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We make a systematic investigation on the two-body nonleptonic decays Bc → J=ΨðηcÞ;M by
employing the perturbative QCD approach based on kT factorization, where M is a light pseudoscalar
or vector or a heavy charmed meson. We predict the branching ratios and direct CP asymmetries of these
Bc decays and also the transverse polarization fractions of Bc → J=ΨV; J=ψD�

ðsÞ decays. It is found that

these decays have a large branching ratios of the order of 10−4 − 10−2 and could be measured by the

future LHCb experiment. Our predictions for the ratios of branching fractions BRðBþ
c →J=ΨDþ

s Þ
BRðBþ

c →J=ΨπþÞ ,
BRðBþ

c →J=ΨD�þ
s Þ

BRðBþ
c →J=ΨDþ

s Þ
and BRðBþ

c →J=ΨKþÞ
BRðBþ

c →J=ΨπþÞ are in good agreement with the data. A large transverse polarization fraction which can

reach 48% is predicted in Bþ
c → J=ΨD�þ

s decay, which is consistent with the data. We find a possible direct
CP violation in Bc → J=ψD� decays, which are helpful to test the CP violating effects in Bc decays.
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I. INTRODUCTION

Since the first discovery of the Bc meson by the CDF
collaboration at Tevatron in 1998 through the semileptonic
modes Bc → J=ψðμþμ−ÞlþXðl ¼ e; μÞ [1], it has aroused a
great deal of interest in studying Bc physics experimentally.
Subsequent measurements of its mass and lifetime in
different detectors via the two processes Bþ

c → J=ψlþνl
[2,3] and Bþ

c → J=ψπþ [4,5] have opened new windows
for the analysis of the dynamics involved in the Bc decays.
At the current level accuracy, around 5 × 1010 Bc events are
expected to be produced each year [6]. Up to now, the
LHCb collaboration has measured the Bc mass with
6273� 1.3ðstatÞ � 1.6ðsystÞ MeV=c2 [7] and some new
channels, such as Bþ

c → J=ψπþπ−πþ [8], Bþ
c → J=ψKþ

[9], Bþ
c → ψð2SÞπþ [10], Bþ

c → J=ψDð�Þþ
s [11], Bþ

c →
J=ψKþK−πþ [12], Bþ

c → B0
sπ

þ [13], and Bþ
c →

J=ψ3πþ2π− [14] for the first time. We can see all of the
observed processes involving the J=ψ final state, due to
the narrow peak of J=ψ and the high purity of J=ψ → lþl−,
the decay modes containing the signal of J=ψ meson are
among the most easily reconstructible Bc decay modes.
One should expect that, in the following years, more and
more charmonium decay modes of Bc meson will be
measured with good precision in the LHCb experiments.
Compared with the Bu;d;s mesons, the Bc meson is of

special interest. Being the ground state of two heavy quarks
of different flavors (b̄ and c), Bc decays via weak
interaction only, while the strong and electromagnetic
annihilation processes are forbidden. Since both of the
two quarks are heavy, each of them can decay with the

other as a spectator, the Bc meson have much shorter
lifetime than other b-flavored mesons [15], pointing to the
important role of the c quark in Bc decays. It has rich decay
channels, and provides a very good place to study non-
leptonic weak decays of heavy mesons, to test the standard
model and to search for any new physics signals [16].
Theoretically, many hadronic Bc decay modes have been

studied by various theoretical approaches. The perturbative
QCD approach (pQCD) [17] is one of the recently
developed theoretical tools based on QCD to deal with
the nonleptonic B decays. Utilizing the kT factorization
instead of collinear factorization, this approach is free of
end-point singularity. Thus the Feynman diagrams, includ-
ing factorizable, nonfactorizable, and annihilation type, are
all calculable. Up to now, the pure annihilation type of
charmless Bc → PP;PV; VV; AV; AA; AP; SP; SV decays

[18–24] and the charm decays of Bc → Dð�Þ
ðsÞðP;V; T;Dð�Þ

ðsÞÞ
[25–29] have been studied systematically in the pQCD
approach, where the term P; V; A; S; T refers to the pesu-
doscalar, vector, axial-vector, scalar and tensor charmless
mesons, respectively.
In the present paper, we extend our pQCD analysis to the

S-wave ground state charmonium decays of the Bc meson.
The Bc → J=ψðηcÞπ [30], Bc → J=ψK [31] decays have
been studied in pQCD, compared to which the new
ingredients of this paper are: (1) we updated the
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements
and some input hadronic parameters according to the
Particle Data Group 2012 [32]; (2) we have included the
intrinsic b (the conjugate space coordinate of the parton
transverse momentum kT) dependence for the Bc meson
wave function, because it is observed that the intrinsic b
dependence in the heavy meson wave functions is*zhourui@heuu.edu.cn
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important [33]; (3) not only the Bc → J=ψðηcÞ; πðKÞ
decays, but Bc → ðJ=ψ ; ηcÞðπ; K; K�; ρ; Dð�Þ

ðsÞÞ are investi-

gated. In addition, a comprehensive study of these proc-
esses, which have been studied in the QCD coupling [34],
the relativistic quark model [35], the covariant light-front
quark model [36] and so on, is still lacking in pQCD. Our
aim is to fill in this gap and provide a ready reference to the
existing and forthcoming experiments to compare their data
with the predictions in the pQCD approach. It will be
shown that the obtained ratios of the branching ratios and
polarization fractions are all in consistency with the
existing data.
In the Bc rest frame, since both of the constituents (c, b̄)

are heavy, they are almost at rest relative to each other. The
Bc meson can be approximated as a nonrelativistic quar-
konium system [37,38]. In this sense the charm quark mass,
which is considerably larger than the QCD scale, provides
an intrinsic physical infrared regulator. The dynamics at
this scale is still calculable perturbatively [37]. In the pQCD
framework, since the spectator charm quark is almost at
rest, a hard gluon is needed to transfer energy to make it a
collinear quark into the final state meson. Meanwhile, the
heavy charm mass will bring another expansion series of
mc=mBc

∼ 0.2. In fact, the factorization theorem is appli-
cable to the Bc system similar to the situation of the B
meson [23] in the leading order of this expansion. For the
decays with a heavy charmonium and a light meson in
the final states, since the emitted meson is a light meson,
the factorization could be proved in the soft-collinear
effective theory to all orders of the strong coupling constant
in the heavy quark limit [36,39]. For the decays with a
heavy charmonium and a charm meson in the final states,
both the charmonium and charm meson can emit from the
weak vertex, which is similar to the double charm decays of
the Bc meson [28]. The proof of factorization here is thus
trivial. In fact, this type of process in B meson decays has
been studied in the pQCD approach successfully [40].
Our paper is organized as follows: We review the pQCD

factorization approach and then perform the perturbative
calculations for these considered decay channels in Sec. II.
The numerical results and discussions on the observables
are given in Sec. III. The final section is devoted to our
conclusions. Some details of related functions and the
decay amplitudes are given in the Appendices.

II. FRAMEWORK AND WAVE FUNCTION

At the quark level, the considered processes are char-
acterized by the b̄ → c̄qq̄0 transition, with q ¼ u; c and
q̄0 ¼ d̄; s̄. In the rest frame of the Bc meson, the spectator c
quark is almost at rest due to the heavy mass. Therefore, a
hard gluon is then needed to transform the c quark into a
collinear object in the final charmonium or charmed meson.
This makes the perturbative calculations into a six-quark
interaction. These perturbative calculations meet end-point

singularity in dealing with the meson distribution ampli-
tudes at the end point. We take back the parton transverse
momentum kT to regulate this divergence. In the pQCD
approach, the decay amplitude can be written as the
following factorizing formula [41]:

CðtÞ ⊗ Hðx; tÞ ⊗ ΦðxÞ

⊗ exp

�
−sðP; bÞ − 2

Z
t

1=b

dμ
μ
γqðαsðμÞÞ

�
; ð1Þ

where CðtÞ is Wilson coefficient of the four-quark operator
with the QCD radiative corrections. t is chosen as the
largest energy scale in the hard part, in order to lower the
largest logarithm. The term exp [42], the so-called Sudakov
factor, results from summing up double logarithms caused
by collinear divergence and soft divergence, with P denoting
the dominant light-cone component of meson momentum.
γq ¼ −αs=π is the quark anomalous dimension. The hard
part Hðx; tÞ can be perturbatively calculated including all
possible Feynman diagrams without end-point singularity,
such as factorizable, nonfactorizable and annihilation-type
diagrams. The wave function ΦðxÞ, which describes hadro-
nization of the quark and antiquark to the meson, is not
calculable and treated as nonperturbative inputs.
The meson wave function absorbs nonperturbative

dynamics of the process, which is process independent.
Using the wave functions determined from other well-
measured processes, one can make quantitative predictions
here. Similar to the situation of the B meson, for the Bc
meson, one of the dominant Lorentz structures is consid-
ered in the numerical calculations, while the contribution
induced by the other Lorentz structure is negligible [43]. In
the nonrelativistic limit, we use the same distribution
amplitude for Bc meson as those used in Refs. [27–29]:

ΦBc
ðxÞ¼ ifB

4Nc

�
ðPþMBc

Þγ5δ
�
x−

mc

MBc

��
exp

�
−
ω2
Bb

2

2

�
;

ð2Þ
in which the last exponent term represents the kT depend-
ence. The shape parameter ωB ¼ 0.60� 0.05 GeV has
been adopted in our previous analyses of the double charm
decays of Bc meson [28].
The two-particle light-cone distribution amplitudes of

the DðsÞ=D�
ðsÞ meson can be written as [44]

hDðsÞðP2ÞjqαðzÞc̄βð0Þj0i

¼ iffiffiffiffiffiffiffiffi
2Nc

p
Z

1

0

dxeixP2·z½γ5ðP2 þmDðsÞ ÞϕDðsÞ ðx; bÞ�αβ;

hD�
ðsÞðP2ÞjqαðzÞc̄βð0Þj0i

¼ −
1ffiffiffiffiffiffiffiffi
2Nc

p
Z

1

0

dxeixP2·z½ϵLðP2 þmD�
ðsÞ
ÞϕL

D�
ðsÞ
ðx; bÞ

þ ϵTðP2 þmD�
ðsÞ
ÞϕT

D�
ðsÞ
ðx; bÞ�αβ; ð3Þ
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with the normalization conditions:

Z
1

0

dxϕDðsÞ ðx; 0Þ ¼
fDðsÞ

2
ffiffiffiffiffiffiffiffi
2Nc

p ;

Z
1

0

dxϕL
D�

ðsÞ
ðx; 0Þ ¼

Z
1

0

dxϕT
D�

ðsÞ
ðx; 0Þ ¼

fD�
ðsÞ

2
ffiffiffiffiffiffiffiffi
2Nc

p : ð4Þ

Here we use fD�
ðsÞ
¼ fTD�

ðsÞ
in the calculation. The value of

fD�
ðsÞ
is determined by the following relations derived from

HQET [45]:

fD�
ðsÞ
¼

ffiffiffiffiffiffiffiffiffiffi
mDðsÞ

mD�
ðsÞ

s
fDðsÞ : ð5Þ

The distribution amplitude ϕðL;TÞ
Dð�Þ

ðsÞ
is taken as [46]

ϕðL;TÞ
Dð�Þ

ðsÞ
¼ 3ffiffiffiffiffiffiffiffi

2Nc
p f

Dð�Þ
ðsÞ
xð1 − xÞ½1þ a

Dð�Þ
ðsÞ
ð1 − 2xÞ�

× exp

�
−
ω2
DðsÞb

2

2

�
: ð6Þ

According to Ref. [47], we use aD ¼ 0.5� 0.1;ωD ¼
0.1 GeV for the D=D� meson and aD ¼ 0.4� 0.1;ωDs

¼
0.2 × GeV for the Ds=D�

s meson.
For the J=ψðηcÞ meson, in terms of the notation in

Ref. [48], we decompose the nonlocal matrix elements for
the longitudinally and transversely polarized J=ψ mesons
and ηc into

hJ=ψðP; ϵLÞjc̄ðzÞαcð0Þβj0i ¼
1ffiffiffiffiffiffiffiffi
2Nc

p
Z

1

0

dxeixP·z½mJ=ψϵ
L
αβψ

Lðx; bÞ þ ðϵLPÞαβψ tðx; bÞ�;

hJ=ψðP; ϵTÞjc̄ðzÞαcð0Þβj0i ¼
1ffiffiffiffiffiffiffiffi
2Nc

p
Z

1

0

dxeixP·z½mJ=ψϵ
T
αβψ

Vðx; bÞ þ ðϵTPÞαβψTðx; bÞ�;

hηcðPÞjc̄ðzÞαcð0Þβj0i ¼ −
iffiffiffiffiffiffiffiffi
2Nc

p
Z

1

0

dxeixP·z½ðγ5PÞαβψvðx; bÞ þmηcðγ5Þαβψ sðx; bÞ�; ð7Þ

respectively. ψL, ψT and ψv denote for the twist-2 dis-
tribution amplitudes, while ψ t, ψV and ψ s for the twist-3
distribution amplitudes. x represents the momentum frac-
tion of the charm quark inside the charmonium. In order to
include the intrinsic b dependence for the J=ψðηcÞ meson
wave function, we adopt the same model as [30]. For the
wave functions of light vector and pseudoscalar mesons,
the same form and parameters are adopted as [27] and one
is referred to the original literature [49].

A. Bc → ðJ=ψ;ηcÞðP;VÞ decays
The effective Hamiltonian for these modes can be

written as

Heff ¼
GFffiffiffi
2

p V�
cbVudðsÞðC1ðμÞO1ðμÞ þ C2ðμÞO2ðμÞÞ; ð8Þ

with V�
cb and VudðsÞ the Cabibbo-Kobayashi-Maskawa

(CKM) matrix elements, C1;2ðμÞ the perturbatively calcu-
lable Wilson coefficients, and O1;2ðμÞ the effective four-
quark operators; their expressions are

O1ðμÞ ¼ b̄αγμð1 − γ5Þcβ ⊗ ūβγμð1 − γ5Þq0α;
O2ðμÞ ¼ b̄αγμð1 − γ5Þcα ⊗ ūβγμð1 − γ5Þq0β; ð9Þ

where α; β are color indices and the summation convention
over repeated indices is understood. Since the four quarks
in the operators are different from each other, there is no
penguin contribution, and thus there is no CP violation.
With the effective Hamiltonian given above, the Feynman

diagrams corresponding to the concerned process are
drawn in Fig. 1 where the first two are of factorizable
topology contributing to the form factor of Bc → J=ψðηcÞ;
the last two diagrams are of nonfactorizable topology. With
the meson wave functions, Sudakov factors and the six-
quark hard subamplitude, after a straightforward calcula-
tion employing the pQCD formalism of Eq. (1), we can get
the explicit expressions of the amplitude in Fig. 1, which
are listed in Appendix A.
The total decay amplitude for the Bc → ðJ=ψ ; ηcÞðP;VÞ

can be given by

AðBc → ðJ=ψ ; ηcÞðP;VÞÞ

¼ V�
cbVudðsÞ

��
C2 þ

1

3
C1

�
F e þ C1Me

�
: ð10Þ

Here, the Wilson coefficients C1;2 are actually convoluted
with the amplitudes F e andMe. Note that the Bc → J=ψV
decays contain more amplitudes associated with three
different polarizations, one longitudinal and two transverse
for the two vector mesons, possible. The amplitude can be
decomposed as

A ¼ AL þANϵT2 · ϵT3 þ iATϵαβρσnαvβϵ
Tρ
2 ϵTσ3 ; ð11Þ

where ϵT2 ; ϵ
T
3 are the transverse polarization vectors for the

two vector mesons, respectively. AL corresponds to the
contributions of longitudinal polarization; AN and AT

corresponds to the contributions of normal and transverse
polarization, respectively, and the total amplitudes AL;N;T
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have the same structures as Eq. (10). The factorization
formulas for the longitudinal, normal and transverse polar-
izations are all listed in Appendix A.

B. Bc → ðJ=ψ;ηcÞDð�Þ
ðsÞ decays

The effective Hamiltonian for the flavor-changing b →
q0 transition is given by

Heff ¼
GFffiffiffi
2

p fV�
cbVcq0 ðC1ðμÞO1ðμÞ þ C2ðμÞO2ðμÞÞ

− V�
tbVtq0Σ10

i¼3CiðμÞOiðμÞg; ð12Þ

with q0 ¼ d; s. The functions Qiði ¼ 1; 2;…; 10Þ are the
local four-quark operators:
(1) tree operators:

O1ðμÞ ¼ b̄αγμð1 − γ5Þcβ ⊗ c̄αγμð1 − γ5Þq0β;
O2ðμÞ ¼ b̄αγμð1 − γ5Þcα ⊗ c̄βγμð1 − γ5Þq0β; ð13Þ

(2) QCD penguin operators:

O3ðμÞ¼ b̄αγμð1−γ5Þq0α⊗
X
q

q̄β γμð1−γ5Þqβ;

O4ðμÞ¼ b̄αγμð1−γ5Þq0β⊗
X
q

q̄α γμð1−γ5Þqβ;

O5ðμÞ¼ b̄αγμð1−γ5Þq0α⊗
X
q

q̄β γμð1þγ5Þqβ;

O6ðμÞ¼ b̄αγμð1−γ5Þq0β⊗
X
q

q̄α γμð1þγ5Þqβ; ð14Þ

(3) electroweak penguin operators:

O7ðμÞ ¼
3

2
b̄αγμð1− γ5Þq0α ⊗

X
q

eqq̄βγμð1þ γ5Þqβ;

O8ðμÞ ¼
3

2
b̄αγμð1− γ5Þq0β ⊗

X
q

eqq̄αγμð1þ γ5Þqβ;

O9ðμÞ ¼
3

2
b̄αγμð1− γ5Þq0α ⊗

X
q

eqq̄βγμð1− γ5Þqβ;

O10ðμÞ ¼
3

2
b̄αγμð1− γ5Þq0β ⊗

X
q

eqq̄αγμð1− γ5Þqβ:

ð15Þ

The sum over q runs over the quark fields that are active at
the scale μ ¼ OðmbÞ, i.e., q ¼ ðu; d; s; c; bÞ.
There are 12 Feynman diagrams contributing to

Bc → ðJ=ψ ; ηcÞDð�Þ
ðsÞ decays at leading order. They

involve three types: color-favored diagrams (we mark
this kind of contribution with the subscript f) shown
in Fig. 2; color-suppressed diagrams (marked with s)
shown in Fig. 3; and annihilation diagrams (marked
with a) shown in Fig. 4. Each type is classified into
factorizable diagrams, where hard gluon connects the
quarks in the same meson, and nonfactorizable dia-
grams, where hard gluon attaches the quarks in two
different mesons. We also show the calculated for-
mulas of each diagram for different channels in
Appendix A. The total decay amplitude for decay is
given as

FIG. 1. Feynman diagrams for Bc → ðJ=ψ ; ηcÞðP; VÞ decays. (a,b) The factorizable emission diagrams and (c,d) the nonfactorizable
diagrams.
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AðBc → ðJ=ψ ; ηcÞDð�Þ
ðsÞÞ

¼ V�
cbVcd

��
C2 þ

1

3
C1

�
FLL

f þ C1MLL
f þ

�
C1 þ

1

3
C2

�
FLL

s þ C2MLL
s þ

�
C2 þ

1

3
C1

�
FLL

a þ C1MLL
a

�

− V�
tbVtd

��
C4 þ

1

3
C3 þ C10 þ

1

3
C9

�
FLL

f þ ðC3 þ C9ÞMLL
f þ

�
C3 þ

1

3
C4 þ C9 þ

1

3
C10

�
FLL

s þ ðC4 þ C10ÞMLL
s

þ
�
C4 þ

1

3
C3 þ C10 þ

1

3
C9

�
FLL

a þ ðC3 þ C9ÞMLL
a þ

�
C6 þ

1

3
C5 þ C8 þ

1

3
C7

�
F SP

f þ ðC6 þ C8ÞMSP
s

þ
�
C5 þ

1

3
C6 þ C7 þ

1

3
C8

�
FLR

s þ ðC5 þ C7ÞMLR
f þ

�
C6 þ

1

3
C5 þ C8 þ

1

3
C7

�
F SP

a þ ðC5 þ C7ÞMLR
a

�
: ð16Þ

Note that the amplitude F SP
f from the operators O5–8

vanishes when a vector meson (D�
ðsÞ) is emitted from

the weak vertex, because neither the scalar nor the
pseudoscalar density gives contributions to the vector
meson production, i.e., hD�

ðsÞjSþ Pj0i ¼ 0.

III. NUMERICAL RESULTS

We now use the method previously illustrated to estimate
the physical observables (such as transition form factors,
branching ratios, transverse polarization fractions and
direct CP violations) of the considered Bc decays. For
numerical calculation, some input parameters needed in the

pQCD calculation are listed in Table I, while the input wave
functions and various parameters of the light vector and
pseudoscalar mesons are shown in the corresponding paper
[27]. If not specified explicitly, we will take their central
values as the default input.

A. Bc → ηc;J=ψ form factors

The diagrams (a) and (b) in Fig. 1 give the contribution
for Bc → ηc; J=ψ transition form factor at the maximally
recoiling point (q2 ¼ 0). Our predictions of the form
factors are collected in Table II compared with the results
from other models. The first kind of uncertainties is from

FIG. 2. Color-favored diagrams contributing to the Feynman diagrams for Bc → ðJ=ψ ; ηcÞDð�Þ
ðsÞ decays.

FIG. 3. Color-suppressed diagrams contributing to the Feynman diagrams for Bc → ðJ=ψ ; ηcÞDð�Þ
ðsÞ decays.

FIG. 4. Annihilation diagrams contributing to the Feynman diagrams for Bc → ðJ=ψ ; ηcÞDð�Þ
ðsÞ decays.
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the uncertainty in the hadronic parameters: ωB ¼ 0.60�
0.05 [28] for Bc meson and ω ¼ 0.60� 0.10 [30] for
J=ψðηcÞ meson, while the second kind of uncertainties is
from those in decay constants of the Bc meson and the
charmonium meson, which are given in Table I. We find
both ABc→J=ψ

0 and FBc→ηc
0 decrease with increasing shape

parameters ωB and ω. The former are more sensitive to the
shape parameters than the decays constants, while the
latter is just the reverse. Since the uncertainties from decay
constant of ηc meson are large, the relevant uncertainties
to FBc→ηc

0 are also large. We can see that the Bc → ηc; J=ψ

transition form factors are larger than those of Bc → Dð�Þ
ðsÞ

in our previous study [28] under the perturbative QCD
approach. As it is well known, compared with the D
meson, the J=ψðηcÞ meson is heavier, and its velocity is
lower in the rest frame of the Bc meson. The overlap
between the initial and final state wave functions becomes
larger, which certainly induces larger form factors.
The Bc → J=ψ ; ηc transition form factors have been

widely studied in many theoretical frameworks, which are
also collected in Table II. Most of our results are found to
be comparable to those of [30,50–54], whereas the form
factor ABc→J=ψ

0 in Ref. [53] is typically smaller, which can
be discriminated by the future LHC experiments.

B. Branching ratios

The branching ratios in the Bc meson rest frame can be
written as

BRðBc→ ðJ=ψ ;ηcÞDð�Þ
ðsÞÞ

¼ G2
FτBc

32πMB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−ðrD−rJ=ψðηcÞÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−ðrDþrJ=ψðηcÞÞ2

q
jAj2;

BRðBc→ ðJ=ψ ;ηcÞðP;VÞÞ

¼ G2
FτBc

32πMB
ð1−r2J=ψðηcÞÞjAj2; ð17Þ

where the mass ratios ri and the decay amplitudes A for
each channel have been given explicitly in Appendix A.
Our numerical results of branching ratios for Bc →
ðJ=ψ ; ηcÞðP;VÞ and Bc → ðJ=ψ ; ηcÞDð�Þ

ðsÞ decays are listed
in Tables III and IV, respectively. The first two errors are the
same as for form factors in Table II, while the third error
arises from the hard scale t varying from 0.75t to 1.25t,
which characterizes the size of next-to-leading order (NLO)
QCD contributions. We can see the branching ratios are
sensitive to the choice of the hadronic parametersωB andω,
the combined uncertainties from them are about 20%. In
addition, the uncertainties from the decay constants except
for fηc are small. However, for Bc → ðJ=ψ ; ηcÞDð�Þ

ðsÞ decays,
the uncertainties from the hard scale t is large as shown in
Table IV, which means the next-to-leading order contribu-
tions may be important for this decay mode. It reflects that
the energy release in this type decay may be low for pQCD
to play. The similar situation also exists in Bc → BP;BV
[55] and B → ðJ=ψ ; ηcÞDð�Þ [40] decays. In a recent paper
[34], the authors have performed the Bc meson exclusive

TABLE I. The decay constants of mesons are from [28,30], while other parameters are adopted in PDG [32] in our numerical
calculation.

Mass (GeV) MW ¼ 80.399 MBc
¼ 6.277 mb ¼ 4.2 mc ¼ 1.27 mJ=ψ ¼ 3.097

mηc ¼ 2.981 mD ¼ 1.870 mD� ¼ 2.010 mDs
¼ 1.968 mD�

s
¼ 2.112

CKM jVcbj ¼ ð40.9� 1.1Þ × 10−3 jVudj ¼ 0.97425� 0.00022 jVusj ¼ 0.2252� 0.0009
jVubj ¼ ð4.15� 0.49Þ × 10−3 jVcdj ¼ 0.230� 0.011 jVcsj ¼ 1.006� 0.023

Decay constants (MeV) fBc
¼ 489� 4� 3 fJ=ψ ¼ 405� 14 fηc ¼ 420� 50

fD ¼ 206.7� 8.9 fDs
¼ 257.5� 6.1

Lifetime τBc
¼ 0.453 × 10−12 s

TABLE II. The form factors for FBc→ηc
0 and ABc→J=ψ

0 at q2 ¼ 0 evaluated in the literature. The uncertainties are from the hadronic
parameters and the decay constants, respectively. For comparison, we also cite the theoretical estimates of other models.

This work SDY [30]a Kiselev [50] IKP [51] WSL [52] HZ [53] DSV [54] EFG [35]

FBc→ηc
0 0.72þ0.10þ0.08

−0.08−0.09 0.66–0.79 0.66 0.76 0.61 0.87 0.58 0.47

ABc→J=ψ
0 0.64þ0.08þ0.02

−0.07−0.02 0.65–0.77 0.60 0.69 0.53 0.27 0.58 0.40
aWe quote the result with the charmonium wave function for a harmonic-oscillator potential.
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decays to S-wave charmonia and light pseudoscalar or
vector mesons at the next-to-leading order (NLO) in the
QCD coupling. The NLO corrections to Bc decays under
the pQCD framework are still missing, thus beyond the
scope of this paper. From Tables III and IV, we can see the
former four processes have a relatively small branching
ratio (10−4) owing to the CKM factor suppression, while
the branching ratios of other processes are comparatively
large (10−3 ∼ 10−2) due to the CKM factor enhancement.
The large branching ratio and the clear signals of the final
states make their measurement easy at the LHCb
experiments.
For comparison, we also cite other theoretical results

[34,35,56–62] for the considered decays in Tables III and
IV. In general, the results of the various model calculations
are of the same order of magnitude for most channels, while
our predictions are larger than those of other approaches.
The difference may due to at least two reasons: First, the
calculations in Refs. [35,56–62] use the same naive
factorization approximation in which the form factors
are important input parameters, smaller form factors always
result in the smaller branching ratios. Second, in pQCD
framework, the nonfactorizable contribution is considered,
which is absent in traditional naive factorization.

A constructive interference between the nonfactorizable
contribution and the factorizable contribution will enhance
our results. From Table III, we can see that our predicted
branching ratios are comparable with [34] which also
include the nonfactorizable contribution. Since the char-
monium decays dominate to the b → c; u induced Bc
decays, summing up all the branching ratios in
Tables III and IV one obtains a total branching ratio of
10% which has to be compared with the 20% expected for
the b → c; u contribution to the total rate [16], this leaves
plenty of room for the Bc meson to charmonium semi-
leptonic, excited charmonuim meson and nonresonant
multibody decays.
The two decays Bc → J=ψπ; J=ψK have identical top-

ology and similar kinematic properties, as shown in Fig. 1.
In the limit of SUð3Þ flavor symmetry, the ratio of
branching fractions BRðBc → J=ψKÞ=BRðBc → J=ψπÞ
is dominated by the ratio of the relevant CKM matrix
elements jVus=Vudj2. After including the decay constants
fKðπÞ, the ratio is enhanced. With the input parameters in
Table I, the expected ratio is 0.080, which is very close to
our prediction 0.082. It means that the dominant contri-
butions to the branching ratios come from the factorizable
topology, while the nonfactorizable contribution is

TABLE III. Branching ratios (10−3) for Bc → ðJ=ψ ; ηcÞðP; VÞ, together with results from other models. The errors for these entries
correspond to the uncertainties in hadronic shape parameters, from the decay constants, and the scale dependence, respectively.

Channels This work [34] [35] [56] [57] [58] [59] [60] [61]

Bþ
c → J=ψKþ 0.19þ0.04þ0.02þ0.02

−0.04−0.02−0.01 0.22 0.05 0.16 0.11 0.13 0.11 0.07 0.08

Bþ
c → J=ψK�þ 0.48þ0.09þ0.04þ0.05

−0.08−0.03−0.03 0.43 0.10 0.35 0.22 0.28 0.09 0.2 0.18

Bþ
c → ηcKþ 0.24þ0.04þ0.07þ0.02

−0.05−0.06−0.01 0.38 0.07 0.17 0.13 0.15 0.03 0.02 0.11

Bþ
c → ηcK�þ 0.57þ0.10þ0.11þ0.06

−0.08−0.09−0.03 0.77 0.11 0.31 0.20 0.25 0.06 0.04 0.18

Bþ
c → J=ψπþ 2.33þ0.63þ0.16þ0.48

−0.58−0.16−0.12 2.91 0.61 2.1 1.3 1.7 0.34 1.3 1.1

Bþ
c → J=ψρþ 8.20þ1.49þ0.58þ0.50

−1.28−0.56−0.62 8.08 1.6 6.5 4.0 4.9 1.8 3.7 3.1

Bþ
c → ηcπ

þ 2.98þ0.84þ0.75þ0.52
−0.79−0.67−0.14 5.19 0.85 2.2 2.0 1.9 0.34 0.26 1.4

Bþ
c → ηcρ

þ 9.83þ1.38þ2.48þ1.74
−1.29−2.20−0.47 14.5 2.1 5.9 4.2 4.5 1.06 0.67 3.3

TABLE IV. Branching ratios (10−3) for Bc → ðJ=ψ ; ηcÞDð�Þ
ðsÞ, together with results from other models. The errors for these entries

correspond to the uncertainties in hadronic shape parameters, from the decay constants, and the scale dependence, respectively.

Channels This work [56] [57] [58] [59] [60] [61] [62]

Bþ
c → J=ψDþ 0.28þ0.04þ0.02þ0.06

−0.04−0.02−0.02 0.009 0.09 0.15 0.04 0.13 0.09 0.09

Bþ
c → J=ψD�þ 0.67þ0.11þ0.05þ0.15

−0.09−0.05−0.05 � � � 0.28 0.45 0.18 0.19 0.28 0.28

Bþ
c → ηcDþ 0.44þ0.07þ0.11þ0.07

−0.06−0.09−0.03 0.012 0.15 0.19 0.06 0.05 0.14 0.10

Bþ
c → ηcD�þ 0.58þ0.10þ0.15þ0.11

−0.08−0.13−0.04 0.010 0.10 0.19 0.07 0.02 0.13 0.10

Bþ
c → J=ψDþ

s 8.05þ1.39þ0.57þ1.66
−1.18−0.54−0.36 0.41 1.7 3.4 1.15 3.4 1.5 2.2

Bþ
c → J=ψD�þ

s 20.45þ4.35þ1.44þ4.50
−4.05−1.39−3.00 � � � 6.7 9.7 4.4 5.9 5.5 6.0

Bþ
c → ηcDþ

s 12.32þ2.06þ3.11þ2.03
−1.79−2.76−1.01 0.54 2.8 4.4 1.79 5 2.6 2.5

Bþ
c → ηcD�þ

s 16.54þ2.72þ4.17þ3.09
−2.34−3.70−1.70 0.44 2.7 3.7 1.49 0.38 2.4 2.0
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suppressed by the Wilson coefficient C1 [see Eq. (10)].
Recently, the LHCb collaboration has measured this ratio to
be 0.069� 0.019� 0.005 which is compatible with our
pQCD prediction. For Bc → ηcπ; ηcK decays, our result of
BRðBc → ηcKÞ=BRðBc → ηcπÞ is 0.081, which will be
tested by the forthcoming experiments.
Due to mJ=ψ > mηc and the orbital angular momentum

of the final states J=ψM are larger than that of ηcM, the
phase space for Bc → J=ψM decay is tighter than that for
Bc → ηcM decay. Therefore, with the same input, the
branching ratios for Bc → J=ψM and Bc → ηcM decays
have the following hierarchy:

BRðBc → J=ψMÞ < BRðBc → ηcMÞ: ð18Þ

However, for Bc → J=ψD�
ðsÞ decays, the transverse polari-

zation amplitude contributes to the branching ratio as large
as the longitudinal polarization amplitude, which spoils the
hierarchy relation in Eq. (18).
It may be noted that the Bc → ðJ=ψ ; ηcÞDð�Þ

ðsÞ decays
involve contributions from the color-favored, color-
suppressed and weak annihilation diagrams. It is expected
that the color-favored factorizable amplitude FLL

f domi-
nates in Eq. (16). The color-suppressed nonfactorizable
amplitude MLL

s and the annihilation amplitude FLL
a are

enhanced by the large Wilson coefficient C2 and C2 þ 1
3
C1,

respectively. However, the contribution from FLL
a are

highly power suppressed due to a big cancellation between
the first two factorizable annihilation diagrams in Fig. 4.
Our numerical analysis shows that ðC2 þ 1

3
C1ÞFLL

a =ðC2 þ
1
3
C1ÞFLL

f ∼ 1% and C2MLL
s =ðC2 þ 1

3
C1ÞFLL

f ∼ 10%. The
interferences between FLL

f andMLL
s are constructive, while

the existing experimental data favor constructive interference
in the B meson decays [63]. The predicted branching ratios
of these modes would provide an interesting test of inter-
ference between the color-favored and color-suppressed Bc
decays. Experimentally, the available measurements of the
considered Bc decay are as follows [11]:

BRðBc → J=ψDsÞ
BRðBc → J=ψπÞ ¼ 2.90� 0.57� 0.24;

BRðBc → J=ψD�
sÞ

BRðBc → J=ψDsÞ
¼ 2.37� 0.56� 0.10; ð19Þ

which is consistent with our predictions,

BRðBc → J=ψDsÞ
BRðBc → J=ψπÞ ¼ 3.45þ0.49

−0.17 ;

BRðBc → J=ψD�
sÞ

BRðBc → J=ψDsÞ
¼ 2.54þ0.07

−0.21 : ð20Þ

C. Transverse polarization fractions

For the Bc decays to two vector mesons, the decay
amplitudes A are defined in the helicity basis

A ¼
X

i¼0;þ;−
jAij2; ð21Þ

where the helicity amplitudes Ai have the following
relationships with AL;N;T :

A0 ¼ AL; A� ¼ AN �AT: ð22Þ

We also calculate the transverse polarization fractions RT
of the Bc → J=ψðρ; K�; D�

ðsÞÞ decays, with the definition
given by

RT ¼ jAþj2 þ jA−j2
jA0j2 þ jAþj2 þ jA−j2

: ð23Þ

According to the power counting rules in the factorization
assumption, the longitudinal polarization dominates the
decay ratios and the transverse polarizations are suppressed
[64] due to the helicity flips of the quark in the final state
hadrons. Our predictions for the transverse polarization
fractions of the tree-dominated Bc → J=ψV decays are
given in Table V. These results have the following pattern:

RTðJ=ψρÞ < RTðJ=ψK�Þ < RTðJ=ψD�Þ < RTðJ=ψD�
sÞ:

ð24Þ

It can be simply understood by means of kinematics in the
heavy-quark limit. The transverse polarization fractionsRT
of the Bc → J=ψðρ; K�; D�; D�

sÞ modes increase as the
masses of the mesons ρ; K�; D�; D�

s emitted from the weak
vertex increase. This is similar to the case of B0 →
ðρþ; D�þ; D�þ

s ÞD�− and Bþ → ðρþ; D�þ; D�þ
s Þρ0 [65].

From Table V, the modes Bc → J=ψðρ; K�Þ are indeed
longitudinal polarization dominant, since the two trans-
verse amplitudes are down by a power of rJ=ψ or rv
comparing with the longitudinal amplitudes. However, for
Bc → J=ψD�; J=ψD�

s decays, the transverse polarization

TABLE V. The transverse polarizations fractions (%) for Bc → VV, together with results from RCQM [59]. The
errors correspond to the combined uncertainty in the hadronic parameters, decay constants and the hard scale.

Channels Bc → J=ψρ Bc → J=ψK� Bc → J=ψD� Bc → J=ψD�
s

This work 8þ2
−1 10þ1

−1 46þ4
−3 48þ4

−4
RIQM [59] 7 10 41 43
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fractions can reach 46% and 48%, respectively. Several
reasons are given in order. First, the mass ratio rD for D�
meson is about 2–3 times larger than the rv for light vector
meson, which enhances the color-favored transverse ampli-
tude FLL;T

f and the normal amplitude FLL;N
f . Second, the

annihilation contribution of operator O6 (F SP;NðTÞ
a ) is

chirally enhanced in pQCD approach [66]. Third, the
transverse polarization of the nonfactorizable color-
suppressed diagrams in Figs. 3(c) and 3(d) does not
encounter helicity flip suppression [28]. The combined
effect above enhances the transverse polarization fractions
of the Bc → J=ψD�

ðsÞ decays. Therefore, the above pre-
dictions on the transverse polarization fractions are rea-
sonable in pQCD framework and comparable with the
relativistic independent quark model (RIQM) [59]. The
measurement of polarization fraction for Bc → J=ψD�

s
decay by the LHCb measurement [11] is

RTðJ=ψD�
sÞ ¼ ð52� 20Þ%; ð25Þ

which is in good agreement with our result, while other
predictions can be tested by the future data.

D. The direct CP asymmetries

Since there is only one kind of CKM phase involved in
Bc decaying into charmonium and a light meson process,
there should be no CP violation within the standard model.
When the final states are charmonium and charmed meson,
theCP asymmetries arise from the interference between the
penguin diagrams and tree diagrams. The direct CP
asymmetry Adir

CP for a given mode can be written as

Adir
CP ¼ jAj2 − jĀj2

jAj2 þ jĀj2 ; ð26Þ

where Ā is the charge conjugate decay amplitude of A,
which can be obtained by conjugating the CKM elements
in A. The direct CP asymmetry is tabulated in Table VI
compared with the results from the Salpeter method [62].
Unlike the branching ratios, the direct CP asymmetry is not
sensitive to the wave function parameters and CKM factors,
since these parameter dependences canceled out in
Eq. (26). In addition, the CKM angles (γ) uncertainty is
quite small (∼1%). Therefore, the theoretical error here is
only referred to as the hard scale t. It can be seen our
predictions on direct CP asymmetry parameters of Bc →
ηcD

ð�Þ
ðsÞ are negative, while the direct CP asymmetry

parameter of the other modes is positive. The direct CP
asymmetry parameters of the processes with a D meson in
the final state are generally larger than those with a Ds
meson, since in the former processes the penguin diagram

contributions are enhanced by the ratio
V�
tbVtd

V�
cbVcd

¼ 7.9, while

in the latter processes,
V�
tbVts

V�
cbVcs

¼ 0.9. However, the penguin

amplitudes are still suppressed by the small Wilson
coefficients from penguin operators in both of the two
types of mode, our predictions on direct CP asymmetries
are typically smaller in magnitude than [62]. From
Tables IV and VI, it is easy to see that the decay
Bc⇀J=ψD� is helpful to test the CP violating effects
due to its large branching ratio and CP asymmetry.

IV. CONCLUSION

In the pQCD framework, we have performed a system-
atic analysis of the two-body nonleptonic decays of the Bc
meson with the final states involving one J=ψðηcÞ meson.
Besides the color-favored emission diagrams, the non-
factorizable diagrams and the annihilation diagrams can
also be evaluated in this approach. It is found that the
predicted branching ratios range from 10−4 up to 10−2,
which are easily measured by the running LHCb in the near
future. Our predictions for the ratios of branching fractions
BRðBþ

c →J=ΨDþ
s Þ

BRðBþ
c →J=ΨπþÞ ,

BRðBþ
c →J=ΨD�þ

s Þ
BRðBþ

c →J=ΨDþ
s Þ and

BRðBþ
c →J=ΨKþÞ

BRðBþ
c →J=ΨπþÞ can explain

the data perfectly. We also have compared our results with
the results of other studies. In general the results of the
various model calculations are of the same order of
magnitude while they can differ by factors of 10 for
specific decay modes. In Bc decaying into one charmonium
and one charmed meson process, the CP violation arises
from the interference between the tree diagrams and the
penguin diagrams. We found the direct CP asymmetries of
Bc⇀J=ψD� decays are somewhat large since the penguin
diagrams contributions are enhanced by the CKM factor,
which are helpful to test the CP violating effects. We also
find that the transverse polarization contributions in Bc →
J=ψD�; J=ψD�

s decays, which mainly come from the
factorizable color-favored diagrams, the nonfactorizable
color-suppressed diagrams and the chirally enhanced anni-
hilation diagrams, are large.
We also discussed theoretical uncertainties arising from

the hadronic parameters, decay constants and hard scale.
The errors in Table III are dominant by the uncertainties
from the hadronic parameters, while in Table IV, the

TABLE VI. The direct CP asymmetry parameters (10−3) for Bc → ðJ=ψ ; ηcÞDð�Þ
ðsÞ, together with results from the Salpeter method [62].

The errors arises from the hard scale t.

Final stats J=ψD J=ψD� J=ψDs J=ψD�
s ηcD ηcD� ηcDs ηcD�

s

This work 1.5þ0.6
−0.7 12:7þ4.0

−3.1 0.1þ0.1
−0.1 0.7þ0.2

−0.1 −4.3þ1.5
−2.0 −2.4þ0.2

−0.2 −0.2þ0.1
−0.1 −0.1þ0.03

−0.05
[62] 2.56 16.9 −0.151 −0.972 46.6 16.8 −2.69 −0.965
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uncertainties from the hard scale are as large as the hadronic
parameters due to the included penguin diagram and
annihilation diagram. Furthermore, the direct CP asymme-
tries in Table VI are very sensitive to the scale. These may
suggest that further studies at the NLO level are required to
improve the accuracy of the theoretical predictions on the
charmonium decays of Bc meson.
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APPENDIX A: THE DECAY AMPLITUDES

1. Factorization formulas for Bc → ηcρ;ηcK�

The decay amplitude of factorizable diagrams in Figs. 1(a) and 1(b) is

F e ¼ 2

ffiffiffi
2

3

r
CFfBfvπM4

B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�
× f½ψ sðx2; b2Þðrb − 2x2Þrηc þ ψνðx2; b2Þðx2 − 2rbÞ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ
− ½ψνðx2; b2Þðrc þ r2ηcÞ − 2ψ sðx2; b2Þrηc �EabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g; ðA1Þ

with ri ¼ mi=MBði ¼ b; c; ηc; J=ψ ; D; vÞ, wheremi are the masses of quark or meson; CF ¼ 4=3 is a color factor; fv is the
decay constant of the vector meson, emitted from the weak vertex. The factorization scales ta;b are chosen as the maximal
virtuality of internal particles in the hard amplitude. The function h and EabðtÞ are displayed in Appendix B. The factor
StðxÞ is the jet function from the threshold resummation, whose definitions can be found in [25]. The terms proportional to
r2D and rcrD have been neglected for small values.
The formula for nonfactorizable in diagrams Figs. 1(c) and 1(d) is

Me ¼ −
8

3
CFfBπM4

B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕA
pðx3Þ exp

�
−ω2

B
b21
2

�
× f½ψνðx2; b1Þððx1 þ 2x2 þ x3 − 2Þr2ηc þ x1 − x3Þ − ðx1 þ x2 − 1Þψ sðx2; b1Þrηc �EcdðtcÞhðβc; αe; b3; b1Þ
þ ½ðx1 þ x2 − 1Þψ sðx2; b1Þrηc þ ψνðx2; b1Þððx3 − x2Þr2ηc − 2x1 − x2 − x3 þ 2Þ�EcdðtdÞhðβd; αe; b3; b1Þg: ðA2Þ

where

αe ¼ ½x1 þ r2ηcðx2 − 1Þ�½x1 þ x2 − 1þ r2vð1 − x2Þ�M2
B;

βa ¼ ½r2b þ ð1þ r2ηcðx2 − 1ÞÞðx2 − r2vðx2 − 1ÞÞ�M2
B;

βb ¼ ½r2c þ ðr2ηc − x1Þðx1 − 1þ r2vÞ�M2
B;

βc ¼ ½x1 þ x2 − 1þ r2vð1 − x2 − x3Þ�½x3 − x1 − r2ηcðx2 þ x3 − 1Þ�M2
B;

βd ¼ ½x1 þ x2 − 1 − r2vðx2 − x3Þ�½1 − x1 − x3 − r2ηcðx2 − x3Þ�M2
B: ðA3Þ

The corresponding formula for Bc → ηcπ; ηcK is similar to Eqs. (A1) and (A2), but with the replacement
fv → fp, ϕv → ϕA

P.

2. Factorization formulas for Bc → J=ψρ;J=ψK�

We mark L, N and T to denote the contributions from longitudinal polarization, normal polarization and transverse
polarization, respectively:

FL
e ¼ 2

ffiffiffi
2

3

r
CFfBfvπM4

B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2J=ψ

q Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�
× f½rJ=ψψ tðx2; b2Þðrb − 2x2Þ þ ψLðx2; b2Þðx2 − 2rbÞ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ�
− ψLðx2; b2Þ½r2J=ψ þ rc�EabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g; ðA4Þ
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ML
e ¼ −

8

3
CFfBπM4

B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2J=ψ

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕA
pðx3Þ exp

�
−ω2

B
b21
2

�
× f½ψLðx2; b1Þðr2J=ψ − 1Þðx1 − x3Þ − rJ=ψðx1 þ x2 − 1Þψ tðx2; b1Þ�EcdðtcÞhðβc; αe; b3; b1Þ
þ ½rJ=ψ ðx1 þ x2 − 1Þψ tðx2; b1Þ −ΨLðx2; b1Þðr2J=ψðx2 − x3Þ þ 2x1 þ x2 þ x3 − 2Þ�EcdðtdÞhðβd; αe; b3; b1Þg; ðA5Þ

FN
e ¼ 2

ffiffiffi
2

3

r
CFfBfvπM4

Brv

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�
× f½rJ=ψψTðx2; b2Þð−4rb þ x2 þ 1Þ þ ðrb − 2ÞψVðx2; b2Þ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ�
þ ψTðx2; b2Þ½rJ=ψðx1 − 1Þ�EabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g; ðA6Þ

F T
e ¼ −2

ffiffiffi
2

3

r
CFfBfvπM4

Brv

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�
× f½ðrb − 2ÞψVðx2; b2Þ − rJ=ψ ðx2 − 1ÞψTðx2; b2Þ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ�
− ψTðx2; b2Þ½rJ=ψ ðx1 − 1Þ�EabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g; ðA7Þ

MN
e ¼ −

8

3
CFfBπM4

Brv

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕvðx3Þ exp
�
−ω2

B
b21
2

�
× f½2rJ=ψðx2 þ x3 − 1ÞψTðx2; b1Þϕa

Vðx3Þ þ ðx3 − x1ÞψVðx2; b1Þϕν
Vðx3Þ�EcdðtcÞhðβc; αe; b3; b1Þ

− ½2rJ=ψψTðx2; b1Þððx2 − x3Þϕa
Vðx3Þ−ðx2 þ x3 − 2Þϕν

Vðx3ÞÞ þ ðx1 þ x3 − 1ÞψVðx2; b1Þð4ϕa
Vðx3Þ þ ϕν

Vðx3ÞÞ�
× EcdðtdÞhðβd; αe; b3; b1Þg; ðA8Þ

MT
e ¼ 8

3
CFfBπM4

Brv

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕvðx3Þ exp
�
−ω2

B
b21
2

�
× f½2rJ=ψ ðx2 − x3 − 1ÞψTðx2; b1Þϕa

Vðx3Þ þ ðx3 − x1ÞψVðx2; b1Þϕν
Vðx3Þ�EcdðtcÞhðβc; αe; b3; b1Þ

þ ½2rJ=ψψTðx2; b1Þðx2 − x3Þϕa
Vðx3Þ þ ðx1 þ x3 − 1ÞψVðx2; b1Þð4ϕa

Vðx3Þ þ ϕν
Vðx3ÞÞ�EcdðtdÞhðβd; αe; b3; b1Þg;

ðA9Þ

where the expression of βa;b;c;d and αe is the similar to that of Eq. (A3), but with the replacement rηc → rJ=ψ . For
Bc → J=ψπ; J=ψK decays, only the longitudinal polarization of J=ψ will contribute. We can obtain their amplitudes from
the longitudinal polarization amplitudes for the Bc → J=ψρ; J=ψK� decays with the replacement fv → fp, ϕv → ϕA

P.

3. Factorization formulas for Bc → ηcDðsÞ
We mark LL, LR, and SP to denote the contributions from ðV − AÞ ⊗ ðV − AÞ, ðV − AÞ ⊗ ðV þ AÞ and ðS − PÞ ⊗

ðSþ PÞ operators, respectively:

FLL
f ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3ð1 − r2ηcÞ

s
πM4fBCffD

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�

× f½ψ sðx2; b2Þðrb − 2x2Þrηc þ ψvðx2; b2Þð2rb − x2Þðr2ηc − 1Þ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ�
þ ½ψvðx2; b2Þðr2ηc þ rcÞ − 2ψ sðx2; b2Þrηc �EabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g; ðA10Þ
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MLL
f ¼ 8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx3; b3Þ exp
�
−ω2

B
b21
2

�

× f½ψ sðx2; b1Þrηcðrc þ x2 − 1Þ þ ψvðx2; b1Þðx3 − x1 − 2ðx2 þ x3 − 1Þr2ηcÞ�EcdðtcÞhðβc; αe; b3; b1Þ
þ ½−ψ sðx2; b1Þrηcðrc þ x2 − 1Þ þ ψvðx2; b1Þð−2ðx3 − 1Þr2ηc þ 2rc þ x2 þ x3 − 2Þ�EcdðtdÞhðβd; αe; b3; b1Þg;

ðA11Þ

FLL
a ¼ 8πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b2b3db2db3ϕDðx3; b3Þ

× f½ψvðx2; b2Þðð2x3 − 1Þr2ηc − x3 þ 1Þ − 2rηcðrc þ ðx3 − 2ÞrDÞψ sðx2; b2Þ�EefðteÞhðαa; βe; b2; b3Þ
− ½2ðx2 þ 1ÞrDψ sðx2; b2Þrηc − x2ψvðx2; b2Þðr2ηc − 1Þ�EefðtfÞhðαa; βf; b3; b2Þg; ðA12Þ

MLL
a ¼ 8

3
πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b1b2db1db2ϕDðx3; b2Þ exp
�
−ω2

B
b21
2

�
× f½x2ψvðx2; b2Þ þ rDrηcðx2 − x3 þ 1Þψ sðx2; b2Þ�EghðtgÞhðβg; αa; b1; b2Þ
þ ½ðrbðr2ηc − 1Þ − 2ðx2 þ x3 − 1Þr2ηc − x1 þ x3Þψvðx2; b2Þ
− ð4rb þ x2 − x3 − 1ÞrDrηcψ sðx2; b2Þ�EghðthÞhðβh; αa; b1; b2Þg; ðA13Þ

FLL
s ¼ FLR

s ¼ −2
ffiffiffi
2

3

r
πM4fBCffηc

Z
1

0

dx2

Z
∞

0

b1b2db1db2ϕDðx2; b2Þ exp
�
−
ω2
Bb

2
1

2

�
× f½ð2rb − 2x2 þ 1Þr2ηc þ rDðrb − 2x2Þ − 2rb þ x2�EabðtasÞhðαes; βas; b1; b2ÞStðx2Þ
þ ðrc − 2rDÞEabðtbsÞhðαes; βbs; b2; b1ÞStðx1Þ�g; ðA14Þ

MLL
s ¼ 8

3
πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1Þψvðx3; b3Þ exp
�
−ω2

B
b21
2

�
× f½ðx2 − 1ÞrD þ x3 − x1�EcdðtcsÞhðβcs; αes; b3; b1Þ þ ½−2ðx2 − 1Þr2ηc þ 2rc − ðx2 − 1ÞrD þ x2 þ x3 − 2�
× EcdðtdsÞhðβds; αes; b3; b1Þg; ðA15Þ

MLR
f ¼ 8

3
πM4fBCfrD

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx3; b3Þ exp
�
−ω2

B
b21
2

�
× f½−ðx2 − x3 − 1Þψ sðx2; b1Þrηc þ x3ψvðx2; b1Þ�EcdðtcÞhðβc; αe; b3; b1Þ
þ ½ψ sðx2; b1Þrηcðrc − ðx3 þ x2 − 2ÞrDÞ þ ψvðx2; b1Þð−rc þ ðx3 − 1ÞrDÞ�EcdðtdÞhðβd; αe; b3; b1Þg; ðA16Þ

MLR
a ¼ −

8

3
πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b1b2db1db2ϕDðx3; b2Þ exp
�
−ω2

B
b21
2

�
× f½ðx3 − 1ÞrDψvðx2; b2Þ − ψ sðx2; b2Þrηcð2rc − x2Þ�EghðtgÞhðβg; αa; b1; b2Þ
− ½rDðrb þ x3Þψvðx2; b2Þ − ψ sðx2; b2Þrηcðrb − rc − x2 þ 1Þ�EghðthÞhðβh; αa; b1; b2Þg; ðA17Þ

MSP
s ¼ 8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1Þ exp
�
−ω2

B
b21
2

�

× fψvðx3; b3Þ½−ðx2 − 1Þð2r2ηc þ rD − 1Þ þ 2rc − x3�EcdðtcsÞhðβcs; αes; b3; b1Þ
− ½rcψ sðx3; b3Þrηc þ ψvðx3; b3Þð−ðx2 − 1ÞrD þ x1 þ x3 − 1Þ�EcdðtdsÞhðβds; αes; b3; b1Þg; ðA18Þ
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F SP
a ¼ −

16πM4fBCfffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b2b3db2db3ϕDðx3; b3Þ

× f½ψvðx2; b2Þðrc þ ðx3 − 1ÞrDÞ − 2ψ sðx2; b2Þrηc �EefðteÞhðαa; βe; b2; b3Þ
− ½x2rηcψ sðx2; b2Þ þ 2rDψvðx2; b2Þ�EefðtfÞhðαa; βf; b3; b2Þg; ðA19Þ

F SP
f ¼ −4

ffiffiffi
2

3

r
πM4fBCffDrD

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�
× f½ðrb − 2Þψvðx2; b2Þ − ψ sðx2; b2Þð4rb − x2 − 1Þrηc �EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ�
− 2ψ sðx2; b2ÞrηcEabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g; ðA20Þ

where

αe ¼ −½x1 þ r2ηcðx2 − 1Þ�½x1 þ x2 − 1þ ð1 − x2Þr2D�M2
B;

αes ¼ −½x1 þ r2Dðx2 − 1Þ�½x1 þ x2 − 1þ ð1 − x2Þr2ηc �M2
B;

βa ¼ ½r2b − ð1þ r2ηcðx2 − 1ÞÞðx2 − r2Dðx2 − 1ÞÞ�M2
B;

βb ¼ ½r2c þ ðr2ηc − x1Þðr2D þ x1 − 1Þ�M2
B;

βc ¼ −½x1 þ x2 − 1þ ð1 − x2 − x3Þr2D�½r2ηcðx2 þ x3 − 1Þ − x3 þ x1�M2
B;

βd ¼ r2cM2
B − ½x1 þ x2 − 1 − ðx2 − x3Þr2D�½x1 þ x3 − 1þ r2ηcðx2 − x3Þ�M2

B;

βas ¼ ½r2b − ð1þ r2Dðx2 − 1ÞÞðx2 − r2ηcðx2 − 1ÞÞ�M2
B;

βbs ¼ ½ðr2D − x1Þðr2ηc þ x1 − 1Þ�M2
B;

βcs ¼ r2cM2
B − ½x1 þ x2 − 1þ ð1 − x2 − x3Þr2ηc �½r2Dðx2 þ x3 − 1Þ − x3 þ x1�M2

B;

βds ¼ r2cM2
B − ½x1 þ x2 − 1 − ðx2 − x3Þr2ηc �½x1 þ x3 − 1þ r2Dðx2 − x3Þ�M2

B;

αa ¼ −½1 − x3 þ r2ηcðx2 þ x3 − 1Þ�½x2 − r2Dðx2 þ x3 − 1Þ�M2
B;

βe ¼ ½r2c − ð1þ ðr2ηc − 1Þx3Þð1 − r2Dx3Þ�M2
B;

βf ¼ ½1þ r2ηcðx2 − 1Þ�½x2 − r2Dðx2 − 1Þ�M2
B;

βg ¼ r2cM2
B − ðr2ηcð1 − x3 − x2Þ þ x1 þ x3 − 1Þðr2Dðx2 þ x3 − 1Þ þ x1 − x2ÞM2

B;

βh ¼ r2bM
2
B − ðr2ηcðx2 þ x3 − 1Þ − x3 þ x1Þðr2Dð1 − x2 − x3Þ þ x1 þ x2 − 1ÞM2

B: ðA21Þ

4. Factorization formulas for Bc → ηcD�
ðsÞ

FLL
f ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3ð1 − r2ηcÞ

s
πM4fBCffD

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�

× f½ψ sðx2; b2Þðrb − 2x2Þrηc þ ψvðx2; b2Þð2rb − x2Þðr2ηc − 1Þ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ�
þ ½ψvðx2; b2Þðr2ηc þ rcÞ − 2ψ sðx2; b2Þrηc �EabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g; ðA22Þ

MLL
f ¼ 8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx3; b3Þ exp
�
−ω2

B
b21
2

�

× f½ψ sðx2; b1Þrηcðrc þ x2 − 1Þ þ ψvðx2; b1Þðx3 − x1 − 2ðx2 þ x3 − 1Þr2ηcÞ�EcdðtcÞhðβc; αe; b3; b1Þ
þ ½−ψ sðx2; b1Þrηcðrc þ x2 − 1Þ þ ψvðx2; b1Þð−2ðx2 þ x3 − 1Þr2ηc þ 2rc þ x2 þ x3 − 2Þ�EcdðtdÞhðβd; αe; b3; b1Þg;

ðA23Þ
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FLL
a ¼ 8πM4fBCfffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b2b3db2db3ϕDðx3; b3Þ

× f½ψvðx2; b2Þðð2x3 − 1Þr2ηc − x3 þ 1Þ − 2rηcðrc þ x3rDÞψ sðx2; b2Þ�EefðteÞhðαa; βe; b2; b3Þ
− x2ψvðx2; b2Þð1 − r2ηcÞEefðtfÞhðαa; βf; b3; b2Þg; ðA24Þ

MLL
a ¼ 8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b1b2db1db2ϕDðx3; b2Þ exp
�
−ω2

B
b21
2

�

× f½x2ψvðx2; b2Þ þ rDrηcðx2 þ x3 − 1Þψ sðx2; b2Þ�EghðtgÞhðβg; αa; b1; b2Þ
− ½ðrbðr2ηc − 1Þ − 2ðx2 þ x3 − 1Þr2ηc þ x3 − x1Þψvðx2; b2Þ
þ ðx2 þ x3 − 1ÞrDrηcψ sðx2; b2Þ�EghðthÞhðβh; αa; b1; b2Þg; ðA25Þ

FLL
s ¼ FLR

s ¼ −2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3ð1 − r2ηcÞ

s
πM4fBCffηc

Z
1

0

dx2

Z
∞

0

b1b2db1db2ϕDðx2; b2Þ exp
�
−
ω2
Bb

2
1

2

�

× f½ð2rb − 2x2 þ 1Þr2ηc þ rDðrb − 2x2Þ − 2rb þ x2�EabðtasÞhðαes; βas; b1; b2ÞStðx2Þ
− rcEabðtbsÞhðαes; βbs; b2; b1ÞStðx1Þ�g; ðA26Þ

MLL
s ¼ −

8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1Þψvðx3; b3Þ exp
�
−ω2

B
b21
2

�

× f½ðx2 − 1ÞrD − x3 þ x1�EcdðtcsÞhðβcs; αes; b3; b1Þ
− ½−2ðx2 − 1Þr2ηc þ 2rc − ðx2 − 1ÞrD þ x2 þ x3 − 2�EcdðtdsÞhðβds; αes; b3; b1Þg; ðA27Þ

MLR
f ¼ 8πM4fBCfrD

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx3; b3Þ exp
�
−ω2

B
b21
2

�

× f½ðx2 þ x3 − 1Þψ sðx2; b1Þrηc þ x3ψvðx2; b1Þ�EcdðtcÞhðβc; αe; b3; b1Þ
− ½ψ sðx2; b1Þrηcðrc þ ðx3 − x2ÞrDÞ þ ψvðx2; b1Þðrc þ ðx3 − 1ÞrDÞ�EcdðtdÞhðβd; αe; b3; b1Þg; ðA28Þ

MLR
a ¼ −

8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b1b2db1db2ϕDðx3; b2Þ exp
�
−ω2

B
b21
2

�

× f½ðx3 − 1ÞrDψvðx2; b2Þ − ψ sðx2; b2Þrηcð2rc − x2Þ�EghðtgÞhðβg; αa; b1; b2Þ
− ½rDðrb þ x3Þψvðx2; b2Þ − ψ sðx2; b2Þrηcðrb − rc − x2 þ 1Þ�EghðthÞhðβh; αa; b1; b2Þg; ðA29Þ

MSP
s ¼ 8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1Þ exp
�
−ω2

B
b21
2

�

× fψvðx3; b3Þ½−ðx2 − 1Þð2r2ηc þ rD − 1Þ þ 2rc − x3�EcdðtcsÞhðβcs; αes; b3; b1Þ
− ½rcψ sðx3; b3Þrηc þ ψvðx3; b3Þððx2 − 1ÞrD þ x1 þ x3 − 1Þ�EcdðtdsÞhðβds; αes; b3; b1Þg; ðA30Þ

ZHOU RUI AND ZHI-TIAN ZOU PHYSICAL REVIEW D 90, 114030 (2014)

114030-14



F SP
a ¼ −

16πM4fBCfffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2ηc

q Z
1

0

dx2dx3

Z
∞

0

b2b3db2db3ϕDðx3; b3Þ

× f½ψvðx2; b2Þðrc − ðx3 − 1ÞrDÞ − 2ψ sðx2; b2Þrηc �EefðteÞhðαa; βe; b2; b3Þ
− x2rηcψ

sðx2; b2ÞEefðtfÞhðαa; βf; b3; b2Þg; ðA31Þ

where the expressions of β and α are the same as those of Eq. (A21).

5. Factorization formulas for Bc → J=ΨDðsÞ

FLL
f ¼ 2

ffiffiffi
2

3

r
πM4fBCffD

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�
× f½ψLðx2; b2Þðr2J=ψ − 1Þð2rb − x2Þ þ rJ=ψψ tðx2; b2Þðrb − 2x2Þ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ�
− ½ψLðx2; b2Þðrc þ r2ψ Þ�EabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g; ðA32Þ

MLL
f ¼ 8

3
πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx3; b3Þ exp
�
−ω2

B
b21
2

�
× f½rJ=ψψ tðx2; b1Þðrc þ x2 − 1Þ − ψLðx2; b1Þðx3ð1 − 2r2ψÞ − rcÞ�EcdðtcÞhðβc; αe; b3; b1Þ
þ ½rJ=ψψ tðx2; b1Þðrc þ x2 − 1Þ − ψLðx2; b1Þð2rc − 2ðx3 − 1Þr2ψ þ x2 þ x3 − 2Þ�EcdðtdÞhðβd; αe; b3; b1Þg; ðA33Þ

FLL
a ¼ −8πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b2b3db2db3ϕDðx3; b3Þ

× f½ψLðx2; b2Þðð2x3 − 1Þr2J=ψ − x3 þ 1Þ�EefðteÞhðαa; βe; b2; b3Þ
− ½2ðx2 − 1ÞrDrJ=ψψ tðx2; b2Þ − x2ψLðx2; b2Þðr2J=ψ − 1Þ�EefðtfÞhðαa; βf; b3; b2Þg; ðA34Þ

MLL
a ¼ 8

3
πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b1b2db1db2ϕDðx3; b2Þ exp
�
−ω2

B
b21
2

�
× f½x2ψLðx2; b2Þð2r2J=ψ − 1Þ − ðx2 þ x3 − 1ÞrDrJ=ψψ tðx2; b2Þ�EghðtgÞhðβg; αa; b1; b2Þ
− ½ψLðx2; b2Þðrbðr2ψ − 1Þ − rc þ x3ð1 − 2r2ψÞÞ þ ðx2 þ x3 − 1ÞrDrJ=ψψ tðx2; b2Þ�EghðthÞhðβh; αa; b1; b2Þg; ðA35Þ

FLL
s ¼ FLR

s ¼ 2

ffiffiffi
2

3

r
πM4fBCffJ=ψ

Z
1

0

dx2

Z
∞

0

b1b2db1db2ϕDðx2; b2Þ exp
�
−
ω2
Bb

2
1

2

�
× f½rDðrb − 2x2Þ þ r2ψð2rb − 2x2 þ 1Þ − 2rb þ x2�EabðtasÞhðαes; βas; b1; b2ÞStðx2Þ
þ ðrc − 2rDÞEabðtbsÞhðαes; βbs; b2; b1ÞStðx1Þ�g; ðA36Þ

MLL
s ¼ −

8

3
πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1ÞψLðx3; b3Þ exp
�
−ω2

B
b21
2

�
× f½−x1 þ ðx2 − 1ÞrD þ x3ð1 − 2r2J=ψÞ�EcdðtcsÞhðβcs; αes; b3; b1Þ
þ ½2rc − ðx2 − 1ÞrD − 2ðx2 − 1Þr2J=ψ þ x2 þ x3 − 2�EcdðtdsÞhðβds; αes; b3; b1Þg; ðA37Þ

MLR
f ¼ 8

3
πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx3; b3Þ exp
�
−ω2

B
b21
2

�
× frD½x3ψLðx2; b1Þ − ðx2 þ x3 − 1ÞrJ=ψψ tðx2; b1Þ�EcdðtcÞhðβc; αe; b3; b1Þ
þ ½ψLðx2; b1Þððx3 − 1ÞrD − rcÞ þ rJ=ψψ tðx2; b1Þðrc þ ðx2 − x3ÞrDÞ�EcdðtdÞhðβd; αe; b3; b1Þg; ðA38Þ

S-WAVE GROUND STATE CHARMONIUM DECAYS OF … PHYSICAL REVIEW D 90, 114030 (2014)

114030-15



MLR
a ¼ −

8

3
πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b1b2db1db2ϕDðx3; b2Þ exp
�
−ω2

B
b21
2

�
× f½ðx3 − 1ÞrDψLðx2; b2Þ − rJ=ψψ tðx2; b2Þð2rc − x2Þ�EghðtgÞhðβg; αa; b1; b2Þ
− ½rDψLðx2; b2Þðrb þ x3Þ − rJ=ψψ tðx2; b2Þðrb − rc − x2 þ 1Þ�EghðthÞhðβh; αa; b1; b2Þg; ðA39Þ

MSP
s ¼ 8

3
πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1Þ exp
�
−ω2

B
b21
2

�
× f½2rc − ðx2 − 1ÞðrD þ 2r2ψ − 1Þ − x3�ψLðx3; b3ÞEcdðtcsÞhðβcs; αes; b3; b1Þ
þ ½rcrJ=ψψ tðx3; b3Þ þ ψLðx3; b3Þð−rc þ ðx2 − 1ÞrD þ ðx3 − 1Þð2r2ψ − 1ÞÞ�EcdðtdsÞhðβds; αes; b3; b1Þg; ðA40Þ

F SP
a ¼ 16πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b2b3db2db3ϕDðx3; b3ÞfψLðx2; b2Þðrc − ðx3 − 1ÞrDÞEefðteÞhðαa; βe; b2; b3Þ

þ ½2rDψLðx2; b2Þ − x2rJ=ψψ tðx2; b2Þ�EefðtfÞhðαa; βf; b3; b2Þg; ðA41Þ

F SP
f ¼ −4

ffiffiffi
2

3

r
πM4fBCffDrD

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�
× ½ðrb − 2ÞψLðx2; b2Þ − ðx2 − 1ÞrJ=ψψ tðx2; b2Þ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ; ðA42Þ

where the expressions of βa;b;c;d and αe are the similar to those of Eq. (A21), but with the replacement rηc → rJ=ψ .

6. Factorization formulas for Bc → J=ΨD�
ðsÞ

FLL;L
f ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3ð1 − r2J=ψÞ

s
πM4fBCffD

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�

× f½ψLðx2; b2Þðr2J=ψ − 1Þð2rb − x2Þ þ rJ=ψψ tðx2; b2Þðrb − 2x2Þ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ�
− ½ψLðx2; b2Þðrc þ r2ψÞ�EabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g; ðA43Þ

MLL;L
f ¼ 8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2J=ψ Þ

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx3; b3Þ exp
�
−ω2

B
b21
2

�

× f½rJ=ψψ tðx2; b1Þðrc þ x2 − 1Þ − ψLðx2; b1Þðrc þ x3ð2r2ψ − 1ÞÞ�EcdðtcÞhðβc; αe; b3; b1Þ
− ½ψLðx2; b1Þð2rc − 2ðx3 − 1Þr2J=ψ þ x2 þ x3 − 2Þ − rJ=ψψ tðx2; b1Þðrc þ x2 − 1Þ�EcdðtdÞhðβd; αe; b3; b1Þg;

ðA44Þ

FLL;L
a ¼ −

8πM4fBCfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2J=ψ

q Z
1

0

dx2dx3

Z
∞

0

b2b3db2db3ϕDðx3; b3ÞψLðx2; b2Þ

× f½ðð2x3 − 1Þr2J=ψ − x3 þ 1Þ�EefðteÞhðαa; βe; b2; b3Þ − x2ð1 − r2J=ψÞEefðtfÞhðαa; βf; b3; b2Þg; ðA45Þ

MLL;L
a ¼ 8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2J=ψ

q Z
1

0

dx2dx3

Z
∞

0

b1b2db1db2ϕDðx3; b2Þ exp
�
−ω2

B
b21
2

�

× f½x2ψLðx2; b2Þð2r2J=ψ − 1Þ − ðx2 − x3 þ 1ÞrDrJ=ψψ tðx2; b2Þ�EghðtgÞhðβg; αa; b1; b2Þ
þ ½ðx2 − x3 − 1ÞrDrJ=ψψ tðx2; b2Þ − ψLðx2; b2Þðrbðr2J=ψ − 1Þ − rc − x3ð2r2ψ − 1ÞÞ�EghðthÞhðβh; αa; b1; b2Þg;

ðA46Þ
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FLL;L
s ¼ FLR;L

s ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3ð1 − r2J=ψ Þ

s
πM4fBCffJ=ψ

Z
1

0

dx2

Z
∞

0

b1b2db1db2ϕDðx2; b2Þ exp
�
−
ω2
Bb

2
1

2

�

× f½rDðrb − 2x2Þ þ r2J=ψ ð2rb − 2x2 þ 1Þ − 2rb þ x2�EabðtasÞhðαes; βas; b1; b2ÞStðx2Þ
− rcEabðtbsÞhðαes; βbs; b2; b1ÞStðx1Þ�g; ðA47Þ

MLL;L
s ¼ 8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2J=ψ

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1ÞψLðx3; b3Þ exp
�
−ω2

B
b21
2

�

× f½x1 þ ðx2 − 1ÞrD þ x3ð2r2J=ψ − 1Þ�EcdðtcsÞhðβcs; αes; b3; b1Þ
− ½2rc − ðx2 − 1ÞrD − 2ðx2 − 1Þr2J=ψ þ x2 þ x3 − 2�EcdðtdsÞhðβds;αes; b3; b1Þg; ðA48Þ

MLR;L
f ¼ 8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2J=ψ

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx3; b3Þ exp
�
−ω2

B
b21
2

�

× f½rDðx3ψLðx2; b1Þ þ ðx2 − x3 − 1ÞrJ=ψψ tðx2; b1ÞÞ�EcdðtcÞhðβc; αe; b3; b1Þ
þ ½rJ=ψψ tðx2; b1Þðrc þ ðx2 þ x3 − 2ÞrDÞ − ψLðx2; b1Þðrc þ ðx3 − 1ÞrDÞ�EcdðtdÞhðβd; αe; b3; b1Þg; ðA49Þ

MLR;L
a ¼ −

8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2J=ψ

q Z
1

0

dx2dx3

Z
∞

0

b1b2db1db2ϕDðx3; b2Þ exp
�
−ω2

B
b21
2

�

× f½ðx3 − 1ÞrDψLðx2; b2Þ − rJ=ψψ tðx2; b2Þð2rc − x2Þ�EghðtgÞhðβg; αa; b1; b2Þ
− ½rJ=ψψ tðx2; b2Þð−rb þ rc þ x2 − 1Þ þ rDψLðx2; b2Þðrb þ x3Þ�EghðthÞhðβh; αa; b1; b2Þg; ðA50Þ

MSP;L
s ¼ 8πM4fBCf

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2J=ψ

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1Þ exp
�
−ω2

B
b21
2

�

× f½ψLðx3; b3Þð2rc − ðx2 − 1ÞðrD þ 2r2J=ψ − 1Þ − x3Þ�EcdðtcsÞhðβcs; αes; b3; b1Þ þ ½rcrJ=ψψ tðx3; b3Þ
þ ψLðx3; b3Þððx3 − 1Þð2r2J=ψ − 1Þ − ðx2 − 1ÞrD − rcð1 − rJ=ψÞÞ�EcdðtdsÞhðβds; αes; b3; b1Þg; ðA51Þ

F SP;L
a ¼ 16πM4fBCfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − r2J=ψ
q Z

1

0

dx2dx3

Z
∞

0

b2b3db2db3ϕDðx3; b3Þ

× f½ψLðx2; b2Þðrc þ ðx3 − 1ÞrDÞ�EefðteÞhðαa; βe; b2; b3Þ − ½x2rJ=ψψ tðx2; b2Þ�EefðtfÞhðαa; βf; b3; b2Þg; ðA52Þ

FLL;N
f ¼ 2

ffiffiffi
2

3

r
πM4fBCffDrD

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�
× f½ðrψψTð−4rb þ x2 þ 1Þ þ ðrb − 2ÞψVÞ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ�
− ½rψψT �EabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g; ðA53Þ

FLL;T
f ¼ 2

ffiffiffi
2

3

r
πM4fBCffDrD

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�
× f½ððrb − 2ÞψV − ðx2 − 1ÞrψψTÞ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ� − ½rψψT �EabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g;

ðA54Þ
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MLL;N
f ¼ 8

3
πM4fBCfrD

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx3; b3Þ exp
�
−ω2

B
b21
2

�
× f½ðx3ψVðx2; b1Þ�EcdðtcÞhðβc; αe; b3; b1Þ þ ½ð2ðx2 þ x3 − 2ÞrψψT − ðx3 − 1ÞψVÞ�EcdðtdÞhðβd; αe; b3; b1Þg;

ðA55Þ

MLL;T
f ¼ 8

3
πM4fBCfrD

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx3; b3Þ exp
�
−ω2

B
b21
2

�
× fðx3ψVðx2; b1ÞÞEcdðtcÞhðβc; αe; b3; b1Þ þ ½ψVðx2; b1Þð1 − x3Þ�EcdðtdÞhðβd;αe; b3; b1Þg; ðA56Þ

FLL;N
a ¼ −8πM4fBCfrψ

Z
1

0

dx2dx3

Z
∞

0

b2b3db2db3ϕDðx3; b3ÞψTðx2; b2Þ

× f½ðrc þ ðx3 − 2ÞrDÞ�EefðteÞhðαa; βe; b2; b3Þ þ ðx2 þ 1ÞrDEefðtfÞhðαa; βf; b3; b2Þg; ðA57Þ

FLL;T
a ¼ −8πM4fBCfrψ

Z
1

0

dx2dx3

Z
∞

0

b2b3db2db3ϕDðx3; b3ÞψTðx2; b2Þ

× f½ðrc þ x3rDÞ�EefðteÞhðαa; βe; b2; b3Þ − ðx2 − 1ÞrDEefðtfÞhðαa; βf; b3; b2Þg; ðA58Þ

MLL;N
a ¼ 8

3
πM4fBCfrJ=ψ

Z
1

0

dx2dx3

Z
∞

0

b1b2db1db2ϕDðx3; b2Þ exp
�
−ω2

B
b21
2

�
× f½x2rJ=ψψVðx2; b2Þ�EghðtgÞhðβg; αa; b1; b2Þ − ½2rbrDψTðx2; b2Þ
þ ðx2 − 1ÞrJ=ψψVðx2; b2Þ�EghðthÞhðβh; αa; b1; b2Þg; ðA59Þ

MLL;T
a ¼ 8

3
πM4fBCfr2J=ψ

Z
1

0

dx2dx3

Z
∞

0

b1b2db1db2ϕDðx3; b2ÞψVðx2; b2Þ exp
�
−
ω2
Bb

2
1

2

�
× fx2EghðtgÞhðβg; αa; b1; b2Þ − ðx2 − 1ÞEghðthÞhðβh; αa; b1; b2Þg; ðA60Þ

FLL;N
s ¼ −2

ffiffiffi
2

3

r
πM4fBCffJ=ψrJ=ψ

Z
1

0

dx2

Z
∞

0

b1b2db1db2ϕDðx2; b2Þ exp
�
−
ω2
Bb

2
1

2

�
× f½ðrbð4rD − 1Þ − ðx2 þ 1ÞrD þ 2Þ�EabðtasÞhðαes; βas; b1; b2ÞStðx2Þ
þ rDEabðtbsÞhðαes; βbs; b2; b1ÞStðx1Þ�g; ðA61Þ

FLL;T
s ¼ −2

ffiffiffi
2

3

r
πM4fBCffJ=ψrJ=ψ

Z
1

0

dx2

Z
∞

0

b1b2db1db2ϕDðx2; b2Þ exp
�
−
ω2
Bb

2
1

2

�
× f½ðrb − ðx2 − 1ÞrD − 2Þ�EabðtasÞhðαes; βas; b1; b2ÞStðx2Þ − rDEabðtbsÞhðαes; βbs; b2; b1ÞStðx1Þ�g; ðA62Þ

MLL;N
s ¼ 8

3
πM4fBCfrJ=ψ

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1ÞψTðx3; b3Þ exp
�
−ω2

B
b21
2

�
× fðx3 − x1ÞEcdðtcsÞhðβcs; αes; b3; b1Þ þ ð2ðx2 þ x3 − 2ÞrD − x3 − x1 þ 1ÞEcdðtdsÞhðβds; αes; b3; b1Þg; ðA63Þ

MLL;T
s ¼ −

8

3
πM4x3fBCfrJ=ψ

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1ÞψTðx3; b3Þ exp
�
−ω2

B
b21
2

�
× fðx3 − x1ÞEcdðtcsÞhðβcs; αes; b3; b1Þ − ðx1 þ x3 − 1ÞEcdðtdsÞhðβds; αes; b3; b1Þg; ðA64Þ
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FLR;N
s ¼ −2

ffiffiffi
2

3

r
πM4fBCffJ=ψrJ=ψ

Z
1

0

dx2

Z
∞

0

b1b2db1db2ϕDðx2; b2Þ exp
�
−
ω2
Bb

2
1

2

�
× f½ðrbð4rD − 1Þ − ðx2 þ 1ÞrD þ 2Þ�EabðtasÞhðαes; βas; b1; b2ÞStðx2Þ� − rDEabðtbsÞhðαes; βbs; b2; b1ÞStðx1Þ�g;

ðA65Þ

FLR;T
s ¼ −2

ffiffiffi
2

3

r
πM4fBCffJ=ψrJ=ψ

Z
1

0

dx2

Z
∞

0

b1b2db1db2ϕDðx2; b2Þ exp
�
−
ω2
Bb

2
1

2

�
× f½ðrb − ðx2 − 1ÞrD − 2Þ�EabðtasÞhðαes; βas; b1; b2ÞStðx2Þ� þ rDEabðtbsÞhðαes; βbs; b2; b1ÞStðx1Þ�g; ðA66Þ

MLR;N
f ¼ MLR;T

f ¼ 8

3
πM4fBCfrJ=ψ

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx3; b3Þ exp
�
−ω2

B
b21
2

�
× f½ðψTðx2; b1Þðrc þ x2 − 1Þ − ðx2 − 1ÞrJ=ψψVðx2; b1ÞÞ�ðEcdðtcÞhðβc; αe; b3; b1Þ þ EcdðtdÞhðβd; αe; b3; b1ÞÞg;

ðA67Þ

MLR;N
a ¼ MLR;T

a ¼ −
8

3
πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b1b2db1db2ϕDðx3; b2Þ exp
�
−ω2

B
b21
2

�
× f½ðx3 − 1ÞrDψVðx2; b2Þ − rJ=ψψTðx2; b2Þð2rc − x2Þ�EghðtgÞhðβg; αa; b1; b2Þ
− ½rJ=ψψTðx2; b2Þð−rb þ rc þ x2 − 1Þ þ rDψVðx2; b2Þðrb þ x3Þ�EghðthÞhðβh; αa; b1; b2Þg; ðA68Þ

MSP;N
s ¼ 4

3
πM4fBCfrJ=ψ

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1ÞψTðx3; b3Þ exp
�
−ω2

B
b21
2

�
× f½ð2ðx2 − x3 − 1ÞrD þ x3 − x1Þ�EcdðtcsÞhðβcs; αes; b3; b1Þ − ðx1 þ x3 − 1ÞEcdðtdsÞhðβds; αes; b3; b1Þg; ðA69Þ

MSP;T
s ¼ −

4

3
πM4fBCfrJ=ψ

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3ϕDðx2; b1ÞψTðx3; b3Þ exp
�
−ω2

B
b21
2

�
× fðx3 − x1ÞEcdðtcsÞhðβcs; αes; b3; b1Þ − ðx1 þ x3 − 1ÞEcdðtdsÞhðβds; αes; b3; b1Þg; ðA70Þ

F SP;N
a ¼ F SP;T

a ¼ 16πM4fBCf

Z
1

0

dx2dx3

Z
∞

0

b2b3db2db3ϕDðx3; b3Þ

× frJ=ψψTðx2; b2ÞEefðteÞhðαa; βe; b2; b3Þ þ rDψVðx2; b2ÞEefðtfÞhðαa; βf; b3; b2Þg; ðA71Þ

where the expressions of βa;b;c;d and αe are the similar to those of Eq. (A21), but with the replacement rηc → rJ=ψ .

APPENDIX B: SCALES AND RELATED FUNCTIONS IN HARD KERNEL

We show here the functions h, coming from the Fourier transform of virtual quark and gluon propagators:

hðα; β; b1; b2Þ ¼ h1ðα; b1Þ × h2ðβ; b1; b2Þ;

h1ðα; b1Þ ¼
�
K0ð

ffiffiffi
α

p
b1Þ α > 0

K0ði
ffiffiffiffiffiffi
−α

p
b1Þ α < 0;

h2ðβ; b1; b2Þ ¼
�
θðb1 − b2ÞI0ð

ffiffiffi
β

p
b2ÞK0ð

ffiffiffi
β

p
b1Þ þ ðb1↔b2Þ β > 0

θðb1 − b2ÞJ0ð
ffiffiffiffiffiffi
−β

p
b2ÞK0ði

ffiffiffiffiffiffi
−β

p
b1Þ þ ðb1↔b2Þ β < 0;

ðB1Þ

where J0 is the Bessel function andK0, I0 are modified Bessel function withK0ðixÞ ¼ π
2
ð−N0ðxÞ þ iJ0ðxÞÞ. The hard scale

t is chosen as the maximum of the virtuality of the internal momentum transition in the hard amplitudes, including
1=biði ¼ 1; 2; 3Þ:
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taðasÞ ¼ maxð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jαeðesÞj

q
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jβaðasÞj

q
; 1=b1; 1=b2Þ; tbðbsÞ ¼ maxð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jαeðesÞj

q
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jβbðbsÞj

q
; 1=b1; 1=b2Þ;

tcðcsÞ ¼ maxð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jαeðesÞj

q
;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jβcðcsÞj

q
; 1=b1; 1=b3Þ; tdðdsÞ ¼ maxð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jαeðesÞj

q
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jβdðdsÞj

q
; 1=b1; 1=b3Þ;

te ¼ maxð
ffiffiffiffiffiffiffiffi
jαaj

p
;

ffiffiffiffiffiffiffi
jβej

p
; 1=b2; 1=b3Þ; tf ¼ maxð

ffiffiffiffiffiffiffiffi
jαaj

p
;

ffiffiffiffiffiffiffiffi
jβfj

q
; 1=b2; 1=b3Þ;

tg ¼ maxð
ffiffiffiffiffiffiffiffi
jαaj

p
;

ffiffiffiffiffiffiffi
jβgj

q
; 1=b1; 1=b2Þ; th ¼ maxð

ffiffiffiffiffiffiffiffi
jαaj

p
;

ffiffiffiffiffiffiffiffi
jβhj

p
; 1=b1; 1=b2Þ: ðB2Þ

The function EijðtÞ is defined by

Eab;cd;ef;ghðtÞ ¼ αsðtÞSab;cd;ef;ghðtÞ; ðB3Þ

where the Sudakov factors can be written as

SabðtÞ ¼ s

�
MBffiffiffi
2

p x1; b1

�
þ s

�
MBffiffiffi
2

p x2; b2

�
þ s

�
MBffiffiffi
2

p ð1 − x2Þ; b2
�
þ 5

3

Z
t

1=b1

dμ
μ
γqðμÞ þ 2

Z
t

1=b2

dμ
μ
γqðμÞ;

ScdðtÞ ¼ s

�
MBffiffiffi
2

p x1; b1

�
þ s

�
MBffiffiffi
2

p x2; b1

�
þ s

�
MBffiffiffi
2

p ð1 − x2Þ; b1
�
þ s

�
MBffiffiffi
2

p x3; b3

�
þ s

�
MBffiffiffi
2

p ð1 − x3Þ; b3
�

þ 11

3

Z
t

1=b1

dμ
μ
γqðμÞ þ 2

Z
t

1=b3

dμ
μ
γqðμÞ;

SefðtÞ ¼ s
�
MBffiffiffi
2

p x2; b2

�
þ s

�
MBffiffiffi
2

p ð1 − x2Þ; b2
�
þ s

�
MBffiffiffi
2

p x3; b3

�
þ s

�
MBffiffiffi
2

p ð1 − x3Þ; b3
�

þ 2

Z
t

1=b2

dμ
μ
γqðμÞ þ 2

Z
t

1=b3

dμ
μ
γqðμÞ;

SghðtÞ ¼ s

�
MBffiffiffi
2

p x1; b1

�
þ s

�
MBffiffiffi
2

p x2; b2

�
þ s

�
MBffiffiffi
2

p ð1 − x2Þ; b2
�
þ s

�
MBffiffiffi
2

p x3; b2

�

þ s

�
MBffiffiffi
2

p ð1 − x3Þ; b2
�
þ 5

3

Z
t

1=b1

dμ
μ
γqðμÞ þ 4

Z
t

1=b2

dμ
μ
γqðμÞ; ðB4Þ

where the functions sðQ; bÞ are defined in Appendix A of [25]. γq ¼ −αs=π is the anomalous dimension of the quark.
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