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Motivated by the string corrections on the gravity and electrodynamics sides, we consider a quadratic
Maxwell invariant term as a correction of the Maxwell Lagrangian to obtain exact solutions of higher
dimensional topological black holes in Gauss-Bonnet gravity. We first investigate the asymptotically flat
solutions and obtain conserved and thermodynamic quantities which satisfy the first law of thermody-
namics. We also analyze thermodynamic stability of the solutions by calculating the heat capacity and the
Hessian matrix. Then, we focus on horizon-flat solutions with an anti—de Sitter (AdS) asymptote and
produce a rotating spacetime with a suitable transformation. In addition, we calculate the conserved and
thermodynamic quantities for asymptotically AdS black branes which satisfy the first law of thermody-
namics. Finally, we perform thermodynamic instability criterion to investigate the effects of nonlinear

electrodynamics in canonical and grand canonical ensembles.
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I. INTRODUCTION

Nonlinear theories have been studied extensively in the
context of various physical phenomena. In other words,
because of the nonlinear nature of most physical systems,
linear theories could not precisely describe the experimen-
tal consequences and we must inevitably consider the
nonlinear models.

Classical electrodynamics, whose field equations origi-
nate from the Maxwell Lagrangian, contains various
problems which motivate one to consider nonlinear electro-
dynamics (NLED). One of the main problematic items of
Maxwell theory is infinite self-energy of a pointlike charge.
The first successful Lorentz invariance theory for solving this
problem was introduced by Born and Infeld [1]. After Born-
Infeld (BI) theory, although some different NLED have been
introduced with various motivations, their weak field limits
lead to Maxwell theory [2-5]. Amongst the NLED theories,
the so-called BI types, whose first nonlinear correction is a
quadratic function of Maxwell invariant, are completely
special [4-6]. In addition to the interesting properties of BI-
type NLED theories [7], it may be shown that these theories
may arise as a low energy limit of heterotic string theory [8],
which leads to increased interest. Taking into account the first
leading correction term of BI-type theories which originated
from the string theory, one can investigate the effect of NLED
versus Maxwell theory [9,10].
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In this paper, we consider Gauss-Bonnet (GB) gravity
as a natural generalization of Einstein gravity with a
quadratic power of Maxwell invariant, in addition to the
Maxwell Lagrangian as a source. On the gravity point of
view, string theories in their low energy limit give rise to
effective models of gravity in higher dimensions which
involve higher curvature terms, while from the electro-
dynamics viewpoint, a quadratic power of Maxwell
invariant supplements the Maxwell Lagrangian with the
development of superstring theory. In the weak field limit,
GB gravity and the Lagrangian of the mentioned NLED
reduce to Einstein gravity and Maxwell Lagrangian,
respectively.

On the other hand, it has been shown that there is a close
relationship between black hole thermodynamics and the
nature of quantum gravity. For black holes to be physical
objects, it is necessary for them to be stable under external
perturbation. There are two kinds of stability: physical
(dynamical) stability and thermodynamical stability, which
is of interest in this paper. The most interesting parts of
black hole thermodynamics are thermal instability and
Hawking-Page phase transition [11]. It has been shown
that there is no Hawking-Page phase transition for the
Schwarzschild-AdS black hole whose horizons have
vanishing or negative constant curvature [12].

Thermodynamic properties of black holes in GB gravity
with NLED have been studied before [13]. In this paper, we
will obtain the black hole solutions of GB-Maxwell
corrected (GB-MC) gravity in arbitrary dimensions and
discuss thermal instability conditions.

© 2014 American Physical Society
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One may question the motivation for considering GB-
MC gravity. As we know, the Maxwell theory has accept-
able consequences, to a large extent, in various physical
areas. So, in transition from the Maxwell theory to NLED,
it is allowable to consider the effects of small nonlinearity
variations, not strong effects. In other words, in order to
obtain physical results with experimental agreements, one
should regard the nonlinearity as a correction to the
Maxwell field. Eventually, we should note that, although
various theories of NLED have been created with different
primitive motivations, only their weak nonlinearities have
physical and experimental importance. So the effects of
nonlinearity should be considered as a perturbation to
Maxwell theory. In addition, in a gravitational framework
the GB gravity is a natural generalization of Einstein
gravity (not a perturbation in general) in higher dimensions.
One may regard GB and MC as the corrections of an
Einstein-Maxwell black hole.

The layout of the paper will be in this order: In Sec. II,
we will introduce the structure of action which contains GB
gravity coupled with MC. Then, we will solve the field
equations and discuss the geometric properties of the
topological black holes. We will study thermodynamic
properties and stability of the asymptotically flat spacetime
in Sec. III. In the following section, we will generalize our
solutions to rotating black branes with anti—de Sitter (AdS)
asymptote and calculate thermodynamic and conserved
quantities of rotating solutions. The final part is devoted to
investigating the stability of the solutions in canonical and
grand canonical ensembles. Conclusions are drawn in the
last section.

II. TOPOLOGICAL BLACK HOLES

The Lagrangian of Einstein-GB gravity coupled to
NLED can be written as

Ltot:LE_2A+aLGB+L(F)1 (1)

n—1i-1
d6? + 3" ] sin26,d6>
i=2 j=1

a0 =

n—1
> de;
i=1

Since we are looking for the black hole solution with a
radial electric field, we know that the nonzero components
of the electromagnetic field are

Ftr = _Frt- (8)

d6? -+ sinh20,d63 + sinh?0, Y [] sin?60,d0? k= —1.
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where the Lagrangian of Einstein gravity is the Ricci scalar,
Ly =R, and A is the cosmological constant. In the third
term of Eq. (1), a is the GB coefficient with dimension
(length)? and Lgg is the Lagrangian of GB gravity,
Lo = RupeaR** = 4R ,R + R, 2)
The last term in Eq. (1) is the Lagrangian of NLED,
which we choose a quadratic correction in addition to the
Maxwell Lagrangian

L(F) = =F + BF* + O(p), (3)

where f is the nonlinearity parameter and the Maxwell
invariant F = F,,F*, where F,, = 0,A, — 0,A, is the
electromagnetic field tensor and A, is the gauge potential.
For the vanishing nonlinearity parameter, this Lagrangian
yields the standard Maxwell theory, as it should. Regarding
the gauge-gravity Lagrangian (1) and using the variational
method, one can obtain the following field equations:

1
ng + Agab + (XGSE = EgabL(f) - ZL}'FQCFZ, (4)
aa(v_gLfFab) =0, (5)

where GE, is the Einstein tensor, GSB = 2(R,.4,R;%—

c c dL(F
2RqpaR! = 2RyoRG + RRyp) = § Langay and Ly = “7.
Now we are interested in topological static black hole
solutions; therefore, we take into account the following

static metric:

dr?

f(r)

where dQ? represents the line element of an (n—1)-
dimensional hypersurface with the constant curvature
(n=1)(n—=2)k and volume V,_; with the following
explicit form:

ds®> = —f(r)dr* + + r2dQ2, (6)

k=1

n—1i-1
i=3 j=2

k=0

One can use Eq. (5) to obtain the explicit form of F,,
with the following form:

q 4¢P

Fip=—= = 0(p*),

©)

I%
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which for small values of f reduces to the Maxwell
electromagnetic field tensor.

We find that the nonzero independent components of
Eq. (4) can be written by applying electromagnetic field
tensor (9):

e,,:;’3(1—1—2(1_zf)()/)f’—oﬂ(n—4)(1—f)2

;
24 24 4q*p
T (n—1) + (n—1)r2n=5 - (n—1)r*-3 + 0B,
(10)
egp=r' [1 +W] f'=2adr’f"
+2r(n—2) [r2+2a’$:j§(l —f)}f’
—d(n=4)(n=5)(1-f)*=(n=2)(n=3)r*(1-f)
2 4
+2Ar“—,§f_6+ ﬁfff +0(p?), (11)

where o = (n—2)(n —3)a.
It is straightforward to show that the following metric
function satisfies all of the field equations simultaneously:

2

F(r) = k55 (1= VE@)). (12)
with
B 8a’ n(n—1)m ng?
=T (A L TR P e
n 4
) + o) (13

where m is an integration constant that is related to mass.
One can see that for small values of 3, the metric function
reduces to usual GB-Maxwell gravity. Expansion of
the metric function for small values of the GB parameter
leads to

B 4q° (k=fem)*
f(r)—fEM—(n_l)(3n—4)r4"_6ﬂ+ r ’
N 8¢*(k — fem) By 0 p),  (14)

(n—1)(3n—4)r*= “
where the metric function of Einstein-Maxwell gravity is

2Ar? m 24°

T ) A )

(15)

In order to consider the asymptotic behavior of the
solution, we put m = g = 0, where the metric function
reduces to
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r2 o
)=kt 5 (1— Hn(i—An)' (16)

This result puts a restriction on & which states that for

a < %A_l), the metric function will be real asymptotically.
On the other hand, for A = 0, asymptotically flat solutions
are available only for k = 1.

The next step is to look for singularities. It is a matter of
calculation to show that the Kretschmann scalar of metric

(6) is

Ry R — 2 4 20— 1) 4 2(n = )2
afyd _f + (n ) r2 + (n )(l’l ) V4 ’
(17)

where its series expansion for small and large values of r
will be

HmR 5,5 R o =407, (18)

. 4(n+2)A —1 +2
}Lr?oRaﬂy5Raﬂyé_%_§<1+”¢>7
(19)
n—2 8a'A
- -1 20
: \/n +n(n—1) ’ (20)

which, for small values of the GB parameter, will lead to

. 8(n+2) 4
lim R 5, sR¥7° = A% -
oy abrs (n+2)n? n(n—1)

A+ O(d).

(1)

Equations (18)—(21) show that there is an essential
singularity located at r =0 and that the asymptotic
behavior of the solutions are AdS with an effective
cosmological constant. If this solution contains the horizon,
then our metric function is interpreted as a black hole. In
order to investigate the existence of the horizon, one should
find the root of ¢'" = f(r) = 0. If we suppose that the
metric function is positive for large and small r, by
considering the possibility of the existence of only one
extreme root r, = rq, we know that f(r) has a minimum
at ¥ = rey. SO we can investigate the roots of f7,

o ad(n—4)
k(n—1)(n—2)ri® [m + 1} +44*p
- 2ratq? = 2ra A+ O(p*) =0, (22)
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where, for example, in the Ricci-flat case (k = 0), we obtain

[> A>3 (£/(1 + 8BA) — )]
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Fext =

A

+0(p?) (23)

It is matter of calculation to show that the extremal mass for k = 0 is

247 2rt A

ext

4q*p

Mexe =

rec(n=1)(n-2)

nn—1)

G- OV 2

We should note that the obtained solutions may be interpreted as black holes with inner and outer horizons provided
m > Mgy, an extreme black hole for m = m,, and naked singularity otherwise. One can obtain the Hawking temperature
by surface gravity definition with the following explicit form:

n— n—4)a
k(n—1)(n—2)r*"=5(1 + fn_zfra

T =

) = 2r A = 27327 + 4qp

4r(n — 1)ri”_5(1 + %a/)
2

It is worthwhile to mention that extremal black holes have
zero temperature.

III. THERMODYNAMICS OF
ASYMPTOTICALLY FLAT BLACK
HOLES (k =1 AND A =0)

In this section we are interested in the thermodynamics
of asymptotically flat solutions. Using the series expansion
of the metric function (12) with k = 1 for large values of
distance, we obtain

B m 247 1
flr)=1- 2 * (n=1)(n=2)rn+ * 0<r2’"2>’

(26)

which shows that the solutions are asymptotically flat.

According to area law, the entropy of black holes is one
quarter of the horizon area. This relation is acceptable for
Einstein gravity, whereas we are not allowed to use it for
higher derivative gravity. For our GB case we can use the
Wald formula for calculating the entropy of asymptotically
flat black hole solutions:

S = % / d"'x/7(1 + 2aR), (27)

where R is the Ricci scalar for the induced metric ¥ qp ON the

(n — 1)-dimensional boundary. Calculations show that one
2(n— 1)

( ) ) rrer—l , (28)

can obtain
Vn—l
S = 1
4 ( + (n— 3)1&

which confirms that asymptotically flat black holes violate
the area law.

+0(p). (25)

Considering the flux of the electric field at infinity, one
can find the electric charge of black holes with the
following form:

o-=L (29)

Next, for the electric potential, ¢, we use the following
definition:

= At o = AW,
- q (1 _ 4n=-2)¢’p

N (n—=2) rﬁ_z (3n - 4)}&"—2

) o). (30)

where y* is the null generator of the horizon. It is
notable that although the electric potential depends on
the nonlinearity of electrodynamics, the electric charge
does not.

In order to calculate the finite mass of the black hole, we
use the ADM (Arnowitt-Deser-Misner) approach for large
values of r, which will result in [14]

_ Vn—l
167

m(n—1). (31)

We should note that one can obtain m from f(r = r,) = 0,
so the total mass depends on GB and NLED parameters.

Next, by using Eqgs. (12), (28), and (29) and considering
M as a function of the extensive parameters S and Q, we
have

uis.0) =" [n-n(1+5) + 228

167 r -2)rt
102474 Q*
gy O @
+

124008-4
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Now we calculate the temperature and electric poten-
tial as the intensive parameter with the following

relation:
oM oM oS oM
TZ(as)f(zau)Q/(au)Q’ ‘I’Z(ag>;
(33)

which are the same as the ones that were calculated in
Egs. (25) and (30). Thus, the conserved and thermody-
namic quantities satisfy the first law of thermodynamics,

PHYSICAL REVIEW D 90, 124008 (2014)
A. Stability of the solutions

Here, we investigate the thermodynamic stability of
charged black hole solutions of GB gravity with NLED.
In the grand canonical ensemble, the thermodynamic
stability may be carried out by calculating the determinant

of the Hessian matrix of M(S, Q) with respect to its
>PM
IX;0X;

ensemble, the electric charge is a fixed parameter, and
therefore the positivity of the heat capacity Cp = 7./ (2M s M)

is sufficient to ensure the local stability. Since the physical
black hole solutions have positive temperature, it is suffi-

extensive variables X;, HY x, = ( ). In the canonical

dM = TdS + ®dQ. (34)  cient to check the positivity of (224 D) o= (g%) Q/ (5)%) o
|
2 _ 2 _ )
(220) <= [ ] gy -
+2Bq*[4a' (4n —7) + (8n — 10)r2+]}/[n(n = 1271002 + 1) + 0(p%). (35)

One may study the behavior of ( 652> for small values of the GB parameter with the following form:

-2(2n - 3)ri"q2

4(4n - 5)q*

<882TA;[> __(n=D(n —(2)rj_n—4

[(5n—4)rt — 16,747

n—1)>2""x

(I’l ])2 Sn— 6

64q4

(0= 1)F 2

In addition, it is worthwhile to mention that for small and
large values of r,, we obtain

_%<0 a#0,p#0
2 _% 0, a=0,p#0
<W>Q smanu: %>0 d#0.p=0
% 0, a=0,=0
(37)
2 M n—2

which indicate that for nonzero o’ and /3, asymptotically flat
black holes with a large or small horizon radius are not
stable. In other words, there is an upper limit, 7, ., as well
as a lower limit, r, ;,, for the asymptotically flat stable
black holes (ry n < ri < Fima). Although this result
does not depend on the value of the GB parameter,
asymptotically flat black holes with a small horizon radius
may be stable in the presence of a pure Maxwell field (with

o + 5n_4ﬂﬂa’ + 0(a?, ). (36)

(n=1)rY

an absence of nonlinearity of electrodynamic correction).
In other words, taking into account thermal stability in the
canonical ensemble, the nonlinearity of electrodynamics
has a reasonable influence on a small horizon radius.

In order to investigate the effects of GB gravity and
NLED on the local stability for arbitrary r,, we plot
Figs. 1-6. Here, we consider left panels which are
appropriate for the canonical ensemble analysis.

In Figs. 1 and 2 we investigate the effects of considering
GB gravity. One can find that when the GB parameter is
less than a critical value (&' < a..), T, has a real positive
g
08?70
other words, small black holes are not physical and large
black holes are not stable. Moreover, we find that r
(r; max) decrease (increase) when we increase o'. In
Fig. 2, we consider @ > a,, in which T, is a positive
definite function of r. In this case one can obtain stable
solutions for r, ;, < ¥y < ¥y Which confirms that
small and large black holes are unstable. We should note
that increasing o' leads to increasing (decreasing) the value
of 7y nin (i max) and, therefore, decreases the range of
stability.

Besides, we plot Figs. 3 and 4 to analyze the effects of
NLED. We find that for the fixed values of ¢, n, and &, there

root at ry. In this case, ( >0forrg <ry <rip.In

124008-5
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Asymptotically flat solutions (24) o (left panel) and Y,
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0.10

0.05

-0.05

| (right panel) versus r, forn =5, ¢ =1, # = 0.001, and a = 0.1

(solid line), @ = 0.3 (dotted line), and a@ = 0.5 (dashed line). Bold lines represent the temperature.

is a critical value for the nonlinearity parameter, /3., in which
for f < B, the temperature is positive for r, > ry. This case
is the same as that in Fig. 1 with ¢ < .., and we may obtain
asymptotically flat stable black holes for ry < 7, < 7y pax.
In Fig. 4 we set # > f. to investigate the stability condition
for positive definite temperature. One finds there are lower
and upper limits for the horizon radius of stable black holes.
It means that for # > f., asymptotically flat black holes are
stable when 7, i, < 7o < 7o -

We study the effects of electric charge in Figs. 5 and 6.
These figures show that for fixed values of &’ and f3, there is
a critical value for the electric charge, ¢,., in which the
temperature is positive definite for ¢ < ¢.. When ¢ > ¢,

0.08
0.07
0.06
0.05+

0.04+

0.03

0.02+

0.01

0 M T T T T T 1
0.5 0.6 0.7 0.8 0.9 1.0 1.1

FIG. 2. Asymptotically flat solutions (

(left panel) and [HE, 6

there is a real positive root (r) for the temperature which is
an increasing function of g. We should note that the general
behaviors of Figs. 5 and 6 are, respectively, the same as
those in Figs. 1 and 2. In other words, asymptotically flat
black holes are stable for r. ;, <r, <7, and one
should replace r, ;, with ry for g > ¢g.. It is worthwhile to
mention that both r .;, and r, .« are increasing functions
of q.

Finally, considering Figs. 1-6, we should note that, in
canonical ensemble, asymptotically flat black holes are
stable for 7, i, < 7y < 7y nax. In Which one must replace
7+ min With 7o when T, has a real positive root (¢ > g, or

B < p.ord <al).

0.15
0.10

0.05>

-0.054

-0.10-

(right panel) versus r, forn =5, ¢ =1, p =0.001, and a = 0.6

)s2
(solid line), @ = 0.8 (dotted line), and a = (? 1 (dashed line). Bold lines represent the temperature.
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0.6

0.5 4

0.4

0.3

-0.1 4
0.2 1

0.1 -0.2 4

1
0.7 0.8 0.9 1.0 1.1 12 ~03-

FIG. 3. Asymptotically flat solutions (‘S;TAQ’) 0 (left panel) and |H§”Q\ (right panel) versus r, forn =5, =1, a = 0.1, and = 0.001
(solid line), f = 0.003 (dotted line), and S = 0.005 (dashed line). Bold lines represent the temperature.

03 \ 0.20

0.15+

0.10

0.05

0 , EAR S . = L0
07 08 0.9 10 1

FIG. 4. Asymptotically flat solutions (%ZTAZ”) (left panel) and [HY',| (right panel) versus r, forn =5, ¢ =1, @ = 0.1, and = 0.01
(solid line), f = 0.03 (dotted line), and f = 0.05 (dashed line). Bold lines represent the temperature.

Next, in the grand canonical ensemble, we calculate the determinant of the Hessian matrix of the asymptotically flat black
holes. After some algebraic manipulation, one obtains

HY,| = 4{2q2(3n — Al = 2d) + 4¢* P22 (11n = 24) — (Tn — 8) 2B

n—8)a'r n—4)a?
+12¢%(n = 1)(n — 2)%r4—8 [( n §)2) + 2((11 _42)) + ri}ﬁ

n—8)ar n—4)a?
—(n=1)(n=2)(3n —4)r%10 {( T ?2) * 4 2(<n _42)) + ri] } /[t

x (r} + 2P (n= 1)’ 3n = 4)(n = 2)] + O(8?). (39)
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0.06

0.014

0.05 [

-0.014

0,03
: -0.02

0.02+
-0.03 1

0.01+
-0.04 4

-0.05 -

FIG.5. Asymptotically flat solutions (‘§§4)Q (left panel) and |H’S”Q| (right panel) versus 7, forn = 5,8 = 0.00l,a = 0.7,and g = 1.2

(solid line), g = 1.3 (dotted line), and ¢ = 1.4 (dashed line). Bold lines represent the temperature.

0057 0.05 1

0.04+

0.03

-0.05
0.02+

0.01+

-0.15-

ER
(solid line), g = 0.7 (dotted line), and ¢ = 0.9 (dashed line). Bold lines represent the temperature.

FIG. 6. Asymptotically flat solutions (821‘24)Q (left panel) and |H’S"’Q| (right panel) versus r, forn =5, # = 0.001,a = 0.7,and ¢ = 0.5

In addition, it is worthwhile to mention that for small and 4

large values of r,, we obtain |H§{Q|Large — _W <0, (41)
+
4(11n—24)pq* /

A1 PG 0. @#0p%0 which indicate that, for nonvanishing ' and f, asymptoti-
— 6”_8(16(17)’;(—8”;‘)/:% 5 < 0, =00 cally flat black holes with a large horizon radius are not
HY olsmattr. = A , e , stable. In other words, there is an upper limit, r .., for the
’ —WW <0, d#0,6=0 asymptotically flat stable black holes (r; < r, .. In the
) * absence of the GB gravity case (& =0, # 0), there is a
(n—1)2(8+2)r1"-6 >0, ad=0,=0 lower limit for stable solutions. This means that for &' = 0,

the results of the stability conditions for the canonical

(40) and grand canonical ensembles are identical and both

124008-8
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ensembles show that small and large black holes are
unstable. We should note that, in the presence of GB
gravity, thermal stability is ensemble dependent. These
results are shown in Figs. 1-6.

Now we need to discuss ensemble dependency [15]. As
we know, in the canonical ensemble the internal energy is
allowed to fluctuate with fixed electric charge and, there-
fore, the black hole and the heat reservoir remain in thermal
equilibrium with a certain temperature. While in the grand
canonical ensemble, the black hole is in both thermal and
electrical equilibrium, with its reservoir held at a constant
temperature and a constant potential. In other words,
different boundary conditions lead to different ensembles.

In the usual discussions of the stability criterion of black
holes, one expects ensemble independence of the system.
Indeed, different ensembles which imply different boun-
dary conditions should lead to similar stability conditions
in the usual thermodynamical systems.

Ensemble dependency of a system may come from two
subjects. One of them is real ensemble dependency, which
may occasionally occur in some thermodynamical systems.
The existence of ensemble dependency was seen in the
usual thermodynamical systems [16]. Another one, which
is not real, can be removed by improving our thermody-
namic viewpoint. In other words, our lack of knowledge
may lead to ensemble dependency and we should improve
our thermodynamical understanding to obtain ensemble
independency. In our black hole model (with a spherical
horizon), we find that the nonlinearity of electrodynamics
results in the same changes for the behavior of both
canonical and grand canonical ensembles. One can see
that the ensemble dependency comes from the contribution
of Gauss-Bonnet gravity. This means that, in the absence of
the GB parameter, both ensembles have the same stability
conditions. This shows that the GB parameter makes more
of a contribution to the thermodynamical behavior of the
black hole systems. In other words, one may consider the
GB parameter not only as a fixed parameter, but also as a
thermodynamical parameter [17]. By doing so, the Hessian
matrix for this system will be modified and, therefore, we
may expect to see that this modification solves the
ensemble dependency of the black hole system.

Another way to solve ensemble dependency is through
considering the fact that thermodynamical systems
described by a thermodynamical potential must be invariant
under the Legendre transformation. To do so, one can use
the method that was introduced in [18] and can use
geometrothermodynamics to solve ensemble dependency
of the system [18,19].

IV. ASYMPTOTICALLY AdS SPINNING
BLACK BRANES (k=0 & A #0)

In this section, we will investigate rotating AdS space-
time. In order to investigate the asymptotic behavior of the
solutions for k =0 and A # 0, one can use the series

PHYSICAL REVIEW D 90, 124008 (2014)

expansion of the metric function for a large value of r. We
obtain

2 A m
f r) = — e },.2 _ :
Y (1 4 2y =2
+ 24 N 0( 1 )
(n—1)(n-2)(1+ %),@n% 2n=2 )
(42)
where
I’l(l’l— 1)( 1+n?($g,—Al)_1)

Aeff - . (43)

4o

Equation (42) shows that for k =0 the solutions are
asymptotically AdS with an effective cosmological con-
stant A .. When constructing a rotating spacetime, one can
apply the following transformation in the static spacetime
with k = 0:

t—> Zt— ai¢i,

b — 2, —%z. (44)

Using this transformation, the metric of (n+ 1)-
dimensional asymptotically AdS rotating spacetime with
p rotation parameters is

- p 2 dr2
ds*> = —f(r) (Hdt - ; aid(ﬁ,-) + 70

r2 P
+% > (aidt — EPd,)?
i=1

2 P
_%Z (aidg; — a;dg;)* + r*dX?,  (45)
i<j

where = = /1 + >°7_ % and dX? is the Euclidean metric

=1/
on the (n— 1 — p)-dimensional submanifold. The fourth
term in Eq. (45) comes from the fact that, for a rotating
spacetime with more than one rotating parameter, we
should consider cross terms associated with rotating coor-
dinates. The rotation group in (n + 1) dimensions is SO(n)
and, therefore, p < [n/2]. Considering the aforementioned
transformation, for the gauge potential, we should write
A, = h(r)(E8) — ;8,) (nosumoni). (46)
Calculations show that metric function (12), with k = 0 and
h(r) = [ F,dr [using the F, calculated in Eq. (9],
satisfies all of the field equations for the aforementioned
rotating AdS spacetime. Straightforward calculations

124008-9



S.H. HENDI AND S. PANAHIYAN

confirm that there is a curvature singularity located at r = 0
which is covered with the horizon(s).

Using the analytic continuation of the metric by setting
t — it and a; — ia; and regularity at the event horizon, r_,
helps us to obtain the Hawking temperature and the angular
velocities of the black branes:

T = f/(r+) —a rin_4A + riﬂ_zqz _ ZQ4ﬂ + O(ﬁz)
T 4nE 272Z(n — 1)r43 ’
(47)
a;
Qi = :lz . (48)

Equation (47) shows that, unlike black hole solutions with a
spherical horizon, the temperature of the aforementioned
black brane with a flat horizon does not depend on GB
gravity.

Next, we calculate the electric charge and potential of the
solutions. The electric charge per unit volume V,_; can be
found by calculating the flux of the electric field at infinity,
yielding

q=
==—. 49
0=1 (49)
On the other hand, because of the applied transformation
and changes in the metric, we now have Killing vectors in
the form of y = 9, + Y7, Q;0,, which is the null gen-

erator of the horizon. The electric potential is obtained as

¢ = Alwﬂ|r—>oo _All)(”r—nar

4(n =2)q°p
B (3n —4)r2n2

_ q
2(n - 2)1’?2

Now we desire to calculate the entropy, the angular
momentum, and the finite mass to check the first law of
thermodynamics. In general, the action and the conserved
quantities of the spacetime diverge when evaluated on the
solutions. In order to overcome this problem and due to
the fact that our spacetime is asymptotically AdS, we can
use the counterterm method to calculate the finite action
and the conserved quantities. One can show that for the
obtained solutions with flat boundary R,,.,(y) = 0, the
finite action is

) +0(p*). (50)

Ifinite = I +1p + Lt (51)
where
Io———L d"x\/=gL (52)
G 167 /., tot
1 .
Iy =5 | d'xy=7{K +2a(/ = 264,K)}  (53)
87 Jom
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I 1
o= T8x o

d"x /=7 (" - 1) : (54)

leff

where y and K are, respectively, the trace of the induced
metric, y,,, and the extrinsic curvature, K%, on the
boundary OM, G, is the Einstein tensor calculated on
the boundary, J is the trace of

1 _ . .
Jah :g(chKLdKah +2KKacK?7_2KacK deb _KzKub)’

(55)

and [ is a scale length factor that depends on [ and «,
which must reduce to / as a vanishes. It is worthwhile to
mention that, for a spacetime with zero curvature boun-
dary, I, has exactly the same value as that of the Einstein
gravity in which [ is replaced by /.. Using the Brown-
York method of a quasilocal definition with Eq. (51)-(54),
one can introduce a divergence-free stress-energy tensor
as follows:

1 n—1
Tab — 8_ |:(Kab _ K}/ab) + 26((3Jab _ J]/ab) + ; },ab .
T eff

(56)

Then the quasilocal conserved quantities associated with
the stress tensors of Eq. (56) can be written as

0(é) = / & T . (57)

where n is the timelike unit normal vector to the boundary
B. Taking into account Eq. (57), with £ = /0t as a Killing
vector, one can calculate the mass per unit volume V,_; as

1 =2

where
m=m(r=r,). (59)

Equations (58) and (59) indicate that, unlike the asymptotic
flat solutions with a spherical boundary, the finite mass
does not depend on the GB parameter for the boundary flat
rotating solutions.

Considering another Killing vector { = 0/d¢; of rotat-
ing spacetime which is related to angular momentum, one
can calculate the angular momentum per unit volume,

1
J; = ——nmZa,. 60
] ﬂnm al ( )

We should note that for static solutions (a; = 0), the
angular momentum vanishes, which confirms that the a;’s
are the rotational parameters of the spacetime.
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As we mentioned before, the Wald formula can be
applied to asymptotically flat spacetime. Here, we encoun-
ter asymptotically AdS solutions, so we calculate the
entropy through the use of the Gibbs-Duhem relation,

| k
S:?<M—Q<I>—;Q,Ji> — Ifinite- (61)

First we calculate the finite action /g, for the rotating
metric. We find that the finite action per unit volume may
be written as

2

1 nq
Jo.o —— AT
finite 87“1(71 _ 1)T+ ( ry + ( 2) 1 2
2ng*p
-—— 2 10 . 62
b+ o) (62)

Using the finite conserved and thermodynamic quantities
with the finite action, we obtain

= fr’fl’ (63)

which confirms that the entropy obeys the area law for
asymptotically AdS black branes with zero curvature
horizon.

Now we want to check the first law of thermodynamics.
To do so, we obtain the mass as a function of the extensive
quantities S, J, and Q. Using the expression for the electric
charge, the mass, the angular momentum, and the entropy
given, respectively, in Egs. (49), (58), (60), and (63) and the
fact that f(r=r,) =0, one can obtain a Smarr-type
formula as

(nZz-1)J

M(S,J,Q)Zm,

(64)

where J = |J| = \/>_"_, J7 and Z = =2 is the positive real
root of the following equation

N
S \ it
+ <\/_Z> S?Zn(n—1)(3n—4)J =0. (65)

Taking into account S, J, and Q as the extensive
parameters of M, we can define the intensive parameters
conjugate to them as

|

dxq?3(n —

2)2A2 44 + 3n(n— 1)g* = 2(n —
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oM oM oM
= (2L} . q-= , — () .
<6S>J,Q <aji>s.g <8Q>S,J

(66)

It is a matter of calculation to show that the intensive

quantities calculated by Eq. (66) coincide with Egs. (47),

(48), and (50). Therefore, the first law of thermodynamics
is satisfied:

P
dM = TdS + Y QdJ; + ®dQ. (67)

A. Stability of the solutions

Now we are in a position to calculate the heat capacity
and the Hessian matrix to check the local stability of these
solutions in context of canonical and grand canonical
ensembles. For canonical ensembles, where electric charge
and angular momenta are fixed parameters, the positivity of

(%%4) 1.0 is sufficient to ensure the local stability. Therefore,
we obtain
aZM . 2"12141 4<n — 2)2614"14142,3
08 7.0 B 7=2(n—ye #Z%(n—1)(3n —4)oy?
+0(p). (68)
n(3c —n)q* 2(3c-n*)Ag*> [(n+2)o — n?]A?
Al - 73n—=06 + n—4 n ,
"+ ry ry
(69)
4 — [(5n% — 42n + 40)Z2 + (7Tn + 11n — 20)]A2
2 l’l
716
2n[(13n2 —50n + 40):,2 — (n2 —19n + 20)]Aq2
(n—2)r3n8
2[(17n = 20)o — n(5n — 6)|g*
AL )62 Sn(—](’)/l g , (70)
(n—=2)2rr
W =lng® = Aln =2)r%2) 1)
c=[(n-2)=2+1]. (72)

As we mentioned before, in the grand canonical ensem-
ble, the positivity of the determinant of the Hessian matrix
of M(S,Q.J) with respect to its extensive variables X,

M PM
Hx,-x (ax X,
1s a matter of calculauon to show that the determinant of

M .
HS,Q’J is

) is sufficient to ensure the local stability. It

|H QJ| —}f(‘l _Arzn 2)_

(3n —4)[ng* — (n — 2)Ar2r=2] =2

DBn=DAFE e o
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where

6471473 ng* — (n — 2)Ar¥n=27! (74)
x = )
(1= 2)=2 + 1]=5F

Regarding Eq. (47) with the mentioned (82M and also

W)J,Q
|H% 0.71» we find that, unlike the asymptotically flat case
|

PHYSICAL REVIEW D 90, 124008 (2014)

with the spherical horizon, neither the heat capacity nor the
determinant of the Hessian matrix depend on the GB
parameter for asymptotically AdS rotating solutions with
zero curvature horizon. Therefore, we expect to obtain the
same results in both canonical and grand canonical ensem-
bles. Following the method of the previous section and
regardless of the values of n, ¢, A, =, and a, one finds

4[(5n2=23n+20)(Z2—1)+(12n>=31n+20)=]¢* B
<82M> - ﬂEz(n—l)(3n—4)ari”’6 <0, ﬁ #0 (75)
: - n—2)=? —n}q* )
98/ 1.0lsman . ﬂ;z{(i&)[a:zg +,]}fg+n_4 0, =0
<32M> A = 4)(E =D +n-28 ”
0s? J.QLarger, 71'52(”_ 1)(”—2)[(n—2)52+ ]]r’}jz ’
and
7687(n—1)g*p
M N n(3n-4)[(,,_z)gqql]gelzrim <0, p#0
HS.Q,J|Smallr+ - 64 J (77)
e nEr= > 0 p=0
64n
M p—
[‘IS.QJlLarger+ - (I’l _ 2)1256[(1’1 _ 2)52 I 1])’3_”‘4 > 0. (78)

Both ensembles confirm that, in the presence of NLED
(B #0), although the black branes with small r, are
unstable, large black branes are stable. It is notable that
the instability of the small black branes is due to the
presence of the NLED and, in the absence of the non-
linearity effect, small black branes are stable.

V. CLOSING REMARKS

In this paper, we regarded both the gravity and the
electrodynamic string corrections of Einstein-Maxwell
gravity to obtain black hole solutions with spherical,
hyperbolic, and flat horizon topology.

At the first step, we focused on asymptotically flat
solutions. We used the Wald formula, the Gauss law,
and the ADM approach to calculate entropy, electric
charge, and finite mass, respectively. We checked that
the conserved and thermodynamic quantities satisfied the
first law of thermodynamics. Then we investigated the
thermodynamic stability of the solutions in both canonical
and grand canonical ensembles. Taking into account the
canonical ensemble, we found that for nonzero o and S,
asymptotically flat black holes with a large or small horizon
radius are unstable. This means that, in canonical ensemble,
asymptotically flat black holes are stable for r ., <
ry < Fyma. in which one must replace r, ., with r
(the largest root of 7, ) when 7', has a real positive root

(g > g, or p<p. ord < al.). Moreover, we found that
different values of a, B, and g can change the values of
Fymin and 7 o

Then, we investigated the stability conditions in the
grand canonical ensemble. We showed that there is an
upper limit, r, .., for the asymptotically flat stable black
holes (r;, < r ma)- We found that, although for & = 0 the
results of the stability conditions for canonical and grand
canonical ensembles are identical, these ensembles have
different consequences in the presence of GB gravity. In
other words, we noted that, in the presence of GB gravity,
thermal stability is ensemble dependent.

In the next section, we considered the Ricci flat solutions
with an AdS asymptote and produced a rotating spacetime
by using an improper local transformation. In addition, we
calculated the conserved and thermodynamic quantities for
asymptotically AdS black branes which satisfy the first law
of thermodynamics. Considering the thermodynamic insta-
bility criterion in canonical and grand canonical ensembles,
we found that neither the heat capacity nor the Hessian
matrix depend on the GB parameter. Therefore, both
ensembles have identical stability conditions. We found
that, although the black branes with small r are unstable,
large black branes are stable (unlike asymptotically flat
static large black holes, which are unstable). It is notable
that the instability of small black branes (holes) is due to the
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presence of NLED and, in the absence of the nonlinearity
effect, small black branes (holes) are stable.

To conclude, we found that for the Ricci-flat solutions,
we obtained the same conditions for stable black holes in
both canonical and grand canonical ensembles. In other
words, in this case, we took into account S, Q and J as the
thermodynamical extensive parameters, correctly, and
obtained the same results for both ensembles. It is easy
to show that, for rotating Ricci-flat solutions, one may
obtain ensemble dependency if one, imprecisely, considers
S and Q as the set of extensive parameters (regards J as a
dynamical parameter, not a thermodynamic one). As one
can confirm, unlike Ricci-flat solutions, the GB parameter
in the spherical horizon of GB black holes contributes to
finite mass, temperature, and, consequently, heat capacity.
In other words, the GB parameter contributions lead to
ensemble dependency in spherical horizon black holes.
This means that a GB generalization of Einstein gravity not

PHYSICAL REVIEW D 90, 124008 (2014)

only affects gravitational properties, but also thermody-
namic aspects of the spherically symmetric black holes.

Finally, we should note that the modifications of the
thermodynamic instability criterion in the presence of GB
gravity depend on the choice of the ensemble. One may
consider the GB parameter as a thermodynamic variable to
remove the ensemble dependency. In addition, it is worth-
while to mention that we can regard asymptotically AdS
black holes with spherical topology to investigate P — V
criticality in the extended phase space of the solutions by
calculating the Gibbs free energy. These works are under
examination.
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