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The complete expression of the heavy quark-antiquark potential up to order 1=m2 is known from QCD in
terms of Wilson loop expectation values. We use that expression and a mapping, assumed to be valid at
large distances, between Wilson loop expectation values and correlators evaluated in the effective string
theory, to compute the potential. We obtain previously unknown results for the spin- and momentum-
independent parts of the potential. These are linearly rising with the distance and may be interpreted as
relativistic corrections to the string tension. We confirm known results for the other parts of the potential.
Finally, we compute the discrete spectrum of a heavy quark-antiquark pair whose interaction is just given
by the obtained potential.
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I. INTRODUCTION

Wilson loops have been related to the heavy quark-
antiquark potential since the inception of QCD [1–7]. This
relation has been put in a systematic framework by non-
relativistic effective field theories of QCD [8–11]. In this
framework, the heavy quark-antiquark potential is organ-
ized as an expansion in 1=m, wherem is the generic heavy-
quark mass, while nonanalytic terms in 1=m factorize.
Nonanalytic terms may be identified with the Wilson
coefficients of nonrelativistic QCD (NRQCD), which is
the effective field theory that follows from QCD by
integrating out modes that scale like m [12,13]. The order
1=m0 potential is the static potential. It is related to the
expectation value of a rectangular Wilson loop stretching
over time and over the distance between the heavy quark
and antiquark. Contributions to the potential of higher
orders in 1=m are expressed in terms of expectation values
of chromoelectric and chromomagnetic field insertions
on a rectangular Wilson loop. These, as well as the
Wilson loop, are gauge invariant. At order 1=m2, the
potential is momentum and spin dependent.
The heavy quark-antiquark potential is a function of r,

the distance between the heavy quark and antiquark,
and ΛQCD, the typical hadronic scale. The potential may
be evaluated perturbatively for rΛQCD ≪ 1, but it cannot be
for rΛQCD ≳ 1. The situation rΛQCD ≳ 1 is particularly
relevant for excited charmonium and bottomonium states
and for this reason has been extensively studied in lattice
QCD [14–23]. The most recent determinations are in
[24–28]. However, not all the long-range contributions
to the heavy quark-antiquark potential have been computed
on the lattice. While the order 1=m0 and 1=m contributions
have been computed, as well as at order 1=m2 the spin- and
momentum-dependent potentials, an evaluation of the spin-
and momentum-independent 1=m2 potentials in the long

range is still missing. The reason is that they involveWilson
loops with three or four field insertions, whose lattice
determination is difficult.
The static potential measured by (quenched) lattice

simulations exhibits a typical Cornell-potential–type
behavior with a Coulombic short-range part and a linear-
rising long-range tail. In the long range, rΛQCD ≫ 1, a
linear potential is predicted by the effective string theory
(EST) [29]. Long-range corrections to the linear potential
have been calculated in the EST and confirmed by lattice
simulations [30–33]. In [34] a one-to-one correspondence
between correlators of string coordinates and field inser-
tions on a rectangular Wilson loop was suggested and
used to evaluate the spin-spin potential. Following that
approach, in [35] the 1=m potential as well as all momen-
tum and spin-dependent 1=m2 potentials were evaluated in
the EST. Remarkably, in all the available cases the long-
range behavior of the (quenched) lattice data agrees with
the EST determination.1 This suggests that the EST may
serve to evaluate the long-range behavior of the still
unknown spin- and momentum-independent 1=m2 poten-
tials, providing at the same time a nontrivial prediction for
future lattice determinations and the missing ingredient
needed to include all 1=m2 potentials in the computation of
the quarkonium spectrum. The aim of this work is to
address such an evaluation.
The paper is organized in the following way. In Sec. II,

we establish our notation and write the heavy quark-
antiquark potential in terms of Wilson loop expectation
values. In Sec. III, we review the EST. In Sec. IV, we derive

1For the spin- and momentum-dependent 1=m2 potentials
these results were known for a long time in an equivalent
approach to the EST that consists in approximating the Wilson
loop with the exponential of its rectangular area [7,36–39]. See
also [22].

PHYSICAL REVIEW D 90, 114032 (2014)

1550-7998=2014=90(11)=114032(12) 114032-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.90.114032
http://dx.doi.org/10.1103/PhysRevD.90.114032
http://dx.doi.org/10.1103/PhysRevD.90.114032
http://dx.doi.org/10.1103/PhysRevD.90.114032


the potential up to order 1=m2 in terms of EST correlators
and in Sec. V we look at the impact of the different parts of
the 1=m2 potential on the spectrum in a model that includes
only the long-range tail of the potential. Finally, in Sec. VI,
we draw some conclusions.

II. RELATIVISTIC CORRECTIONS TO THE
STATIC POTENTIAL

The complete heavy quark-antiquark potential up to
order 1=m2 has been written in terms of Wilson loop
expectation values in [8,9]. We will use here the same
notations and expressions, which we recall shortly in the
next two sections.

A. The structure of the potential

We consider a heavy quark of mass m1 located at x1

and a heavy antiquark of mass m2 located at x2. The spin
and momentum operators of the two particles are respec-
tively S1 ≡ σ1=2 and p1 ≡ −i∇x1 , and S2 ≡ σ2=2 and
p2 ≡ −i∇x2 . The distance between the quark and the
antiquark is r≡ x1 − x2. Up to order 1=m2 the quark-
antiquark potential can be written as the sum of three terms,

V ¼ Vð0Þ þ Vð1=mÞ þ Vð1=m2Þ; ð1Þ
where Vð0ÞðrÞ is the static potential,

Vð1=mÞðrÞ ¼ Vð1;0ÞðrÞ
m1

þ Vð0;1ÞðrÞ
m2

; ð2Þ

the 1=m potential and

Vð1=m2Þ ¼ Vð2;0Þ

m2
1

þ Vð0;2Þ

m2
2

þ Vð1;1Þ

m1m2

; ð3Þ

the 1=m2 potential. Invariance under charge conjugation
and particle interchange implies Vð1;0ÞðrÞ ¼ Vð0;1ÞðrÞ. It is
useful to separate in the 1=m2 potential a spin-dependent
(SD) from a spin-independent (SI) part:

Vð2;0Þ ¼ Vð2;0Þ
SD þ Vð2;0Þ

SI ; ð4Þ

Vð0;2Þ ¼ Vð0;2Þ
SD þ Vð0;2Þ

SI ; ð5Þ

where

Vð2;0Þ
SI ¼ 1

2
fp2

1; V
ð2;0Þ
p2 ðrÞg þ Vð2;0Þ

L2 ðrÞ
r2

L2
1 þ Vð2;0Þ

r ðrÞ; ð6Þ

Vð0;2Þ
SI ¼ 1

2
fp2

2; V
ð0;2Þ
p2 ðrÞg þ Vð0;2Þ

L2 ðrÞ
r2

L2
2 þ Vð0;2Þ

r ðrÞ; ð7Þ

and Li ¼ r × pi with i ¼ 1; 2. Also in this case invariance
under charge conjugation and particle interchange yields

Vð2;0Þ
p2 ðrÞ ¼ Vð0;2Þ

p2 ðrÞ; ð8Þ

Vð2;0Þ
L2 ðrÞ ¼ Vð0;2Þ

L2 ðrÞ; ð9Þ

Vð2;0Þ
r ðrÞ ¼ Vð0;2Þ

r ðr;m2 ↔ m1Þ: ð10Þ

For the spin-dependent part we have

Vð2;0Þ
SD ¼ Vð2;0Þ

LS ðrÞL1 · S1; ð11Þ

Vð0;2Þ
SD ¼ −Vð0;2Þ

LS ðrÞL2 · S2: ð12Þ

Charge conjugation and particle interchange invariance

imply Vð2;0Þ
LS ðrÞ ¼ Vð0;2Þ

LS ðr;m2 ↔ m1Þ. One proceeds sim-
ilarly for the Vð1;1Þ potential:

Vð1;1Þ ¼ Vð1;1Þ
SD þ Vð1;1Þ

SI ; ð13Þ
where

Vð1;1Þ
SI ¼ −

1

2
fp1 · p2; V

ð1;1Þ
p2 ðrÞg

−
Vð1;1Þ
L2 ðrÞ
2r2

ðL1 ·L2 þL2 ·L1Þ þ Vð1;1Þ
r ðrÞ; ð14Þ

and

Vð1;1Þ
SD ¼ Vð1;1Þ

L1S2
ðrÞL1 · S2 − Vð1;1Þ

L2S1
ðrÞL2 · S1

þ Vð1;1Þ
S2

ðrÞS1 · S2 þ Vð1;1Þ
S12

ðrÞS12ðr̂Þ; ð15Þ
with

S12ðr̂Þ≡ 3r̂ · σ1r̂ · σ2 − σ1 · σ2; ð16Þ

and Vð1;1Þ
L1S2

ðrÞ ¼ Vð1;1Þ
L2S1

ðr;m1 ↔ m2Þ.

B. The potential in QCD

In the following, we list the potentials Vði;jÞðrÞ written in
terms of operator insertions on a rectangular Wilson loop.
We refer the reader to [8,9] for the derivation of these
expressions and for further details.
The static potential is given by

Vð0ÞðrÞ ¼ lim
T→∞

i
T
lnhW□i; ð17Þ

where hW□i is the expectation value of the rectangular
Wilson loop,

W□ ≡ P exp

�
−ig

I
r×T

dzμAμðzÞ
�
; ð18Þ

and P stands for the path ordering of the color matrices [4].
We also define ⟪…⟫≡ h…W□i=hW□i and the connected
correlators
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⟪O1ðt1ÞO2ðt2Þ⟫c ¼ ⟪O1ðt1ÞO2ðt2Þ⟫ − ⟪O1ðt1Þ⟫⟪O2ðt2Þ⟫; ð19Þ

⟪O1ðt1ÞO2ðt2ÞO3ðt3Þ⟫c ¼ ⟪O1ðt1ÞO2ðt2ÞO3ðt3Þ⟫ − ⟪O1ðt1Þ⟫⟪O2ðt2ÞO3ðt3Þ⟫c

− ⟪O1ðt1ÞO2ðt2Þ⟫c⟪O3ðt3Þ⟫ − ⟪O1ðt1Þ⟫⟪O2ðt2Þ⟫⟪O3ðt3Þ⟫; ð20Þ

⟪O1ðt1ÞO2ðt2ÞO3ðt3ÞO4ðt4Þ⟫c ¼ ⟪O1ðt1ÞO2ðt2ÞO3ðt3ÞO4ðt4Þ⟫ − ⟪O1ðt1Þ⟫⟪O2ðt2ÞO3ðt3ÞO4ðt4Þ⟫c

− ⟪O1ðt1ÞO2ðt2Þ⟫c⟪O3ðt3ÞO4ðt4Þ⟫c − ⟪O1ðt1ÞO2ðt2ÞO3ðt3Þ⟫c⟪O4ðt4Þ⟫
− ⟪O1ðt1Þ⟫⟪O2ðt2Þ⟫⟪O3ðt3ÞO4ðt4Þ⟫c − ⟪O1ðt1Þ⟫⟪O2ðt2ÞO3ðt3Þ⟫c⟪O4ðt4Þ⟫
− ⟪O1ðt1ÞO2ðt2Þ⟫c⟪O3ðt3Þ⟫⟪O4ðt4Þ⟫ − ⟪O1ðt1Þ⟫⟪O2ðt2Þ⟫⟪O3ðt3Þ⟫⟪O4ðt4Þ⟫;

ð21Þ

where O1ðt1Þ; O2ðt2Þ;…; OnðtnÞ are operators inserted on
the Wilson loop at times t1 ≥ t2 ≥ � � � ≥ tn−1 ≥ tn.
Connected correlators are made of Feynman diagrams that
cannot be disconnected by cutting once the heavy-quark
and antiquark lines.
The 1=m potential is given by

Vð1;0ÞðrÞ ¼ −
1

2

Z
∞

0

dtt⟪gE1ðtÞ · gE1ð0Þ⟫c; ð22Þ

where EiðtÞ [and later BiðtÞ] stands for Eðt;xiÞ (Bðt;xiÞ)
with i ¼ 1; 2. The 1=m2 potentials are2

Vð2;0Þ
p2 ðrÞ ¼ i

2
r̂ir̂j

Z
∞

0

dtt2⟪gEi
1ðtÞgEj

1ð0Þ⟫c; ð23Þ

Vð2;0Þ
L2 ðrÞ ¼ i

4
ðδij − 3r̂ir̂jÞ

Z
∞

0

dtt2⟪gEi
1ðtÞgEj

1ð0Þ⟫c;

ð24Þ

Vð2;0Þ
LS ðrÞ ¼ −

cð1ÞF

r2
ir ·

Z
∞

0

dtt⟪gB1ðtÞ × gE1ð0Þ⟫

þ cð1ÞS

2r2
r · ð∇rVð0ÞÞ; ð25Þ

Vð1;1Þ
p2 ðrÞ ¼ ir̂ir̂j

Z
∞

0

dtt2⟪gEi
1ðtÞgEj

2ð0Þ⟫c; ð26Þ

Vð1;1Þ
L2 ðrÞ ¼ i

2
ðδij − 3r̂ir̂jÞ

Z
∞

0

dtt2⟪gEi
1ðtÞgEj

2ð0Þ⟫c;

ð27Þ

Vð1;1Þ
L2S1

ðrÞ ¼ −
cð1ÞF

r2
ir ·

Z
∞

0

dtt⟪gB1ðtÞ × gE2ð0Þ⟫; ð28Þ

Vð1;1Þ
S2

ðrÞ ¼ 2cð1ÞF cð2ÞF

3
i
Z

∞

0

dt⟪gB1ðtÞ · gB2ð0Þ⟫

− 4ðdsv þ dvvCfÞδð3ÞðrÞ; ð29Þ

Vð1;1Þ
S12

ðrÞ ¼ cð1ÞF cð2ÞF

4
ir̂ir̂j

Z
∞

0

dt

�
⟪gBi

1ðtÞgBj
2ð0Þ⟫

−
δij

3
⟪gB1ðtÞ · gB2ð0Þ⟫

�
; ð30Þ

Vð2;0Þ
r ðrÞ ¼ πCfαsc

ð1Þ0
D

2
δð3ÞðrÞ

−
icð1Þ2F

4

Z
∞

0

dt⟪gB1ðtÞ · gB1ð0Þ⟫c þ
1

2
ð∇2

rV
ð2;0Þ
p2 Þ

−
i
2

Z
∞

0

dt1

Z
t1

0

dt2

Z
t2

0

dt3ðt2 − t3Þ2⟪gE1ðt1Þ · gE1ðt2ÞgE1ðt3Þ · gE1ð0Þ⟫c

þ 1

2

�
∇i

r

Z
∞

0

dt1

Z
t1

0

dt2ðt1 − t2Þ2⟪gEi
1ðt1ÞgE1ðt2Þ · gE1ð0Þ⟫c

�

− dð1Þ03 fabc

Z
d3x lim

T→∞
g⟪Fa

μνðxÞFb
μαðxÞFc

ναðxÞ⟫; ð31Þ

2We have dropped terms proportional to ∇i
rVð0Þ in the expressions of Vð2;0Þ

r ðrÞ and Vð1;1Þ
r ðrÞ because they are suppressed in the

nonrelativistic power counting (see Sec. VI of [9]).
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Vð1;1Þ
r ðrÞ ¼ −

1

2
ð∇2

rV
ð1;1Þ
p2 Þ

− i
Z

∞

0

dt1

Z
t1

0

dt2

Z
t2

0

dt3ðt2 − t3Þ2⟪gE1ðt1Þ · gE1ðt2ÞgE2ðt3Þ · gE2ð0Þ⟫c

þ 1

2

�
∇i

r

Z
∞

0

dt1

Z
t1

0

dt2ðt1 − t2Þ2⟪gEi
1ðt1ÞgE2ðt2Þ · gE2ð0Þ⟫c

�

þ 1

2

�
∇i

r

Z
∞

0

dt1

Z
t1

0

dt2ðt1 − t2Þ2⟪gEi
2ðt1ÞgE1ðt2Þ · gE1ð0Þ⟫c

�

þ ðdss þ dvsCfÞδð3ÞðrÞ: ð32Þ

The coefficients cðiÞF ¼ 1þOðαsÞ, cðiÞS ¼ 2cðiÞF − 1,

cðiÞ0D ¼ 1þOðαsÞ, dð1Þ03 ¼ αs=ð720πÞ þOðα2s Þ [40], and
dsv; dvv; dss; dvs, which are such that ðdsv þ dvvCfÞ ¼
Oðα2s Þ and ðdss þ dvsCfÞ ¼ Oðα2s Þ [41], are Wilson coef-
ficients of NRQCD. The natural scale of αs in these
coefficients is of the order of the heavy-quark mass, hence
we may expect αs to be a fairly small number. The constant
Cf is the Casimir of the fundamental representation of
SU(3): Cf ¼ 4=3.

III. THE EFFECTIVE STRING THEORY

The effective string theory hypothesis states that in pure
gluodynamics and in the long-distance regime, rΛQCD ≫ 1,
the expectation value of the rectangular Wilson loop can be
given in terms of a string action:

lim
T→∞

hW□i ¼ Z
Z

Dξ1Dξ2eiSstringðξ1;ξ2Þ; ð33Þ

where Z is a constant.3 The string action, Sstring, can be
expanded in a series whose terms involve an increasing
number of derivatives acting on the transverse string
coordinates ξl ¼ ξlðt; zÞ (l ¼ 1; 2) [31]. The coordinates
ξl count like 1=ΛQCD, whereas derivatives in t and z acting
on them count like 1=r. Hence, terms in Sstring with more
derivatives are suppressed in the long range by powers of
1=ðrΛQCDÞ with respect to terms with less derivatives. Up
to terms with only two derivatives, the string action reads

Sstring ¼ −σ
Z

dtdz

�
1 −

1

2
∂μξ

l∂μξl
�
: ð34Þ

Studies constraining the form of the higher-order terms, also
by Lorentz invariance, are in [43,44,47]. The first next terms
in the expansion turn out to involve at least four derivatives
and are suppressed by 1=ðrΛQCDÞ2with respect to the kinetic

term in (34). Such terms and subleading ones do not affect
the results presented in this work andwill be neglected in the
rest of the paper. Since the string has fixed ends at z ¼ −r=2
and z ¼ r=2, the transverse coordinates ξl satisfy the
boundary conditions ξlðt;−r=2Þ ¼ ξlðt; r=2Þ ¼ 0. The con-
stant σ, which is of order Λ2

QCD, is the string tension. Its
numerical value is known from lattice QCD determinations.
From (17) and (33)–(34) it follows that [30,31]

Vð0ÞðrÞ ¼ σrþ μ −
π

12r
≈ σr; ð35Þ

whereμ is an unknown regularization-dependent constant and
the term −π=ð12rÞ is a universal quantum correction known
as theLüscher term.4 The last approximation holds in the large
distance limit when the Lüscher term may be neglected.
In [34] it was proposed that the mapping (33) could be

extended to relate Wilson loops with field strength tensor
insertions to correlators of the string fields ξl. This would
allow us to compute in the EST the long-range tail of the
potentials listed in Sec. II B: a program started with [34]
and expanded in [35]. We will follow this latter reference.
Requiring the same symmetry properties for the transverse
string coordinates and the operators inserted in the Wilson
loop, the following mapping between expectation values of
operators inserted in the Wilson loop and EST correlators
can be established for rΛQCD ≫ 1:

⟪…El
1ðtÞ…⟫ ¼ h…Λ2∂zξ

lðt; r=2Þ…i;
⟪…El

2ðtÞ…⟫ ¼ h…Λ2∂zξ
lðt;−r=2Þ…i;

⟪…Bl
1ðtÞ…⟫ ¼ h…Λ0ϵlm∂t∂zξ

mðt; r=2Þ…i;
⟪…Bl

2ðtÞ…⟫ ¼ h… − Λ0ϵlm∂t∂zξ
mðt;−r=2Þ…i;

⟪…E3
1ðtÞ…⟫ ¼ h…Λ002…i;

⟪…E3
2ðtÞ…⟫ ¼ h…Λ002…i;

⟪…B3
1ðtÞ…⟫ ¼ h…Λ000ϵlm∂t∂zξ

lðt; r=2Þ∂zξ
mðt; r=2Þ…i;

⟪…B3
2ðtÞ…⟫ ¼ h… − Λ000ϵlm∂t∂zξ

lðt;−r=2Þ
× ∂zξ

mðt;−r=2Þ…i; ð36Þ
3For a general discussion about our current understanding of

the QCD vacuum as it is obtained from lattice gauge theory and
the duality to string theory we refer to [42]. For recent develop-
ments on the effective theory of long strings we refer to [43,44].
The effective string theory may also provide a long-distance
description for other models, an example being the Abrikosov-
Nielsen-Olesen vortices of the Abelian Higgs model [45,46].

4The Lüscher term does depend on the dimension of space-
time. In d dimensions it reads −πðd − 2Þ=ð24rÞ. Equation (35)
holds for d ¼ 4.
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where the indices l and m label the transverse coordinates:
l; m ¼ 1; 2. The tensor ϵlm is such that ϵ12 ¼ 1 and
ϵlm ¼ −ϵml. In the Wilson loop part of the mapping the
heavy quark is located at x1 ¼ ð0; 0; r=2Þ and the heavy
antiquark at x2 ¼ ð0; 0;−r=2Þ, which implies r ¼ ð0; 0; rÞ.
The constants Λ, Λ0, Λ00 and Λ000 are unknown constants of
mass dimension one and of order ΛQCD. The mapping (36)
is valid up to corrections that are subleading in the long
range in the EST counting. For the purpose of the
computation in this paper we will assume the mapping

to be exact and neglect subleading corrections. We will
comment on the impact of subleading corrections at the end
of the next section and in the conclusions.
The right-hand side of (36) is made of correlators of

string coordinates ξl. The functional integral over the
string coordinates is Gaussian [see the string action (34)].
So we have that correlators of more than two string fields
ξl break up into products of two-field correlators and
derivatives of them, and that two-field correlators are
given by [35]

hξlðit; zÞξmðit0; z0Þi ¼ δlm

4πσ
ln

�
cosh½ðt − t0Þπ=r� þ cos½ðzþ z0Þπ=r�
cosh½ðt − t0Þπ=r� − cos½ðz − z0Þπ=r�

�
: ð37Þ

The calculation of the different possible right-hand sides
of (36)–(37) leads to the EST long-range estimate of the
potentials listed in Sec. II B.

IV. THE LONG-RANGE POTENTIAL IN THE
EFFECTIVE STRING THEORY

The mapping (36) allows us to evaluate in the long range
the Wilson loop expectation values that appear in Sec. II B.
Correlators of two string fields are given in (37).
Derivatives of two-field correlators follow from it straight-
forwardly. Correlators involving more than two string
fields, which come from mapping Wilson loops with B3

fields or more than two chromoelectric field insertions,
decompose into the product of two string field correlators
due to the Gaussian string action. Gaussianity also implies
that correlators with an odd number of string fields vanish.
Hence the Wilson loop expectation values of Sec. II B map
for rΛQCD ≫ 1 into the following expressions:

⟪Ei
1ðitÞEj

1ð0Þ⟫c ¼ ~δij
πΛ4

4σr2
sinh−2

�
πt
2r

�
; ð38Þ

⟪Ei
1ðitÞEj

2ð0Þ⟫c ¼ −~δij
πΛ4

4σr2
cosh−2

�
πt
2r

�
; ð39Þ

r · ⟪B1ðitÞ ×E1ð0Þ⟫ ¼ iπ2Λ2Λ0

2σr2
cosh

�
πt
2r

�
sinh−3

�
πt
2r

�
;

ð40Þ

r · ⟪B1ðitÞ ×E2ð0Þ⟫ ¼ −
iπ2Λ2Λ0

2σr2
sinh

�
πt
2r

�
cosh−3

�
πt
2r

�
;

ð41Þ

X2
l¼1

⟪Bl
1ðitÞBl

1ð0Þ⟫c ¼
π3Λ02

4σr4
sinh−4

�
πt
2r

��
2þ cosh

�
πt
r

��
;

ð42Þ

X2
l¼1

⟪Bl
1ðitÞBl

2ð0Þ⟫c¼−
π3Λ02

4σr4
cosh−4

�
πt
2r

��
2−cosh

�
πt
r

��
;

ð43Þ

⟪B3
1ðitÞB3

1ð0Þ⟫c ¼
π4Λ0002

16σ2r6
sinh−6

�
πt
2r

�
; ð44Þ

⟪B3
1ðitÞB3

2ð0Þ⟫c ¼
π4Λ0002

16σ2r6
cosh−6

�
πt
2r

�
; ð45Þ

⟪E1ðit1Þ ·E1ðit2ÞE1ðit3Þ · E1ð0Þ⟫c ¼
π2Λ8

8σ2r4

�
sinh−2

�
πt2
2r

�
sinh−2

�
πðt1 − t3Þ

2r

�
þ sinh−2

�
πt1
2r

�
sinh−2

�
πðt2 − t3Þ

2r

��
;

ð46Þ

⟪E1ðit1Þ ·E1ðit2ÞE2ðit3Þ · E2ð0Þ⟫c ¼
π2Λ8

8σ2r4

�
cosh−2

�
πt2
2r

�
cosh−2

�
πðt1 − t3Þ

2r

�
þ cosh−2

�
πt1
2r

�
cosh−2

�
πðt2 − t3Þ

2r

��
;

ð47Þ
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where ~δij ¼ 0 for i or j ¼ 3 and ~δij ¼ δij for i; j ¼ 1; 2.
The expressions for the Wilson loop expectation values
with two chromomagnetic or chromoelectric field inser-
tions agree with those in [34]. Terms of the type
⟪Eiðt1ÞEðt2Þ ·Eð0Þ⟫c vanish after (36) regardless of the
quark line where the chromoelectric fields are located.
This is due to Gaussianity and to the subtraction of the
disconnected parts; see (20).5 Terms involving four chro-
moelectric fields contribute in the EST through diagrams
made of two two-field correlators that are connected.
Substituting (38)–(47) in the expressions of the poten-

tials, we obtain

Vð1;0ÞðrÞ ¼ g2Λ4

2πσ
ln ðσr2Þ þ μ1; ð48Þ

Vð2;0Þ
p2 ðrÞ ¼ 0; ð49Þ

Vð2;0Þ
L2 ðrÞ ¼ −

g2Λ4r
6σ

; ð50Þ

Vð2;0Þ
LS ðrÞ ¼ −

μ2
r
−
cð1ÞF g2Λ2Λ0

σr2
; ð51Þ

Vð1;1Þ
p2 ðrÞ ¼ 0; ð52Þ

Vð1;1Þ
L2 ðrÞ ¼ g2Λ4r

6σ
; ð53Þ

Vð1;1Þ
L2S1

ðrÞ ¼ −
cð1ÞF g2Λ2Λ0

σr2
; ð54Þ

Vð1;1Þ
S2

ðrÞ ¼ 2π3cð1ÞF cð2ÞF g2Λ0002

45σ2r5
− 4ðdsv þ dvvCfÞδð3ÞðrÞ;

ð55Þ

Vð1;1Þ
S12

ðrÞ ¼ π3cð1ÞF cð2ÞF g2Λ0002

90σ2r5
; ð56Þ

Vð2;0Þ
r ðrÞ ¼ −

2ζ3g4Λ8r
π3σ2

þ μ3 þ
μ4
r2

þ μ5
r4

þ π3cð1Þ2F g2Λ0002

60σ2r5

þ πCfαsc
ð1Þ0
D

2
δð3ÞðrÞ − dð1Þ03 fabc

Z
d3x lim

T→∞
g⟪Fa

μνðxÞFb
μαðxÞFc

ναðxÞ⟫; ð57Þ

Vð1;1Þ
r ðrÞ ¼ −

ζ3g4Λ8r
2π3σ2

þ ðdss þ dvsCfÞδð3ÞðrÞ; ð58Þ

where ζ3 ¼ 1.2020569… is the Riemann zeta function of
argument three6 and μi are renormalization constants. The
expressions for the potentials (48)–(54) agree with those in
[35]. The spin-spin potentials (55)–(56) are of order 1=r5.
The 1=r5 behavior comes from the subleading correlator
(45), for the long-range leading contribution coming from
the correlator (43), which would be of order 1=r3, vanishes
in the integrals of (29)–(30) (the result is independent on
the specific form of the string action). This contrasts with
the result of [34], where the correlator (45) is not taken into
account and the leading spin-spin potentials shows up only
at order 1=m4.7 The explicit expressions (55)–(56) are new.
The potentials (57)–(58) are also new. We observe that

correlators of two chromoelectric fields contracted with r ¼
ð0; 0; rÞ vanish because of ri ~δij ¼ 0, and that we do not
have a mapping prescription into the EST for the matrix
element ⟪Fa

μνðxÞFb
μαðxÞFc

ναðxÞ⟫ involving three gluon
fields located at an arbitrary point x of space-time. The
expressions listed here correct some of the preliminary
findings reported in [48].
As pointed out in [35], Poincaré invariance fixes some of

the renormalization constants μi and field normalization
constants, Λ;Λ0;…; because it requires some equations to
be exactly fulfilled by the potentials (see [49,50]). One of
these equations is the Gromes relation that relates the spin-
orbit potentials with the static potential [51]:

1

2r
dVð0Þ

dr
þ Vð2;0Þ

LS − Vð1;1Þ
L2S1

¼ 0: ð59Þ

5It is also a specific feature of ⟪Eiðt1ÞEðt2Þ ·Eð0Þ⟫c, which is the only type of three-field correlator appearing in the heavy quark-
antiquark potential up to order 1=m2. For example, a term like ⟪Ejðt1ÞE3ðt2ÞEjð0Þ⟫c would not vanish after (36).

6It comes from the integralsZ
∞

0

dt1

Z
t1

0

dt2

Z
t2

0

dt3ðt2 − t3Þ2½sinh−2t2sinh−2ðt1 − t3Þ þ sinh−2t1sinh−2ðt2 − t3Þ� ¼

8

Z
∞

0

dt1

Z
t1

0

dt2

Z
t2

0

dt3ðt2 − t3Þ2½cosh−2t2cosh−2ðt1 − t3Þ þ cosh−2t1cosh−2ðt2 − t3Þ� ¼ ζ3:

7The behavior of the spin-spin potentials and the disagreement with [34] has been pointed out in [35]. We thank Joan Soto for
addressing our attention to this point.
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This equation is fulfilled in the EST only if

μ2 ¼
σ

2
: ð60Þ

Another equation relates the momentum-dependent poten-
tials with the static potential [36]8:

r
2

dVð0Þ

dr
þ 2Vð2;0Þ

L2 − Vð1;1Þ
L2 ¼ 0: ð61Þ

This equation is fulfilled in the EST only if

gΛ2 ¼ σ: ð62Þ

A similar relation holds for Λ00 and follows from the
equation −∇1Vð0Þ ¼ ⟪gE1⟫ valid for T → ∞ derived in
[8]. The equation is fulfilled in the EST only if

gΛ002 ¼ −σ: ð63Þ

Equations (62)–(63) are remarkable, for they completely
determine the long-range mapping of the chromoelectric
field in the EST. Finally, we note that the equations induced
by Poincaré invariance would require the inclusion of
subleading corrections to the action (34) and the mapping
(36) in order to be fulfilled beyond leading order in the
long-range limit.
Taking the potentials (48)–(58) at leading order in the

long-range limit, using the constraints (60) and (62), and
dropping terms suppressed by powers of αs, like the term
proportional to ⟪Fa

μνðxÞFb
μαðxÞFc

ναðxÞ⟫, we obtain

Vð1;0ÞðrÞ ¼ σ

2π
ln ðσr2Þ þ μ1; ð64Þ

Vð2;0Þ
p2 ðrÞ ¼ 0; ð65Þ

Vð2;0Þ
L2 ðrÞ ¼ −

σr
6
; ð66Þ

Vð2;0Þ
LS ðrÞ ¼ −

σ

2r
−
cð1ÞF gΛ0

r2
; ð67Þ

Vð1;1Þ
p2 ðrÞ ¼ 0; ð68Þ

Vð1;1Þ
L2 ðrÞ ¼ σr

6
; ð69Þ

Vð1;1Þ
L2S1

ðrÞ ¼ −
cð1ÞF gΛ0

r2
; ð70Þ

Vð1;1Þ
S2

ðrÞ ¼ 2π3cð1ÞF cð2ÞF g2Λ0002

45σ2r5
; ð71Þ

Vð1;1Þ
S12

ðrÞ ¼ π3cð1ÞF cð2ÞF g2Λ0002

90σ2r5
; ð72Þ

Vð2;0Þ
r ðrÞ ¼ −

2ζ3σ
2r

π3
; ð73Þ

Vð1;1Þ
r ðrÞ ¼ −

ζ3σ
2r

2π3
: ð74Þ

We have kept the subleading term proportional to 1=r2 in
(67), because (35) and (70) together with (59) guarantee
that there cannot be any other term proportional to 1=r2

contributing to Vð2;0Þ
LS . Equations (64)–(74) provide the EST

expressions for the heavy quark-antiquark potential in the
long range following from the exact mapping (36). Power-
counting arguments imply that subleading corrections to
the mapping will not change the functional dependence of
the potential but may affect some of the numerical
coefficients. This can be the case for the spin-spin poten-
tials, which at order 1=r5 may be affected by subleading
contributions proportional to two string fields in the

mapping of Bl, and for the potentials Vð2;0Þ
r ðrÞ and

Vð1;1Þ
r ðrÞ, which at order r may be affected by subleading

contributions proportional to two string fields in the
mapping of E3. In this last case, we note that all terms
proportional to Λ008r5, Λ006r3 and Λ004ðΛ4=σÞr3 vanish after
subtraction of the disconnected parts of the correlators.

V. SPECTRUM

In order to illustrate the impact on the spectrum of the
new long-range potentials derived in the previous section,
we consider the following model: a quark-antiquark pair
both of mass m bound by the potential given in (64)–(74).
In the center-of-mass frame, the Hamiltonian of the system
is H ¼ p2=mþ V. The potential, V, reads

8In [36,49] also the exact relation

−4Vð2;0Þ
p2 þ 2Vð1;1Þ

p2 − Vð0Þ þ r
dVð0Þ

dr
¼ 0

was derived. This relation is automatically fulfilled by the
potentials (35), (49) and (52) in the long range, i.e., neglecting
μ and the Lüscher term in Vð0Þ, and does not provide further
constraints.

EFFECTIVE STRING THEORY AND THE LONG-RANGE … PHYSICAL REVIEW D 90, 114032 (2014)

114032-7



VðrÞ ¼ Vð0ÞðrÞ þ 2

m
Vð1;0ÞðrÞ þ 1

m2

��
2
Vð2;0Þ
L2 ðrÞ
r2

þ Vð1;1Þ
L2 ðrÞ
r2

�
L2

þ ½Vð2;0Þ
LS ðrÞ þ Vð1;1Þ

L2S1
ðrÞ�L · Sþ Vð1;1Þ

S2 ðrÞ
�
S2

2
−
3

4

�
þ Vð1;1Þ

S12
ðrÞS12ðr̂Þ

þ 2Vð2;0Þ
r ðrÞ þ Vð1;1Þ

r ðrÞ
�

≈ σrþ 1

m
σ

π
ln ðσr2Þ þ 1

m2

�
−

σ

6r
L2 −

σ

2r
L · S −

9ζ3σ
2r

2π3

�
; ð75Þ

TABLE I. Spectrum in the case m ¼ 3
ffiffiffi
σ

p
. All energies are expressed in units of

ffiffiffi
σ

p
. The column Eð0Þ lists the zeroth-order energy

levels, which for S waves are related to the zeros of the Airy function [52]. The column Vð1=mÞ lists the matrix element of

σ ln ðσr2Þ=ðπmÞ. The columns Vð1=mÞ
2nd order, VL2 , VLS and Vr list the matrix elements of the second-order contribution of the 1=m potential

and the matrix elements of −σL2=ð6m2rÞ, −σL · S=ð2m2rÞ and −9ζ3σ2r=ð2π3m2Þ respectively. The column E gives the total energy
levels according to (76).

Levels Eð0Þ Vð1=mÞ Vð1=mÞ
2nd order VL2 VLS Vr E

1S 1.621 −0.007 −0.007 0 0 −0.021 1.586
11P1 2.331 0.080 −0.005 −0.027 0 −0.030 2.349
13P0 2.331 0.080 −0.005 −0.027 0.082 −0.030 2.431
13P1 2.331 0.080 −0.005 −0.027 0.041 −0.030 2.390
13P2 2.331 0.080 −0.005 −0.027 −0.041 −0.030 2.308
2S 2.834 0.100 −0.004 0 0 −0.037 2.893
11D2 2.946 0.134 −0.004 −0.062 0 −0.038 2.976
13D1 2.946 0.134 −0.004 −0.062 0.093 −0.038 3.069
13D2 2.946 0.134 −0.004 −0.062 0.031 −0.038 3.007
13D3 2.946 0.134 −0.004 −0.062 −0.062 −0.038 2.914
21P1 3.387 0.147 −0.003 −0.022 0 −0.044 3.465
23P0 3.387 0.147 −0.003 −0.022 0.066 −0.044 3.531
23P1 3.387 0.147 −0.003 −0.022 0.033 −0.044 3.498
23P2 3.387 0.147 −0.003 −0.022 −0.033 −0.044 3.432
3S 3.828 0.161 −0.003 0 0 −0.049 3.937
4S 4.706 0.203 −0.002 0 0 −0.061 4.846
5S 5.508 0.235 −0.002 0 0 −0.071 5.670
6S 6.256 0.262 −0.002 0 0 −0.081 6.435

TABLE II. Spectrum in the case m ¼ 10
ffiffiffi
σ

p
; columns are like those in Table I.

Levels Eð0Þ Vð1=mÞ Vð1=mÞ
2nd order VL2 VLS Vr E

1S 1.085 −0.028 −0.001 0 0 −0.001 1.055
11P1 1.560 −0.0015 −0.0007 −0.004 0 −0.002 1.552
13P0 1.560 −0.0015 −0.0007 −0.004 0.011 −0.002 1.563
13P1 1.560 −0.0015 −0.0007 −0.004 0.006 −0.002 1.558
13P2 1.560 −0.0015 −0.0007 −0.004 −0.006 −0.002 1.546
2S 1.897 0.004 −0.0005 0 0 −0.002 1.899
11D2 1.972 0.015 −0.0005 −0.008 0 −0.002 1.977
13D1 1.972 0.015 −0.0005 −0.008 0.013 −0.002 1.990
13D2 1.972 0.015 −0.0005 −0.008 0.004 −0.002 1.981
13D3 1.972 0.015 −0.0005 −0.008 −0.008 −0.002 1.969
21P1 2.267 0.019 −0.0005 −0.003 0 −0.003 2.280
23P0 2.267 0.019 −0.0005 −0.003 0.009 −0.003 2.289
23P1 2.267 0.019 −0.0005 −0.003 0.004 −0.003 2.284
23P2 2.267 0.019 −0.0005 −0.003 −0.004 −0.003 2.276
3S 2.562 0.023 −0.0004 0 0 −0.003 2.582
4S 3.150 0.035 −0.0003 0 0 −0.004 3.181
5S 3.687 0.045 −0.0002 0 0 −0.004 3.728
6S 4.188 0.053 −0.0002 0 0 −0.005 4.236
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where L ¼ r × p and S is the total spin of the system. In
the last line we have dropped contributions to the static and
spin-orbit potentials that are subleading in the long range,
and the spin-spin potentials, which fall off sharply like
1=r5. The constants in the static and 1=m potentials do not
contribute to the energy level splittings; hence we do not
display them. The model has the advantage of depending
only on two parameters: the mass m and the string
tension σ.

We compute the energy levels by including contributions
from the potential that are first order in 1=m2 and up to

second order in 1=m. We call Eð0Þ
nl the eigenvalues of the

zeroth-order Hamiltonian p2=mþ σr. The eigenstates of
the zeroth-order Hamiltonian, jnljsi, may be chosen to be
simultaneously eigenstates of the angular momenta and
spin. They are labeled by n, l, j and s, which are the
principal, orbital angular momentum, total angular momen-
tum and spin quantum numbers. The state jnli stands for

FIG. 1 (color online). Energy levels for the states 1S, 13PJ and 23PJ normalized with respect to Eð0Þ
1S , E

ð0Þ
1P and Eð0Þ

2P respectively. The

left plots refer to the casem ¼ 3
ffiffiffi
σ

p
, the right ones to the casem ¼ 10

ffiffiffi
σ

p
. The leading order (LO) levels correspond to Eð0Þ

nl , the next-to-
leading-order (NLO) corrections to hnljVð1=mÞjnli and the next-to-next-to-leading-order (NNLO) ones to the remaining two terms
shown in the right-hand side of (76).
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jnljsi when acting on an operator that does not depend on
spin. The energy levels read9

Enljs ¼ Eð0Þ
nl þ hnljVð1=mÞjnli

þ
X

ðn0;l0Þ≠ðn;lÞ

jhnljVð1=mÞjn0l0ij2
Eð0Þ
nl − Eð0Þ

n0l0

þ hnljsjVð1=m2Þjnljsi: ð76Þ

The results for the spectrum are summarized in Tables I
and II, which refer to the cases m ¼ 3

ffiffiffi
σ

p
and m ¼ 10

ffiffiffi
σ

p
respectively.10 The tables show all levels up to n ¼ 3 and all
S-wave levels up to n ¼ 6. S-wave levels are degenerate
in spin because the last line of (75) does not contain a

spin-spin interaction. For some states the 1=m potential
turns out to give a smaller contribution than the 1=m2

potentials. It happens when
ffiffiffi
σ

p hnljrjnli is close to 1, and
the logarithm in the 1=m potential vanishes. This is the case
for the 1S state when m ¼ 3

ffiffiffi
σ

p
:

ffiffiffi
σ

p h1Sjrj1Si ≈ 1.08, and
for the 1P states when m ¼ 10

ffiffiffi
σ

p
:

ffiffiffi
σ

p h1Pjrj1Pi ≈ 1.04.
For the other states and in particular for higher states the
contributions of the different potentials scale naturally.
All 1=m2 corrections are of similar size. This holds also for
the newly calculated corrections, which are listed in the
column labeled Vr, showing the relevance of the spin- and
momentum-independent potentials.
In Fig. 1 we show graphically the effects of the

relativistic corrections to the energy levels for the 1S,
13PJ and 23PJ states in the cases m ¼ 3

ffiffiffi
σ

p
and

m ¼ 10
ffiffiffi
σ

p
. In Fig. 2 we summarize in one plot the effect

of these corrections on the whole spectrum for the
case m ¼ 3

ffiffiffi
σ

p
.

VI. CONCLUSIONS

The effective string theory provides an economical way
to parametrize the long-range behavior of the heavy quark-
antiquark potential in the absence of available lattice data.
Whenever lattice data are available they compare favorably
with the EST predictions. This is the case for the static
potential that has been tested also at the level of quantum
fluctuations of order 1=r, the 1=m potential and the 1=m2

spin-orbit and momentum-dependent potentials. These
successful comparisons support the assumption of a one-
to-one mapping in the long range between Wilson loop
expectation values and correlators of string coordinates;
see (36).
Existing lattice data for the spin-spin potentials are so far

consistent with zero in the long range [25]. It would be
interesting to produce more accurate data able to detect a
long-distance signal, for the EST predicts a sharp falloff
proportional to 1=r5.
In this paper, we have computed in the EST the

momentum- and spin-independent 1=m2 potentials. They
show a linearly rising behavior with the distance and may
be interpreted as a sort of relativistic correction to the static
potential. This is again a sharp prediction of the EST that
can be checked against data from lattice, once calculations
of Wilson loop expectation values with four chromoelectric
field insertions are performed. Under the assumption of the
exact mapping (36) the expressions of the potentials are
given in (73)–(74). The net effect of these potentials in the
equal mass case is to reduce the string tension by an
amount 9ζ3σ2=ð2π3m2Þ.11

FIG. 2 (color online). Spectrum of all states up to n ¼ 3 and of
all S-wave states up to n ¼ 6 in the case m ¼ 3

ffiffiffi
σ

p
. Energies are

expressed in units of
ffiffiffi
σ

p
.

9Kinetic energy, static potential and Eð0Þ
nl are related by the

virial theorem:

hnljp
2

m
jnli ¼ 1

2
hnljσrjnli ¼ Eð0Þ

nl

3
∼

σ2=3

m1=3 ;

where the last relation shows the dependence of Eð0Þ
nl on the

parameters m and σ [52]. From this it follows that
1=hnljrjnli ∼ ðσmÞ1=3. One might therefore expect corrections
of relative order σ=m2 to be parametrically suppressed by a factor
ðσ=m2Þ1=3 with respect to corrections of relative order
1=ðmhnljrjnliÞ2, if m ≫

ffiffiffi
σ

p
. Corrections of relative order

σ=m2 are those associated with the 1=m2 potentials Vð2;0Þ
r ðrÞ

and Vð1;1Þ
r ðrÞ. Corrections of relative order 1=ðmhnljrjnliÞ2 are

those associated with the other 1=m2 potentials and with the
second-order quantum-mechanical corrections induced by the
Vð1=mÞ potential. As we will see, however, for the range of masses
considered here, the contributions to the spectrum turn out to be
numerically comparable for all the 1=m2 potentials.

10If
ffiffiffi
σ

p ¼ 457 MeV [53], then m ¼ 3
ffiffiffi
σ

p
corresponds ap-

proximately to the charm mass and m ¼ 10
ffiffiffi
σ

p
to the bottom

mass.

11It is interesting to notice that an effective reduction in the
string tension due to relativistic effects may be observed in some
plots of [54]. We thank Shoichi Sasaki for communications on
this point.
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One may argue that the newly computed potentials are of
phenomenological relevance in quarkonium physics
[55,56] since their contribution to the spectrum, at least
when the short-distance part of the potentials is neglected,
is comparable in size to that of the other 1=m2 potentials.
A realistic description of quarkonium requires, however,
the inclusion of the short-distance parts of the potentials.
These are known from perturbation theory. Spectroscopy
studies that use lattice data to parametrize the long-distance
parts of the potentials and perturbation theory for the short-
distance parts are for instance in [22,53,57,58]. However,
such studies are unavoidably incomplete insofar as not all
potentials have been computed yet on the lattice. The core
message of this work is that the EST may provide the
missing information through the long-distance expression
of the potential. In the model defined by Eq. (75), that
expression depends on just two parameters: the heavy-
quark mass and the string tension. It therefore provides a

simple infrared completion of the heavy quark-antiquark
potential valuable for future quarkonium studies [59].

ACKNOWLEDGMENTS

We thank Guillerm Pérez-Nadal and Joan Soto for
valuable correspondence. We are especially grateful to
Guillerm Pérez-Nadal for sharing with us his unpublished
notes of Ref. [35]. N. B. thanks Marshall Baker for
discussions. N. B. and A. V. acknowledge financial support
from the DFG cluster of excellence “Origin and structure of
the universe” ([60]). H. M. acknowledges financial support
from the German Academic Exchange Service (DAAD).
This work is supported in part by the Deutsche
Forschungsgemeinschaft (DFG) and the National Natural
Science Foundation of China (NSFC) through funds
provided to the Sino-German CRC 110 “Symmetries and
the Emergence of Structure in QCD.”

[1] K. G. Wilson, Phys. Rev. D 10, 2445 (1974).
[2] L. Susskind, in Les Houches 1976, Proceedings, Weak

and Electromagnetic Interactions at High Energies
(North-Holland, Amsterdam, 1977), p. 207.

[3] W. Fischler, Nucl. Phys. B129, 157 (1977).
[4] L. S. Brown and W. I. Weisberger, Phys. Rev. D 20, 3239

(1979).
[5] E. Eichten and F. Feinberg, Phys. Rev. D 23, 2724 (1981).
[6] M. E. Peskin, in Proceeding of the 11th SLAC Institute,

SLAC 1983 (Report No. 267), p. 151, http://www‑public
.slac.stanford.edu/SciDoc/docMeta.aspx?slacPubNumber=
SLAC‑R‑267.

[7] A. Barchielli, E. Montaldi, and G. M. Prosperi, Nucl. Phys.
B296, 625 (1988); B303, 752 (1988).

[8] N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Phys. Rev. D
63, 014023 (2000).

[9] A. Pineda and A. Vairo, Phys. Rev. D 63, 054007 (2001);
64, 039902 (2001).

[10] N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Phys. Lett. B
580, 60 (2004).

[11] N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Rev. Mod.
Phys. 77, 1423 (2005).

[12] W. E. Caswell and G. P. Lepage, Phys. Lett. B 167, 437
(1986).

[13] G. T. Bodwin, E. Braaten, and G. P. Lepage, Phys. Rev. D
51, 1125 (1995); 55, 5853 (1997).

[14] C.Michael and P. E. L. Rakow, Nucl. Phys.B256, 640 (1985).
[15] C. Michael, Phys. Rev. Lett. 56, 1219 (1986).
[16] M. Campostrini, K. Moriarty, and C. Rebbi, Phys. Rev. Lett.

57, 44 (1986).
[17] M. Campostrini, K. Moriarty, and C. Rebbi, Phys. Rev. D

36, 3450 (1987).
[18] P. de Forcrand and J. D. Stack, Phys. Rev. Lett. 55, 1254

(1985).

[19] A. Huntley and C. Michael, Nucl. Phys. B286, 211 (1987).
[20] Y. Koike, Phys. Lett. B 216, 184 (1989).
[21] K. D. Born, E. Laermann, T. F. Walsh, and P. M. Zerwas,

Phys. Lett. B 329, 332 (1994).
[22] G. S. Bali, K. Schilling, and A. Wachter, Phys. Rev. D 56,

2566 (1997).
[23] G. S. Bali, Phys. Rep. 343, 1 (2001).
[24] Y. Koma, M. Koma, and H. Wittig, Phys. Rev. Lett. 97,

122003 (2006).
[25] Y. Koma and M. Koma, Nucl. Phys. B769, 79 (2007).
[26] Y. Koma, M. Koma, and H. Wittig, Proc. Sci., LAT2007

(2007) 111 [arXiv:0711.2322].
[27] Y. Koma and M. Koma, Proc. Sci., LAT2009 (2009) 122

[arXiv:0911.3204].
[28] Y. Koma and M. Koma, Prog. Theor. Phys. Suppl. 186, 205

(2010).
[29] Y. Nambu, Phys. Lett. 80B, 372 (1979).
[30] M. Lüscher, K. Symanzik, and P. Weisz, Nucl. Phys. B173,

365 (1980).
[31] M. Lüscher, Nucl. Phys. B180, 317 (1981).
[32] J. Polchinski and A. Strominger, Phys. Rev. Lett. 67, 1681

(1991).
[33] M. Lüscher and P. Weisz, J. High Energy Phys. 07 (2002)

049.
[34] J. B. Kogut and G. Parisi, Phys. Rev. Lett. 47, 1089 (1981).
[35] G. Perez-Nadal and J. Soto, Phys. Rev. D 79, 114002

(2009).
[36] A. Barchielli, N. Brambilla, and G. M. Prosperi, Nuovo

Cimento A 103, 59 (1990).
[37] N. Brambilla, P. Consoli, and G. M. Prosperi, Phys. Rev. D

50, 5878 (1994).
[38] N. Brambilla and A. Vairo, Phys. Rev. D 55, 3974 (1997).
[39] N. Brambilla and A. Vairo, in Newport News 1998, Strong

Interactions at Low and Intermediate Energies, p. 151.

EFFECTIVE STRING THEORY AND THE LONG-RANGE … PHYSICAL REVIEW D 90, 114032 (2014)

114032-11

http://dx.doi.org/10.1103/PhysRevD.10.2445
http://dx.doi.org/10.1016/0550-3213(77)90026-8
http://dx.doi.org/10.1103/PhysRevD.20.3239
http://dx.doi.org/10.1103/PhysRevD.20.3239
http://dx.doi.org/10.1103/PhysRevD.23.2724
http://www-public.slac.stanford.edu/SciDoc/docMeta.aspx?slacPubNumber=SLAC-R-267
http://www-public.slac.stanford.edu/SciDoc/docMeta.aspx?slacPubNumber=SLAC-R-267
http://www-public.slac.stanford.edu/SciDoc/docMeta.aspx?slacPubNumber=SLAC-R-267
http://www-public.slac.stanford.edu/SciDoc/docMeta.aspx?slacPubNumber=SLAC-R-267
http://www-public.slac.stanford.edu/SciDoc/docMeta.aspx?slacPubNumber=SLAC-R-267
http://www-public.slac.stanford.edu/SciDoc/docMeta.aspx?slacPubNumber=SLAC-R-267
http://dx.doi.org/10.1016/0550-3213(88)90036-3
http://dx.doi.org/10.1016/0550-3213(88)90036-3
http://dx.doi.org/10.1016/0550-3213(88)90430-0
http://dx.doi.org/10.1103/PhysRevD.63.014023
http://dx.doi.org/10.1103/PhysRevD.63.014023
http://dx.doi.org/10.1103/PhysRevD.63.054007
http://dx.doi.org/10.1103/PhysRevD.64.039902
http://dx.doi.org/10.1016/j.physletb.2003.11.031
http://dx.doi.org/10.1016/j.physletb.2003.11.031
http://dx.doi.org/10.1103/RevModPhys.77.1423
http://dx.doi.org/10.1103/RevModPhys.77.1423
http://dx.doi.org/10.1016/0370-2693(86)91297-9
http://dx.doi.org/10.1016/0370-2693(86)91297-9
http://dx.doi.org/10.1103/PhysRevD.51.1125
http://dx.doi.org/10.1103/PhysRevD.51.1125
http://dx.doi.org/10.1103/PhysRevD.55.5853
http://dx.doi.org/10.1016/0550-3213(85)90412-2
http://dx.doi.org/10.1103/PhysRevLett.56.1219
http://dx.doi.org/10.1103/PhysRevLett.57.44
http://dx.doi.org/10.1103/PhysRevLett.57.44
http://dx.doi.org/10.1103/PhysRevD.36.3450
http://dx.doi.org/10.1103/PhysRevD.36.3450
http://dx.doi.org/10.1103/PhysRevLett.55.1254
http://dx.doi.org/10.1103/PhysRevLett.55.1254
http://dx.doi.org/10.1016/0550-3213(87)90438-X
http://dx.doi.org/10.1016/0370-2693(89)91392-0
http://dx.doi.org/10.1016/0370-2693(94)90781-1
http://dx.doi.org/10.1103/PhysRevD.56.2566
http://dx.doi.org/10.1103/PhysRevD.56.2566
http://dx.doi.org/10.1016/S0370-1573(00)00079-X
http://dx.doi.org/10.1103/PhysRevLett.97.122003
http://dx.doi.org/10.1103/PhysRevLett.97.122003
http://dx.doi.org/10.1016/j.nuclphysb.2007.01.033
http://arXiv.org/abs/0711.2322
http://arXiv.org/abs/0911.3204
http://dx.doi.org/10.1143/PTPS.186.205
http://dx.doi.org/10.1143/PTPS.186.205
http://dx.doi.org/10.1016/0370-2693(79)91193-6
http://dx.doi.org/10.1016/0550-3213(80)90009-7
http://dx.doi.org/10.1016/0550-3213(80)90009-7
http://dx.doi.org/10.1016/0550-3213(81)90423-5
http://dx.doi.org/10.1103/PhysRevLett.67.1681
http://dx.doi.org/10.1103/PhysRevLett.67.1681
http://dx.doi.org/10.1088/1126-6708/2002/07/049
http://dx.doi.org/10.1088/1126-6708/2002/07/049
http://dx.doi.org/10.1103/PhysRevLett.47.1089
http://dx.doi.org/10.1103/PhysRevD.79.114002
http://dx.doi.org/10.1103/PhysRevD.79.114002
http://dx.doi.org/10.1007/BF02902620
http://dx.doi.org/10.1007/BF02902620
http://dx.doi.org/10.1103/PhysRevD.50.5878
http://dx.doi.org/10.1103/PhysRevD.50.5878
http://dx.doi.org/10.1103/PhysRevD.55.3974


[40] A. V. Manohar, Phys. Rev. D 56, 230 (1997).
[41] A. Pineda and J. Soto, Phys. Rev. D 58, 114011 (1998).
[42] N. Brambilla, S. Eidelman, P. Foka, S. Gardner, A. S.

Kronfeld, M. G. Alford, R. Alkofer, M. Butenschoen
et al., Eur. Phys. J. C 74, 2981 (2014).

[43] O. Aharony and M. Field, J. High Energy Phys. 01 (2011)
065.

[44] O. Aharony and Z. Komargodski, J. High Energy Phys. 05
(2013) 118.

[45] M. Baker and R. Steinke, Phys. Rev. D 63, 094013 (2001).
[46] M. Baker and R. Steinke, Phys. Rev. D 65, 094042 (2002).
[47] M. Lüscher and P.Weisz, J. High Energy Phys. 07 (2004) 014.
[48] H. E. Martinez, Proc. Sci., ConfinementX (2012) 161.
[49] N. Brambilla, D. Gromes, and A. Vairo, Phys. Rev. D 64,

076010 (2001).
[50] N. Brambilla, D. Gromes, and A. Vairo, Phys. Lett. B 576,

314 (2003).
[51] D. Gromes, Z. Phys. C 26, 401 (1984).

[52] W. Lucha, F. F. Schöberl, and D. Gromes, Phys. Rep. 200,
127 (1991).

[53] Y. Koma and M. Koma, Proc. Sci., LATTICE2012 (2012)
140 [arXiv:1211.6795].

[54] T. Kawanai and S. Sasaki, Phys. Rev. D 89, 054507
(2014).

[55] N. Brambilla et al., CERN Report No. CERN-2005-005,
2005.

[56] N. Brambilla, S. Eidelman, B. K. Heltsley, R. Vogt, G. T.
Bodwin, E. Eichten, A. D. Frawley, A. B. Meyer et al.,
Eur. Phys. J. C 71, 1534 (2011).

[57] A. Laschka, N. Kaiser, andW.Weise, Phys. Lett. B 715, 190
(2012).

[58] P. Pietrulewicz, Proc. Sci., ConfinementX (2012) 135
[arXiv:1301.1308].

[59] N. Brambilla, H. E. Martinez, and A. Vairo (to be
published).

[60] www.universe‑cluster.de.

BRAMBILLA et al. PHYSICAL REVIEW D 90, 114032 (2014)

114032-12

http://dx.doi.org/10.1103/PhysRevD.56.230
http://dx.doi.org/10.1103/PhysRevD.58.114011
http://dx.doi.org/10.1140/epjc/s10052-014-2981-5
http://dx.doi.org/10.1007/JHEP01(2011)065
http://dx.doi.org/10.1007/JHEP01(2011)065
http://dx.doi.org/10.1007/JHEP05(2013)118
http://dx.doi.org/10.1007/JHEP05(2013)118
http://dx.doi.org/10.1103/PhysRevD.63.094013
http://dx.doi.org/10.1103/PhysRevD.65.094042
http://dx.doi.org/10.1088/1126-6708/2004/07/014
http://dx.doi.org/10.1103/PhysRevD.64.076010
http://dx.doi.org/10.1103/PhysRevD.64.076010
http://dx.doi.org/10.1016/j.physletb.2003.09.100
http://dx.doi.org/10.1016/j.physletb.2003.09.100
http://dx.doi.org/10.1007/BF01452566
http://dx.doi.org/10.1016/0370-1573(91)90001-3
http://dx.doi.org/10.1016/0370-1573(91)90001-3
http://arXiv.org/abs/1211.6795
http://dx.doi.org/10.1103/PhysRevD.89.054507
http://dx.doi.org/10.1103/PhysRevD.89.054507
http://dx.doi.org/10.1140/epjc/s10052-010-1534-9
http://dx.doi.org/10.1016/j.physletb.2012.07.049
http://dx.doi.org/10.1016/j.physletb.2012.07.049
http://arXiv.org/abs/1301.1308
www.universe-cluster.de
www.universe-cluster.de
www.universe-cluster.de

