U“ﬂaaHﬁ,w =0. (5)
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C. Tetrad equation

The only remaining set of equations of motion comes from the variation of the Lagrangian with respect to the tetrad.
The variations of the individual terms in (1) can be written as

1 1
5 {2 ee’;eij,”(a))] =e [eijK’(a)) -5 eXR(w) | be
SleH"™ el D, (w)ey] = —eH"[eK el + 2elef (D, (w)ey)5ek
+ erl’/a[eng(w)eal + e{/Da(w)eplet[sz(w)eul]e%) 56/[)2

SleH" H,,o) = —elek H™H . — 3H *H,,), ]3¢

which lead to

R[)()'(a)) - % gpaR (w)

= K[(gauezlz(D[a(w)ep]l)
- Kﬂ(gpaH;wa - 6gﬂpHaba)) + (p<_)o.)]H/wa
+ k[gpoey + Guipe) ] (Dalw)e) ) H™ . (7)

Next, we note that using Eq. (2), the curvature tensor
R, (») can be expressed in terms of the curvature tensor

R, (w(e)) of the torsionless connection w(e) as

1
Y

IL

wa”(w) = Ruv”(w(e)) + D[ﬂ(w(e))K 1

+ KK,

(8)

This along with Eq. (3) allows us to rewrite the tetrad
equation of motion (7) as

Ryn(@()) = 5 guR(o(c)

= _KZFZ [gpaHﬂDaH/wa - 6HpMDHz7/w}’ (9)
where FZ = f — 1 is the redefined coupling constant. Also,
here we have made use of the fact that the contributions
from the second term in Eq. (8) vanish when the equations
of motion for @} and B,, are used:

K =0.

Y

ejDy(w(e)) (10)
Equation (9) represents the second-order theory as
obtained from the first-order Lagrangian (1). Notice that
this equation is exactly the same as the Einstein equation
in Giddings-Strominger theory [6], which admits worm-
hole solutions.

III. WORMHOLE

In order to discuss the wormhole configurations in this
theory, we write the metric following [6] as

(6)

|
ds* = di® + a(7)?[dy? + sin® yd6* + sin® y sin” Od¢?].
(11)

Here 7 € [—o0, 0] is the Euclidean time and y € [0, x],
0 € [0, 7], and ¢ € [0, 27] are the three angles describing a
three-sphere of radius a(z). For the antisymmetric tensor
field strength, we adopt the ansatz,

1
HTab — 0’ Habc — —Gabch('[,){, 97 ¢)’ (12)
V9

where €7%¢ = ¢4b¢ is the totally antisymmetric density on
the three-sphere whose indices are lowered using the
induced three-metric g,,.

Now we proceed to find the explicit functional form of
h(z. .0, ¢). From the equation of motion (4) for B,,, we
notice that 7 in Eq. (12) is independent of the coordinates
2,0, ¢:

h = h(z).

The Bianchi identity 9 H 44 = O fixes the a(z) depend-
ence of h(z) as

kO

hz) = 31d3(7)°

(13)
where Q is a dimensionless constant. For an appropriate
normalization, Q turns out to be the axion charge, which is
given by the integral of the field strength over any three-
surface:

/ dx e H,,. = 27°kQ. (14)

The above ansatz for H,,,, when inserted into the tetrad
equations of motion (9), leads to

RO

@) =1- 18a*(t)

(15)

This equation describes the Giddings-Strominger wormhole
configuration. For the minimum value ay = 18 % (F,Q)? of
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the scale factor, a(z) = 0. This corresponds to the size of the
throat of the wormhole. The explicit form of the solution, as
discussed in [6], shows that this configuration interpolates
between two asymptotically flat surfaces which are topo-
logically R® at any instant of time. The wormhole at any
fixed time represents an incontractible three- sphere. Starting
with some large radius at 7 — —oo, the wormhole attains
the minimum size ay at ¢ = 0 and then again reaches the
maximal radius at 7 — co. On the other hand, the half-
wormhole represents a tunneling configuration for an R*
geometry at 7 = —oo to R*> + 5% at 7 = 0 [6].

In the next section, we demonstrate that the first-order
gravity theory allows a new interpretation of these instanton
configurations as torsional pseudoparticles (Nieh-Yan
instantons).

IV. TORSION INSTANTON
A. Nieh-Yan topological charge

The semiwormhole configuration in the first-order
theory is associated with a nontrivial torsion. The asso-
ciated Nieh-Yan index, which is the only topological
invariant associated with torsion, is defined as [15]

12 5 d*x etvp
2r7K M

x [eye) Ry () = 2(Dy(@)er) (Dy(w)ep)].  (16)

Nny =

The integrand above is a total divergence:

1

MY =22 o

d*xd,[e"PelDy(w)ey].  (17)
For a four-manifold M* with a compact boundary OM, this
reduces to

= —22/ &x [e*¢el Dy (w)el].
oM

For the Giddings-Strominger configuration, the only com-
pact boundaries of the four-manifold are the baby universes
which are topologically S3. Using the decomposition of the
spin connection and the expression for K"/, the Nieh-Yan
number of the semiwormhole thus becomes

Nyy = > 5 dx [eabCKabc]

K" Js
1

— 3,. ~abc —

=3 ) d’x e’ H . = Q. (18)
This implies an exact equality between the Nieh-Yan index
of the instanton and axion charge Q carried away by the
baby universe. It is well known that the Nieh-Yan index of
a compact manifold can be expressed as the difference
of SO(5) and SO(4) Pontryagin numbers of the same
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manifold [25]. Thus, for OM = S°, the winding number
is nothing but a combination of the homotopy indices
associated with 73[SO(5)] and 73[SO(4)], which are known
to be integers:

Navls: = m[SO(5)] + m[SOW] = Z + Z+ 2. (19)

Thus, if the initial configuration, which is topologically R,
has zero axion charge, instanton effects would lead to a
final configuration with a nonvanishing axion charge —Q,
where Q = ), 0; is the sum of charges carried away by all
the baby universes.

It is important to note that since the Nieh-Yan number is
an integer, the axion charge as related to it through Eq. (18)
is quantized. A similar quantization property of axion
charge has been noticed in the context of oriented bosonic
strings coupled to the antisymmetric tensor field B, [29].
However, in that case, the integers associated with the axion
charge have a different origin, namely, the nontrivial third
cohomology group (with integer coefficients) H>(S3, Z) of
the three-sphere.

B. Action of instanton

In order to compute the action, we make use of the
connection equation (3) and identities (8) and (10) to write

K.2
R<w) = R(w(e)) - ZHIMGH;MO'? (20)

where H,, are given by Eq. (12) for the wormhole
solution. The above equation along with (3) and (9) allows
us to rewrite the Lagrangian density (1) as

1
L(e,B) = —PeR(a)(e)) + eF2H""H,,, = 12¢F2h* (7).

The resulting action for a semiwormhole (instanton) reads

S = /d“xL(e, B)

:—FaQ7 (21)

where in the second line we have used Eq. (15).
Importantly, the action for the instanton is finite, and is
expected to contribute nontrivially in the functional integral
for this theory.
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|NNY+1> |NNY+1>
/J
+ —
|NNY> |NNY>
(a) (b)
FIG. 1.
V. 7 VACUUM

Half-wormholes induce quantum tunneling between
classical vacuum states of different Nieh-Yan numbers
Nyy- For each such state, this number is given by the
difference of the total positive and negative charges carried
by the baby universes in that state. This implies that the
quantum vacuum is a linear superposition of the classical
vacua:

) =Y e |Nyy). (22)

NNY

The transition amplitude between states of different Nieh-
Yan numbers can then be calculated in the same manner as
in the gauge theories [14].

We adopt a dilute gas approximation where the instantons
(anti-instantons), which carry a Nieh-Yan (axion) charge +1
(—1), are widely separated in the interpolating four geometry.
We also assume each of the baby universes in the initial and
final states to be of charge £1. Let the initial vacuum state
|Niy =N’ —N') have N'_ universes of charges £1 at some

early time and the final vacuum state |N{:IY = Nfr - NI)

have Ni universes of charge 1 at distant future. As time
progresses, we include the contribution of n, instantonic
configurations, each of these creating a baby universe of
Nieh-Yan charge +1 in the final state as depicted in Fig. 1(a).
In addition, we can have n_ configurations, each annihilating
a baby universe of charge —1 in the initial state as depicted in

|

<NJI:IY|e_FT|N{\IY>

PHYSICAL REVIEW D 90, 124081 (2014)
1> | Nyy ~ 1=

/

Nyy ~

_’_\\
_l’_

| N NY> | N NY>
(c) (d)

Tunneling configurations

Fig. 1(b). Similarly, we can have 71, half-wormholes, each
annihilating a baby universe of Nieh-Yan charge +1 from
the initial state or creating a baby universe of charge —1 in
the final state as depicted in Fig. 1(c) and (d), respectively.
However, among these, the diagrams (a) and (b) represent
equivalent configurations, since they describe the same
tunneling process, i.e., one that induces a change in the
Nieh-Yan charge by +1 between the initial and final states.
Similarly, diagrams (c) and (d) represent the same amplitude
inducing a change of the Nieh-Yan charge by —1. Thus, the
n, +n_ = N configurations should be treated as indistin-
guishable, and so should be the n_ + 7, = N semiworm-
holes. The difference of the initial and final Nieh-Yan
numbers is fixed:

NJI:IY_N{\IY:(n+_ﬁ+)_(n—_ﬁ—) =N-N.

In the dilute gas approximation, each configuration contrib-
utes a factor proportional to e SKVT to the path integral,
where S is the action (21) corresponding to an instanton or
anti-instanton and K represents the contribution from quan-
tum fluctuations around the wormhole solution. The factor VT
is the volume of the interpolating four-manifold which comes
due to an integration over the location of each instanton
(anti-instanton). Here K is assumed to be real [7] and it is
independent of VT in the large volume limit. The cumulative
contribution of all the instantons and anti-instantons of
charge +1 to the path integral can be written as

[s] (s 1 _
=S N+N
A Z _Z NIN! (eKVT) [5(N§Y—N;IY),(N—N)]

N=0 N=0
p 2 ® X ) ) _s _s _
0 N=0~N=0 N! N
2r P
= A / d}’] e”?(NNY_Ngy) exp [2e—SKVT cos 7’]} ) (23)
0

Here, A is a normalization factor and F has been defined to be the formal analogue of the vacuum energy of the system,
although its precise relation to the energy in gravity theory is not clear [4]. This allows us to write the instanton and
anti-instanton contributions to the transition amplitude for the nonperturbative quantum # vacua of Eq. (22) as
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(n'le fT|n) = As(n —n') exp [2eSKVT cosn].  (24)

The main thrust of the above result is that the vacuum
energy receives an x-dependent modification of the size
F, = —2e~5KVcosn due to tunneling effects. This vacuum
energy has been evaluated earlier in [6] for the ground state
constructed as a linear combination of perturbative vacuum
states with different baby universe number.

The fact that there exists a nonperturbative # vacuum can
be captured, like in QCD, through an effective Euclidean
Lagrangian containing Nieh-Yan topological density with
coefficient # as an additional term:

Loy = L + inlyy, (25)

where L is the original Lagrangian as defined in (1). It is
well known that in a first-order gravity Lagrangian, the
addition of Nieh-Yan density does not change the classical
dynamics. The topological coupling constant # multiplying
this term is identified [16,17] as the inverse of the Barbero-
Immirzi parameter of loop quantum gravity. To sum it up,
we have found an 7 vacuum in first-order gravity, which is a
result of tunneling between perturbative vacua labeled by
different Nieh-Yan indices. This is a clear realization of the
suggestion made earlier [30] that Barbero-Immirzi param-
eter should show up through a rich vacuum structure in
quantum gravity [16,17,31-33].

Since Nieh-Yan density is P and 7" odd, the n parameter
is a quantum coupling constant violating these symmetries.
Like in the case of the 8 vacuum of QCD [14], let us
consider the expectation value of the Nieh-Yan index in the
n vacuum, which, according to equations (23) and (25) is
given by

(n] /d4x Inyln) = ——”(ln e fil) = —2iKe=5 siny,
(26)

where K is a calculable quantity leaving # as the only free
parameter in this expression. We emphasize that the
instanton effects reflected by this equation are insensitive
to the specific details of the origin of torsion. For example,
as fermions couple to contortion, the divergence of the axial
current would get a contribution as in Eq. (26) for any
configuration with a nontrivial Nieh-Yan number. This is
because the axial anomaly is known to be related to the
expectation value of the Nieh-Yan index [25]. Thus, the
electric dipole moment of the neutron can develop a
dependence on the Barbero-Immirzi parameter 5 (see
Ref. [2,34] for earlier discussions on parity violating effects
in gravity).

We have already discussed how the Nieh-Yan number
can be expressed in terms of the contortion field K,
[Eq. (18)]. We conclude this section by discussing the
nature of large gauge transformations which induce change
of the Nieh-Yan number of a perturbative state.

PHYSICAL REVIEW D 90, 124081 (2014)

A. Large gauge transformations

Let us consider the following transformation of K,,,:

1

5K/wa = 3_!g€;w(xﬁ§ﬁ7 (27)

where ¢ is the determinant of the four-metric g,,.

Also, here we have introduced a “gauge vector” # :=
(A2§;>,o,o, 0), where A(z) is a smooth function of 7 such
that A(—o0) = 0 and A(co) = 1. Since the gauge vector
is nonvanishing at infinity, it represents a “large” gauge
transformation of the contortion field. To be specific, we

can choose [14]

A(7) = = (1 4 tanh 7).

| =

Hence, under (27), the change in the Nieh-Yan number is
given by

6/d4x€””aﬂ8”Kmﬂ = /d4x 08" = A(7)|1g = 1.
(28)

Our analysis in this paper is based on a first-order theory
of gravity where the source of torsion is an axion. However,
there can be other matter-induced sources of torsion and
also those of a geometric origin [23-25]. Our discussion
above generically applies to the # vacuum generated by all
such sources of torsion.

VI. CONCLUDING REMARKS

Here we provide a new interpretation of the instanton
number of the Giddings-Strominger (semi)wormhole in
terms of the Nieh-Yan topological invariant. The nonpertur-
bative vacuum structure arising due to tunneling between
states of different Nieh-Yan numbers is found to be charac-
terized by the topological coupling constant 7, which can
be identified with the Barbero-Immirzi parameter of loop
quantum gravity. Thus, # emerges as an exact analogue of
the 6 angle in gauge theories. That the Barbero-Immirzi
parameter has such a topological origin was anticipated
earlier in [30] and demonstrated in [16] in the context of
classical canonical gravity. Subsequently, this idea has been
explored in several places [17,31-33]. However, there has
been no analysis or demonstration of possible nonperturba-
tive effects that could be induced by Nieh-Yan instantons in
the quantum theory of gravity. Our work here provides a
concrete example of an instanton which can be used to
extract the quantum physics associated with the Nieh-
Yan invariant, or equivalently, with the Barbero-Immirzi
parameter.

We also find that the axion charge is given in terms of the
homotopy integers associated with the Nieh-Yan invariant,
and hence is quantized. There is a similar quantization
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condition in bosonic string theory with an axion coupling.
Whether these two constraints are independent or are
related is to be understood.

Finally, we emphasize that although our analysis here
was based on the axionic wormholes, the essential features
of the # vacuum as unraveled here are expected to go
through for any other configuration corresponding to a
nontrivial torsion in the first-order theory. This can be
appreciated by noticing that the discussions on Nieh-Yan
number and large gauge transformations have been for-
mulated entirely in terms of the contortion field K,
which can be generated either by some other matter
coupling or by a nontrivial geometry.

PHYSICAL REVIEW D 90, 124081 (2014)
ACKNOWLEDGMENTS

R. K. K. gratefully acknowledges the hospitality during
June and July of 2014 at the Center for High Energy Physics,
Indian Institute of Science, Bangalore, where part of the
work reported here was done. He also acknowledges the
support of the Department of Science and Technology,
Government of India, through a J.C. Bose National
Fellowship. S. S. acknowledges many insightful discussions
with Sayan Kar during December 2013 at IIT Kharagpur,
where this work was initiated. Conversations with Joseph
Samuel and Madhavan Varadarajan have also been reward-
ing, as have the comments of Fernando Barbero, Martin
Bojowald, Miguel Campiglia, and Siddhartha Lal.

[1]1 J.A. Wheeler, Ann. Phys. (Berlin) 2, 604 (1957);
Geometrodynamics (Academic, New York, 1962); C. W.
Misner and J. A. Wheeler, Ann. Phys. (Berlin) 2, 525 (1957).

[2] T. Eguchi and P.G. O. Freund, Phys. Rev. Lett. 37, 1251
(1976).

[3] S. W. Hawking, Nucl. Phys. B144, 349 (1978); Phys. Lett. B
195, 337 (1987); Phys. Rev. D 37, 904 (1988).

[4] A. Strominger, Phys. Rev. Lett. 52, 1733 (1984).

[5] G. V. Lavrelashvili, V. A. Rubakov, and P.G. Tinyakov,
Pisma Zh. Eksp. Teor. Fiz. 46, 134 (1987) [JETP Lett. 46,
167 (1987)]; Nucl. Phys. B299, 757 (1988).

[6] S.B. Giddings and A. Strominger, Nucl. Phys. B306, 890
(1988).

[7]1 S.B. Giddings and A. Strominger, Nucl. Phys. B307, 854
(1988).

[8] K. Schleich and A. Anderson, Classical Quantum Gravity 9,
89 (1992).

[9] S.R. Coleman, Nucl. Phys. B310, 643 (1988); B307, 867
(1988).

[10] S. W. Hawking, Phys. Lett. 134B, 403 (1984); A. D. Linde,
Phys. Lett. B 200, 272 (1988).

[11] I.R. Klebanov, L. Susskind, and T. Banks, Nucl. Phys.
B317, 665 (1989).

[12] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).

[13] B. Grinstein and J. Maharana, Nucl. Phys. B333, 160
(1990); B. Grinstein, J. Maharana, and D. Sudarsky, Nucl.
Phys. B345, 231 (1990); S. W. Hawking, Nucl. Phys. B335,
155 (1990).

[14] S.R. Coleman, The Uses of Instantons in The Whys of
Subnuclear Physics (Plenum, New York, 1979); Aspects
of Symmetry (Cambridge University Press, Cambridge,
England, 1985); R. Rajaraman, Solitons and Instantons
(Elsevier, New York, 1982).

[15] H.T. Nieh and M. L. Yan, J. Math. Phys. (N.Y.) 23, 373
(1982); H. T. Nieh, Int. J. Mod. Phys. A 22, 5237 (2007).

[16] G. Date, R. K. Kaul, and S. Sengupta, Phys. Rev. D 79,
044008 (2009).

[17] R.K. Kaul and S. Sengupta, Phys. Rev. D 85, 024026
(2012); S. Sengupta, J. Phys. Conf. Ser. 360, 012024 (2012).

[18] Y. N. Obukhov and F. W. Hehl, Acta Phys. Pol. B 27, 2685
(1996); P. Baekler and F. W. Hehl, Classical Quantum
Gravity 28, 215017 (2011); D.J. Rezende and A. Perez,
Phys. Rev. D 79, 064026 (2009).

[19] S. W. Hawking, Phys. Lett. 60A, 81 (1977).

[20] T. Eguchi and A.J. Hanson, Ann. Phys. (N.Y.) 120, 82
(1979); T. Eguchi, P. B. Gilkey, and A.J. Hanson, Phys.
Rep. 66, 213 (1980).

[21] G. W. Gibbons and S. W. Hawking, Commun. Math. Phys.
66, 291 (1979).

[22] A.V. Smilga, Nucl. Phys. B234, 402 (1984); Y. M. Cho and
D. G. Pak, Classical Quantum Gravity 28, 155008 (2011).

[23] A. A. Tseytlin, J. Phys. A Math. Gen. 15, L105 (1982).

[24] A.J. Hanson and T. Regge, Lect. Notes Phys. 94, 354
(1979).

[25] O. Chandia and J. Zanelli, Phys. Rev. D 55, 7580 (1997).

[26] R. D’Auria and T. Regge, Nucl. Phys. B195, 308 (1982).

[27] R. G. Leigh, N. N. Hoang, and A. C. Petkou, J. High Energy
Phys. 03 (2009) 033.

[28] J. Fernando and G. Barbero, Phys. Rev. D 51, 5507 (1995);
G. Immirzi, Classical Quantum Gravity 14, L177 (1997).

[29] R. Rohm and E. Witten, Ann. Phys. (N.Y.) 170, 454 (1986).

[30] R. Gambini, O. Obregon, and J. Pullin, Phys. Rev. D 59,
047505 (1999).

[31] S. Sengupta, Classical Quantum Gravity 27, 145008 (2010).

[32] S. Mercuri and A. Randono, Classical Quantum Gravity 28,
025001 (2011).

[33] S. Sengupta, Phys. Rev. D 88, 024031 (2013).

[34] R. Hojman, C. Mukku, and W. A. Sayed, Phys. Rev. D 22,
1915 (1980); S. Deser, M. J. Duff, and C.J. Isham, Phys.
Lett. 93B, 419 (1980).

124081-7


http://dx.doi.org/10.1016/0003-4916(57)90050-7
http://dx.doi.org/10.1016/0003-4916(57)90049-0
http://dx.doi.org/10.1103/PhysRevLett.37.1251
http://dx.doi.org/10.1103/PhysRevLett.37.1251
http://dx.doi.org/10.1016/0550-3213(78)90375-9
http://dx.doi.org/10.1016/0370-2693(87)90028-1
http://dx.doi.org/10.1016/0370-2693(87)90028-1
http://dx.doi.org/10.1103/PhysRevD.37.904
http://dx.doi.org/10.1103/PhysRevLett.52.1733
http://dx.doi.org/10.1016/0550-3213(88)90372-0
http://dx.doi.org/10.1016/0550-3213(88)90446-4
http://dx.doi.org/10.1016/0550-3213(88)90446-4
http://dx.doi.org/10.1016/0550-3213(88)90109-5
http://dx.doi.org/10.1016/0550-3213(88)90109-5
http://dx.doi.org/10.1088/0264-9381/9/1/009
http://dx.doi.org/10.1088/0264-9381/9/1/009
http://dx.doi.org/10.1016/0550-3213(88)90097-1
http://dx.doi.org/10.1016/0550-3213(88)90110-1
http://dx.doi.org/10.1016/0550-3213(88)90110-1
http://dx.doi.org/10.1016/0370-2693(84)91370-4
http://dx.doi.org/10.1016/0370-2693(88)90770-8
http://dx.doi.org/10.1016/0550-3213(89)90538-5
http://dx.doi.org/10.1016/0550-3213(89)90538-5
http://dx.doi.org/10.1103/RevModPhys.61.1
http://dx.doi.org/10.1016/0550-3213(90)90226-4
http://dx.doi.org/10.1016/0550-3213(90)90226-4
http://dx.doi.org/10.1016/0550-3213(90)90616-L
http://dx.doi.org/10.1016/0550-3213(90)90616-L
http://dx.doi.org/10.1016/0550-3213(90)90175-D
http://dx.doi.org/10.1016/0550-3213(90)90175-D
http://dx.doi.org/10.1063/1.525379
http://dx.doi.org/10.1063/1.525379
http://dx.doi.org/10.1142/S0217751X07038414
http://dx.doi.org/10.1103/PhysRevD.79.044008
http://dx.doi.org/10.1103/PhysRevD.79.044008
http://dx.doi.org/10.1103/PhysRevD.85.024026
http://dx.doi.org/10.1103/PhysRevD.85.024026
http://dx.doi.org/10.1088/1742-6596/360/1/012024
http://dx.doi.org/10.1088/0264-9381/28/21/215017
http://dx.doi.org/10.1088/0264-9381/28/21/215017
http://dx.doi.org/10.1103/PhysRevD.79.064026
http://dx.doi.org/10.1016/0375-9601(77)90386-3
http://dx.doi.org/10.1016/0003-4916(79)90282-3
http://dx.doi.org/10.1016/0003-4916(79)90282-3
http://dx.doi.org/10.1016/0370-1573(80)90130-1
http://dx.doi.org/10.1016/0370-1573(80)90130-1
http://dx.doi.org/10.1007/BF01197189
http://dx.doi.org/10.1007/BF01197189
http://dx.doi.org/10.1016/0550-3213(84)90070-1
http://dx.doi.org/10.1088/0264-9381/28/15/155008
http://dx.doi.org/10.1088/0305-4470/15/3/005
http://dx.doi.org/10.1007/3-540-09238-2
http://dx.doi.org/10.1007/3-540-09238-2
http://dx.doi.org/10.1103/PhysRevD.55.7580
http://dx.doi.org/10.1016/0550-3213(82)90402-3
http://dx.doi.org/10.1088/1126-6708/2009/03/033
http://dx.doi.org/10.1088/1126-6708/2009/03/033
http://dx.doi.org/10.1103/PhysRevD.51.5507
http://dx.doi.org/10.1088/0264-9381/14/10/002
http://dx.doi.org/10.1016/0003-4916(86)90099-0
http://dx.doi.org/10.1103/PhysRevD.59.047505
http://dx.doi.org/10.1103/PhysRevD.59.047505
http://dx.doi.org/10.1088/0264-9381/27/14/145008
http://dx.doi.org/10.1088/0264-9381/28/2/025001
http://dx.doi.org/10.1088/0264-9381/28/2/025001
http://dx.doi.org/10.1103/PhysRevD.88.024031
http://dx.doi.org/10.1103/PhysRevD.22.1915
http://dx.doi.org/10.1103/PhysRevD.22.1915
http://dx.doi.org/10.1016/0370-2693(80)90356-1
http://dx.doi.org/10.1016/0370-2693(80)90356-1

