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We calculate theOðαsÞ radiative corrections to the spin-dependent differential decay rates of the process
t → bþWþ. These are needed to study the angular distribution of the energy of hadrons produced in
polarized top quark decays at next-to-leading order. In our previous work, we studied the angular
distribution of the scaled energy of bottom-flavored hadrons (B) from polarized top quark decays, using a
specific helicity coordinate system where the top quark spin was measured relative to the bottom
momentum (system 1). Here, we study the angular distribution of the energy spectrum of B hadrons in a
different helicity system, where the top spin is specified relative to the W momentum (system 2). These
energy distributions are governed by the polarized and unpolarized rate functions which are related to the
density matrix elements of the decay t → Wþ þ b. Through this paper, we present our predictions of the
B-hadron spectrum in the polarized and unpolarized top decay and shall compare the polarized results in
two different helicity systems. These predictions can be used to determine the polarization states of top
quarks and also provide direct access to the B-hadron fragmentation functions, and allow us to deepen our
knowledge of the hadronization process.

DOI: 10.1103/PhysRevD.90.114017 PACS numbers: 14.65.Ha, 13.88.+e, 14.40.Lb, 14.40.Nd

I. INTRODUCTION

The top quark, as a heaviest elementary particle, is the
electroweak isospin partner of the bottom quark. Since its
discovery by the CDF and D0 experiments at Fermilab
Tevatron [1], the determination of its properties has been one
of the main goals of the Tevatron Collider, recently joined by
the CERN Large Hadron Collider (LHC). The experiments
at the LHC will allow one to perform improved measure-
ments of the top properties, such as its mass mt and
branching fractions to high accuracy. The measurement of
the top mass, as a fundamental parameter of the standard
model (SM), has received particular attention. Indeed, the
mass of the top quark, the W-boson mass, and the Higgs
boson mass are related through radiative corrections that
provide an internal consistency check of the SM. In a recent
paper [2], the mass of the top quark is measured as mt ¼
174.98� 0.76 GeV by using the full sample of pp̄ collision
data collected by the D0 experiment in Run II of the
Fermilab Tevatron Collider at

ffiffiffi
s

p ¼ 1.96 TeV. The theo-
retical aspects of top quark physics at the LHC are listed
in Ref. [3].
The SM result of the top quark lifetime is τt ≈ 0.5 ×

10−24 s [4], which is much shorter than the typical time for
the formation of QCD bound states τQCD ≈ 1=ΛQCD ≈
3 × 10−24 s; i.e., the top quark decays so rapidly that it
does not have enough time to hadronize. Due to the
Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix

element Vtb ≈ 1 [5], the decay width of the top quark is
dominated by the two-body channel t → bþWþ in the
minimal SM of particle physics. At the top mass scale, the
strong coupling constant is small, αsðmtÞ ≈ 0.1, so that
the QCD effects involving the top quark are well behaved in
the perturbative sense. This allows one to apply the top
quark decay as an appropriate tool for studying perturbative
QCD, and thus top decays provide a very clean source of
information about the structure of the SM.
On the other hand, bottom quarks produced in the top

decays hadronize before they decay, and the bottom
hadronization (b → Bþ X) is indeed one of the sources
of uncertainty in the measurement of the top mass at the
LHC [6] and the Tevatron [7], as it contributes to the
Monte Carlo systematics. At the LHC, recent studies [8]
have suggested that final states with leptons, coming from
the Wþ decay (Wþ → lþνl), and J=ψ , coming from the
decay of a bottom-flavored meson (B), would be a
promising channel to reconstruct the top mass. At the
LHC, of particular interest is the distribution in the scaled
energy of a B meson (xB) in the top quark rest frame as
reliably as possible, so that this xB distribution provides
direct access to the B-hadron fragmentation functions
(FFs). In Ref. [9], in addition to the xB distribution, we
also studied the doubly differential partial width
d2Γ=ðdxBd cos θÞ of the decay chain t → bWþ →
Blþνl þ X, where θ is the decay angle of the lepton in
the W-boson rest frame. The cos θ distribution allows one
to analyze the Wþ-boson polarization, and so to further
constrain the B-meson FFs. In Ref. [10], we studied the*mmoosavi@yazd.ac.ir
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QCD NLO corrections to the energy distribution of B
mesons from the decay of an unpolarized top quark into a
stable charged Higgs boson, t → BHþ þ X, in the theories
beyond the SM with an extended Higgs sector. However, in
Ref. [11] it is mentioned that there is a clear separation
between the decays t → bWþ and t → bHþ at the LHC, in
both the tt̄X pair production and the t=t̄X single top
production.
The interplay between the top mass and its spin is of

crucial importance in studying the SM. Due to the large top
mass, the top quark decays rapidly so that its lifetime scale
is much shorter than the typical time required for the QCD
interactions to randomize its spin; therefore, its full spin
information is preserved in the decay and passes on to
its decay products. Hence, the top quark polarization can
be studied through the angular correlations between the
direction of the top quark spin and the momenta of the
decay products. Therefore, the particular purpose of this
paper is to evaluate the QCD NLO corrections to the energy
distribution of B hadrons from the decay of a polarized top
quark into a bottom quark, via tð↑Þ → Wþ þ bð→ Bþ XÞ.
We mention that highly polarized top quarks will become
available at hadron colliders through single top production
processes, which occur at the 33% level of the tt̄ pair
production rate [12], and in top quark pairs produced in
future linear eþ − e− colliders [13]. In Ref. [14], we studied
the angular distribution of the scaled energy of the B=D
hadrons at next-to-leading order (NLO) by calculating the
polar angular correlation in the rest frame decay of a
polarized top quark into a stable Wþ boson and B=D
hadrons, via tð↑Þ → Wþ þD=Bþ X. We analyzed this
angular correlation in a special helicity coordinate system
with the event plane defined in the ðx; zÞ plane and the z axis
along the b-quark momentum. In this frame (system 1), the
top quark polarization vector was evaluated with respect to
the direction of the b-quarkmomentum. Generally, to define
the planes, one needs to measure the momentum directions
of the momenta ~pb and ~pW and the polarization direction of
the top quark, where the measurement of the momentum
direction of ~pb requires the use of a jet-finding algorithm,
whereas the polarization direction of the top quark must be
obtained from the theoretical input. In electron-positron
interactions, the polarization degree of the top quark can be
tuned with the help of polarized beams [15], so that a
polarized linear electron-positron collider may be viewed
as a copious source of close-to-zero and close-to-100%
polarized top quarks.
In the present work, we analyze the angular distribution

of the B-hadron energy in a different helicity coordinate
system where, as before, the event plane is the ðx; zÞ plane,
but with the z axis along the Wþ boson. The polarization
direction of the top quark is evaluated with respect to this
axis. This coordinate system (system 2) makes the calcu-
lations more complicated because of the presence of the
Wþ momentum j~pW j in the OðαsÞ real amplitude of the

process t → bþWþ. To obtain the scaled distribution of
B-hadron energy, at first we present an analytical expres-
sion for the NLO corrections to the differential width of the
decay process tð↑Þ → bþWþ in two different helicity
coordinate systems, and then, using the realistic and non-
perturbative b → B FF, we shall present and compare our
results in both systems. The measurement of the energy
distribution of the B hadron will be important to deepen our
understanding of the nonperturbative aspects of B-hadron
formation and to test the universality and scaling violations
of the B-hadron FFs while the angular analysis of the
polarized top decay constrains these FFs even further.
This paper is structured as follows: In Sec. II, we

introduce the angular structure of differential decay widths.
In Secs. III–V, we present our analytic results for the
angular distributions of partial decay rates in two different
helicity systems at the Born level and next-to-leading order
by introducing the technical details of our calculations.
In Sec. VI, we present our numerical analysis at the hadron
level, and in Sec. VII, our conclusions are summarized.

II. ANGULAR STRUCTURE OF DIFFERENTIAL
DECAY RATE

The dynamics of the current-induced t → b transition is
embodied in the hadron tensorHμν ∝

P
Xb
htðpt;stÞjJμ†jXbi

hXbjJνjtðpt;stÞi, where the SM current combination is
given by Jμ ¼ ðJVμ − JAμ Þ ∝ ψ̄bγμð1 − γ5Þψ t, and st stands
for the top quark spin. Here, the intermediate states are
jXbi ¼ jbðpb; sbÞi for the Born term and virtual one-loop
contributions and jXbi ¼ jbþ gi for the OðαsÞ real
contributions.
In the rest frame of a top quark decaying into a b quark, a

Wþ boson and a gluon, the final-state particles b, Wþ and
gluon define an event frame. Relative to this event plane,
one can define the polarization direction of the polarized
top quark. There are two various choices of possible
coordinate systems relative to the event plane where one
differentiates between helicity systems according to the
orientation of the z axis. These systems are shown in Figs. 3
(system 2). In system 1, the three-momentum of the b quark
points in the direction of the positive z axis, and in system
2, the momentum of the W boson is defined along the
positive z axis.
Generally, the angular distribution of the differential

decay width dΓ=dx of a polarized top quark is expressed in
the following form to clarify the correlation between the
polarization of the top quark and its decay products:

d2Γ
dxid cos θP

¼ 1

2

�
dΓA

dxi
þ P

dΓB

dxi
cos θP

�
; ð1Þ

where the polar angle θP shows the spin orientation of the
top quark relative to the event plane and P is the magnitude
of the top quark polarization. P ¼ 0 stands for an unpo-
larized top quark, while P ¼ 1 corresponds to 100% top
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quark polarization. In the notation above, dΓA=dx and
dΓB=dx correspond to the unpolarized and polarized
differential decay rates, respectively. As usual, we have
defined the partonic scaled-energy fraction xi as

xi ¼
2pi · pt

m2
t

: ð2Þ

Neglecting the b-quark mass, one has 0 ≤ xi ≤ 1 − ω,
where ω is ω ¼ m2

W=m
2
t . Throughout this paper, we use

the normalized partonic energy fraction as

xi ¼
2Ei

mtð1 − ωÞ ; ði ¼ b; gÞ ð3Þ

where Ei stands for the energy of outgoing partons (bottom
or gluon), and 0 ≤ xi ≤ 1.
The OðαsÞ radiative corrections to the unpolarized

differential rate dΓA=dx have been studied in our previous
work [9] extensively. The NLO radiative corrections to the
polarized partial rate dΓB=dx in system 1 (Fig. 2) are

studied in Ref. [14] by one of us. In the present work, we
concentrate on the polarized top decay in system 2 (Fig. 3),
which is more complicated in comparison with the analysis
performed in system 1. Finally, we shall compare our
results in two the coordinate systems 1 and 2 at the
hadron level.

III. BORN APPROXIMATION

It is straightforward to calculate the Born-term contri-
bution to the decay rate of the polarized top quark. The
Born-term tensor is obtained from the square of the Born
amplitude, given by

Mð0Þ ¼ Vtb
gWffiffiffi
2

p ūbγμ
1

2
ð1 − γ5Þut; ð4Þ

where gW is related to Fermi’s constant GF as gW=
ffiffiffi
2

p ¼
2mWðGF=

ffiffiffi
2

p Þ1=2. After omitting the weak coupling factor
VtbgW=

ffiffiffi
2

p
and summing over the b-quark spin, the Born

term tensor reads

Bμν ¼ 1

4
Trfðpb þmbÞγμð1 − γ5Þðpt þmtÞ

× ð1þ γ5 stÞγνð1 − γ5Þg: ð5Þ

Considering Fig. 1, we set the four-momentum and the
polarization four-vector of the top quark as

pt ¼ ðmt; ~0Þ; st ¼ Pð0; sin θP cosϕ; sin θP sinϕ; cos θPÞ;
ð6Þ

and in the coordinate system 1 (Fig. 1a), the four-momen-
tum of the b-quark is set to pb ¼ Ebð1; 0; 0; 1Þ; in system 2
(Fig. 1b), it is pb ¼ Ebð1; 0; 0;−1Þ. Note that we set the
b-quark mass to zero throughout this paper. Therefore, the
Born-term helicity structure of differential rates in system 1
reads

d2Γð0Þ
1

dxbd cos θ1P
¼ 1

2
fΓð0Þ

A − PΓð0Þ
B cos θ1Pgδð1 − xbÞ; ð7Þ

(a)

(b)

FIG. 1 (color online). Definition of the polar angle θP in two
helicity systems, where (a) in the system 1, the three-momentum
of the b-quark points into the direction of the positive z-axis, and
(b) in the system 2, the momentum of the W-boson is defined
along the positive z-axis. ~Pt is also the top polarization vector in
both systems.

FIG. 2 (color online). Definition of the azimuthal angle ϕ, the
polarization vector of the top quark ~Pt, and the polar angles θ and
θP in the helicity coordinate system 1.

FIG. 3 (color online). As in Fig. 2, but in the helicity coordinate
system 2.
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and in system 2, it is expressed as

d2Γð0Þ
2

dxbd cos θ2P
¼ 1

2
fΓð0Þ

A þ PΓð0Þ
B cos θ2Pgδð1 − xbÞ; ð8Þ

where Γð0Þ
A corresponds to the unpolarized Born-term

rate and Γð0Þ
B describes the polarized Born rate. They are

given by

Γð0Þ
A ¼

ffiffiffi
2

p
m3

t GF

16π
ð1þ 2ωÞð1 − ωÞ2;

Γð0Þ
B ¼

ffiffiffi
2

p
m3

t GF

16π
ð1 − 2ωÞð1 − ωÞ2: ð9Þ

These results are in agreement with Refs. [16–18]. Setting
mW ¼ 80.399GeV,mt¼ 174.98GeV andGF ¼ 1.16637×

10−5 GeV−2, one has Γð0Þ
A ¼ 1.4335 and Γð0Þ

B ¼ 0.5939.
Therefore, the polarization asymmetry αW, which is defined

as αW ¼ Γð0Þ
B =Γð0Þ

A , is αW ¼ 0.396.

IV. VIRTUAL ONE-LOOP CORRECTIONS

The required ingredients for the NLO calculation are the
virtual one-loop contributions and the tree-graph contribu-
tions. Since at the one-loop level QED and QCD have the
same structure, the virtual one-loop corrections to the
fermionic left-chiral (V-A) transitions have a long history,
even dating back to QED times.
The virtual one-loop contributions to the polarized

differential width are the same in both helicity systems 1
and 2, and can be found in Ref. [14]. We just mention that
the virtual corrections arise from a virtual gluon exchanged
between the top and bottom quark legs (vertex correction),
and from emission and absorption of a virtual gluon from
the same quark leg (quark self-energy). Both of them
include the IR and UV singularities, which are regularized
by dimensional regularization in D space-time dimensions,
where D ¼ 4 − 2ϵ. All UV divergences are canceled after
summing all virtual contributions up, whereas the IR
singularities are remaining, which are labeled by ϵ from
now on. Therefore, following the general form of the
doubly differential distribution (1), the virtual contribution
in both coordinate systems is

d2Γvir

dxbd cos θP
¼ 1

2

�
dΓvir

A

dxb
þ P

dΓvir
B

dxb
cos θP

�
; ð10Þ

where

dΓvir
A

dxb
¼ Γð0Þ

A
CFαs
2π

�
R − 4

1 − ω

1 − 4ω2
lnð1 − ωÞ

�
δð1 − xbÞ;

dΓvir
B

dxb
¼ Γð0Þ

B
CFαs
2π

Rδð1 − xbÞ: ð11Þ

In the equations above, R is defined as

R ¼ −
F2

2
þ F

ϵ
−
1 − 4ω

1 − 2ω
lnð1 − ωÞ þ 2 lnω lnð1 − ωÞ

þ 2Li2ð1 − ωÞ − 1

ϵ2
− 5

π2

12
−
23

8
; ð12Þ

where F ¼ 2 lnð1 − ωÞ − lnð4πμ2F=m2
t Þ þ γE − 5

2
. Here,

γE ¼ 0.5772… is the Euler Mascharoni constant, Li2ðxÞ
is the known dilogarithmic function, and μF is the QCD
scale parameter. The one-loop virtual contribution is purely
real, as can be found from an inspection of the one-loop
Feynman diagrams, which does not accept any nonvanish-
ing physical two-particle cut.

V. QCD NLO CONTRIBUTION TO ANGULAR
DISTRIBUTION

AtOðαsÞ, the full amplitude of the transition t → b is the
sum of the amplitudes of the Born term Mð0Þ, virtual one-
loop Mloop, and the real gluon (tree-graph) contributions.
The real amplitude results from the decay tðptÞ →
bðpbÞ þWþðpWÞ þ gðpgÞ, as

Mreal ¼ egs
Tn
ij

2
ffiffiffi
2

p
sin θW

ϵ⋆βðpg; sgÞϵμðpW; sWÞ

× ūðpb; sbÞ
�
γβ
pg þ pb

2pb:pg
γμð1 − γ5Þ

− γμð1 − γ5Þ
mt þ pt −pg

2pt:pg
γβ
�
uðpt; stÞ: ð13Þ

Here, gs ¼
ffiffiffiffiffiffiffiffiffiffi
4παs

p
is the strong coupling constant, θW is the

weak mixing angle so that sin2θW ¼ 0.23124 [19], and “n”
is the color index, so TrðTnTnÞ=3 ¼ CF. The polarization
vectors of the gluon and the W boson are also denoted
by ϵðp; sÞ.
The QCD NLO contribution results from the square of

the amplitudes as jMð0Þj2, jMvirj2 ¼ 2ReðMð0Þ†MloopÞ and
jMrealj2 ¼ Mreal†Mreal. To regulate the IR singularities,
which arise from the soft- and collinear-gluon emission, we
work in a D-dimensions approach, in which to extract
divergences we take the following replacement:

Z
d4p
ð2πÞ4 → μ4−D

Z
dDp
ð2πÞD ; ð14Þ

where μ is an arbitrary reference mass which shall be
removed after summing all corrections up. The differential
decay rate for the real contribution is given by

dΓreal ¼ μ2ð4−DÞ
F

2mt
jMrealj2dR3ðpt; pb; pg; pWÞ; ð15Þ

where the three-body phase-space element dR3 reads

dD−1pb

2Eb

dD−1pW

2EW

dD−1pg

2Eg
ð2πÞ3−2DδD

�
pt −

X
g;b;W

pf

�
: ð16Þ
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To calculate the real doubly differential rate d2Γreal=
ðdxbd cos θPÞ and to get the correct finite terms, we
normalize the polarized and the unpolarized doubly differ-
ential distributions to the corresponding Born widths
evaluated in D dimensions. The polarized and unpolarized
Born widths Γð0Þ

B and Γð0Þ
A , evaluated in the dimensional

regularization at Oðϵ2Þ are given in Eq. (29) of Ref. [14].
Following Eq. (1), the OðαsÞ corrections to the angular
distribution of partial decay rates are obtained by summing
the Born, the virtual, and the real gluon contributions and is
given by

d2Γnlo

dxbd cos θP
¼ 1

2

�
dΓnlo

A

dxb
þ P

dΓnlo
B

dxb
cos θP

�
: ð17Þ

Generally, the contribution of the real gluon emission
depends on the various choices of possible coordinate
systems. The results for dΓnlo

A =dxb are the same in both
helicity systems and can be found in Ref. [9], and the
analytical expression of the polarized angular distribution
of decay width in the helicity system 1 (dΓnlo

1B =dxb) is
presented in Ref. [14].
To calculate the real differential rate dΓreal=dxb in the

coordinate system 2, we fix the momentum of the b quark
and integrate over the energy of theW boson, which ranges
from Emin

W ¼mtðωþ½1−xbð1−ωÞ�2Þ=ð2½1−xbð1−ωÞ�Þ
to Emax

W ¼ mtð1þ ωÞ=2, and to evaluate the angular
distribution of differential width d2Γreal=ðdxbd cos θ2PÞ,
the angular integral in D dimensions will have to be
written as

dΩW ¼ −
2π

D
2
−1

ΓðD
2
− 1Þ ðsin θ2PÞ

D−4d cos θ2P: ð18Þ

Therefore, the doubly differential distribution reads

d2Γreal
2

dxbd cos θ2P
∝ xD−4

b jMrealj2ð1 − cos2αÞD−4
2

× δðcos α − bÞdEWd cos α; ð19Þ

where the coefficient of proportionality reads

μ2ð4−DÞ
F ðpWmtÞD−4ð1 − ωÞD−3=ð23D−4πD−1Γ2ðD

2
− 1ÞÞ, b ¼

ðm2
t þm2

W − 2mtðEb þ EWÞ þ 2EbEWÞ=ð2EbpWÞ, pW ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
W −m2

W

p
is the momentum of the W boson, and α is

the angle between the b quark and the W boson in Fig. 3.
Due to the presence of the W momentum, working in the
helicity system 2 is more complicated than in system 1, and
for this reason our analytical results will not appear in a
dinky form as in system 1 [see Eq. (35) in Ref. [14]].
Considering the top rest frame, the relevant scalar

products evaluated in system 2 are

pW · st ¼ −PpW cos θ2P; pb · st ¼ −PEb cos α cos θ2P;

pb · pW ¼ EbðEW − pW cos αÞ; ð20Þ

and pt · st ¼ 0. Here, P refers to the polarization degree of
the top quark. To obtain the analytic result for the angular
distribution of the differential rate at NLO, by summing the
Born-level, the virtual, and the real gluon contributions,
one has

dΓnlo
2B

dxb
¼ Γð0Þ

B

�
δð1 − xbÞ þ

CFαs
2π

��
−
1

ϵ
þ γE − ln 4π

�

×

�
3

2
δð1 − xbÞ þ

1þ x2b
ð1 − xbÞþ

�
þ T1

��
; ð21Þ

where,

T1 ¼ δð1 − xbÞ
�
−
3

2
ln
μ2F
m2

t
þ 2ð1 − ωÞ

1 − 2ω
lnð1 − ωÞ − 2π2

3
−

2ω

1 − ω
lnωþ 2 lnω lnð1 − ωÞ þ 4Li2ð1 − ωÞ − 6

�

þ 2ð1þ x2bÞ
�
lnð1 − xbÞ
1 − xb

�
þ
þ 1

ð1 − xbÞþ

�
−2x2b þ 2ð1þ x2bÞ ln

mtxbð1 − ωÞ
μF

þ ð1 − xbÞ
�
−

4xb
1 − ω

þ ð1 − xbÞð1 − 2xbÞ
��

−
2ð1þ x2bÞ
1 − xb

lnð1 − xbÞ − 2ð2þ xb þ x2bÞ

þ 1

ð1 − ωÞð1 − 2ωÞ
�
2ð1 − 3ωÞ − 4xbðω2 þ ω − 1Þ − 4ωð1 − 2ωÞ

1 − xb
−

4ð1 − ωÞ
ð1 − xbð1 − ωÞÞðωx2b − ð2 − xbÞ2Þ

×

�
ð1 − ω − ω2Þx2b þ 2þ −4ω3 þ 5ω − 3

1 − ω
xb

��
− ðH − 2 lnð1 − xbÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 − xbÞ2 − ωx2b

1 − ω

r

×

�
−
1þ xb
1 − xb

þ 1

ð2 − xbÞ2 − ωx2b

�
2ð4ωxb − 6ωþ 5Þ

1 − 2ω
−

4

ð1 − ωÞð1 − 2ωÞ

þ ðxbð1þ ωÞ − 2Þ
�
1 −

2ð1þ ωÞ
ð1 − ωÞðωx2b − ð2 − xbÞ2Þ

���
; ð22Þ
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where H ¼ lnð2S2x4b þ 4Sð1 − xbÞx2b − 2xbð1 − xb þ Sx2bÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðxbðSxb − 2Þ þ 2Þp þ ð1 − xbÞ2Þ and S ¼ ð1 − ωÞ=2.

One can compare our polarized and unpolarized results
against known results presented in Ref. [16].
Since the detected mesons in top decays can be also

produced through a fragmenting real gluon, to obtain the
most accurate energy spectrum of the B meson, we have to
add the contribution of gluon fragmentation to the b-quark
one to produce the outgoing meson. As shown in Ref. [14],
this contribution can be important at a low energy of the
observed meson so that this decreases the size of decay rate
at the threshold. Therefore, the angular distribution of the
differential decay rate dΓ=dxg is also required, where xg is
defined in (3). Considering the general form of the angular
distribution (1), for the gluon contribution one has

d2Γnlo

dxgd cos θP
¼ 1

2

�
dΓnlo

A

dxg
þ P

dΓnlo
B

dxg
cos θP

�
; ð23Þ

where the results for dΓnlo
A =dxg are the same in both

coordinate systems and can be found in Ref. [9], and the
analytical expression for the polarized angular distribution
in helicity system 1 (dΓnlo

1B =dxg) is presented in Ref. [14].
In system 2, to obtain the doubly differential distribution
d2Γ=ðdxgd cos θ2PÞ, we fix the momentum of the gluon
and integrate over the energy of theW boson, which ranges
from Emin

W ¼mtðωþ½1−xgð1−ωÞ�2Þ=ð2½1−xgð1−ωÞ�Þ to

Emax
W ¼ mtð1þ ωÞ=2. Therefore, the doubly differential

decay rate is given by

d2Γreal
2

dxgd cos θ2P
∝ xD−4

g jMrealj2ð1 − cos2θÞD−4
2

× δðcos θ − aÞdEWd cos θ; ð24Þ

where the proportionality coefficient is as in (19), and θ is
the polar angle between the gluon and the W boson (see
Fig. 3), whereas a¼ðm2

t þm2
W−2mtðEgþEWÞþ2EgEWÞ=

ð2EgpWÞ. The relevant scalar products are

pW · st ¼ −PpW cos θ2P;

pg · st ¼ −PEg cos θ cos θ2P;

pg · pW ¼ EgðEW − pW cos θÞ: ð25Þ

Therefore, in coordinate system 2, the polarized differential
width is expressed as

dΓnlo
2B

dxg
¼ Γð0Þ

B
CFαs
2π

�
1þ ð1 − xgÞ2

xg

×

�
−
1

ϵ
þ γE − ln 4π

�
þ T2

�
; ð26Þ

where

T2 ¼
1þ ð1 − xgÞ2

xg

�
2 ln

mtxgð1 − ωÞ
μF

− lnð1 − xgð1 − ωÞÞ
�
−

ω

2ð1 − xgð1 − ωÞÞ2

×

�
2þ 8ω

ð1 − ωÞð1 − 2ωÞ −
xgð6ω2 þ ωþ 2Þ

1 − 2ω

�
þ lnð1 − xgð1 − ωÞÞ

1 − ω

�
2ð1þ 2ωÞ
1 − 2ω

−
2ð1þ 4ωÞ

xgð1 − ωÞð1 − 2ωÞ

þ 2ð1þ ω2Þ
x2gð1 − ωÞ2

�
−

1

1 − 2ω

�
1þ 2ð1þ ωÞ2

1 − ω
þ xg

2
ð2ω − 5Þ

�
þ 4ω

xgð1 − ωÞ2 : ð27Þ

In Eqs. (21) and (26), T1 and T2 are free of all singularities,
and to subtract the collinear singularities remaining in the
polarized partial widths, we apply the modified minimal
subtraction ðM̄SÞ scheme, where the singularities are
absorbed into the bare FFs. This renormalizes the FFs
and creates the finite terms of the form αs lnðm2

t =μ2FÞ in the
polarized differential widths. According to this scheme, to
get the M̄S coefficient functions, one has to subtract from
Eqs. (21) and (26) the OðαsÞ term multiplying the char-
acteristic M̄S constant ð−1=ϵþ γE − ln 4πÞ. In the present
work, we set μF ¼ mt, so that the terms proportional to
lnðm2

t =μ2FÞ vanish.
We mention that the dimensional reduction scheme can

be converted to the gluon mass regulator scheme by the
replacement 1=ϵ − γE þ lnð4πμ2F=m2

t Þ → lnΛ2, where Λ ¼
mg=mt is the scaled gluon mass.

VI. ANGULAR DISTRIBUTION RESULTS
AT THE HADRON LEVEL

After determination of the differential decay rates at the
parton level, we are now in a position to explore our
phenomenological predictions of the energy distribution of
the B meson by performing a numerical analysis in the two
helicity coordinate systems. In fact, we wish to calculate the
quantity dΓ=dxB, where the normalized energy fraction of
the outgoing meson is defined as xB ¼ 2EB=ðmtð1 − ωÞÞ,
in similarity to the one at the parton level (3). The necessary
tool to obtain the B-meson energy spectrum is the factori-
zation theorem of the QCD-improved parton model [20],
where the energy distribution of a hadron is expressed as
the convolution of the parton-level spectrum with the
nonperturbative FF DB

i ðz; μFÞ,
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dΓ
dxB

¼
X
i¼b;g

Z
xmax
i

xmin
i

dxi
xi

dΓi

dxi
ðμR; μFÞDi

�
xB
xi

; μF

�
; ð28Þ

where dΓi=dxi is the partial width of the parton-level
process t → ið¼ b; gÞ þ X, with X including the W boson
and any other parton. Here, μF and μR are the factorization
and the renormalization scales, respectively, that the scale
μR is associated with the renormalization of the strong
coupling constant and a normal choice, which we adopt in
this work is μR ¼ μF ¼ mt. In (28), Di¼b;gðz; μFÞ is the
nonperturbative FF of the transition b=g → B, which is
process independent. It means that we can exploit data from
eþe− → bb̄ processes to predict the b-quark hadronization
in top decay. Note that the definitions of dΓ=dxi and
DB

i ðz; μFÞ are not unique, but they depend on the scheme
which is used to subtract the collinear singularities that
appear in the differential widths (21) and (26). As we
mentioned, in our work the MS factorization scheme is
chosen.
Several models, including some fittable parameters, have

been already proposed to describe the nonperturbative
transition from a quark to a hadron state. Following
Ref. [21], we employ the B-hadron FFs determined at
NLO in the zero-mass scheme, through a global fit to eþe−
annihilation data presented by the ALEPH [22] and OPAL
[23] collaborations at CERN LEP1 and by SLD [24] at
SLAC SLC. Specifically, at the initial scale μ0 ¼ mb, the
power model DB

b ðz; μ0Þ ¼ Nzαð1 − zÞβ is proposed for the
b → B transition, while the gluon FF is set to zero and is
evolved to higher scales using the Dokshitzer-Gribov-
Lipatov-Alteralli-Parisi (DGLAP) equations [25]. The
results for the fit parameters are N ¼ 4684.1, α ¼ 16.87
and β ¼ 2.628. As numerical input values, from Ref. [19]
we take GF ¼ 1.16637×10−5 GeV−2, mW ¼ 80.339 GeV,
mb ¼ 4.78 GeV, mB ¼ 5.279 GeV, and the typical QCD

scale Λð5Þ
MS

¼ 231.0 MeV adjusted such that αð5Þs ðmZ ¼
91.18Þ ¼ 0.1184. In the MS scheme, the b-quark mass
only enters through the initial condition of the FF.
Before studying the B-hadron spectrum, we turn to our

numerical results of the unpolarized and polarized decay
rates in both helicity systems. In fact, we integrate dΓ=dxb
[Eqs. (21), (35) from Ref. [14] and (7) from Ref. [9]] over
xbð0 ≤ xb ≤ 1Þ, while the strong coupling constant is
evolved from αsðmZÞ ¼ 0.1184 to αsðmtÞ ¼ 0.1070. The
normalized result for the polarized decay width in helicity
system 1 is

Γnlo
1B

Γð0Þ
B

¼ 1 − 0.1303; ð29Þ

and for the one in system 2, it is

Γnlo
2B

Γð0Þ
B

¼ 1 − 0.2814; ð30Þ

and the unpolarized decay rate normalized to the corre-
sponding Born term is

Γnlo
A

Γð0Þ
A

¼ 1 − 0.08542: ð31Þ

To study the xB scaled energy distributions of B hadrons
produced in the polarized top decay, we consider the
quantity dΓðtð↑Þ → Bþ XÞ=dxB in the two helicity coor-
dinate systems. In Refs. [9,14], we showed that the g → B
contribution to the NLO energy spectrum of the Bmeson is
negative and appreciable only in the low-xB region and for

H. S. 2   t(↑) → B+Jets

H. S. 1   t(↑) → B+Jets

Unpol.   t → B+Jets

xB

dΓ
/d

x B
[G

eV
]

0

1

2

3

4

5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIG. 4 (color online). dΓnlo
B =dxB as a function of xB in the

helicity system 1 (solid line) and the system 2 (dotted line).
The polarized results are also compared to the unpolarized
one dΓnlo

A =dxB (dashed line). The threshold at xB is shown.

xB

(d
Γ 2/

dx
B
)/

(d
Γ 1/

dx
B
)

0

1
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3
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FIG. 5 (color online). xB spectrum at NLO in helicity system 2,
normalized to the one in system 1.
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higher values of xB, the NLO result is practically exhausted
by the b → B contribution. The contribution of the gluon is
calculated to see where it contributes to dΓ=dxB and cannot
be discriminated in the meson spectrum as an experimental
quantity.
In Fig. 4, the xB spectrum of the B hadron produced in

the unpolarized top quark decay (dashed line) is shown.
The polarized ones in helicity system 1 (solid line) and
system 2 (dotted line) are also studied. As is seen, the
differential decay width of the polarized top in helicity
system 2 (H. S. 2) is totally higher than the one in helicity
system 1 (H. S. 1). For a more quantitative interpretation of
Fig. 4, we consider in Fig. 5 the partial decay width
dΓnlo

B =dxb in H. S. 2 normalized to the one in H. S. 1. Note
that all results are valid just for xB ≥ 2mB=ðmtð1 − ωÞÞ ¼
0.078.

VII. CONCLUSION

Studying the fundamental properties of the top quark is
one of the main fields of investigation in theoretical and
experimental particle physics. The short lifetime of the top
quark implies that it decays before hadronization takes
place; therefore, it retains its full polarization content and
passes on the spin information to its decay products. This
allows us to study the top-spin state using the angular
distributions of its decay products, whereas the bottom
quark, produced through the top decay, hadronizes; there-
fore, the distributions in the B-hadron energy are of
particular interest. In Ref. [9], we studied the scaled-energy
distribution of the Bmeson in unpolarized top quark decays
t → Wþ þ bð→ BÞ. In Ref. [14], we made our predictions
for the scaled-energy distributions of the B and D mesons
from polarized top decays using a special helicity

coordinate system, where the event plane lies in the
ðx; zÞ plane and the bottom momentum is along the z axis.
In the present work, we have presented results on theOðαsÞ
radiative corrections to the spin-dependent differential
width d2Γ=ðdxBd cos θPÞ, applying a different helicity
system where the z axis is defined by the W momentum.
This provides independent probes of the polarized top
quark decay dynamics. To obtain these results we pre-
sented, for the first time, the analytical results for the
parton-level differential decay widths of t → bþWþ in
two helicity systems, and then we compared our results in
both systems. We found that the polarized results depend
on the selected helicity system, extremely.
On one hand, the xB distributions provide direct access to

the B-hadron FFs, and on the other hand the universality
and scaling violations of the B-hadron FFs will be testable
at LHC by comparing our predictions with future mea-
surements of dΓ=dxB. The cos θP distribution allows one to
analyze the polarization state of top quarks, where the polar
angle θP refers to the angle between the top polarization
vector and the z axis. The formalism made here is also
applicable to the other hadrons such as pions and kaons,
using the ðb; gÞ → ðπ; KÞ FFs which can be found in
Ref. [26].
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