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Anomalous magnetic moment of the muon in a dispersive approach
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We present a new general dispersive formalism for evaluating the hadronic light-by-light scattering
contribution to the anomalous magnetic moment of the muon. In the suggested approach, this correction is
related to the imaginary part of the muon’s electromagnetic vertex function. The latter may be directly
related to measurable hadronic processes by means of unitarity and analyticity. As a test we apply the
introduced formalism to the case of meson pole exchanges and find agreement with the direct two-loop

calculation.
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The keen interest in the anomalous magnetic moment of
the muon a,, is motivated by its high potential for probing
physics beyond the Standard Model (SM). The presently
observed 3—4¢ discrepancy [1] allows for a number of
beyond SM scenarios which relate this deviation to
contributions of hypothetical particles, see [2] and refer-
ences therein. On the experimental side, the new measure-
ments both at Fermilab (E989) [3] as well as at J-PARC [4]

aim to reduce the experimental error on a, to

Sa,(exp) = £16 x 107!, which is a factor of 4 improve-
ment over the present value. The expected precision of the
new experiments will give access to scales up to
A~m/\/8a, ~8 TeV, where m is the mass of the muon
[5], which makes it highly competitive to measurements at
the Large Hadron Collider (LHC). However, the interpre-
tation of @, is undermined by theoretical uncertainties
of the strong-interaction contributions entering its SM
value. Depending on the analysis of these hadronic con-
tributions [1,6] the present SM uncertainty amounts to the
range 6a,(SM) = £(49 — 58) x 10~!! which significantly
exceeds the future experimental accuracy. This motivates
an intense activity to reliably estimate contributions of
hadrons to a,, see [7] and references therein.

The hadronic uncertainties mainly originate from had-
ronic vacuum polarization (HVP) and hadronic light-by-
light (HLbL) insertion diagrams shown in Fig. 1. The
dominant HVP contribution can be reliably estimated on
the basis of experimental information of electromagnetic
hadron production processes implemented via the
dispersion technique. The existing estimates are based on
data for e*e™ — hadrons, data for e e~ — y + hadrons, as
well as 7 decays (see [1] and references therein) yielding an
accuracy 8a,(lowest-order HVP) = £42.4 x 107" [6].
The ongoing experiments at e*e~-colliders (mainly
VEPP-2000 and BES-III) will provide valuable experi-
mental input to further constrain this contribution. It was
estimated in [1] that the forthcoming data will allow to
reduce the uncertainty in the HVP by around a factor of 2.
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Unlike the HVP contribution, in most of the existing
estimates of the HLbL contribution, the description of the
nonperturbative light-by-light matrix element is based on
hadronic models rather than determined from data. These
approximations are based on a requirement of consistency
with the asymptotic constraints of QCD and predict that the
hadronic corrections are dominated by long-distance phys-
ics, namely due to exchange of the lightest pseudoscalar
states [8]. Unfortunately, a reliable estimate based on such
models is possible only within certain kinematic regimes.
This results in a large, mostly uncontrolled uncertainty
of a,. The two main estimates of the HLbL contribution
to a, yield the following [8,9]:

a,(HLbL) = (116 4 39) x 1071, (1)

a,(HLbL) =(105 +26) x 1071, (2)

To overcome the model dependence one may resort to
data-driven approaches for the HLbL contribution to a,.
Recently, such an approach based on the analytic structure
of the HLbL tensor has been discussed in [10,11]. In the
present paper, we present a new data driven approach
for calculating a, based on the analytic properties of the
muon’s electromagnetic vertex function. We express a,
through a dispersive integral over the discontinuity of the

FIG. 1. The hadronic vacuum polarization (left panel) and light-
by-light scattering (right panel) contributions to the anomalous
magnetic moment of the muon.
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muon’s electromagnetic vertex function, which in turn can
be related to observables.

Defined as a static limit (k> = 0, with k being the photon
momentum) of the Pauli form factor F,(k?), the anomalous
magnetic moment can be extracted from the vertex function
by a projection technique as was elaborated in [12,13].

|

Fy(k?) = ¢ Z
Ay Dy 2

H/11,12134(41 k—q1—q2, 92, k)

(=1 )A+hrtiths / ﬁ
(27)*
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Applying the Feynman rules to the diagram on the right
panel of Fig. 1 and rewriting the virtual photon propagators
using the completeness relation for photon polarization
vectors as g,/ (2 —ie) =" (~1 e, (q.1)e; (q.4)/ (q—ie),
the HLbL contribution to F,(k?) is obtained as a two-loop
integral:

d4fl2
WLMMM(p* q1.-k—q1 — q2, 612)

PRk =aqi - l(p+ a1 —m[(p+ k=) —m]

(3)

In Eq. (3) the fourth-rank hadronic vacuum polarization tensor projected on the helicity basis is defined as a Fourier
transform of the four-current correlator in the QCD vacuum |Q):

H,u/lz/lm(%, 92 q3) = €”(Q1,/11)€”(Q2’12)61(‘13»/13)6”(6147/14)
x / d, / d, / et et ) (QITL, (), () iy (1)), 0))Q).  (4)

The leptonic coefficient functions L; ; ;.;, are defined by

L/l,,l2,13/14(l?» q1.92:93) = 8;(/117611)83(/127 C]z)fﬁ(/la q3)€5(A4. q4)
X Tr[A(p + g1 + g2 + q3. )7 (P + 41 + G2 + m)y*(p + 41 + m)y*], (5)

with projector
m2

A (p =
a(p 7p) k2(4m2 _ kz)

In the latter formulas p’ and p denote momenta of the muon
before and after scattering on an electromagnetic field with
k = p' — p, g, and A; are the virtual photons’ momenta and
helicities.

When analytically continued to complex values of the
external photon’s virtuality k%, the muon’s electromagnetic
vertex function possesses branch point singularities joining
the physical production thresholds, as is dictated by
unitarity [14]. Using Cauchy’s integral theorem, the form
factor in Eq. (3) can be represented as an integral along a
closed contour avoiding the cuts and extended to infinity.
Assuming that the form factor vanishes uniformly when &>
tends to infinity the contour integral reduces to an integral
of the form factor’s discontinuity Disc;F,(k?) along the
cut in the k*>-plane starting from the lowest branch point:

Fy0) = - [ pice (k2 6
0 =5 [T Diseera ). (@

As can be seen from the structure of the two-loop integral
in Eq. (3), the branch cuts of the Pauli form factor F,(k?)
are related to the propagators of virtual particles and
nonanalyticities of the HLbL tensor. The latter possesses

two types of discontinuities, the corner (one-photon) and

(p+m)|r,+

k2 + 2m?

(i dg2) P P | (P m).

|
cross (two-photon) cuts. The corner cuts are related to a
conversion of a photon to a hadronic state with negative
C-parity, while the cross cuts are related to a two-photon
production of a C-even hadronic state. As the dominant
contributions originate from the lowest thresholds it is
mainly governed by intermediate states including pions.
In particular, the lowest threshold in the C-odd channel is
related to a z" 7~ -pair production and in the C-even channel
to a 7° intermediate state. By virtue of unitarity, these
discontinuities are related to amplitudes of two-photon and
ete™ hadron production processes, which are accessible
experimentally (for references see [7]). The data driven
dispersive analysis of the two-pion production channel by a
real and a virtual photon was recently discussed in [15].
Taking into account the analytical structure of the HLbL
tensor, the discontinuity in Eq. (6) is obtained as a sum of
nine topologically different contributions, which are graphi-
cally represented by unitarity diagrams in Fig. 2. On a
practical level, the contribution of a particular unitarity
diagram is obtained by replacing the cut virtual propagators
in the two-loop integral by corresponding delta functions,
and the cut vertices by their appropriate discontinuities. As
an example for the first diagram in Fig. 2, it implies
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DiscF,(k?*) = e

X L/11/12,13z(1” qi-k—qi

The nonperturbative discontinuity function
Disc_g, 1211, 2,4, in Eq. (7) is directly related to ampli-
tudes of processes y*y* — X and y* — yX, with X denoting
a C-even hadronic state.

To set up and test the technique for evaluating the phase
space and dispersion integrals we consider a well-studied
approximation for the HLbL amplitude based on the large-
N, limit [16]. In such approximation, the analytic structure
of the HLbL amplitude is governed by simple poles. While
in the C-even channel it is defined by a pole due to an
exchange of the pseudoscalar meson (corresponding to 7°,
n and 1’ exchanges), in the C-odd channel it is governed by
a vector state exchange which can be confronted with the
vector meson dominance model (see [17] for a review). As
aresult the HLbL amplitude is approximated by a pole term
of the form

|F(0,0, M?)|?
(g1 + q2)* = M?)

Mooie (g1, k= q1 = 42, g2, k) = (
5 1
(g1 = M) (@5 = M) (k= q1 = ¢2)

plus two additional terms obtained by crossing. Here M and
A denote masses of the pseudoscalar and vector mesons
|

- ) - W)

° Z (_1)1-”1'*'/12-*-/13/ d4q1 / d46]2l
1A Ay A (2”)4 (27T>4 Cﬁ

— 42, 42) (270)8(q3)Disc g, 10 1,2,2 (1. k = @4

k=g =) (p+q1)* —m* (p+k—qy)* —m?
—Clz,C]z,k)- (7)

respectively and F(0,0, M?) stands for the pseudoscalar
meson transition strength into real photons. The resulting
analytic structure of the two distinct contributions to the
muon’s electromagnetic vertex function arising from such
pole terms is equivalent to the structure of the two-loop
diagrams shown in Fig. 3.

We demonstrate the process of computation on the
example of the first topology illustrated by a diagram in
the left panel of Fig. 3. The contribution of the second
topology has a similar structure and is computed in an
analogous way. We can consider the dispersive integral for
F,(k?) multiplied by (k> — A?), which removes the pole in
k* and its related discontinuity. The remaining disconti-
nuities may be separated in two- and three-particle cuts.
The two-particle cuts include the yz° and pz° intermediate
states. The three-particle cuts include yyy, yyp, ypv, prv,
YPp, PYP, ppY, ppp intermediate states. Graphically they are
represented by cuts shown in the left panel of Fig. 3 for the
case of yn® (two-particle) and yyy (three-particle) inter-
mediate states.

Following the procedure described above, we replace the
propagators of the cut photons and mesons by the corre-
sponding on-shell delta-functions. Thus for instance the
yx° cut is obtained by

. d*q, d*q, 1 1
Disc, F,(k*) = eSASFp,.,- (0,0, M? / / 7 (27i)25((k— q1)* — M?)8(q7 — A*
yi2 ) Py*y ) (2 )4 ( ) ) (( 1) ) ( )ql q2 A2
1 1 1 1 1
X —= Lp’q 7k_q —42.93), 8
G k—q1=q)* (k=q1 = q2)* =N (p+q1)* =m* (p +k—q,)* —m* (Pra 1—arq). ()
where
L(p.q1- 92, q3) = Tt[A(p + g1 + @2, )Y (P + 41 + 4o + m)y* (P + 41 -+ m)y*]
X eya(lﬂq(ll(ql + q> + q3)ﬂ8uiy5Q£CIg- (9)

The phase-space integrals and the one-loop insertions are
evaluated partially analytically with the subsequent numeri-
cal computation, see [18] for some technical details in the
case of scalar field theory. More details of the present
calculation will be given elsewhere. The lowest threshold
for the two-particle cut is located at k> = M? corresponding
to the yz° intermediate state. For the three-particle dis-
continuity it is k> = 0 related to the yyy cut. Thus the
dispersion integral has the form

1 [odk?
F,(0) = / Disc, F (k?)

27l a2 s

1 [eodk?

—ZDiSC:;Fz(kZ) (10)

27i Jo

with Disc,F,(k?) and Disc3F,(k*) denoting the sum of
two- and three-particle discontinuities.

We analyze the dependence of the HLbL contribution to

a, on the pseudoscalar meson mass M. For a test we

u
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FIG. 2. Unitarity diagrams contributing to the imaginary part
of the vertex function. The cut indicates the on-shell inter-
mediate state.

FIG. 3. The two topologies of the HLbL contribution to a, in
the pole approximation and examples of the two-particle
(dashed) and three-particle (dotted line) cuts for the first
topology (left panel). The wavy lines stand for photons,
whereas the double-dashed (double-solid) lines stand for
pseudoscalar (vector) meson poles.

compare our result with the calculation using the approach
of [16], by evaluating the two-loop integral in Euclidian
space. The contributions of the two types of discontinuities,
their sum and the result of the conventional integration
depending on the pseudoscalar meson mass are shown in
Fig. 4, and their numerical values at the z° mass are
summarized in Table I. When comparing the result
obtained by the two different methods we find an exact
agreement confirming the consistency of the adopted
procedure.

The suggested approach opens a new alternative strategy
for evaluating the HLbL contributions to the anomalous
magnetic moment of the muon. In contrast to the conven-
tional approach where the integration is carried out after
the analytical continuation to the Euclidian region, the new
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FIG. 4 (color online). The value of the HLbL pole contribu-
tion due to the diagram of topology (1) (left panel in Fig. 3) to
a, scaled by factor of 4zM?/(¢T’,,) depending on the mass of
the pseudoscalar meson, with I, the two-photon decay width
of the pseudoscalar meson. The blue dashed (red dotted) curve
represents the contribution of the two (three) particle cuts.
Their sum is denoted by the black dash-dotted curve. The result
of the direct evaluation of the two-loop integral is illustrated by
the pink solid curve.

approach implies the dispersive evaluation of the loop
integrals. As a result, it allows for a more straightforward
relation to observables. The nonperturbative hadronic
matrix elements entering the discontinuities can be further
reduced and expressed in terms of the existing observables
by iterative implementation of the dispersive representation.
For instance, the four-photon matrix element entering
the three-photon discontinuity shown in Fig. 2 can be
expressed in terms of yy — X production amplitudes which
are accessible experimentally. In order to reduce the
uncertainty of the HLbL estimate to a,, an improvement
of data is most of all required in the low-energy region for
the yy — zz channel as this corresponds with the largest
source of uncertainty so far. The discontinuities of the
HLbL amplitude entering the dispersion integral in Eq. (6)
are weighted by analytically known kinematic functions
of Eq. (5). This allows to localize the regions correspond-
ing with the dominant contributions, which opens a door
towards a systematic study of the uncertainties. Practically,

TABLE I. The contributions to a, (in units 10719 of two-
particle (2p) and three-particle (3p) cuts for the two topologies
(see Fig. 3) appearing in the pole approximation compared to the
results of the conventional two-loop integration of [16]. Note that
total =2 x (1) + (2).

2p-cut 3p-cut Total Direct
(nH 491 -2.14 2.77 2.77
) —7.40 7.56 0.16 0.16
Total 2.42 3.28 5.70 5.70
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computations within the suggested approach involve both
analytical and numerical evaluations of phase-space and
dispersion integrals. To test the numerical algorithms we
considered the well studied pole approximation. The
dispersive evaluation shows good numerical stability
and exact agreement with the existing result.
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