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Classical and quantum polyhedra
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Quantum polyhedra constructed from angular momentum operators are the building blocks of space in
its quantum description as advocated by loop quantum gravity. Here we extend previous results on the
semiclassical properties of quantum polyhedra. Regarding tetrahedra, we compare the results from a
canonical quantization of the classical system with a recent wave-function-based approach to the large-
volume sector of the quantum system. Both methods agree in the leading order of the resulting effective
operator (given by an harmonic oscillator), while minor differences occur in higher corrections.
Perturbative inclusion of such corrections improves the approximation to the eigenstates. Moreover,
the comparison of both methods leads also to a full wave function description of the eigenstates of the
(square of the) volume operator at negative eigenvalues of large modulus. For the case of general quantum
polyhedra described by discrete angular momentum quantum numbers we formulate a set of quantum
operators fulfilling in the semiclassical regime the standard commutation relations between momentum and
position. Differently from previous formulations, the position variable here is chosen to have dimension of
(Planck) length squared which facilitates the identification of quantum corrections. Finally, we provide

expressions for the pentahedral volume in terms of Kapovich-Millson variables.
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I. INTRODUCTION

The quantum volume operator is among the most
intensively investigated items in the field of loop quantum
gravity and is pivotal for the construction of space-time
dynamics within this theoretical framework [1-3].
Traditionally two versions of such an operator are dis-
cussed, due to Rovelli and Smolin [4] and to Ashtekar and
Lewandowski [5], respectively, and considerable attention
has been devoted to their properties and interrelations
[6-19]. More recently, Bianchi, Dona, and Speziale [20]
offered a third proposal for a volume operator which is
closer to the concept of spin foams [3]. It relies on an older
geometric theorem due to Minkowski [21] stating that N
face areas A;, i € {1, ..., N}, with normal vectors 7; such
that

Ai=0 (1)

N
=1

1

for A,- = n;A; uniquely define a convex polyhedron of N
faces with areas A;. The approach of Ref. [20] amounts to
expressing the volume of a classical polyhedron in terms of
its face areas, which are in turn promoted to be operators.
Minkowski’s proof, however, is not constructive, and a
remaining obstacle of the above route to a volume operator
is to actually find the shape of a general polyhedron given
its face areas and face normals [20,22-25].

Such difficulties do not occur in the simplest case of a
polyhedron, i.e. a tetrahedron consisting of four faces
represented by angular momentum operators coupling to
a total spin singlet [11,26]. Indeed, for such a quantum
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tetrahedron all three definitions of the volume operator
coincide. On the other hand, for a classical tetrahedron the
general phase space parametrization devised by Kapovich
and Millson [27] results in just one pair of canonical
variables, and the (square of the) volume operator can
explicitly formulated in terms of these quantities [23,28].
Moreover, Bianchi and Haggard have performed a Bohr-
Sommerfeld quantization of the classical tetrahedron where
the role of a Hamiltonian generating classical orbits is
played by the volume operator squared. The resulting
semiclassical eigenvalues agree extremely well with exact
numerical data [22,23]. The above observations make clear
that classical tetrahedra, arguably the simplest structures a
volume can be ascribed to, should be considered as
perfectly integrable systems. In turn, a quantum tetrahedron
can be viewed as the ‘“hydrogen atom” of quantum
spacetime, whereas the next complicated case of a penta-
hedron might be referred to as the “helium atom” [25].

Most recently, the present author has put forward yet
another approach to the semiclassical regime of quantum
tetrahedra [29]. Here, by combining observations on the
volume operator squared and its eigenfunctions (as
opposed to the eigenvalues), an effective operator in terms
of a quantum harmonic oscillator was derived, providing an
accurate as well as transparent description of the large-
volume sector. One of the purposes of the present work is to
demonstrate the relation between the different treatments of
quantum tetrahedra sketched above.

The outline of this paper is as follows. In Sec. II we first
summarize the Kapovich-Millson phase space parametri-
zation of general classical polyhedra (Sec. I A) before
reviewing and extending in Sec. II B results for the classical
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tetrahedron. In particular, we derive an expansion of the
volume squared around its maximum and minimum in up
to quadrilinear order. Section III A is devoted to the
quantum tetrahedron. We first outline in Sec. IIT A1
elementary facts about the volume operator and its
Hilbert space, and we point out several relations between
appropriate quantum operators which have analogs in the
classical tetrahedron. Next the analysis of Ref. [29] is
extended to higher corrections to the resulting harmonic
oscillator of up to fourth order. The results are compared
with the outcome of a canonical quantization of the
classical volume expression. The expression of the penta-
hedral volume in terms of Kapovich-Millson variables is
discussed in the Appendix. Finally we construct in
Sec. III B a set of quantum operators for general polyhedra
whose commutation relations approach in the semiclassical
limit the standard commutators between momentum and
position.

II. CLASSICAL POLYHEDRA

Let us first recall the essentials of the polyhedral phase
space parametrization due to Kapovich and Millson [27].

A. Kapovich-Millson phase space variables

Viewing the vectors K,- as angular momenta, the Poisson
bracket of arbitrary functions of these variables reads

N, of 8g>
y = E Ai =X =) 2
{f g} i=0 (814, ) 8Al ( )

In order to implement the closure relation (1) one defines
pPi = A j (3)

for ie{l,....N -3}
p:i = |pi|. Defining now

resulting in N —3 momenta

U; = P X Aji1, Wi = pi X Appo, 4)
such that v;,; = w; (i < N —3) and
pi+ ¥ =p;-w; =0, (5)

the canonical conjugate variables ¢; are then given to be the
angle between 7;, w;. Indeed, a straightforward calculation
shows that these quantities fulfill indeed the canonical
Poisson relations [23,27]

{pi’ qj} = 5ij‘ (6)

B. The tetrahedron

The classical volume of a tetrahedron can be

expressed as

PHYSICAL REVIEW D 90, 124080 (2014)

V2
3

v A, - (Ay x A3)] (7)

suggesting to investigate the quantity
Q =A; - (A x A3). (8)

The latter can indeed easily be expressed in terms of the
phase space variables p;, ¢, using the observation [23]

vy X Wy = Qpy. )
Moreover, it is easily seen that
[01] = [A) X Ay| = 2A(A1, Ay, py) (10)

where A(a, b, ¢) is the area of a triangle with edges a, b, ¢
expressed via Heron’s formula,

1
Aa,bc) =7 V@t b2 =~ (a=bR). (11)
Analogously, using the closure relation (1),
Wil = |A3 x Ag| = 2A(A3, Ay, p1) (12)
such that

A(Ay, Ay, p1)A(As, Ay, py)
P1

0=4

sing;. (13)

In order to make closer contact to the quantum tetrahedron
to be discussed below, let us introduce the notation

7
A=pi pE— Ty (14)
fulfilling {p,A} =1 and
0 = 2j(A) cos p (15)
with
7 A(AlvAZaA)A(A37A4sA)
pA) =2 A : (16)
where A varies according to A™" < A < A™ with
A" = max{|A| — Ay, |43 — Ay[}, (17)
A™ =min{A; + A, A3 + Ay} (18)

An expression close to (15) was also found in Ref. [28] in
the semiclassical limit of a quantum tetrahedron.

Obviously, B(A) is a non-negative function with

B(A™) = B(A™X) = 0, and it is not difficult to verify
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that it has a unique maximum at some A = A between A™"
and A™> [29]. Thus, Q has a unique maximum at A = k
and p =0 while the unique minimum lies at p = x.
Expanding around the maximum gives (x:=A —A,
x| < 1, [p| < 1)

2 ~72 ~
P PO A S I
Q(p’X)—q{l T A
~2 4
w5 0, P
il g 19
+ 7P +24+ ] (19)
with
(inf(A))
§=2§A). ar=-Uazig (20)
B(A)
and
(tﬁ/}(?) ) (d“/?(f) _
¢ = dA~ _A:A’ 21: dA~ _A:A (21)
2B(A) 6p(A)

The analogous expansion around the minimum reads

[p=z+(p—n),|p-=<l]
/ _ = (p_”)z @ 2 a 3 b 4
Q'(p.x) = q[l 5 R TR
2 — )4
+4 x*(p - n)2+%+--}. (22)

Concentrating in both cases on the quadratic contributions,
one obtains two harmonic oscillators,

Ouelpi) =[1-2- 20 23)
Ohelp) = -i[1 -5y

Finally, it is certainly desirable to also express the
volume of higher polyhedra in terms of Kapovich-
Millson variables. The Appendix details the case of the
pentahedron. As shown there, the above task is certainly
feasible, but leads to unpleasantly complicated expressions
which inhibit analytical progress.

III. QUANTUM POLYHEDRA

A. The quantum tetrahedron

We begin by reviewing and extending general results of
quantum tetrahedra.

PHYSICAL REVIEW D 90, 124080 (2014)
1. General properties
A quantum tetrahedron is defined by four angular

momentum operators }, i €{1,2,3,4}, representing its
faces and coupling to a total singlet [11,12,22,23,26]; i.e.
the Hilbert space consists of all states |k) fulfilling

Gy + Jo + 3 + Ja)lk) = 0. (25)

A usual way to construct this space is to couple first the

pairs ]1, ]2 and _]’;, j4 to two 1rredu01ble SU(2) representa-

tions of dimension 2k + 1 each. For Jl, ]2 this standard
construction reads explicitly

k:=}1+j27 (26)

km)y, = > (jimyjamalkm)|jimy)|jama).  (27)

my+my=m
such that
]Acz|km>12 = mlkm),, (28)
a2
k [km)y, = k(k +1)|[km),,, (29)

where (jm,jom,|km) are Clebsch-Gordan coefficients
following their usual phase convention [30]. Defining

analogous states |km),, for Js. ja» the quantum number
k becomes restricted by k™" < k < k™ with
ki = max{|j = jol, |j3 = Jal}, (30)
k™ = min{j; + ja, j3 + ja}- (31)

The two multiplets |km),,, |km),, are then coupled to a
total singlet,

|k>—e (k) Z\/%—VW" 12|k(=m))zs.  (32)

m=—k

where the phase factor in front will become useful shortly
below. The states |k) span a Hilbert space of dimen-
sion d = kM& — fmin 4 1,

The volume operator of a quantum tetrahedron can be
formulated as

|E, - (E, x E3)] (33)

E =t3];, (34)
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i € {1,2,3,4} represent the faces of the tetrahedron with
£% = hG/c? being the Planck length squared. Usually the

operators Ei are defined with additional prefactors propor-
tional to the Immirzi parameter on the r.h.s. of Eq. (34).
This establishes contact to the general formalism of loop
quantum gravity [1-3] but is unnecessary for our purposes
here. What will become important, however, is that f%, is
proportional to 7.

As a result, one is led to consider the operator

A A
N -

R:}I ‘(J2><33), (35)
which reads in the basis of the states |k) as [12,23,29-32]

Jemax

k= a(k)([k) (k= 1] + [k = 1) (k]) (36)

k2—1/4A(j1 +1/2, jo+1/2,k)

“A(j3+1/2,js+ 1/2,k). (37)

Note the close similarity of the expressions (37) and (16).
Moreover, in the above basis Q couples only states with
neighboring labels and is represented by a real matrix. The
latter fact depends on the phase factor in the first line of
Eq. (32). Indeed, upon striping this factor (which is a
unitary operation) R becomes antisymmetric and purely
imaginary. Thus, for even d, the eigenvalues of QO come in
pairs ¢, (—g), and since

uRut = —R (38)

with u = diag(1,-1,1,
states |¢,), |¢_,) fulfill

|b-q) = uldbg), (39)

i.e. eigenvectors of eigenvalues differing just in sign are
related to each other by changing the sign of any other
component. For odd d an additional zero eigenvalue
occurs [13].

To make further contact between the classical and the
quantum tetrahedron we define in analogy to Egs. (4)

—1,...), the corresponding eigen-

3 12 2 25 & & 2

Uzi(ksz—h)(k):hsz, (40)
fulfilling

I s 2 2 a0 1 43 24

E(vxw—wxv)zi(Rk+kR), (42)
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which is the operator analog of Eq. (9). Moreover, one
straightforwardly obtains

P =4AiG D VRG DR @)

= 41(A (70 + DoV iaGa T D.0) 1L (44)

Jemax

=3 KK (45)
k

— Jmin

is the projector onto the singlet space. Equations (43) and
(44) are the operator analogs of Egs. (10) and (12).

2. Rescaling to dimensionful variables

So far we have followed the formalism common to the
literature and parametrized the Hilbert space of the quan-
tum tetrahedron by a dimensionless quantum number k,
whereas the phase space variable A of the classical
tetrahedron has dimension of area. In order to establish
closer contact between both descriptions let us rescale the
involved quantum numbers by the Planck length squared
according to

k> a =%k, ji> E; = 6%); (46)
to quantities having also dimension of area. As we shall see
below, this step will also provide a close analogy to
standard quantum mechanics in the Schrodinger represen-
tation. The analog of the classical expression (8) reads

Q=¢R=E,  (E,xE;) (47)

Y. Bla)a)a—Ehl+la—ch)al) (48)

a=a™"+£2
with
pla) = tha(k) (49)
2
T A(E\+ 2B+ £2)2.a)
\Jat =13 /4

The latter quantity shares the essential properties of B (A)in
Eq. (16). In particular f(a) has a unique maximum at
some a = a.
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3. Large volumes

In Ref. [29] the present author has shown how to
accurately describe the large-volume (semiclassical) regime
of O (or R) by a quantum harmonic oscillator in real-space
representation with respect to a (or k, respectively). Here
we shall extend this analysis taking into account higher-
order corrections within the rescaled variables introduced
in the previous section.

Let us label the eigenstates of Q by |n), n € {0,1,2,...},
in descending order of eigenvalues with |0) being the state
of the largest eigenvalue. With respect to the basis states |k)
they can be expressed as

Amax

n) =" (aln)la). (51)

a=dpin

Thus, taking the view of the standard Schrodinger formal-
ism of elementary quantum mechanics, the coefficients
(a|n) are the “wave function” of the state |n) with respect to
the “coordinate” a. The approach of Ref. [29] starts from
evaluating matrix elements

Zﬁ

+(@la - £3)(al¥)) (52)

(0]0]w) = (®la)(a - 3]0)

between states lying predominantly in the sector of large
eigenvalues by approximating the sum by an integral
introducing the integration variable x := a — a,

@lolw) ~ 5 [ dpta+ (@ ()i~ 63)
+ 8 (= £3)0(x) (53)
with ®(x) = (a + x|®), ¥(x) = (a+ x|¥). Expanding

now f(a+ x) around its maximum at a and the wave
functions ®* (x — £%), ¥(x — £%) around x, one obtains in
up to fourth order the expansions

AL 2
<(I)|Q|\I/>m/dx¢>*(x)q {1— <—7pﬁ+%x2>

€3 ‘_l4_“)_24 2"'_2 d_22
+3x+4x 8Pxx+xx

LﬂS 4 2
+ﬂ% %Lﬂ% [: xz} +§f% {di,xﬂ } U(x)
(54)
with ®(x) = ®(x)/¢p, ¥(x) = ¥(x)/¢p and
(cﬂﬂ( >)
G=28@), @P=-—~Jaza g (55

p(a)
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(d3ﬂ(3a)> (d“ﬁgg))
da a=a d _ da a=a . (56)

C=—"—",

24(a)

In calculating the r.h.s. of Eq. (54) we have repeatedly
performed integration by parts and assumed the boundary
terms to vanish. Introducing now the operators

. 3 d R
p= e i=x (57)

one easily reads off the effective operator expression

This result extends the findings of Ref. [29] to higher
corrections in the operators p, X. The contribution in
Eq. (54) involving only derivatives with respect to x can
be viewed as the result of a continuum approximation
according to

(a+E319) + (a = £3]|¥) — 2(a] V)
PU(x) B dT(x)
% d(z TS dxg (59)

Note also that the symmetric operator ordering in the last
term of the second line in Eq. (54) [i.e. the middle
contribution in the second line in Eq. (58)] emerges from
the calculation and not an additional assumption.

As a result, the operator (58) perfectly matches the
classical expression (19) taking into account the correct
operator ordering and the vanishing of the commutators

[p, 32] = =2if3%, [p, 23] = =3if33? (60)
which are indeed small compared to the other contributions
in (58) as they are proportional to 7. Alternatively, the
matrix elements of such commutators can be viewed to be
of higher order in derivatives since

%/mwm[

-2 / dx((pO) U - &R (pV),  (61)

P20 (x)

where the r.h.s contains in total three derivatives with
respect to a or x. Finally the coefficients in the expansions
(58) and (19) obviously coincide in the limit of large
quantum volumes, @>>¢%. In summary, up to the
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commutators discussed above, the operator (58) is the result
of the canonical quantization of the classical expression
(19) via the standard operator replacement (57).

When concentrating on the quadratic contributions in
Eq. (58) one recovers the harmonic-oscillator expression of
Ref. [29],

A la ey = pm o
Qosc(pvx> =q|l- R (62)
2 2
with eigenvalues

g7 =q(1 = po(n+1/2)) (63)

and corresponding eigenfunctions

1 [w —x?
nion %Hn(\/ax/l’ﬂP>e e (64)

where H,(x) are the usual Hermite polynomials. We note
that @ has dimension of inverse area while £Zw is
dimensionless and can be computed via Egs. (55) using
a(k) given in Eq. (37) instead of f(a),

l//n(X; w) =

d%:(k))
Ao — _(L_kﬂ?' 65
P a(k) ( )

As stated in Ref. [29], the expressions (63) and (64) are
excellent approximations to the eigenstates and eigenvalues
of the (square of the) volume operator for already inter-
mediate lengths of the involved spins. This fact is illustrated
again in Fig. | for a typical choice of angular momentum
quantum numbers all being of the order of a few tens. In
addition to Ref. [29] we also plot there the wave function
within the lowest-order correction in Eq. (58) arising from
cx3/3 accounted for by first-order perturbation theory.
Figure 2 shows similar data but for smaller spin lengths
ji = 4. Here the oscillatorlike features of the wave func-
tions noticeably disappear with increasing n, and the
corrections from cubic term are clearly more substantial.
In both Figs. 1 and 2 we have used the expression
a—a+¢%/2 as the argument for the wave functions
where the additional increment #% takes into account that
p(a) couples states of the form |a—¢3) and |a) and
facilitates comparison with finite size data. With increasing
angular momentum quantum numbers, this shift becomes
more and more obsolete.

4. Negative eigenvalues of Q

So far we have concentrated on the large and positive
eigenvalues of the operator Q. The regime of negative
eigenvalues of large modulus can be explored by canoni-
cally quantizing the classical expression (24) according to
the standard recipe (57),

PHYSICAL REVIEW D 90, 124080 (2014)

0.4 ————1— ———— T —

<aln>

<aln>

FIG. 1 (color online). The coefficients (a|n) (filled circles) for
small n and a typical choice of angular momentum quantum
numbers. The black solid lines are the unperturbed oscillator
wave functions y/ﬁ,o) (a—a+ £%/2; ) (in units of 1/£p) given in
Eq. (64), while the red lines show the eigenfunctions including
the first-order perturbation arising from the cubic term ci?/3
in Eq. (58).

A p—n)? o
Or(p i) =-a|1 - (L2 2 2) ] (e

2 2
where we have put for simplicity ¢ = g, @ = @. This

operator is related to Q. given in Eq. (62) by a gauge
transformation along with a change in sign,

z)SC = _el”X/f% QOSCe_i”-X/f%’ (67)

<aln>

<aln>

FIG. 2 (color online). The coefficients (a|n) (filled circles) for
small n and j; = 4. The black solid lines are the unperturbed
oscillator wave functions ng,o)(a—a—i—f%,/Z;w) (in units of
1/¢p) given in Eq. (64), while the red lines show the eigen-
functions including the first-order perturbation arising from the

cubic term c3?/3 in Eq. (58).
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such that the eigenfunctions are related by

Py (%), (68)

where the phase factor mimics the change in sign stated in
the strict relation (39) between eigenvectors of 0 to
eigenvalues differing in sign only. In fact, based on this
analogy, Eq. (68) and, as a consequence, Egs. (66) and (67)
have already been given in Ref. [29]. Here we have
provided a more profound derivation based on the canoni-
cal quantization of the classical expression (24).

yi(x) = ™7

5. Canonical operators in the discrete case

In the operators (57) the variable x (and, in turn, a) is
considered to be a continuous quantity. Therefore the
question remains how to possibly construct a pair of
canonical operators retaining the discrete character of
a = k/¢% with k being (half-)integer. As a step towards
this goal we propose the operators

max
a

A= Z ala)(al. (69)
. i amax
P=2 > (afa=23l~la=23)al)  (70)
a:a"’i“Jrf%,
fulfilling
. . f% amux
P.AJ =25 > (a)la=£3l+la=ch)al). (7))
a=a™"+¢2

For large volumes, the r.h.s. approaches the unit operator
acting on states whose components vary only little on the
scale set by £3,

max

@p. A~ 7S @laay 7

— min
=a

%
2 (o). (73)
In fact, the expression (70) is obviously a discretization of a
differential operator. However, as such discretizations are
by no means unique, the question remains open whether
there are operators P/, A’ which (i) act on the original
discretely labeled quantum states, (ii) turn into p, X at large
volumes, and (ii1) fulfill
PN %
[P A =-F (74)
i

as an exact equation on the entire Hilbert space.
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B. General polyhedra

In full analogy to the Kapovich-Millson variables we
define for a quantum polyhedron of N faces (angular
momenta) the operators

A i+1 A

k=Y J; (75)
Jj=1

for i € {1,...,N —3}. As the squares of these quantities
commute with each other,

32 52
orthonormal basis states of the Hilbert space can be labeled
by quantum numbers k; according to

Y]
ki |k1...kN_3> = ki(ki + 1)|k1...kN_3>. (77)

The closure relation (1) translates to

N .
Zjilkl'--kN—3> =0, (78)
i=1

i.e. the angular momentum operator %N_3 couples with the

remaining spins }N_l , }N to a total singlet implying A", <
ky_3 < ky*5 with

kmin > jvoy = jnls (79)
kNS < jn—1 + s (80)

(1)

Consider now two total singlet states with k; = k; ’ and

k= kP

i

i<N-=3, kgl) < kgz) and all other quantum

numbers k;, j # i identical. Then states with k; = kgl) +

1,..., kl@ — 1 (and all other k; the same as before) are also
singlets, since l_ét-_l and },-H can couple to these values of k;,

and I;i with the above quantum numbers and }i+2 can
couple to the given value of k; . Thus, also the other
quantum numbers k;, i < N —3, vary within intervals,
kmin < k; < kM and the representation theory of the
angular momentum algebra implies

kPt > max {kM — 7, 1,0, jig — kP (81)

K < kioy + Jis (82)

with ky = j; for i = 1. Without the additional conditions
(79) and (80) the inequalities (81) and (82) would hold as
equalities. We note, however, that the structure of the
quantum numbers k; is in general quite complex. For
instance, the limiting values k;“i“, k"™ can depend on other
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quantum numbers k;, j#i, and the entire structure
depends obviously also on the coupling scheme, i.e. the
labeling of the operators ji, ..., jy. A very simple example
is provided by the case N =4 in Egs. (30) and (31); for
N > 4 explicit expressions for k", kM become increas-
ingly tedious.

Now rescaling the quantum numbers k; to dimensionful
quantities as in Sec. Il A2, k; — a; = k;£%, we define
analogous to Egs. (69) and (70) the operators

A; = Z ajlay...ay_3){ay...ay-3|, (83)

aj...ay-3

A i
Pi=3 Z (lay...ay3){ar...(a; = €3)...an 3|

aj...ay-3

—lay...(a; = ¢3)...ay3)(ay...ay3)) (84)
fulfilling the commutation relations

Ao 8;:%
P. A= ZiyTpP
[ 1 ]] 2l

Z (lay...ays){ar...(a; = £3)...an 3|

ay...ay_j

+lay...(a; = €3)...ay_3){a;...ay_s3|). (85)

In the limit of large volumes, the above r.h.s. approaches
the unit operator in just the same way as in Eq. (71).

IV. CONCLUSIONS AND OUTLOOK

The investigation of the semiclassical limit of loop
quantum gravity is one of the key issues in that approach
towards a quantum theory of gravitation. In the present
work we have focused on semiclassical properties of
quantum polyhedra. Regarding tetrahedra, as their simplest
examples, Eqgs. (41)—(45) provide operator analogs of
classical geometric relations for tetrahedra. These classical
relations are the key ingredient to the Bohr-Sommerfeld
analysis of Refs. [22,23].

The expansion of the classical volume squared in up to
fourth order in the canonical variables are given in Eqgs. (19)
and (22). We have explicitly established the connection
between a canonical quantization of these expressions with
a recent wave-function-based approach by the present
author [29] to the large-volume sector of the quantum
system. In the leading order both routes concur, yielding a
quantum harmonic oscillator as an effective description for
the (square of the) volume operator. As regards higher
orders, the approach of Ref. [29] leads to additional
corrections in terms of commutators which are naturally
absent in the classical expressions. Including the third-
order correction perturbatively leads to improvements of
the approximate wave functions. In fact, it is a distinctive
feature of the present work (and Ref. [29]) that it addresses
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not only the eigenvalues of the volume operator squared,
but also provides very accurate approximations to the
eigenstates. Furthermore, the comparison of both methods
leads also to a full wave function description of the
eigenstates of negative eigenvalues of large modulus, a
result which could only be conjectured in Ref. [29].

Differently from previous formulations, the position
variable used here is chosen to have dimension of
(Planck) length squared, #% = AG/c3. This definitional
detail is by no means necessary but facilitates the identi-
fication of quantum corrections. The ultimate reason for the
latter observation is the fact that Planck’s constant 7 itself is
dimensionful.

A further interesting point is the zero eigenvalue occur-
ring for tetrahedra with odd Hilbert space dimension d
where the eigenstate can be given, up to normalization, in a
closed form [13]. Moreover, the Bohr-Sommerfeld quan-
tization carried out by Bianchi and Haggard [22,23] yields
also surprisingly accurate results for eigenvalues of such
small modulus. Thus the question arises whether the
eigenstates corresponding to zero eigenvalues can also
be cast, for large angular momenta j; > 1, in a wave
function of a continuous variable.

An important step towards extending the results for the
tetrahedron to higher polyhedra is to express their volume
in terms of canonical variables. In the Appendix we have
achieved this goal for the case of pentahedra. However, the
resulting expressions are particularly lengthy and complex
such that further practical progress seems to require
dedicated numerics and/or extensive but judicious use of
computer algebra, which is beyond the scope of the present
investigation.

For general quantum polyhedra described by discrete
angular momentum quantum numbers we have formulated
a set of quantum operators fulfilling in the semiclassical
regime the standard commutation relations between
momentum and position. Indeed a major challenge is of
course the analysis of the volume operator(s) for higher
polyhedra. Results towards this goal were obtained in
Refs. [24,25] for pentahedra, and for the general case
the operators constructed in the present paper in analogy to
the Kapovich-Millson variables of the classical phase space

FIG. 3. A pentahedron of dominant type (trigonal prism)
extended to a tetrahedron. Two different labelings of faces
are shown.
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might, although fairly straightforward, provide a useful
step. Yet another possible route for generalizing the present
investigations is to study polytopes in higher dimensions
which also allow for a description in terms of SU(2)
intertwiners [33].

APPENDIX: THE CLASSICAL PENTAHEDRON
AND CANONICAL VARIABLES

In this Appendix we discuss the volume of a classical
pentahedron in terms of Kapovich-Millson variables. We
concentrate on the dominant type of pentahedra which
define the submanifold of maximal dimension in the phase
space of the variables A; [20]. These pentahedra are trigonal
prisms whereas a subdominant type is given by pyramidal
pentahedra. These can be generated from the former type
by collapsing an edge connecting the two trigonal faces
onto a single point and forming therefore a submanifold of
lower dimension.

1. Volume

An expression for the volume of a trigonal prism has
been devised by Haggard [24] starting from the observation
that such an object can always be extended to a tetrahedron.
Using the labeling on the left of Fig. 3 this extended body
fulfills the closure relation

aﬁl +ﬁ22 + 7/;43 +Z4 = O, (Al)
and by projecting this equation onto appropriate cross
products the above coefficients are easily obtained as

(A2)

with W, :;\i . (;\J xAk). The volume can now be
expressed as the difference of two tetrahedral volumes,

v =2(Japy - @G- D= 1)y Wi
(a3

2. Canonical variables
Our goal is now to express the scaling coefficients (A2)
occurring along Wi,;3 in Eq. (A3) in terms of standard
Kapovich-Millson variables. According to the prescription
given in Sec. II A we define

p1=A; + Ay, (Ad)

Py = Al +A2 +;\3 (AS)

and
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v = Z’l X A, (A6)
Wi = Ty = Py X As, (A7)
Wy = Py X Ay (A8)

such that the variables g;, i = 1, 2, conjugate to p; = |p;|,
are the angles between 7;, w;. Using the definition (11) one
has

91| = 2A(p1, A1, Ay), (A9)

Wil = [02] = 2A(p1. P2, As). (A10)

Wa| = 2A(p2. Ay, As). (All)
Moreover, the relations

vy x Wy = piWigs, (A12)

Uy X Wy = Py (Wisq + Was) (A13)

allow us to achieve a part of our task in a comparatively
compact manner,

Wone — 4A(p1, A1, Ay)A(py, pa, As)sing,
123 = .

P

(A14)

A(pa. Ay As)py sing,
A(p1. Ay, Ay)pysing,

p—a= (A15)

Unfortunately, the remaining quantities entering the vol-
ume (A3) will turn out to lead to clearly lengthier
expressions. To compute them, we shall not aim at
accessing further triple products W directly but rather
project the closure relation (A1) onto p;,

apy - Ay +Pp1 - Ay +yD1 - Ay = —py - Ag, (Al6)

apy - Ay +Bpy- Ay +ypa- Az = —py - Ay, (A17)
providing two further equations for a, #, y with coefficients
we will determine now.

From Egs. (A4) and (A5) one easily finds

. 1
Pi-Aip :E(p%:l:(A%—A%)), (A18)
- - 1
P12 Az = 3 (p3 = PTFA3), (A19)
along with
> = L, 2 _ A2
P1:D2= §(P1 + i — A3), (A20)
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and, via the closure relation (1),

Lo
P2+ Ay =—2(p3 + AL - A3).

5 (A21)

In order to determine p, -Al »2» we calculate, using
Eq. (A19),
vy wy = ((A] X Ap) X py) - As
= —A; - A3(p1 - Ag) + Ay - A3(Pr - A))

e
(A1 —A3)p - As —519%(141 -Ay) Ay (A22)

N —

such that, taking into account Eq. (A20),

- - 1 A% — A2 v w
Ajpp Az :4_1<1i 1p2 2)(1’%1(1“%_1“%))4: 1p2 1
1 1
(A23)

and finally

Pr-Aip=p1-Ap+As-Ap,

1 P+ p3+ A2
=2 (P4 p3+43) £ (A _Ag)]TQ%S
DIRRS
(A24)
Py
where
vy - Wy = 4A(p1, A1, Ay)A(py, pa,As) cos gy, (A25)
Similarly, one finds
I - 2 1 . =
Uy Wy = =pipr-Ag 453+ pT - APy Ass (A26)
which yields in combination with Eq. (A22)
2 2 2 > =
- pi+p;—A Uy - W
IR0 PRy AT Rk Y U ) BLKALE SON. 7}
4p; P>
with
Uy Wy = 4A(py, P2, A3)A(pa, Ay, As) cos g, (A28)

Thus we have expressed all scalar products occurring in
Egs. (A17) and (A18) in terms of the canonical variables p;,
q;. Taking into account Eq. (A16), these relations can now
be formulated as

M(plvp2)<a;’,_ﬂ> = <ggii]1,;) (A29)
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with
M(p p)_( pi p%—p%—A%)
1-2) —
S+ +AY) pi-pi+ A3
(A30)
and
A(p,r, Ay A i
F(pinq;) = (P2 Ay 5)pls¥n‘h (A%—A%)
A(p1. Ay, Ay)pysing,
2 2 2 - -
P1+P2—A3(2 2 a2 V2" W
———= = (p3+A;—AZ)+2 ,
2p3 P [
(A31)
A(p,, Ay A i
G(piqi) = (P2, A4, As)py sing,

A(p1, Ay, Ay)pysing,
vy '2‘7‘}1 i (A% —A%) P% + P%;L A%
Pi 2py

+ p3 + A7 - AL

X [=2

(A32)

Now, inverting the 2 x 2 matrix (A31) and using again
Eq. (A16) one can explicitly solve for the scaling coef-
ficients a, f, y. This procedure, however, will obviously
result in forbiddingly lengthy and complicated expressions,
which is mainly due to the cumbersome structures in the
r.h.s of Eq. (A30). We note that these expressions consid-
erably simplify for A; = A, and A; = As, i.e. if the two
triangular faces and two of the other faces have pairwise the
same area. Then one has

1 Uy - W
Flpig) = -5 (Pi+pi-A)+2= (A33)
2
8A(p1, P2, A3)A(p2. Ay, Ay) sin
G(piq) = — (P1. P2, A3)A(P2. Ay, Ag) C]z_i_p%.
P1P2 tan g,
(A34)

However, also these quantities seem to be too complicated
to allow for further practical analytical progress towards,
e.g., the extrema of the pentahedral volume and expansions
around them.

3. Relabelings and alternative variables

One might suspect that simpler expressions for the
pentahedral volume can be obtained by a judicious alter-
native choice of the canonical variables. For example, an
apparently more symmetric arrangement would be to
couple the trigonal faces separately with other faces to
canonical momenta. Using the labeling given on the right of
Fig. 3, this means to use the definitions (A4), (A6), and
(A7) as before and put
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Ph = A, + As, (A35)
o = ph x Aq, (A36)
W = ph x As. (A37)

However, the closure relation (1) immediately tells that

o= —Pr  Bh——in  Wh——in  (A3)
Thus, up to inessential signs, we end up with the same
canonical variables as before. Moreover, the closure rela-

tion for the extended tetrahedral volume reads now

PHYSICAL REVIEW D 90, 124080 (2014)

A+ dA, + fA; + YAy =0, (A39)
where the new scaling coefficients can be expressed in
terms of the old ones (A2) as [24]

od =—, =r ’—1.

(A40)
As aresult, we encounter very similar technical difficulties.
Furthermore, in Ref. [24] an exhaustive list of pentahedral
face labelings and corresponding scaling coefficients has
been given. Inspecting these results does also not give rise
to the hope that such a change of variables will lead to
substantially simpler expressions for the volume.

[1] C. Rovelli, Quantum Gravity (Cambridge University Press,
Cambridge, England, 2004).

[2] T. Thiemann, Modern Canonical Quantum General
Relativity (Cambridge University Press, Cambridge,
England, 2007).

[3] A. Perez, Living Rev. Relativity 16, 3 (2013).

[4] C. Rovelli and L. Smolin, Nucl. Phys. B442, 593 (1995).

[5] A. Ashtekar and J. Lewandowski, Adv. Theor. Math. Phys.
1, 388 (1998).

[6] R. Loll, Phys. Rev. Lett. 75, 3048 (1995).

[7] R. Loll, Nucl. Phys. B460, 143 (1996).

[8] R. De Pietri and C. Rovelli, Phys. Rev. D 54, 2664 (1996).

[9] R. De Pietri, Nucl. Phys. B, Proc. Suppl. 57, 251 (1997).

[10] T. Thiemann, J. Math. Phys. (N.Y.) 39, 3347 (1998).

[11] A. Barbieri, Nucl. Phys. B518, 714 (1998).

[12] G. Carbone, M. Carfora, and A. Marzuoli, Classical
Quantum Gravity 19, 3761 (2002).

[13] J. Brunnemann and T. Thiemann, Classical Quantum
Gravity 23, 1289 (2006).

[14] K. Giesel and T. Thiemann, Classical Quantum Gravity 23,
5693 (2006).

[15] K. Giesel and T. Thiemann, Classical Quantum Gravity 23,
5667 (2006).

[16] K. A. Meissner, Classical Quantum Gravity 23, 617 (2006).

[17] J. Brunnemann and D. Rideout, Classical Quantum Gravity
25, 065001 (2008).

[18] J. Brunnemann and D. Rideout, Classical Quantum Gravity
25, 065002 (2008).

[19] B. Dittrich and T. Thiemann, J. Math. Phys. (N.Y.) 50,
012503 (2009).

[20] E. Bianchi, P. Dona, and S. Speziale, Phys. Rev. D 83,
044035 (2011).

[21] H. Minkowski, Nachr. Kgl. Ges. d. W. Gott., Math.-Phys.
Klasse 1897, 198.

[22] E. Bianchi and H. M. Haggard, Phys. Rev. Lett. 107, 011301
(2011).

[23] E. Bianchi and H. M. Haggard, Phys. Rev. D 86, 124010
(2012).

[24] H. M. Haggard, Phys. Rev. D 87, 044020 (2013).

[25] C.E. Coleman-Smith and B. Miiller, Phys. Rev. D 87,
044047 (2013).

[26] J. C. Baez and J. W. Barrett, Adv. Theor. Math. Phys. 3, 815
(1999).

[27] M. Kapovich and J.J. Millson, J. Diff. Geom. 44, 479
(1996).

[28] V. Aquilanti, D. Marinelli, and A. Marzuoli, J. Phys. A 46,
175303 (2013).

[29] J. Schliemann, Classical Quantum Gravity 30, 235018
(2013).

[30] A.R. Edmonds, Angular Momentum in Quantum
Mechanics (Princeton University Press, Princeton, NJ,
1957).

[31] J.-M. Levy-Leblond and M. Levy-Nahas, J. Math. Phys.
(N.Y.) 6, 1372 (1965).

[32] A. Chakrabarti, Ann. H. Poincare A 1, 301 (1964).

[33] N. Bodendorfer, Phys. Lett. B 726, 887 (2013).

124080-11


http://dx.doi.org/10.12942/lrr-2013-3
http://dx.doi.org/10.1016/0550-3213(95)00150-Q
http://dx.doi.org/10.1103/PhysRevLett.75.3048
http://dx.doi.org/10.1016/0550-3213(95)00627-3
http://dx.doi.org/10.1103/PhysRevD.54.2664
http://dx.doi.org/10.1016/S0920-5632(97)00397-6
http://dx.doi.org/10.1063/1.532259
http://dx.doi.org/10.1016/S0550-3213(98)00093-5
http://dx.doi.org/10.1088/0264-9381/19/14/315
http://dx.doi.org/10.1088/0264-9381/19/14/315
http://dx.doi.org/10.1088/0264-9381/23/4/014
http://dx.doi.org/10.1088/0264-9381/23/4/014
http://dx.doi.org/10.1088/0264-9381/23/18/012
http://dx.doi.org/10.1088/0264-9381/23/18/012
http://dx.doi.org/10.1088/0264-9381/23/18/011
http://dx.doi.org/10.1088/0264-9381/23/18/011
http://dx.doi.org/10.1088/0264-9381/23/3/005
http://dx.doi.org/10.1088/0264-9381/25/6/065001
http://dx.doi.org/10.1088/0264-9381/25/6/065001
http://dx.doi.org/10.1088/0264-9381/25/6/065002
http://dx.doi.org/10.1088/0264-9381/25/6/065002
http://dx.doi.org/10.1063/1.3054277
http://dx.doi.org/10.1063/1.3054277
http://dx.doi.org/10.1103/PhysRevD.83.044035
http://dx.doi.org/10.1103/PhysRevD.83.044035
http://dx.doi.org/10.1103/PhysRevLett.107.011301
http://dx.doi.org/10.1103/PhysRevLett.107.011301
http://dx.doi.org/10.1103/PhysRevD.86.124010
http://dx.doi.org/10.1103/PhysRevD.86.124010
http://dx.doi.org/10.1103/PhysRevD.87.044020
http://dx.doi.org/10.1103/PhysRevD.87.044047
http://dx.doi.org/10.1103/PhysRevD.87.044047
http://dx.doi.org/10.1088/1751-8113/46/17/175303
http://dx.doi.org/10.1088/1751-8113/46/17/175303
http://dx.doi.org/10.1088/0264-9381/30/23/235018
http://dx.doi.org/10.1088/0264-9381/30/23/235018
http://dx.doi.org/10.1063/1.1704786
http://dx.doi.org/10.1063/1.1704786
http://dx.doi.org/10.1016/j.physletb.2013.09.043

