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An explicit form of the pion scalar form factor [';(¢) is constructed by using its phase representation and
a correct description of the S-wave isoscalar 7z phase shift 5)(¢) data by the parametrization of tan §3(¢) in
the absolute valued pion c.m. three-momentum g = [(¢ — 4m2)/4]'/2. This parametrization has been found
starting from fully general considerations. Then a calculation of the corresponding integral in the
framework of the theory of residua provides I',(#) in the form of a rational function with one zero and four
poles in the g variable. Investigations of the latter poles demonstrate that two of them, to be conjugate
according to the imaginary axis in the ¢ plane, clearly correspond to complex conjugate f(500) meson
poles on the second Riemann sheet in a momentum transfer squared ¢ variable. Another pair of poles, also
conjugate according to the imaginary axis in the g plane, can be identified with two complex conjugate

poles on the second Riemann sheet in the ¢ variable, corresponding to the f;(980) meson.
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I. INTRODUCTION

In contrast to other SU(3) multiplets of hadrons, the
identification of the scalar mesons is a long-standing
puzzle. There are at least two reasons for the latter
situation. First, more particles have been found exper-
imentally with quantum numbers 0" than can be
included in one SU(3) multiplet. Second, some of them
have decay widths which cause a strong overlap between
resonances and background. In order to avoid these
problems, the present-day experimentally established
scalar mesons [1] are classified into a light scalar nonet
comprising the f((500), K(800), f((980), and a((980)
mesons—not necessarily in gg states—and into a regular
nonet consisting of the f((1370), K{;(1430), ay(1450),
and f,(1500) [or f¢(1700)] resonances.

But the most problematic case appeared to be the lowest
scalar meson, f(500). It has been difficult to establish its
parameters because of its large width and because it could
not be determined by a naive Breit-Wigner form.

The f,(500) scalar meson resonance manifests itself as a
pole on the second Riemann sheet of the S-wave isoscalar
zzr scattering amplitude and many of the determinations of
the mass and width of the f,(500) meson listed by the
Particle Data Group (PDG) are concentrated just on the
identification of the latter pole by using various models
and specific parametrizations. The analytic properties of the
S-wave isoscalar 7z scattering amplitude #)(s) consists of
the right-hand unitary cut and the left-hand dynamical cut.
Many of the aforementioned determinations neglect the
left-hand cut contribution, which also contributed to the
unclear situation with the parameters of the f,(500) meson.
Therefore, some authors questioned the inclusion of the
f0(500) meson.
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As a result, this so-called o meson was listed in PDG data
as “not well established” until 1974 and one has believed in
the existence of a broad and light scalar isoscalar resonance.

However, it was removed from the PDG list in 1976
because two heavier resonances, f((980) and f,(1300),
were found and ¢ meson could be replaced by these two
heavier ones, which could complete a light (¢g) nonet.

The ¢ meson was again listed in 1996, after being absent
for more than two decades, although still with an obscure
denotation, f,(400 — 1200).

The f((600) meson has been listed as “well established”
since 2002, but with conservative estimate of the mass
(400-1200) MeV and the width (600-1000) MeV.

A clarification of this controversial situation has been
achieved only recently in Refs. [2,3], where clear argu-
ments are presented for the existence of the lowest
resonance in the spectrum of QCD, with quantum numbers
0" now to be called the f;(500) scalar meson.

In this paper we demonstrate another confirmation of
the existence of the f,(500) scalar meson resonance by the
construction of an explicit form of the pion scalar form
factor I';(¢), which does not possess the left-hand cut, so we
automatically avoid any approximations or omission of the
left-hand cut contribution considered in the S-wave isoscalar
partial wave 7z scattering amplitude £3(s) to be used for
identification of the pole on the second sheet, corresponding
to the f((500) scalar meson resonance. Starting with the
analytic properties of I',(¢) and by an application of the
Cauchy formula, one comes to dispersion relations, which in
combination with the pion scalar form factor elastic unitarity
condition give the Muskelishvili-Omnes integral equations.
Solutions of these equations are phase representations of
[',(#), where, under the corresponding integral S-wave
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isoscalar 7z phase shift, 58 appeared. Then the whole problem
of finding the concrete form of I',(#) is reduced to the
description of existing data on 58 and finally to an explicit
(not numerical) calculation of the corresponding integral.

With such a fully solvable mathematical problem, we do
not carry out any analytic extrapolations of experimental
information (in the sense of the original Sorin Ciulli idea)
into the complex plane. Even in advance we do not specify
the number of zeros and poles of the pion scalar form factor
I',(¢), and all of them appear naturally in the specific
parametrization of tan &) in the absolute valued pion c.m.
three-momentum ¢ to be related with momentum transfer
squared ¢ by the relation t=4(g>+ m2), the correct
description of existing data on §)(¢), and an explicit
calculation of the corresponding integral to be carried
out in the g variable. The result of this fully solvable
mathematical problem is the pion scalar form factor in the
form of a rational function in the ¢ variable with one zero
and four poles.

Investigations of these poles finally demonstrate that
one pair of them is conjugate according to the imaginary
axis in the ¢ plane and clearly corresponds to the complex
conjugate f,(500) meson poles on the second Riemann
sheet in the momentum transfer squared ¢ variable.

This result alone can be considered another confirmation
of the existence of the f,(500) scalar meson.

II. THE PION SCALAR FORM FACTOR

The pion scalar form factor (FF) T',(¢) is defined by the
matrix element of the scalar quark density

(@' (p2)m(au + dd)|z/ (py)) = 60,(r), (1)

where 1 = (py — p1)%, /i =1 (m, + my) and it has similar
properties to the pion electromagnetic FF [4].

The pion scalar FF T',(7) is analytic in the whole
complex ¢ plane, except for a cut along the positive real
axis, starting at ¢ = 4m?>.

For real values, t < 4m?2 T',(t) is real. The latter implies
the so-called reality condition I';(¢) = T,(*), i.e., that the
values of FF above and below the cut are complex
conjugate to each other.

At ¢t = 0 the pion scalar FF I',(¢) coincides with the pion
o term [5] T,(0) = (0.99 + 0.02)m2 to be evaluated in the
framework of chiral perturbation theory (yPT). Further, the
pion scalar FF will be normalized exactly to m2.

The FF I',(¢) is not a directly measurable quantity and it
enters, e.g., the matrix element for the decay of the Higgs
boson into two pions. However, the contribution to the
decay rate seems to be negligibly small [6,7].

If ',(¢) is evaluated on the upper boundary of the cut,
one finds that the following unitarity condition is obeyed:

I (1) = Y (x(p")a(p)|T|n) (nlin (@ + dd)|0), (2)

n
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where T is the T operator and the sum runs over a complete
set of the allowed states 27,4z, ..., KK, ..., which create
branch points on the positive real axis of the ¢ plane
between 4m2 and oo.

In the elastic region 4m2 < t < 16m2, only the first term
on the right-hand side of (2) contributes, then

ImI, (1) = T (1) (aT)". (3)

where 6T} is the S-wave isoscalar 7z scattering amplitude

My = oT§ = (2~ 1); @)
5 =08 +ip; 8, ¢ real, where &) stands for the S-wave
isoscalar zz phase shift and ¢ > 0 measures the inelasticity.
Though ¢ vanishes exactly only below t = 16m2, the
phenomenological analysis of the zz interactions [8] shows
that final states containing more than two particles start
playing a significant role only well above 4m% ~ 1 GeV?,
where the inelastic two-body channel 7z — KK opens.
Then,

ImI (1) = T, (1)e™% sin 69 (5)

for 4m2 <t <1 GeV>

From the relation (5), it follows that the phase & of I',(#)
coincides with ) and that this identity alone enables us to
obtain the pion scalar FF ", (¢) behavior that is valid at the
elastic interval 4m2 <t < 1 GeV>.

The asymptotic behavior

1
Fﬂ(t>\t|—>oo ~ ; (6)
is predicted by the quark counting rules.
Starting with the unitarity condition for the S-wave
isoscalar zz scattering amplitude

ImM{ = —|Mg?, (7)

one can do analytic continuation of M} through the upper
and lower boundaries of the unitary elastic cut and can
prove in this way that the singularity at t = 4m2 is a square
root branch point. As a result, one gets

MO)I

MO — (My ) 8
The same can be done with the pion scalar FF and, as a

result, one gets the expression

r,)!
r,)! :—( = , 9
relating the pion scalar FF on the second Riemann sheet
with the pion scalar FF and the S-wave isoscalar zx
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scattering amplitude on the first Riemann sheet, demon-
strating in this way that the singular point of the pion scalar
FF at t = 4m2 is the square root branch point, generating
the two-sheeted Riemann surface on which the pion scalar
FF is defined.

Moreover, by a comparison of (8) with (9), one can see
that both expressions have identical denominators, from
which it automatically follows that if there are 0" scalar
mesons in the form of the poles of the S-wave isoscalar 7z
scattering amplitude on the second Riemann sheet, then
they also appear as poles on the second Riemann sheet of
the pion scalar FF.

Now, by an application of the conformal mapping

=[(r—4)/4]'2,
1, (10)

q
mﬂ
the two-sheeted Riemann surface of I';() in the ¢ variable
is mapped into one absolute valued pion c.m. three-
momentum ¢ plane and the elastic cut disappears.
Neglecting branch points beyond 1 GeV?, there are only
poles and zeros of I',(¢#) in the ¢ plane and, as a

consequence, the pion scalar FF can be represented by a
Padé-type approximation,

PHYSICAL REVIEW D 90, 114003 (2014)

ZQ/[:O a,q"

L) = f\lzl(q -q;) '

(11)

Because I',(7) is a real analytic function, the coefficients a,,
in (11) with M even (odd) are real (purely imaginary), and
the poles g; either can appear on the imaginary axis or the
two of them are placed symmetrically along it.

If one multiplies both the numerator and the denominator
of (11) by the complex conjugate factor [T, (¢ — g;)*, the
new denominator is a polynomial with real coefficients
already and a tangent of the pion scalar FF phase &p(¢) is
given simply by the ratio of the imaginary part to the real
part of the new numerator, as follows:

1 N — ) SM n
tanér(t) — m[ ;V=1(q ql) Zn:l a,q ]

Re] in1(g—q;)" y:l a,q"]’

(12)

Further, by using the identity p = &) following from (5)
and the threshold behavior of &), the following paramet-
rization,

1q+A3q3+A5q5+A7q7+...

A
tan 82(¢) = , 13
o(?) 14+ Ayg® + Ayg* + Agg® + ... (13)
or the equivalent relation
|
(1+A2¢% + Auq® +Aeq® + ...) +i(A1qg + A3q’ + Asq” +Ar9" +...) (14)

1
(1) =50

is obtained from (12), where A; are all real new coefficients.
The parameter A, is exactly equal to the S-wave isoscalar
nr scattering length af.

One can see directly from (13) that if the degree of
the numerator is higher than the degree of its denominator,
then

Tim &9(¢) :g, (15)

gq— 0

However, if the degree of the numerator in (13) is lower
than the degree of its denominator, then

lim 83(¢) = 0.

q—00

(16)

The above-mentioned asymptotic behaviors cannot be
solved beforehand and only a comparison of (13) with data
on 89(#) can determine what type of pion scalar FF phase
representations—ones derived from either the dispersion
relation with one subtraction or the dispersion relation
without subtractions—will be suitable in our further
considerations.

(1+A2¢° + Asq® + Agq® + ..

) —i(Ag +A3¢° + Asq’ + A7q" + )
|

III. ANALYSIS OF S-WAVE ISOSCALAR zx
SCATTERING PHASE SHIFT DATA

In order to obtain an explicit algebraic form of the
S-wave isoscalar 7z scattering phase shift 6)() in the ¢
variable with the final number of real coefficients in (13),
one has to compare the corresponding relation with the
existing experimental information on §)(¢) in the elastic
region 4m2 < t < 1 GeV? and to find a minimal value of
;(2 /ndf. The existing data, however, in comparison, e.g.,
with P-wave isovector 7z scattering phase shift &} (z), are
very scattered, and some points are even inconsistent with
each other. As will be demonstrated despite using such
scattered data on 89(f), one can obtain some reasonable
results in the framework of the fully solvable mathematical
scheme elaborated on in this paper.

The majority of experimental data on 89() in the
approximate region from ¢=0.26 GeV> up to =
0.94 GeV? [9-11] were obtained in the 1970s. They have
been supplemented at the same approximate region by the
data [12] obtained at the beginning of this century by a joint
analysis of the CERN-Munich experiment [9,13] with the
reaction 7~ p — ntx~n, at 17.2 GeV/c, and the BNL-

E852 Collaboration [14] with the reaction 7~ p — 7°2%n, at
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18.3 GeV/c. The data in [12] are more or less consistent
with the data of Estabrooks and Martin [11]; however, both
set [11] and set [12] are approximately at the region
0.54 GeV? < t < 0.84 GeV?, in disagreement with data
of Protopopescu [10].

An invaluable set of data on 83 () at the threshold region
[15,16] has been obtained by measuring the difference
5=68)-05] at the K, [K* > ntn ey, (0,)] decays.
Then precise experimental points with isospin correction
obtained by the NA48/2 Collaboration [16] appear to be
especially important in obtaining the correct value of the
S-wave isoscalar 7z scattering length af [in our para-
metrization (13) corresponding to the coefficient A;] in
order to coincide with the very precise theoretical predic-
tion in the framework of the yPT, as well as the determi-
nation of the correct value of the f(500) parameters.
The latter was demonstrated in detail by I. Caprini in [17]
by an analytic extrapolation of the data on &) into the region
of f,(500) meson resonance.

The data on 5)(¢) from the measured difference () —
51() [15,16] at K 4 decays have been obtained by using the
best fit of the 5{(¢) data in [4].

As aresult, the set of 95 experimental points in the elastic
region 4m2 < t < 1 GeV? has been collected and used for
a determination of a final number of real coefficients in the
relation

Alq+A3¢° + Asq® + Aqrq’ + ...

89(1) = arctan
(1) 14+ Arqg® + Ayg* + Agq® + ...

. (17)

following from (13), by means of the y?> minimization
method in the framework of the computer program MINUIT.

The analysis has been carried out successively, starting
with the first nonzero coefficient A; and then repeating the
optimal description of the data, always adding the next
coefficient to be different from zero. So, the data with a
one, two, three, etc., parameter expression (17) have been
analyzed up to the moment when the minimum of y>/ndf
is achieved.

The results are summarized in the following table:

22 /ndf
57.43
3.44
279
2.19
1.69
171
1.73

Number of A;

NN AW =

One can see from the table that the minimum of y*/ndf
is achieved with five nonzero coefficients in (17). The value
of the first coefficient is found to be 0.20820 + 0.02491,
very close to the predicted value a) = 0.2200 + 0.0050 by
xPT [18]; therefore, we have fixed the first coefficient
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in (17) at the latter value and have repeated the minimi-
zation procedure. Then the five coefficients in (17) take the
values

A, = 0.22000 +£ 0.00500;
A3 =0.23167 £ 0.01268;
A5 = —.016901 +£ 0.00204
A, =0.10841 £ 0.13194;

Ay = —.02702 £ 0.01564, (18)
giving the description of the data on 8)(7) in the elastic
region presented in Fig. 1 by a solid line.

The latter result [see (15)] requires us to start a
construction of the explicit form of the pion scalar FF
by the dispersion relation with at least one subtraction,

t (oo ImI, (¢
F,,(t):1+—/ m7”()&’.

bia 4m72t t/(t/ _ t) (19)

Of course, a dispersion relation with a larger number of
substraction constants could be more effective, as we are
restricted to the elastic region in our fully solvable
mathematical scheme. However, as we mentioned earlier,
the pion scalar FF is not an experimentally measurable
quantity and we know only its normalization point from
xPT, by using of which the dispersion relation (19) with
one subtraction is derived.

LI I
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o

o

o
L1 1
Lo v br o r n N b

1

S-wave isoscalar pi-pi phase shift
(o)
o
o
T

I T T B B 1
I T T B B 1

OOO TTTTTTTT[TTTTTTTTT[TTTTTTTTT[TTTTTTTTT[TTTTTTTT
0.00 0.20 0.40 0.60 0.80 1.00
t GeV**2
FIG. 1. Description of the S-wave isoscalar zz phase shift

data by the [5/4] Padé-type approximation with the values of
parameters (18). (circle) J. R. Batley et al., (diamond) S. Pislak
et al., (cross) R. Kaminski et al., (square) P. Estabrooks and
A.D. Martin, (triangle) S.D. Protopopescu et al., and (plus)
B. Hyams et al.
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IV. THE PHASE REPRESENTATION
AND EXPLICIT FORM OF THE PION
SCALAR FORM FACTOR

Now, substituting the pion scalar FF elastic unitarity
condition (5) into the dispersion relation with one sub-
traction (19), one finds the Muskhelishvili-Omnes integral
equation,

sin 89

rﬂ(t):1+£[":%d' (20)

the solution of which is the pion scalar FF phase repre-
sentation with one subtraction

L) = P <wmrA;jW%w} o)

where P, (7) is an arbitrary polynomial to be restricted with
the normalization P,(0) = 1 and its degree must not be
higher than &)(c0)/x.

The substitution of 83(¢) (17) in the equivalent form (14)
with the five above-mentioned nonzero coefficients into the
pion scalar FF phase representation (21) leads to the
expression

(¢° +1)
i
¢ In (144247 +Asq")+i(A1¢'+A3q"* +A5q5)
x /oo (14429 +A44")—i(A1¢'+A3¢"* +Asq"”)
0

(4% +1)(d* - 4%

Fﬂ'(t) = Pn(t) exXp

(22)

in which m, = 1 is assumed. Taking into account the fact
that the integrand is an even function in its argument, i.e., it
is invariant under the transformation ¢’ — —¢’/, the latter
expression can be transformed into the following form:

(¢*+1)

2ri
¢ In (144242 +Asq")+i(A1¢'+A3q"* +Asq5)
o / 4 N A A i g +Aag ™A™
—00

(¢ +1)(q* - 4% ’
(23)

rﬂ<t) = Pn(t) exp

where the integral is already suitable to be calculated by
means of the theory of residua.

In order to carry out this program one has to identify all
poles of the integrand and simultaneously calculate com-
plex roots of the polynomial in the numerator and complex
conjugate roots in the denominator under the logarithm,
which generates branch points in the g plane.

4 [

Considering the case ¢*> <0, i.e., ¢ =i = ib, one

finds the poles of the integrand in ¢’ = =+i and q = +ib.

PHYSICAL REVIEW D 90, 114003 (2014)

Concerning the roots of the polynomials under the
logarithm, it is clear that it is enough to investigate the
roots of the numerator, as the roots of the denominator are
complex conjugate to the roots of the numerator.

So, let us start with an investigation of the numera-
tor (1 +Axq"” +A4q*) +i(A1q' + Asq” + Asq”) = 0.

In order to have an equation with real coefficients, one
substitutes g’ = ix.

Then, 1—A;x—Ax*> +A3;x° +Ax* —Asx> =0 or
—X +A4 4+A3 3 f‘—ixz —j“—;xﬂ%ﬁ:o.

Solutlons 0f the latter equation are straightforward,
where one finds roots of the numerator and the denominator
under the logarithm of integrand ¢(¢’, ¢) to be

q: = —i1.45626,

q» = —3.67646 + i0.40771,
q; = —1.17396 4 i1.27308,
q4 = 3.67646 + i0.40771,

qs = 1.17396 4 i1.27308, (24)
and
g1 = —9q1.
95 = =44,
95 = —4s.
g5 = =42
respectively.

Then the integral in (23) takes the form

ln q U )q —43) q ~q4)(q'~ )
_ o ¢ My -a)(d'-a5)(d'~a3)(d'~43)(d'~45) dq, (26)
o (¢ +i)(q —l)(q +ib)(q' —ib)

with all of the singularities of its integrand to be explicitly
presented in Fig. 2.

For an explicit calculation of the latter integral (26), it is
convenient to split it into a sum of two integrals

(d'-49)(d <‘I%)(‘I —44)(4'~45)

o ¢'In = /
’:/1w+ow—Mq+@w—wﬂ

/

(¢'—q
4 N = - T

" /—oo (¢ +i)(q =i)(q +ib)(q' - ib)

dq/ :Il +12,

according to singularities to be placed in the upper or lower
half-plane, respectively.

Let us start to calculate the first integral /; by the theory
of residua,
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¢'In (@'=92)(¢'~493)(9'~44)(d'~g5)
}{ a=q; dq
(' +1i)(q —i)(q +ib)(q - ib)

2
=27i ) Res,, (27)
n=1

where the contour of integration is closed in the upper half-
plane (see Fig. 2).
As the integral on the half-circle is 0, then

I = / " h(q)dd

2
=27i ) Res, — {—/ +/+/+/+/}, (28)
P 1* 2 3 4 5
FIG. 2. Poles (cross) and branch points (circle) of the integrands

where the integrals on the right-hand side represent the  #1(¢') and (¢'), with contours of integrations in the upper and
contributions of the cuts generated by the branch points ~ 1oWer half-planes, respectively.

qi.92. 93, 94, qs5 in Fig. 2.

The residua at the poles ¢’ = i, ¢’ = ib are straightforward to calculate and they are

1 In (i=q2)(i—q3)(i=qu)(i—gs)
2> + 1) (i—q}) ’

Res¢, (i, q) = — (29)

U (94— a2)(q—a3)(q—q4)(q = q5)

ib,q) =
RCS¢1( ’q) 2(q2+ 1) (q_qT>

: (30)

as ib =gq.
Now we move on to the contributions of the cuts. Let us start with the contribution of the cut to be generated by the

branch point ¢g;:
9 qlln+(q/ _ ‘flk) /oo ¢In_(¢q' — C]T)
= dg + dd'
fo= Lasaime s | o

) q/ . .
- / (¢ +1)(q” + b?) n_(¢' = q7) =In\(¢' = g7)ldq’
a4,
q

/

- —2m‘/°° dq
g (@7 +1)(q?+b)
. ) b2 1 i *2 2
" (QI*2+ )_1 i n(ql*2 ) (31)
b =1 (gi"+1) 2(¢+1) (q°+1)
Similarly,
. 2 B2 . 2_ 2
-+ Db 1 2 ;=
/:_ 2m n(qu )E_ 2m n(qu q ); j=12,3,4,5. (32)
i =1 g+ 20t +1) (g5 +1)
Then the sum of all of these partial results according to (28) gives the final result for /; in the form
pooto2m (¢ +47) (i+q2)(i + ¢3)(i +94)(i + g5) (33)
2(¢* +1) " (a+ a)(a+ q3)(q+ q4)(q + g5) (i+4q7)
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Similarly, one can also calculate the second integral /, by means of the theory of residua:

7=35)d=a)(d—4})(d—4;
dqg = 2ri Res,, 34
o g = Z (34)

where the contour of integration is closed in the lower half-plane (see Fig. 2).
As the integral on the half-circle is 0, then

12:/_:qﬁz(q’)dq’:—%inzz;Resn—&— {+[—A—A—A—L} (35)

The residua at the poles ¢’ = —i, ¢’ = —ib take the form

i 1 N (—i—q1)
Resgh(—i. q) 208+ 1>1 (—i—g)(=i—q3)(—=i—q})(=i—qt)’ o)
Rest(ib.q) — L (—q-q1) (37)

202+ 1) (—q-a3)(—q—a5) (g — q;)(—q — q5)°

as ib = gq.
The contribution of the cut to be generated by the branch point g, is

0 ’1n+ "—qy) /°° q'In_(q' — qy)
dq + dg'
/ / (% + q’ + b7 o (4% +1)(q%+b?) 1

:/ql (¢% +1)(q” + b?) n(¢'~q1) ~In.(¢' ~ g1)ldd’

_

/

[ q
:—2 1 d !
" / @+ (g2 + )™

: 2 2 i )
i l(ql—l-b) i (g% —q%) (38)

1
@*-1) (@+1)  2(+1) (g+1)°

Similarly,

; j=2,3,4,5. (39)

/__ mi (g0 1 2mi (4 - )
po WP =1 (g +1) 207 +1) (¢ +1)

Then the sum of all of these partial results according to (35) gives the comprehensive result for /, in the form

oL 2 [1 (g+q1) (i+aq3)(i+q3)(i +q3)(i +q5)
275 2 n * * * * .
2(°+ 1) | (@+a3)(q+a3)(qa+q;)(q+q5) (i+aq1)
_ *2 _ 2 *2 2 *2 _ 2 ¥2 2
+1n ‘] ‘] q> q ln% q 1n‘14 q 1n‘15 q (40)

n —_— — —
R e B N R
from which by using the relations (25) one finally gets

1 om (¢ +47) (i +g2)(i + q5)(i + q4)(i + g5)
2(2+ 1) (g+a)(q+a3)(qa+qs)(qg+ gs) (i+4q7) '

(41)

The sum of (41) with (33) represents the total integral,
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_ 2w (¢-q1)
(*+1) (q+a)(q+q3)(q+ qs)(q + gs)
« (i+q2)(i+q3)(i + q4)(i + g5)

(i—%)

. (42)

If the latter is substituted into the pion scalar FF phase
representation (23), one obtains an explicit form for the
pion scalar FF T",(7):

- (g—q1)
L) = Pol) o S T e + 2@ £ 49

(i a)(i+a5)(i 4 qa)(i + 5). (43)

(i—fh)

with one zero and four poles whose behavior is graphically
presented in Fig. 3.

The —g; pole of T',(¢) on the second Riemann sheet in
the 7 variable clearly corresponds to the f,(500) meson, as
its mass and width are determined to be m (500) = (388 +
23) MeV and T’ (s00) = (602 4= 67) MeV, respectively.
Investigating additional poles of I',(¢) in (43), one finds

PHYSICAL REVIEW D 90, 114003 (2014)

that the —g, pole must correspond to the f,(980) meson,
with mfo(ggo) = (1066 + 142) MeV and Ffo(ggo) =
(220 £ 194) MeV. The errors correspond to the transferred
errors of the coefficients of (18).

Finally one can only say that, if more precise data on the
S-wave isoscalar 7z scattering phase shift is available,
more precise parameters of mesons under consideration can
be found in the framework of our fully solvable math-
ematical scheme.

V. CONCLUSIONS

In this paper we have elaborated for the pion scalar FF in
the elastic region on the fully solvable mathematical
scheme, in the framework of which we have demonstrated
another confirmation of the existence of the f,(500) scalar
meson resonance, whereby we did not pretend to make a
determination of its worldwide parameters. In order to find
an explicit form of the pion scalar FF, we have used the
dispersion relation with one substraction, whereby the
substraction constant has been taken to be the normaliza-
tion of the pion scalar FF at t = 0, well known from y PT. A
combination of this dispersion relation with the elastic
unitarity condition led to the phase representation of the
pion scalar FF, whereby the corresponding phase under the
integral has been identified with S-wave isoscalar zz phase
shift 89 (¢). For the arctan of the latter, starting from fully
general considerations, a sophisticated parametrization in
the absolute valued pion c.m. three-momentum variable ¢
has been found. By a comparison of such a parametrization
with existing experimental information on &) and the
calculation of the integral in the phase representation,
one finds the pion scalar FF in the form of a rational
function with one zero and four poles, whereby two of them
conjugated according to the imaginary axis of the ¢ plane
clearly correspond to the f(500) scalar meson resonance.
The latter alone can be considered to be another proof of the
f0(500) scalar meson’s existence.
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