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Is f(1710) a glueball?
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We study the three-flavor chirally and dilatation invariant extended linear sigma model with (pseudo)
scalar and (axial-)vector mesons as well as a scalar dilaton field whose excitations are interpreted as a
glueball. The model successfully describes masses and decay widths of quark-antiquark mesons in the
low-energy region up to 1.6 GeV. Here we study in detail the vacuum properties of the scalar-isoscalar
JP€ = 0** channel and find that (i) a narrow glueball is only possible if the vacuum expectation value of
the dilaton field is (at tree level) quite large (i.e. larger than what lattice QCD and QCD sum rules suggest)
and (ii) only solutions in which f,(1710) is predominantly a glueball are found. Moreover, the resonance
£0(1370) turns out to be mainly (iu + dd)/+/2 and thus corresponds to the chiral partner of the pion, while

the resonance f;(1500) is mainly 3.
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I. INTRODUCTION

Glueballs are mesons which are solely made of gluons.
The prediction that glueballs exist dates back to the origin
of quantum chromodynamics (QCD) [1]: gluons carry
color charge and interact strongly with each other, so it
is natural to expect that they form bound states. This
expectation is confirmed by numerous simulations of lattice
QCD (see e.g. Refs. [2,3] and Refs. therein), in which a full
spectrum of glueballs with different quantum numbers J¢
(some of which are exotic) has been obtained. Although up
to now no glueball state has been unambiguously identi-
fied, the search for glueballs will be in the focus of the
future PANDA experiment at FAIR [4]. The hope is that the
existence of (at least some of the foreseen) glueballs will be
ultimately established.

The lightest glueball is predicted by lattice QCD to be a
scalar state with a mass of about 1.6 GeV [2,3]. The search
for this state has been, and still is, in the center of vivid
activity in the framework of low-energy QCD. This state is
also important because it is related to two basic phenomena
of QCD: the anomalous breaking of dilatation invariance
and the generation of the gluon condensate. In a widely
studied phenomenological scenario two scalar-isoscalar
quarkonia, 7in = (fu + c_id)/\/i and §s, and one bare
glueball state mix and form the scalar resonances
f0(1370), f¢(1500), and f,(1710) [5-9]. Our aim is to
investigate this system by using a three-flavor chiral
effective approach which we describe in the following.

In Refs. [10-15] an effective model of hadrons, denoted
as the extended linear sigma model (eLSM), has been
developed. The mesonic part of the eLSM contains
(pseudo)scalar and (axial-)vector states as well as a scalar
dilaton/glueball field and is built under the requirements of
chiral symmetry and dilatation invariance. Chiral symmetry
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is broken explicitly (by the current quark masses) and, more
importantly, spontaneously (by the chiral condensate).
Dilatation invariance is explicitly broken by a logarithmic
dilaton potential which mimics the trace anomaly of QCD,
according to which gluonic quantum fluctuations give rise
to the fundamental energy scale of QCD, Agcp. The dilaton
field, named G, develops a nonzero vacuum expectation
value (vev) G and, in turn, the fluctuations around the
minimum represent the scalar glueball.

In this work we investigate the phenomenology of the
scalar glueball in the eLSM. To this end, we extend both
Ref. [12] and Ref. [13]. In Ref. [12] the dilaton has been
first introduced in the eLSM but the model has been
investigated only for the case of two flavors Ny =2. In
Ref. [13] a more complete study of the vacuum phenom-
enology has been performed in the three-flavor (N, = 3)
version of the eLSM and a good agreement with exper-
imental data listed in Ref. [16] for both masses and decay
widths has been achieved. However, the dilaton, although
formally present in order to guarantee dilatation invariant
interactions, was not included when calculating mixing in
the scalar-isoscalar sector and the corresponding decays.
In the present paper we close this gap: for N, = 3 the scalar
field G naturally couples to nonstrange and strange
mesonic fields and, in particular, mixes with two scalar-
isoscalar quarkonia states.

There are two important and quite general aspects of the
physics of the scalar glueball, which need to be discussed
separately.

1. Is the scalar glueball broad or narrow? This question
is extremely important for the phenomenology and the
assignment of the scalar glueball to an existing resonance.
Yet, conflicting arguments exist: (i) In the large-N . limit the
glueball is predicted to be narrow. Namely, the decay of a
bare glueball into two quarkonia (e.g. G — zx) scales as
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NZ? (for comparison, the decay of a quark-antiquark state
into two quark-antiquark states scales as N:'). Since the
large-N. limit is phenomenologically successful, the
quite narrow resonances f(1500) and f,(1710) are prime
candidates for glueball states. (ii) In Ref. [17] it is shown
that the decay G — zz depends on the vev G, of the
dilaton field as G;2. The values of G can be related to the
gluon condensate of QCD by assuming that the trace
anomaly is saturated by the dilaton field. Using the values
of the gluon condensate from either QCD sum rules or
lattice QCD calculations, it turns out that the width of the
decay G — zx is very large (2500 MeV). The authors of
Ref. [17] conclude that the search for the scalar glueball
may be very difficult (if not impossible) if this state is too
broad. [Note that a wide glueball was also discussed in
Refs. [18-20]].

In Fig. 1 we anticipate our result for the decay of a (bare,
i.e. unmixed) scalar glueball into two pions as function of
the vev G: for values of G, which belong to the range
obtained by QCD sum rules and lattice QCD (the vertical
band), G — 7zx is also very large, in complete agreement
with Ref. [17]. The two curves correspond to the cases with
and without (axial-)vector states. One can see that the
inclusion of (axial-)vector degrees of freedom reduces the
decay width, but this effect is not sufficient to make it small
enough (when G is inside the vertical band). When mixing
is taken into account, due to interference phenomena the
strong coupling of G to pions may be reduced for the
physical resonances. Yet, since the quarkonium state 7n is
also expected to be broad, it is not possible to obtain two
narrow resonances f(1500) and f,(1710) in a three-body
mixing scenario. Thus, we realize that we cannot obtain a
good description of the phenomenology of the states
fo(1370), fo(1500), and f,(1710) if we impose that G,
corresponds to the range given by QCD sum rules or
lattice QCD.

2. Assuming that the scalar glueball is narrow, is
fo(1500) or fo(1710) mostly gluonic? A consensus has
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FIG. 1 (color online). Decay of the pure glueball field into 7z
for a bare glueball mass mg; = 1525 MeV. Dashed (red) line:
(Axial-)vector mesons are decoupled (Z, = 1). Solid (blue) line:
(Axial-)vector mesons are included (Z, # 1).
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grown that the light scalar mesons f((500), f((980),
a(980), K;(800) are not quark-antiquark states. The
possible assignments are tetraquark or molecular states
[21,22]. As a consequence, the scalar quark-antiquark
states are located above 1 GeV: a((1450) and K§(1430)
represent the isovector and isodoublet ggq states with
JP€ = 0"+, This picture has been confirmed in the frame-
work of the eLSM [10-13]. In particular, in Ref. [13] a fit to
a variety of experimental data has shown that the scalar
states lie between 1 and 2 GeV. Then, if the glueball is a
narrow state, the main question is which of the two
resonances f(1500) and f,(1710) contains the largest
gluonic amount. In our previous work [12] two solutions
were found, one in which f((1500) and one in which
fo(1710) was predominantly a glueball (the former case
was slightly favored). Here, we re-analyze this issue in a
full three-flavor study of the eLSM and, quite remarkably,
our outcome is now unique: we find that fy(1710) is
predominantly the gluonic state. This result is in agreement
with the original lattice study of Ref. [23], with (some of)
the phenomenological solutions of Refs. [6,24] and, inter-
estingly, with the recent lattice study of J/y decays in
Ref. [25]. It should be stressed that the solution in which
fo(1710) is a glueball is obtained only if the value of G is
quite large (21 GeV). In turn, if this assignment is correct,
this suggests that either the gluon condensate should be
larger than what was previously believed or the dilaton field
is not the only composite field which is responsible for the
trace anomaly. Additional fields may change the values of
the parameters in the dilaton potential and thus help to
reconcile the value of G, with lattice QCD and QCD
sum rules.

This paper is organized as follows. In Sec. II we present
the chiral Lagrangian of our model: the eLSM with a scalar
glueball. In Sec. III we discuss our results for the masses
and decay widths as well as the three-body mixing of the
resonances f,(1370), f,(1500), and f,(1710). Finally, in
Sec. IV we present our conclusions and an outlook for
future work.

II. THE MODEL

As mentioned in the introduction, the aim of this work
is to study the structure of the three scalar-isoscalar
resonances f,(1370), f¢(1500), and f,(1710). To this
end we use the chiral Lagrangian of the eLSM developed in
Refs. [10-13].

A. The dilaton potential

An essential feature of the eLSM is dilatation invariance
together with its anomalous breaking, which we briefly
discuss in the following. The pure Yang-Mills (YM)
Lagrangian reads:
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1 .
EYM = — Z GZZ/G(L}W with
Gy, = aﬂA,‘j - 8DAZ + gf“bcAzAf;, (1)

where Ay is the gluon field witha = 1, ...N2-1=38, G
is the gluon field-strength tensor, and g is the QCD
coupling constant. This Lagrangian is classically invariant
under dilatation transformations x* — A~!x#, together with
Af(x) — AAj(Ax). However, when quantum fluctuations
are included and renormalization is carried out, the cou-
pling constant becomes ¢ — g(u), where g(u) is the
renormalized running coupling which is a function of
the energy scale y. As a consequence, the divergence of
the dilatation (Noether) current does not vanish:

_A9) GL,G“™ £0,  (2)

auJ/;(M.dil = T@M,ﬂ 4q

where T%,, is the energy-momentum tensor of the YM
Lagrangian and the p-function is given by p(g) =
dg/dInu. At the one-loop level f(g) = —bg® with
b=11N_/(487%). This implies ¢*(u) =[2bIn(u/Ayy)] ™,
where Avyy ~ 200 MeV is the YM scale (dimensional
transmutation). The expectation value of the trace anomaly
does not vanish and represents the so-called gluon
condensate

1IN, Ja; .
<T’{(Mﬂ> = - <; G/w

11N,
apv \ _—_ _ ¢ d
I8 G > 5 ¢ 0

where
C* (0.3-0.6 GeV)“. (4)

The numerical values have been obtained through QCD
sum rules (lower range of the interval) [26] and lattice QCD
simulations (higher range of the interval) [27,28]. In
particular, in Ref. [28] the value C = 0.61 GeV has been
found in the quenched approximation.

At the composite level one can build an effective theory
of the YM sector of QCD by introducing a scalar dilaton
field G which describes the trace anomaly. The dilaton
Lagrangian reads [29,30]
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0,67 - 116 <G4 ln‘ 9' - 34). (s)

Lar = 4 A2 Al 4

1
2

The minimum G, of the dilaton potential is realized for
Gy = A. Upon shifting G - G, + G, a particle with mass
mg emerges, which is interpreted as the scalar glueball.
The numerical value has been evaluated in lattice QCD
and reads mi ~ (1.5-1.7) GeV [3]. The logarithmic term
of the potential explicitly breaks the invariance under a
dilatation transformation. The divergence of the corre-
sponding current reads

2
1 mg,

1
Ol = Tﬁn,ﬂ = _ZFG4_) - Zmél\z, (6)

where for the last expression we have set G equal to the
minimum G, = A of the potential.

If we now require that the dilaton field saturates the trace
of the dilatation current, we equate Eq. (3) with Eq. (6) and
obtain:

V112

A= .
2mG

(7)

Using mg =~ (1.5-1.7) GeV and C=~0.61 GeV [28]
implies A ~ 0.4 GeV. [Note that Eq. (5) describes only
the gluonic sector of QCD, thus the comparison with
lattice-QCD results should be done in the quenched
approximation, such as the one of Ref. [28]]. As already
shown in Fig. 1, if the value A = 0.4 GeV would hold, the
glueball would be too wide when the coupling to ordinary
quarkonia mesons is switched on. A phenomenology with a
narrow glueball is possible only if A 2 1 GeV, see Sec. 11
and the related discussion.

B. The eLSM Lagrangian

The Lagrangian of the eLSM is built by requiring global
chiral U(3), x U(3), symmetry, dilatation invariance, as
well as the discrete symmetries charge conjugation C,
parity P, and time reversal 7"

L = Lg + Tr[(D*®)"(D,®)] - Tr{ {m% <G£>2 + E} <I>T<I>} — 4 [Tr(®T®)]2 = 1, Tr[(®T®)?] + ¢ (det ® — det PT)?

0

2 /G\? 1 h
+ Tr[H(®T + ®)] + Tr{ [ﬁ <—> + A] (L + R,%)} - ZTr(LIZ,,, + Ry + éTr(@T@)Tr(LMU‘ + R,R")

2 \G,

+ hyTr(®'L,LF® + OR,R*D") + 2h3Tr(PR,DTLH) - ..., (8)

where D#*® = #® — ig (L*® — ®R*) is the covariant derivative and
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on+a)+i(ny+a")
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. ag +irt  Kit 4 iK*T
; 1 .
¢ = Z(;(Si TP =5 oyt PETINT) a0 4K 9)
Ky~ +iK~ K3+ iK° o5+ ing

is the multiplet of the ordinary scalar (S) and pseudoscalar
(P) mesons including the bare nonstrange oy &
(iu +dd)//2 and strange og=5s fields. Under
U(3)r x U(3), chiral transformations ® transforms as
® - U, ®U}. The quantities L* =35 (V¥ 4+ AT,
and R* =38 (V¥ — A¥)T; are the left- and the right-
handed vector matrices, which are linear combinations of
the vector and axial-vector multiplets V¥ and A*. Under
chiral transformations, L, — U, L, U; and R, — URRﬂU};.
The assignment of the quark-antiquark fields of our
model to the resonances listed by the PDG [16] is as
follows. (i) In the pseudoscalar sector we assign the fields
7 and K to the physical pion isotriplet and the kaon
isodoublets [16]. The bare fields ny = i(iysu + dysd)/
V2 and 55 = i5yss are the nonstrange and strange con-
tributions to the physical states 7 and #7'(958) [16]

1 = 1y COS @y +1g sin gy,

0 = —nysing, +nscos @, (10)
where ¢, ~ —44.6° is the pseudoscalar mixing angle [13].
(i) As shown in the comprehensive study of Ref. [13],
the scalar gq states lie above 1 GeV [in turn, the scalar
states below 1 GeV should not be interpreted as gg states
but as tetraquarks and/or mesonic molecular states, see
Refs. [21,22,31,32]]. Hence, in the scalar sector we assign
the field g to the physical isotriplet resonance ay(1450)
and the scalar kaon isodoublet field K to the resonance
K{(1430) [16]. The least clear assignment occurs in the
scalar-isoscalar channel because in the region from 1 to
2 GeV there are three resonances which are listed in
Ref. [16]: f((1370), f¢(1500), and f((1710). Only two
of them can be interpreted as predominantly gq states while
the third one is probably predominantly a glueball state G.
The determination of the mixing matrix is carried out later.
(iii) The assignment of the (axial-)vector fields of the model
is straightforward and is presented, together with the
corresponding multiplets, in Appendix A. Notice that there
are other interpretations in which f,(1370) and f,(1710)
are described as dynamically generated resonances out of
vector-vector interactions [33].

Chiral symmetry is spontaneously broken when m3 < 0.
Dilatation symmetry is explicitly broken by the logarithmic
term in Eq. (5). The quantity Gy, is the vev of the G field,
which, in the full version of the model (8), is (slightly)
larger than A appearing in Eq. (5). Moreover, both chiral
and dilatation transformations are explicitly broken by the

|

terms which describe the nonzero bare quark masses of the
mesons, which are proportional to H = diag{hy, hy, hs},
A = diag{0,0, 85}, and E = diag{0, 0, e5}. Note that the
latter term was not included in Ref. [13] because it
represents a next-to-leading order correction in the expan-
sion in terms of the quark mass. However, due to the fact
that the current mass of the strange quark is not small, this
term is important in our study of the quark-antiquark scalar
state og. The axial anomaly is described by the determinant
term which is invariant under SU(3), x SU(3), but breaks
U,(1). This term which breaks dilatation symmetry and
originates also from the gluon dynamics is responsible for
the large mass splitting of # and #'. Note that in the chiral
limit (in which H = A = E = 0) and neglecting the chiral
anomaly, the requirement of dilatation invariance and
analyticity in G ensures that only a finite number of terms
is allowed in our chiral Lagrangian (8).

Finally, the dots in Eq. (8) indicate further terms which
do not affect the calculations of this work and are therefore
neglected, and additional degrees of freedom which can be
studied in the framework of the eLSM, e.g. a pseudoscalar
glueball G, JP€ = 0~*, which couples to the ordinary
scalar and pseudoscalar mesons. The origin of the corre-
sponding chiral Lagrangian, L5 = icéq)é(det O — det ),
comes from the axial anomaly in the pseudoscalar-isoscalar
sector, see details and predictions for branching ratios in
Ref. [34]. An extension of the eLSM to four flavors allows
to describe quite successfully charmed meson masses and
decays as well [35].

C. Lagrangian, masses, and mixing matrix
of the scalar-isoscalar fields

The three scalar-isoscalar fields oy = (iu + dd)//2,
og~5s, and G are the only fields of the model with
quantum numbers of the vacuum, J*¢ = 0+, In order to
study the vev’s and the mixing behavior of these fields we
set all the other fields of the chiral Lagrangian (8) to zero
and obtain the scalar-isoscalar Lagrangian

1 1 m2 G B

52 o2\2
X (0'12V+O'§) -4 <7N+7S>

A2 J?V 4 1 2
_Z 7+6S +h{iNoN+hO'SaS_§€SGS‘ (11)
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Now we perform the shifts of the /¢ = 0% fields by their
vev’s,on = on + ¢y, 65 = 65+ ¢g,and G - G + G, in
order to obtain their bare masses and the bilinear mixing
terms « oyog, x oyG, and «x o¢G. The bare masses of the
nonstrange and strange gq fields read

3
may, = Ci+ 20y + 3t

(12)
m2 = Cy + 245 + 343 + €5,
where
Cy = mg+ (o} + ¢3) (13)
is a constant [13] (see Table I),
In=Zfe b=

are the condensates of the nonstrange and strange quark-
antiquark states, where Z ¢ are the wave-function renorm-
alization constants given in Eq. (A7) in Appendix A, and
fz/k are the vacuum decay constants. The bare mass of the
scalar glueball reads

) . (15)

Note that the bare glueball mass also depends on the quark
condensates ¢y and ¢y, but correctly reduces to mg in the
limit m3 = 0 (when quarkonia and the glueball decouple).
When quarkonia couple to the glueball, m3 # 0, the vev G,
is given by the equation

m2 m2 G2
MG = G2 Wk +3) + =i

Gy
14+ 3In|—
( + n‘ A

202
_mOA

2
mg

@i =cinl o

This equation shows that G, = A. For large values of A one
has G, = A, while for small values G, can be somewhat
larger than A. This is indeed the reason why the band in
Fig. 1 is slightly shifted to the right when compared to the
range of A determined from Eqgs. (4) and (7).

The contribution to the tree-level potential, which is of
second order in the fields, reads

TABLE 1. Values of the parameters from Ref. [13].
Parameter Value Parameter Value

C, —0.918 x 10° MeV? C, 0.413 x 10° MeV?
c 450 x 107° MeV ™ S 0.151 x 10° MeV?
g1 5.84 A 68.3

hy 9.88 h3 3.87

bn 164.6 MeV ¢bs 126.2 MeV

PHYSICAL REVIEW D 90, 114005 (2014)
1

v@ = EZTMZ,
mg, 2Mpnps  2mipnGy!
M= 24dnds mg 2mipsGy' |,
2m3pnGyl 2mipsGy! M2,
oN
X=| o5 |. (17)
G

Following the usual diagonalization procedure, an orthogo-
nal matrix B is introduced such that the matrix M’ =
BMBT is diagonal. As a consequence, B links the bare
scalar-isoscalar fields to the physical resonances:

fo(1370) Oy ON
fo(1500) | =X =| 65 | =BX=B| o5 |. (18)
£5(1710) G' G

D. Parameters of the model

In Ref. [13] a global fit was performed, in which 21
experimental quantities were fitted to eleven parameters of
the eLSM. Due to their ambiguous status, scalar-isoscalar
mesons were not part of the fit, which allowed to exclude
the coupling constants A, and /; from the fit. Since we are
now explicitly interested in the scalar-isoscalar resonances,
these two coupling constants must be considered, which
brings the number of parameters to 13. Furthermore, in the
fit of Ref. [13], the glueball was considered to be frozen.
This approximation is justifiable in the large-N, limit
because the coupling of one scalar glueball to m ordinary

mesons scales as ~N . /2 Tn this study the scalar glueball is
present, which introduces two additional parameters A and
mg, so that we have 15 parameters. Moreover, there is an
additional mass term « €5 not present in the study of
Ref. [13], and thus our chiral Lagrangian (8) contains 16
parameters. However, since the parameter g, (which is
contained in the dots in Eq. (8)) does not play any role in
the present study, we can omit it in the following, bringing
the total number of relevant parameters to be fitted to 15: A,
mg, Ny, my, /117 /12’ h17 h29 h37 91> €15 hON’ hOSs 559 €s. For
the calculations in this work we use the values of the
parameters entering the Lagrangian (8), i.e. 15, hy, hs, g,
c1, hoy, hos, 05, as well as the two combinations C; [see
Eq. (13)], C, = m} + % (¢ + ¢3}) determined in Ref. [13]
and shown in Table L.

We will perform a fit by using the remaining five free
parameters entering into the model: A, mg, 4;, hy, €.
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III. RESULTS AND DISCUSSION

A. Input and results of the x> analysis
Using the y? analysis,

8 ch ) Qex ]
Z=y Z( AQ‘”‘ ) ,  with

J=1

(19)

we fit eight experimental quantities to the five parameters
x; = A, mg, A4y, hy, €5 of our chiral model summarized in
Tables. II and III.

For the mass of f,(1370) we use the value M (1370) =
(1350 4+ 150) MeV and we increase the experimental
errors of My, 1500y = (1505 £ 6) MeV and My (17109) =
(1720 £ 6) [16] to 5% of their physical values. This
procedure was also applied in Ref. [13], arguing that the
precision of our model cannot be better than 5% since it
does not account e.g. for isospin breaking effects.
Moreover, in order to better constrain the fit we use the
value Iy, (1370)~zr = 325 MeV [36] together with an esti-
mated uncertainty [not given in [36]] of about 100 MeV.
The parameters in Table II, for which y?/d.o.f. =~ 0.35 was
achieved, and the masses as well as the decay widths of the
scalar-isoscalar resonances in Table III correspond to the
solution in which o) = f,(1370) = (au + dd)/\/?2 is
predominantly a nonstrange, o’y = f(1500) = 5s predomi-
nantly a strange gq state, and G’ = f(1710) predomi-
nantly a glueball state.

The bare fields oy = (iu + dd)/\/2, 653 = 5s, and G
generate the resonances f,(1370), f((1500), and
fo0(1710), where the corresponding mixing matrix B,
cf. Eq. (18), is given by

-091 0.24 -0.33
B=1] 030 094 -0.17 |, (20)
-0.27 0.26 0.93

which implies the following admixtures of the bare fields to
the resonances:

TABLE II. Parameters obtained from the fit with the solution:
{04 G'} = {£o(1370). £5(1500). f(1710)}.

Parameter Value

A 3297 [MeV]

mg 1525 [MeV]

A 6.25

hy -3.22

€g 0.4212 x 10° [MeV?]

PHYSICAL REVIEW D 90, 114005 (2014)

TABLE III.  Fit with the solution: {c)y,c%.G'} = {f((1370),
Fo(1500). £4(1710)}.
Quantity Fit [MeV] Experiment [MeV]
M, (1370) 1444 1200-1500
Mz, (1500) 1534 1505 £ 6
My, 1m10) 1750 1720+ 6
fo(1370) - zx 423.6 e
fo(1500) - zx 39.2 38.04 £4.95
fo(1500) - KK 9.1 9.37 £ 1.69
fo(1710) - zx 28.3 29.3+6.5
fo(1710) - KK 734 71.44+29.1
f0(1370): 83%o0y, 6%o0y, 11%G,
fO(ISOO): %0y, 88%o0y, 3%G,
fo(1710): 8%ocy, 6%o0y, 86%G. (21)

The parameters A; and h; are small, in agreement with the
large-N . expectation: they scale as 1/N2 and not as 1/N.,..
The numerical value A ~ 3.3 GeV suppresses the quarko-
nium-glueball mixing: this is why the admixtures in
Eq. (21) are small.

In the pure YM sector the vev of the dilaton field G is
given by Gy = A. The numerical value A= 3.3 GeV
implies that the resulting gluon condensate in pure YM,
which is parametrized by the constant C defined in Eq. (3),
reads C = 1.8 GeV, which is a factor 3 larger than the
lattice value C~0.61 GeV obtained in Ref. [28] in
the quenched-approximation. When quarks are included,
the value of Gy is such that G, ~ A to a very good level of
precision, see Eq. (16). Similarly, using Eq. (15) the value
of the bare glueball mass in the presence of quarks reads
Mg ~ mg. The fact that Go~ A and M; =~ mg is also a
consequence of the large value of A. (For small A <
0.6 GeV the differences are larger.)

Our determination of the parameter C is based on the
assumption that the glueball is narrow, see Fig. 1 and the
discussion in the introduction. If this assumption does not
hold, the glueball is very broad (and would probably
remain undetected). If, however, the narrow-glueball
hypothesis is correct, our results imply that either (i) the
value of the constant C cannot be directly compared to the
corresponding one appearing in lattice QCD or QCD sum
rules (which is entirely possible because there may be
corrections to the tree-level Lagrangian (5) arising from
renormalization), or (ii) that it is not allowed to assume that
the dilaton field saturates the trace anomaly. In turn, Eq. (6)
would not hold and other contributions should appear in
order to reconcile the mismatch.

The stability of the fit has been also tested by repeating
the minimum search for different values of the parameters,
by increasing or reducing the errors in some channels
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TABLE 1IV. Consequences of the fit with the solution:
{0, 05, G'} = {£o(1370). £4(1500). £(1710)}.

Our value [MeV]

Decay channel Experiment [MeV]

fo(1370) - KK 117.5

fo(1370) - nn 43.3

fo(1370) - pp - 4z 13.8 e
Sfo(1500) — nn 4.7 5.56 +1.34

f0(1500) = pp = 4 0.2 >54.0+7.1

fo(1710) - nn 57.9 3434+ 17.6

fo(1710) = pp — 4x 0.5

and by including and/or removing some experimental
quantities. The same pattern has always been found: in
all solutions the resonance f(1710) is (by far) predomi-
nantly a glueball, while f,(1370) and f,(1500) are

predominantly (&u + dd)/+/2 and 5s quark-antiquark
states, respectively.

In the future, one should also go beyond the present
two-step fit and perform a unique fit in which all 15
parameters are determined at once. However, we do not
expect large variations for the parameters determined in
Ref. [13] and listed in Table I. Otherwise the agreement
with mesonic masses and decays calculated in Ref. [13]
would inevitably be spoiled.

B. Consequences of the y? analysis

As a consequence of our fit we calculate the decay
processes given in Table IV. We discuss our results in the
following:

(a) At present, the different decay channels of the reso-
nance f(1370) are experimentally not yet well known
because conflicting experimental results exist [16].
Only the full decay width is listed in Ref. [16]:

I ¥ 1370) = (200-500) MeV. In our solution the dom-

inant decay channel of f,(1370) is the one into two
pions with a decay width of about 400 MeV. This
corroborates that f,(1370) is predominantly a non-
strange gq state as also found in Refs. [11-13]. The
total decay width of f,(1370) obtained with the
parameters of Table II is 598 MeV. In addition, we
found non-negligible contributions from the decays
fo(1370) - nnp and f((1370) — pp — 4z (where
in the latter case we have integrated over the corre-
sponding p spectral function). These results are
in qualitative agreement with the experimental analy-
sis of Ref. [36], where I'f (1370)-zr = 325 MeV,

Ff0(1370)—>4ﬂ ~50MeV, and Ff0(1370)—>m7/rf0(1370)—>mz =
0.194+0.07. Note that the channel f,(1370) —
f0(500)f¢(500) — 47 is not included in our model,
so our determination of the 4z—decay mode is not
complete.

(b) When omitting the quantity Iy, (1370)—, from the fit, a
solution with a similar phenomenology is found.

PHYSICAL REVIEW D 90, 114005 (2014)

However, the state f,(1370) would be somewhat
too wide (x~700 MeV.) This is why we have decided
to include the quantity 'y (1370)~z = 325 MeV [36]
in the fit.

(c) The decay channel f,(1500) — »n turns out to be in
good agreement with the experiment.

(d) Experimentally, there is also a sizable contribution

of the channel f((1500) — 4z: F;);l()lsoo)azm:

(54.0£7.1) MeV. We have calculated the decay of
f0(1500) into 4z only through the intermediate pp
state (as in the case of f((1370) and f,(1710),
respectively, including the p spectral function). We
found that this decay channel is strongly suppressed.
However, we expect a further (and much larger)
contribution to this decay channel through the inter-
mediate state of two f(500) resonances, but f(500)
is not implemented in the present model, see outlook I
in Sec. IV.

(e) The decay channel f((1710) — 5y is slightly larger
than the experiment.

(f) In comparison with the Ny = 2 results of Ref. [12], we
now find that the decay channel f,(1710) - pp — 4xn
is strongly suppressed. The reason is the scaling
[t (1710)=pp—dr & 1/Gy. This is indeed an important
point: in Ref. [12] two scenarios were phenomeno-
logically acceptable, one in which f,(1500) and
one in which f(1710) is predominantly a glueball.
The latter case was, however, slightly disfavored
because Iy, (1710)=pp—4. Was too large in virtue of
the vev G ~ A, which was much smaller in that case.
A solution of that type was possible because only one
quarkonium existed and less experimental information
was taken into account.

IV. CONCLUSIONS AND OUTLOOK

A. Conclusions

In the present paper, the scalar glueball state of the
extended linear sigma model, which was considered to be
frozen in Ref. [13], was elevated to a dynamical degree of
freedom. We then studied a three-state mixing scenario
in the scalar-isoscalar sector, where a nonstrange and a
strange quark-antiquark state mix with the glueball to
produce the physical resonances f(1370), f¢(1500), and
fo(1710). We have found that the resonance f,(1710) is
predominantly a glueball state, as was also obtained
in Refs. [6,23-25]. Moreover, we find that the state
fo(1370) is predominantly a nonstrange quarkonium
(au 4 dd)/+/2 and f,(1500) a strange quarkonium 5s.
Our solution implies that the gluon condensate G arising
from the tree-level dilaton potential (5) is about a factor 3
larger than the one obtained in lattice QCD and QCD
sum rule calculations. As already noticed in Ref. [17],
this is quite natural if one wants to obtain a narrow
glueball state.
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B. Outlook

1. Inclusion of light tetraquark fields

One should include the nonet of light scalar states
f0(500), fo(980), a((980), and K;(800), which then
allows to describe all scalar states up to 1.7 GeV.
Indeed, in the two-flavor case the resonance f,(500) as
a tetraquark/molecular field has been already included in a
simplified version of the eLSM [37], in which chiral
symmetry restoration at nonzero temperature has been
studied, and in the extension of the eLSM to the baryonic
sector [38]. The role of f,(500) is important because it
induces a strong attraction between nucleons and affects the
properties of nuclear matter at nonzero density.

In the three-flavor case chiral models with tetraquark
fields but without (axial-)vector mesons were studied
[31,32,39]. The isovector resonances ag(1450) and
ay(980) arise as a mixing of a bare quark-antiquark and
a bare tetraquark/molecular field configuration. A similar
situation holds in the isodoublet sector for K(1430) and
K{(800). The mixing angle turns out to be small [32]. In
the scalar-isoscalar sector one has a mixing of five bare
fields, which leads to the five resonances f(500), f¢(980),
f0(1370), f¢(1500), and f(1710) [31].

In the framework of the eLSM, the inclusion of the light
scalars should also contain their coupling to (axial-)vector
degrees of freedom as well as to the dilaton field. A
variety of decays, such as the decays of the light scalars
(fo(500) — 7z, f1(980) - KK, etc.) as well as decays
into them (a,(1230) = f((500)z, f¢(1500) — f,(500)
f0(500), etc.) can be studied. Moreover, the mixing in

|
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the isovector, isodoublet, and—most importantly—in the
isoscalar sector can be investigated in such a framework.

2. Inclusion of other glueball fields

In Ref. [34] the pseudoscalar glueball has been coupled
to the eLSM and its branching ratios have been calcu-
lated. The mass of the pseudoscalar glueball is about
2.6 GeV [2], which is already in the reach of the PANDA
experiment [4]. Lattice QCD predicts a full tower of
heavier gluonic states with various quantum numbers,
such as JP€ =177, 1*=, 2*+, ... [2,3]. These glueball
states can be easily implemented in the eL.SM in a chirally
invariant way: the decays can be evaluated, thus giving
useful information about the properties of these (still
hypothetical) glueballs. The search for theses states could
be simplified if clear theoretical input about their decay
pattern is known.
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APPENDIX A: DETAILS OF THE EXTENDED
LINEAR SIGMA MODEL

1. Vector and (axial-)vector multiplets
and renormalization constants

The left-handed and right-handed (axial-)vector fields of
the eLSM are contained in the multiplets [13]

8 1 wxgw n f’{Ng‘f" P dT KK
V=D VAT = | e e Sl ey g0 | (a1
K=+ KT KK e+ Sl
and
8 i dogt Ll o at 0 Kt =K
Ri— ;(v’; —ANTi= 5| e et S g g0 (A2)
K — K™ K -KO o= fl

The assignment of the fields in Eq. (A1) and (A2) to the physical resonances is as follows. In the J*¢ = 17~ sector the
nonstrange o, and the strange s field represent the resonance w(782) and ¢(1020), respectively. The isotriplet field p*
and the isodoublet fields K** correspond to the resonance p(770) and K*(1410), respectively. In the J¥€ = 1+ sector the
nonstrange f*, and the strange f7 field are assigned to the resonance f(1285) and f(1420). The isotriplet field df is
identified with the resonance a,(1260). Finally, the isodoublet fields K, corresponds to a mixture of K;(1270) and

K(1400), for details see Ref. [40].

Spontaneous breaking of chiral symmetry induces bilinear terms in the Lagrangian of the eLSM which can be eliminated

by shifting the (axial-)vector fields as follows [13],
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" "
le/S - le/S + Z"IN/SWle/SaﬂnN/S’

A
ut,0 ut,0 7 OH +.0 ( 3)
a — a + Lw, O,
+,0.0 +,0.0 0
K;14 0,0 N K/]t 0,0 + ZKWK] ayKi,0,0’
K*y:t,O,O N K*ﬂj:,O,O ‘|‘Z[(*W[(*aﬂK6i’O’0. (A4)

After performing this procedure additional kinetic terms
occur. In order to remove the latter a redefinition of the
(pseudo)scalar fields is required,

a0 = Z a0, MNys = Ly slIN/s» (AS)
K00 o 7 k00 geE00 7, ke 00 (A6)
where
Zﬂ,’ - Z’?N - mal 3
A
omy, (A7)
ZK = 5
\/4”1%(, - g1y + V20s)>
ZK,, _ 2mK* ’
Vamk = @by~ V2ps)
(A8)
7 — my
s
mi, = 26195
are the wave-function renormalization constants and
gi1Pn \/591455
Wf =W, D f = 2 ) (A9)
IN 1 mal 15 mfls
_igi(dy — V2¢5) _gi(gy + V2¢s)
Wi+ = 2 ) WK, - 2 .
2ms. 2m
K K,
(A10)

Explicit breaking of chiral symmetry is incorporated by the
following constant matrices,

b 00
H=HTy+HTg=| 0 " 0 [, (A11)
0 0 ”—;;
7 0 0 ev 0 0
E=ETo+ETs=|0 2 0|=|0 e 0
0 0 755 0 0 e
(A12)

’
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A == AoTo + Ag T8
0 O

2 sy 0
=10 2 0f=]|0 & 0] (AI3)
0 0 3_5 0 0 &

where the terms in Eqs. (A12) and (A13) are next-to-
leading corrections in the current quark masses.

APPENDIX B: DECAY WIDTHS

In this work we compute two-body decays using the
well-known formula

k .
Lampe = stS . 7| - iAsspcl’, (B1)
Tmy
where
1
Ky = 5\ + (g = m2)? = 208+ )
ny
X Q(mA — mpg — mc) (B2)

is the modulus of the three-momentum of one of the
outgoing particles (the moduli of the momenta are equal in
the rest frame of the decaying particle) and A4_, pc is the
decay amplitude. The symmetry factor s, avoids double
counting of identical Feynman diagrams and Z is the
isospin factor which considers all subchannels of a par-
ticular decay channel. The @ function encodes the decay
threshold.

All relevant expressions for the decay processes studied
in this work are extracted from the Lagrangian (8) and are
presented in the following.

1. Decays of the scalar-isoscalar fields into 7z

Following the general formula (B1) we obtain for the
decay widths of the scalar-isoscalar resonances into zz

Ffo—m;; =6t (B3)

where my, is the mass of the physical f, resonance. The
bare amplitudes (as functions of my ) are

2

2
ms —2m
_iAaNenﬂ(mfg) =i <A0N7m - Bowzm% - CGN,mm%> s
(B4)
| | 2~ 2m
_lAﬂs—ﬂlﬂ'(mfo) =1 Ao’;fm - Bﬂsﬂﬂﬁ P (BS)
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m% —2m2 Ay = —MZ2¢s, B10
_iAGanﬂ(mfo) = i<Asz - BGﬂ.’ﬂ fof) ’ (B6) ’ : ’ ( )
hy
. . Boszm - ZZWZ ¢Sv (Bll)
with the corresponding constants
2
A _"My
AO'NiTﬂ' -~ ()“l 22> Z%¢N, (B7) AGn'ﬂ - GO Z (B12)
hy + hy — hs B m%ZZ 2 B13
BaNmz = _2912%“}(11 + (g% + f) Zfzr 31¢N’ G = Gy Way- ( )
(B8)  After performing an orthogonal transformation we obtain
5 the amplitudes for the physical scalar-isoscalar fields
Coyer = =1 Z2Wa;» (B9) & = £,(1370), & = £,(1500), and G’ = £,(1710):
|
_iAag\,amz(ma}v) - i[AGNqﬂﬂ(moﬁv)bll + Aas—vm(mzf}\,)b& + AG—»mz(ma;\,)bB]’ (B14)
_iAa’Sanﬂ(moJS) = i[AGN*ﬂﬂ(mO';)bzl + AO'S—HTﬂ'(mOJS)bZZ + AGann(ma’S)bZ'j]f (BIS)
_Z-AG’—wm(mG’) - Z[AO’N—mn(mG’)bﬁ + Ao—g—ﬂm(mG’)bﬂ + AG—nm(mG’)b%] (B16)
|
where b;;, i, j = 1,2, 3, are the corresponding elements of m )
: -2 —m
the mixing matrix B from Eq. (18). Ty xx =2 gﬂmf KK = Z.Afo_)KK(me”z’ (B17)
2. Decays of the scalar-isoscalar fields into KK '
Following the general formula (B1) we obtain for the
decay widths of the scalar-isoscalar resonances into KK where the bare amplitudes are
|
m]%o ~ Zm% 2
—iAq —kx(mys) = i|Asykx — (Boykx — 2Coykk) - 5 +2C;, kxkmyx | » (B18)
mio — Zm%( 2
—iAskx(mys,) = i|Agkk — (Boskkx — 2Cokk) 5 +2C, kxmk | » (B19)
. . m}o —2m%
—iAg_kk(myg,) = i\ Agkk — BGKK# (B20)
and the corresponding constants read Cooxk = 9_21 z W (B23)
72 Zi
Acyi =5 [l = V2h) =220 B21) A= [haly = 2v209) - 22005, (B2Y
9t B V201 [ V2
By kx = EZKWKI [—2 + giwk, (dn + ﬁff’s)} oskKK = 75 “kWK, +gwk, (dy + V2¢s)
ZZwa Zyw
KK, [(2};1 + )y — V2 h3¢5} (B22) = [ﬁ(hl +hy)ps — h3¢N] : (B25)
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Coskk > Ziwg, . (B26)
2m?
Agkk = _G—OOZ%(’ (B27)
2m?
Bekk = G_OIZ%(W%(I- (B28)
After performing an orthogonal transformation we obtain the amplitudes for the physical scalar-isoscalar fields
_iAa;VaKK(mzr;\,) = .[AUNAKK(mG;V)bII —+ Aq—»KK(ma}\,)bIZ + AG—»KK(mG}V)bISL (B29)
_iAa’SeKK(ma’S) = i[AaNﬁKK(mGQbZI =+ AO's—)KK(mO'g)bzz + AG%KK(mag)bBL (BSO)
—iAgkx(mg) = i[Ay —kx (Mg b3y + Ay xx(Ma ) b3y + Ag_ kg (Mg ) b3, (B31)
f
which we assign to the physical resonances as follows: — 1Ay (my,)
oy = f0(1370), o = f((1500), and G = f(,(1710). 2 2
= i(A -B My, = 2my +C %) (B33)
3. Decays of the scalar-isoscalar fields into 7y NI 2 o)
Following the general formula (B1) we obtain for the
decay widths of the scalar-isoscalar resonances into #y
m2 .
Tro _ 2 — iAsgy(my,)
_ 4 ny_ . 2
Upoom = 2W| = LAy (g, ) (B32) . my = 2my ms,
0 =1 140.517’7 - BO‘S’V] 2 + Cgsnr] 2 ’ (B34)
where the bare amplitudes are
| | 3, —om = omi
—iAGom(my,) = i1 { Acnmy = Banny 3 cos @y + ( Acygns = Bangns 3 S @y (B35)
I
and the corresponding constants read .
P g Agom = —Zs bs(A) + Ay)sin’g,
yl — Z2¢4(2 % )cos?
Agy = —Zaby (’11 - 52 + Cl¢_29> cos’, 1”¢S( 1+ edy)cose,
N -2 c1Z,Z, 3 sin(20,), (B39)
- Z2 ¢y </11 + ?qﬁ[z\,) sin’g,
2 2 i
3 ) B _ _ s fis 24 L2 4 9s 02
_ZCIZnZns¢12v¢S sin(2¢,), (B36) o5 b my + ) oy + 255 |sin“g,
h
g i + ?1 Z2wk pgcos’e,, (B40)
BO’NYM = — ; ! <m% =+ ?1¢§ + 26N> COSZ(/),I
N
h . .
- ?lz’%s W}lsquSlnz(pﬂ’ (B37) CUS'M = \/EQIZ%SW}CISSIH2(‘0,], (B41)
mg .,
A =172 B42
Comn = 9123w, cOS? @, (B38) Gty Gy " (B42)
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B g (B43)
= — w s
Gnyny 2G, ™ fin

mg 2
AG’?S’?S = _G_ fs? (B44)
0

Boy,, — 122 2 (B45)

Gnsns — Gy s fis”
After performing an orthogonal transformation we obtain the amplitudes for the physical scalar-isoscalar fields

_iAa;\,énq(ma;V) = i[AﬂNénn(mv;v)bll + Aasﬁnn(mnﬁv)bIZ + AG—>rm (ma;v>b]3]’ (B46)

_iAa’Sann(mag) = i[AO'N—>r]ry (ma’s>b21 + -Aas—mq(ma’s)bm + AG—nm (ma’s)bZS]’ (B47)

_iAG/—mﬂ(mG’) = i[AaNann(mG’)bM + Aas—nm(mG’)bﬂ + AG—»nr](mG/)b%]’ (B48)

[

which we assign to the physical resonances as follows: ~ where i=1,2 and A,, is one of the corresponding

oy = fo(1370), 65 = f,(1500), and G = f((1710). constants
4. Decays of the scalar-isoscalar fields into pp — 4x
The decay processes f, — pp — 4 are on the threshold, dn
hence we use for the calculation of the decay widths the Aoypp = D) (71 + by + ha), (B51)
spectral function of the p meson
X0, Uprn(Xi)
d)(X,, ) =N WA 0(X,, —2m,),
) N o P, T,y )
73 14 p- P 4 ¢S
(B49) Avgpp = ) hy, (B52)
where N is a normalization constant. Considering the
polarization of the p mesons the general amplitude reads
. 2
|_’Afo—>pp<mfo’xi»mp)| A m? (B53)
Gop = ~ -
— A2 4_X%,mp +X%,mp (m%o _X%,mp _)(%,mﬂ)2 " GO
- e m’ 4m; ’
(BS0)  The physical amplitudes of the scalar-isoscalar fields read
|
| : X, 4%, R -x, -X3, )]
| - lAa},—»pp(mfo’Xi,mpM = [Ao'Nppbll + AagpprZ —+ AGppb13] 4- 2 + 4 ’ (B54)
I m; 4dm, |
[ X2, + X3 (m2 - X2, —X3, )
- , m, ¥ 1,m, 2,m,
| - lAU&—)pp(mf()?Xi,mp)lz = [AaNppbﬂ +A65ppb22 +AGppb23]2 4 - = 2 = + - 1[4 = s (BSS)
I m; 4m, |
X3, +X3 (m2 - X3, —X3, )7
- m, m f 1,m, 2.m
| - lAG’—»pp(mein,m,,)V - [AaNppb31 + Aasppb32 + AGppb33}2 4- ’ m2 s : 4:;4 s . (B56)
L p p =

The formula for the decays of the scalar-isoscalar fields into p mesons and 4z, respectively, reads
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k(mp,, Xim,)

PHYSICAL REVIEW D 90, 114005 (2014)

Loy Xip ) = 6 8ﬂm]2c
0

Ff'0—>pp—>47r = ‘/0 A Fﬂ,—)pp(mfov Xi,m/,)dp(Xl,m[,)dp(XZ,m‘,)Xm.ml)dXZ,m/,'

- iAf'Oﬁpp(me’ Xi.m,,)|ze(mf0 - Xl,m/, - X2,m,,)’

(B57)

(B58)

The scalar-isoscalar fields are assigned to the physical resonances as follows: o) = f(1370), o = f(1500),

and G = f(1710).
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