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Some extensions beyond the Standard Model propose the existence of nearly degenerate heavy sterile
neutrinos. If kinematically allowed these can be resonantly produced and decay in a cascade to common
final states. The common decay channels lead to mixing of the heavy sterile neutrino states and interference
effects. We implement nonperturbative methods to study the dynamics of the cascade decay to common
final states, which features similarities but also noteworthy differences with the case of neutral meson
mixing. We show that mixing and oscillations among the nearly degenerate sterile neutrinos can be detected
as quantum beats in the distribution of final states produced from their decay. These oscillations would be a
telltale signal of mixing between heavy sterile neutrinos. We study in detail the case of two nearly
degenerate sterile neutrinos produced in the decay of pseudoscalar mesons and decaying into a purely
leptonic “visible” channel: v, — eTev,. Possible cosmological implications for the effective number of

neutrinos N are discussed.
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I. INTRODUCTION

Many extensions of the Standard Model that propose
explanations of neutrino masses via seesaw-type mecha-
nisms [1-4] predict the existence of heavy “sterile” neu-
trinos, namely, SU(2) x U(1) singlets that mix very weakly
with “active” neutrinos [5-13]. Heavy sterile neutrinos
may play an important role in baryogenesis through lepto-
genesis [14—17] or via neutrino oscillations [18] motivating
several models for leptogenesis which may also yield dark
matter candidates [19,20]. Furthermore, heavy sterile neu-
trinos may contribute to the energy transport during type II
supernovae explosions [21]; their decay may be a source of
early reionization [22]; they have been argued to play an
important role in the thermal history of the early Universe
and to contribute to the cosmological neutrino background
[23]. For a review of the role of sterile neutrinos in
cosmology and astrophysics, see Refs. [20,24-26].

If the mass of the heavy sterile neutrino m;, <M, x, M,
they can be produced as resonances in the decay of
pseudoscalar mesons (or charged leptons) opening a
window for current and future experimental searches. A
comprehensive study of leptonic and semileptonic weak
decays of heavy sterilelike neutrinos was carried out in
Ref. [27] and extended in Ref. [28], and various exper-
imental studies searching for heavy neutral leptons [29-43]
provide constraints on the values of the mixing matrix
elements between heavy sterile and active neutrinos for a
wide range of masses with stringent bounds within the
mass range 140 MeV < M, <500 MeV [40]. Recent
bounds on the mixing matrix elements between active
(light) and sterile (heavy) neutrinos [40,44,45] yield
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|Uen|* |Upp* $1077-107% in the mass range 30 MeV <
my, <300 MeV. If heavy sterile neutrinos are Majorana,
they can mediate lepton number violating transitions with
|Al| = 2 motivating further studies of their production and
decay [46-48]. Furthermore, resonant production and
mixing of nearly degenerate heavy sterile neutrinos may
lead to enhanced CP violation and baryogenesis [15-20].
A thorough analysis of production and decay rates and
cross sections of heavy neutral leptons in various mass
regimes is available in Refs. [27,28,46,47,49-54], provid-
ing the theoretical backbone to current and proposed
experimental searches.

A. Motivation and goals

The astrophysical, cosmological and phenomenological
importance of heavy sterile neutrinos and their ubiquitous
place in well-motivated extensions beyond the Standard
Model motivates a series of recent proposals [49-54].
These make a compelling case for rekindling the search
for heavy sterile neutrinos in various current and next
generation experiments.

As pointed out in Refs. [15-20], extensions beyond the
Standard Model that feature nearly degenerate heavy sterile
neutrinos provide mechanisms for resonantly enhanced CP
violation with important consequences for baryogenesis
through leptogenesis. If these nearly degenerate heavy
sterile neutrinos are produced resonantly, they may decay
in a cascade into common channels leading to mixing
[15-17,55]. Mixing and the ensuing time-dependent oscil-
lation phenomena associated with the decay of (nearly)
degenerate states into acommon channel is a hallmark of the
dynamics of neutral meson mixing such as K°K°, B°B°
[56-58].

© 2014 American Physical Society
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The goal of this article is to explore in detail the mixing
of two heavy but nearly degenerate sterile neutrinos as a
consequence of a common decay channel, the concomitant
time-dependent oscillations from their interference and the
observational consequences in the distribution of the decay
products.

Previous discussions of particle mixing focused either on
the self-energy corrections featuring off-diagonal matrix
elements because of common intermediate states [15—17]
or effective Hamiltonian descriptions akin to the case of
neutral meson mixing [55-58].

Our goal is complementary in that we study the complete
time evolution from the decay of an initial unstable state
into channels that include the nearly degenerate heavy
sterile neutrinos, which in turn decay into the final states,
and assess the impact of the interference between the nearly
degenerate states upon the distribution of final states.

For this purpose, we implement a systematic quantum
field theoretical generalization of the Wigner-Weisskopf
approach [59,60] that includes the decay dynamics of the
initial state and the time evolution of the final states. We
consider the case of two nearly degenerate heavy sterile
neutrinos produced from the decay of a pseudoscalar
meson (or a heavy charged lepton) first within a general
framework of cascade decay to common final states, and
then consider the explicit case of a purely leptonic “visible”
decay channel for the heavy sterile neutrinos as a potential
observable in future experiments.

We find that while there are similarities with the case of
neutral meson mixing (K°K°, B’B?), there are important
differences primarily as a consequence of the production of
the heavy steriles from the decay of a parent particle (here a
pseudoscalar meson) and also from the decay of the nearly
degenerate heavy neutrinos into the final states.

II. GENERAL FORMULATION

We generalize the framework described in Refs. [59,60]
to describe the production, evolution and decay of two
heavy sterile neutrinos.

Consider a total Hamiltonian H = H, + H; with H, the
free field Hamiltonian and

H,=Hp+Hp+H,, (2.1)
where Hp, Hp refer generically to the production (P) and
decay (D) interaction vertices, and H., refers to local
renormalization counterterms.

To be specific, and motivated by current and future
neutrino experiments, we consider the case where sterile
neutrinos are produced in the decay of a charged pseudo-
scalar meson ® = z, K into a charged lepton a and a
neutrino i where i = a refers to the “activelike” (light) and
i = h to the “sterilelike”” heavy neutrinos mass eigenstates,
with
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with
Fr=V2GVyufs Fx=V2GiV,fg, (2.3)

where f,, fx are the corresponding decay constants and
U,; 1s the neutrino mixing matrix with i = a, h.

Specifically, the decay interaction vertex Hp is taken to
be the usual Standard Model charged current and neutral
current vertices, namely Hp = Hcc + Hyc written in the
neutrino mass basis.

Although we consider these specific production and
decay vertices for the main discussion in this article, the
formulation is more general and applicable for any other
production and decay interaction Hamiltonians beyond the
Standard Model. To make the discussion general, we
consider the case in which Hp describes the decay of v,
into a multiparticle final state {X} (v, = {X}).

Let us consider an initial state with one ® meson of

momentum & and the vacuum for the other fields, namely
(to simplify, we use the same notation for the spatial Fourier
transform of a field),

|¥(r=0)) = |P;). (2.4)

Upon time evolution in the Schrodinger picture, this state
evolves into |¥(7)) obeying

(W(1))s = —i(Ho + Hp)[¥(1))s. (2:5)

4
dt

When Mg > mpe« +m,,;m, > myg, where my is the
invariant mass of the multiparticle final state {X}, the
interaction Hamiltonian (2.1) describes the cascade process
depicted in Fig. 1.

We now pass to the interaction picture, wherein

H[(f) = eiHotHle_iHot, (26)
and the state obeys
d - .
i Wk ) = H (DY (k, 1)), (2.7)

Consider that at = 0 the initial state is the single meson
state of spatial momentum k given by (2.4); at any later
time, the state |W(k, 7)), is expanded in the basis |n) of
eigenstates of H, namely
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FIG. 1. Decay ® — L%, (left) and cascade decay ® — L%, — L*{X} (right) where {X} = X}JIX%X%; .-+ is a multiparticle
state with p; + P, + D3 + - - - = g. The dashed lines depict the intermediate two-particle state (/) and the final multiparticle state (F).

(U(k.1)), =D A (0)|n). (2.8)

Up to second order in the interaction, the cascade decay
depicted in Fig. 1 is described by the following multi-
particle state:

U (k,1)); = Aa (k)| D)+ D AT (ks D)lvigs LT )

agsi=a,h

+ > A‘?‘(kiz,{ﬁ}x;t)ng_é;{XD+---'
aq{ X} {ply
(2.9)

For simplicity of notation we do not distinguish between
neutrino and antineutrino; furthermore, the framework
discussed below is general, independent of whether neu-
trinos are Dirac or Majorana.

In the last term in (2.9), the sum over {X} is over all
the decay channels of v, and for each channel the sum over
{P}x is over the momenta p;; p, - -- of the multiparticle
state {X} constrained so that p; + p, +---=¢q (see
Fig. 1). There is also an implicit sum over helicity states
of the fermionic fields. The coefficients Ay, A;, Ap are the
amplitudes of the initial, intermediate and final states
respectively, a = e, pu are the charged leptons (we are
considering either 7 or K decay but 7 decay can be
considered along the same lines as described below),
and each « represents a different decay channel for the
pseudoscalar meson ®. The processes that lead to the state
(2.9) to second order in the interaction(s) are depicted in
Fig. 1; the dots stand for higher order processes, and each
vertex in Fig. 1 corresponds to one power of the couplings
in Hj, either at the production or decay vertices.

In what follows, we distinguish the labels for the heavy
sterile neutrinos as & = 1, 2, which should not be confused
with the activelike neutrinos simply labeled as a without
further specification.

Unitary time evolution with the initial condition
Ag(k,0) = 1 implies

Ak )2+ > |AF (k. g 1)

aqii=a,h
+ Y ARG AP+ =1, (2.10)
aq{X}{p}x

which has been explicitly confirmed in general in Ref. [59]
and in particular for the case of single sterile neutrinos
in Ref. [60].

We introduce the following notation:

Ey=Eqg(k); Ej=E,(lk=q|)+Ei(q); i=a.h.  (2.11)
Ef = E,(|k - 4|) + EX;

EX = Ex, (p1) + Ex,(p2) + -, (2.12)

(vigs L |H, (1) @) = ME (K, g)eiEa=Er - (2.13)

(L2 5 XN H Ol L) = M (5, G, p)e EIED,

(2.14)

where Eg(k), Ei(q), Ea(|% —g|) are the single-particle
energies for the quanta of the respective fields and EX is the
energy of the multiparticle state with the set of momenta
{P}x- The matrix elements M p, M, refer to production (P)
and decay (D) vertices.

For example, for the specific production vertex described
by (2.2), we find

Uy (k= 3)r"(1 = 1*)Vis @)k,
V32VES (0 E, (k- 3))Ei(q)
(2.15)

M%"(lz,Z];s,s’) =U,Fg
i=a,h,

where Z:{a.s(ié —q), V;y(q) are the Dirac spinors for the
charged lepton « and neutrino i = a, h, and the labels s, s’
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refer to helicity states and will be suppressed in what
follows. If neutrinos are Majorana, it follows that
Vi) = U (=9). (2.16)

The counterterm in the interaction Hamiltonian H,

yields the matrix elements

(vnglHelvy ) = 6Ewy = €y, (2.17)
and renormalizes the masses by subtracting the Hermitian
parts of the self-energies as discussed in detail below. The
second equality in (2.17) is a consequence of Hermiticity of
the interaction Hamiltonian.

To simplify notation, we suppress the momentum argu-
ments of the amplitudes, energies and matrix elements; they
are displayed explicitly in the expansion (2.9) and the
definitions (2.11), (2.12), (2.13), and (2.14) respectively.

The time evolution of the amplitudes Ay, A%, and A%is
obtained from the Schrodinger equation (2.7) by projecting

onto the Fock states; namely, with the interaction picture
state written as (2.8), it follows that

Ap(t) = =iy _(m|H,(1)|n)A, (1)

- _iZMrnnei<E”’_E")tAn(t)v (2.18)

where we have used that the matrix elements are of the form

(m[H,(1)|n) = e"Fn=EIM,,,0 - My, = (m|H;(0)|n),

(2.19)
and the relevant matrix elements are given by Egs. (2.13)

and (2.14).
Using Eq. (2.18), we obtain the following equations:

Ag(r) = =iy Mg el B EiAze(r)

a.g.a
—i D My EEAR () Ag(0) = 1.
a,q.h=172
(2.20)
Af(t) = —ie B EDIME AL (1); - A9(0) =0 (active),
(2.21)
At[xh(t) _ _ie—i(E(p—E;‘)tM%hA(I)(t)
i3 8 EEAG (1)
n=1,2
—i Z M%X*e—i(E’;—E?)tA%X(t);
{Xh{Phx
AY(0)=0, h=1,2 (sterile), (2.22)
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—i Z M%xei(E);—Eﬁ)zA;xh(t);
h=1,2

A (1) = A (0) = 0.

(2.23)

The higher order terms in the expansion of the quantum
state represented by the dots in (2.9) lead to higher order
terms in the hierarchy of equations. The label a in A;, Ap
refers to the fact that the (charged) lepton « is entangled
with the intermediate neutrino and final state, and the
kinematics of the production and decay depend on its mass.

In Ref. [59] it is shown that truncating the hierarchy at
the order displayed above and solving the coupled set of
equations provides a nonperturbative real time resumma-
tion of Dyson-type self-energy diagrams with self-energy
corrections up to second order in the interactions. In
Appendix A we provide a similar analysis for the case
of mixing considered here and establish a correspondence
with the self-energy treatment in Refs. [15-17].

The three terms on the right-hand side in Eq. (2.22) have
a clear interpretation: the first term describes the buildup
of the amplitude from the decay of the parent meson, the
second term is the counterterm [see Eq. (2.17)] and the third
term describes the decay of the heavy steriles into the final
states.

The solution of the set of equations (2.20)-(2.23)
proceeds from the bottom up. The solution of (2.23) is

AaX ——l/ {MlX i(EX— El)tAa]( )
+ ME N EED AR () Y. (2.24)

Introducing this solution into Egs. (2.22), we obtain

Af (1) = —ie  Fa=EDE Ag (1)
_ i5€12€i(E1_E2)tAa2( )

Z /{|M1X|2 —i(EX-E tt’Aal( )

— 611 A7 (1)

{X}:{phx
+ M%)X*szxe (E,—Ez)te—i(E’;—Ef)(t—z’)A?cz(t/)}dt/,
(2.25)
AP (1) = —ie B ED' MZ Ay (1) — i6E1, AP (1)

- i(nglei(Ez_El

_ /{|M2X|2 —i(EX—E2)(1— t)AaZ( )
Xh{pkx
+ MBS M el BB =1 EE=ED (=) Ag) (¢}t
(2.26)

)tAal( )

A. The Wigner-Weisskopf approximation

In solving the hierarchy of coupled equations from the
bottom wup, we encounter linear integrodifferential
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equations for the coefficients of the general form [see (2.25)
and (2.26)]

t . ,
+ / > IMPECENCI A dY = I(t),
0 =
P

(2.27)

where [(r) is an inhomogeneity. These types of equations
can be solved in terms of Laplace transforms (as befits an
initial value problem). In Ref. [59] it is shown that the
solution of the hierarchy of equations via Laplace transform
yields a real time nonperturbative resummation of Dyson-
type self-energy diagrams and a similar proof for the case
of mixing is provided in Appendix A. An alternative but
equivalent method relies on that the matrix elements M
are typically of O(g) where g refers to a generic coupling in
H; [59]. Therefore, in perturbation theory the amplitudes
evolve slowly in time since A « g°A, suggesting an
expansion in derivatives. This is implemented as follows
[59,60]; consider

Z|M|2/ dt" e~ i(Ei= EF)(Z—I”)’ (2.28)
which has the properties
d ) 2 —i(E~EF)(i~1) 2.
Wolt.1) = > M P EEN) ~ O(g);
p
Wo(2,0) =0 (2.29)

and is the kernel of the integral term in (2.27). An
integration by parts in (2.27) yields

/ dr %Wo(t, "A(?)

= Wo(t. 0)A(r) - / CArA()Wo (7). (2.30)

0

From the amplitude equations it follows that A x g*A and
W, « ¢*; therefore, the second term on the right-hand side
in (2.30) is o ¢g* and can be neglected to leading order
O(g%), which is consistent with the order at which the
hierarchy is truncated. This procedure can be repeated
systematically, producing higher order derivatives, which
are in turn higher order in ¢* providing a systematic
quantum field theoretical generalization of the Wigner-
Weisskopf method ubiquitous in the treatment of neutral
meson mixing [56-58].

The Wigner-Weisskopf approximation is the leading
order in the coupling(s) and consists in keeping the first
term in (2.30) and taking the long time limit,
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—o0
- M 2/ e
S|
4
M 2
ey

EF + l€)

i(E,—E,.~+ie)(t—t”)dt//

(2.31)

where ¢ — 0% is a convergence factor for the long
time limit.

A more detailed analysis of the long time limit presented
in Refs. [59,61] allows us to extract the contribution from
wave function renormalization; we will not pursue this
contribution here, as it is not directly relevant to the time
evolution and oscillations which are the focus of this study.

In Ref. [59] it is shown explicitly that this approximation
is indeed equivalent to the exact solution via Laplace
transform in the weak coupling and long time limit, where
the Laplace transform is dominated by a narrow Breit-
Wigner resonance in the Dyson-resummed propagator. The
generalization of this equivalence to the case of mixing is
discussed in Appendix A.

In the Wigner-Weisskopf approximation up to second
order in H;, we obtain

AT (1) + 2 AP (1) + 2, AP (1) e/ B1=E)t

= —ie Fa=EDI % Ay (1), (2.32)
P(0) + iZpAP (1) + iZy A (1) ! B2-EV!
= —ie Ea=ED M Ay (1). (2.33)

+i(E,—E,

The oscillatory factors e ) in (2.32) and (2.33)

can be absorbed by defining

Al(t) = e B AT (1), h=1,2 (2.34)

leading to the following matrix equations for these
amplitudes

230 ol oo ()
(2.35)

where the “effective Hamiltonian” is

IH]=<H“ H12>_<E1+211 Zpn
Hy,

Hpy, 2 Ey + X
The right-hand side of (2.35) describes the production
from ® decay.
The matrix elements are given by

>. (2.36)

ME? r
Sh= Y EllTX'+55“_AEH+55”—l 2“
(X}l
(2.37)

105024-5



DANIEL BOYANOVSKY

222_ Z ﬂ‘f’é&zzzAEzzﬂ—aé}z—iE

- _ X o —_— )

iy 2T E e 2
(2.38)

MIX*MZX r
212: Z A4’5(912EAE&z“‘&(f:lz—l.ﬁ

i P BN ie 2
(2.39)
MIXM2X* F
2y = Z %+5521EAE21+5521—1'A»
i 1T E e 2
(2.40)
where
MiX*MjX
AE;= ) P(ﬁ) (2.41)
{Xh{p}x J
and
Ty=2r Y MXMYS(E; -EX), (242)

{X}:{P}x

where we used E — EX = E;, — EX from Egs. (2.11) and
(2.12). In the expressions above, the sum over { X} refers to
the sum over all decay channels and {p} refers to the sum
over the momenta for a fixed channel.

The off-diagonal matrix elements X;,, X,; can be
understood from the fact that the interaction Hamiltonian
has nonvanishing matrix elements between the two sterile
neutrinos and the same final state. For the case of a three-
body common decay channel, the self-energy that mixes v,
vy is depicted in Fig. 2; the imaginary part of this self-
energy yields the widths T;; in Eq. (2.42).

As discussed in Refs. [59,60], the quantum field theo-
retical Wigner-Weisskopf approximation is equivalent
to a Dyson resummation of Feynman diagrams and a
Breit-Wigner approximation (complex pole) of the Dyson-
resummed propagator. This equivalence is discussed in
Appendix A and is confirmed by the results of Ref. [15]
where mixing has been studied in terms of self-energy
corrections obtained from Feynman diagrams and compared
to the effective Hamiltonian description within a different

X1
// X \\
_— o2 2 __ )
vy, \\ // I/h/

FIG. 2. Self-energy that mixes v, v,/ for the case of a common
three-body decay channel v,; vy — X X, X5.

PHYSICAL REVIEW D 90, 105024 (2014)

context. In particular, the renormalization corrections and
decay widths are exactly those obtained from a Breit-Wigner
approximation to the full propagator with self-energy
corrections obtained from Feynman diagrams [15].

We emphasize that if the heavy sterile neutrinos are not
exactly degenerate, namely, if E; # E, then AE;; #
(AEj;)*. As a consequence of the Hermiticity of the
counterterm Hamiltonian, it follows that 6&;; = (6€;;)";
therefore, the counterterms cannot completely cancel the
real part of the self-energy corrections AE;;.

It is convenient to introduce the following quantities:

_ 1 1

EZE(El + E5); AZE(El —-Ey), (243)
_ 1 1
= 5 (Zh+2Zn); o= 3 (Z11 = Zn), (2.44)

in terms of which the complex eigenvalues of H are

Fi

7 )
(2.45)

W =(E+E)£[(A+0)2+ 2,3 =EF i

where E* and I'* are real corresponding to the energy and
decay width of the propagating modes.
Consider now the eigenvalue problem

+ +
o &
and the matrices

+ — — R
u_1<a1 0‘1), U 1 (az 0‘1)
=\ 4+ U= + o+

A (f oy —aya7) \—af  a

(2.46)

(2.47)
from which it follows that
AT 0
UHU! = ( ) (2.48)
0 1
Therefore, defining
Al(t V(¢
(A0) (V)
A%(1) V(1)

and right multiplying (2.35) by U/ and using (2.48), we find
d <V+(t)> .</1+ 0 )(V*(t))
— +1
dr \ V=(1) 0 A /J\V(r)

‘ M{l+
= —iel(Eu_Ecb)[A(b(t) ( P

- ); VEO0) =0 (2.50)
M%
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with

(2.51)

ME\ My

Tra— =u Ma2 :

Mp P
The solutions are

~ 1t t . /
VE(D) = —iMEe 4t / e WHEED A (¢VdY,  (2.52)
0

and from the relation (2.49) we obtain

(2.53)

Full expressions for the products ocji]\N/[%jE are given in

Appendix B where it is recognized that these products are

independent of the normalization of the eigenvectors of H.
The solution of (2.21) is

t : a ¢
A (1) = —iM& / e B ENI A (2)dr . (2.54)
0

We now insert the solutions (2.53) and (2.54) into the
evolution equation for Ag(7) (2.20); using the definitions
(2.12) and (2.34) we find

A@(l) — _Z /t{M%+M%+e_i(/ﬁJFEa_Exrw)(l—f/)
aq 0
o+ M M e EED =Y Ay ()t

t ) ,
_ Z A {|Mt71)a|Ze—l(E,,+Ea—Eq,)(t—t )A(I,(t’)}dt’,

aqg;a

(2.55)

where

M$E = af MG + ay M. (2.56)

The first line in Eq. (2.55) is the contribution from the
intermediate heavy sterile states, and the second line is the
contribution from the active neutrinos.

Implementing the Wigner-Weisskopf approximation and
taking the long time limit (no convergence factor is needed
in the first sum because A* feature a negative imaginary
part arising from the decay of the intermediate state) this
evolution equation simplifies to

Ag(1) + iEpAg(1) = 0

Ap(0) =1, (2.57)

where

PHYSICAL REVIEW D 90, 105024 (2014)

| P | M4 |?
Eo=AEy—i—=Y — L
eTETETT Eq—E,—E,+ie

aq;a
5 { MMy N My My }
- (Eg—E,—E*+iI'") (Eq—E,—E +4iI'")
(2.58)
with AEg and I'g real, leading to
Ap(t) = e~i8Est =31, (2.59)

AE4 will be absorbed into a renormalization of the single
meson energy, namely Eq + AEg — Eg (from now on, Eg
denotes the renormalized single-particle energy), and I'y, is
the total decay width of the parent meson.

It only remains to introduce the result (2.59) into
(2.52) to obtain the time evolution of all the amplitudes.
We find

. T, . e
[e—l<Eq)—Ea—lT®)I_ —l(Ei—er)t}

[E<I> - E(l -

e
B (T —T9)]

VE() = M% (2.60)

Using the definition (2.34) and inserting the results
(2.53) and (2.60) into (2.23), we find for the final state
amplitude

(o I M + a3 25D
[E¢ —E,—E" —5(Tp —T7)]
{[e—i(Eq,—Ef—irT‘I’)t ~1 [e—i(EnEX—i%)t _ 1]}
X -_—
[Ey - Ef—i%t]  [EY - EX =il
(a7 M MY + a;M;’,—M%X)
[Ee = Eq = E7 =3 (Tp =17)]
5 {[e—i(Eq,—Ef_.—irz‘I’)t — 1] [e BB 1]}

AR(1) =

[Eq — EX —i%2] [E-—EX—il]

(2.61)

2 the

interference between the terms with e~( ! leads to
oscillations. These will be studied in Sec. III below.

Going back to the Schrodinger picture with |¥(7))g =
e~ Ho!| Y (1)), we obtain

In the probability of detecting the final state |A%(7)

E*=i)

105024-7
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D (K.1))g = e~ Ere™3| ;)

+ e EAT (kG ) |vags LY )
aqa

+ Ze—iEatAh(k, q:1) |yh~‘?;L%_?]>
aq;h

+ Y e A (kg {phnILe A
aq:{X}:{p}x

. (2.62)

Using the result (2.53) and the definition (2.34) we note
that we can write in the second term in (2.62)

ZA”(t)Im =V

vF) = ailvi) + ayfw).

(D) + V= (0)lv7);
(2.63)

Namely, the states [v*) are coherent superpositions of the
mass eigenstates of the unperturbed Hamiltonian. In
particular, under the assumption that I’y > I'*, it follows
that for time scales 1/Ty <t < 1/Ty,

VE(L) = CyeEle T (2.64)
where the normalization constants
g
C,. = 2.65
£ B, B, (-] %)

reflect the Lorentzian distribution from the decay of the
parent meson. However, because H is non-Hermitian,
the states |[v*) are not orthogonal, namely (v"|v~) =

(@ )*(a7) + (a3)*(a7) #0.

B. Comparison to neutral meson mixing

The evolution equations for the amplitudes of the
intermediate state (2.35) in terms of an effective
Hamiltonian (2.36) are similar to the case of neutral meson
mixing but with noteworthy differences:

(i) The inhomogeneity on the right-hand side of (2.35)
describes the production of the intermediate state
from the decay of the initial state. In the description
of neutral meson mixing, the production stage is
not included but the initial state is assumed to be
a linear superposmon of the unperturbed neutral

mesons (K°, K°, B®, BY etc.), and the equivalent of
Eq. (2.35) is homogeneous. Since the amplitude
Ag(f) = 0 for t > 1/T'y, the production contribu-
tion vanishes and Eq. (2.35) becomes homogeneous
describing an initial value problem for the ampli-
tudes for time scales ¢ > 1/T"y; therefore, one would
conclude that for > 1/I'y the two cases are similar.
However, it is clear from the expressions (2.60) that

(i)

(iii)

105024-8
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in this limit, the amplitudes for the heavy sterile
neutrinos are not determined from arbitrary initial
conditions, but are determined by the Lorentzian
distribution function that results from the decay of
the parent particle. This is manifest in the prefactors
C. in (2.64) which are given by (2.65) as a direct
consequence of production of sterile neutrinos from
the decay process; in other words, these coefficients
are a manifestation of the “memory” of the initial
state and of the decay dynamics of the parent meson.

The probability for finding a particular mode =+
after the decay of the parent meson for 7 >> 1/T'y is

[F5 e

[Eg — E, — E*] + [(Ty = %) /22

(2.66)

Namely, the exponential decay factor multiplies a
Lorentzian probability distribution of decay prod-
ucts. The difference in the decay widths in the
denominator has a simple interpretation: ' de-
scribes the rate at which the sterile neutrinos are
produced, whereas I'* are the rate at which they
decay into the final states so that the effective
production rate is I'y — I'*.

Unlike the neutral meson case under the assumption
of CPT symmetry, the diagonal entries in the
matrices (2.41) and (2.42) are not the same. This
is because the sterile neutrinos in the intermediate
state are not exactly degenerate. As a consequence
of this nondegeneracy, it also follows that
AE;; # AEY; Ty # 17, unlike the case of neutral
meson mixing. Therefore, as mentioned above, the
counterterms 6&;; obeying the Hermiticity condition
cannot completely cancel the self-energy corrections
AE;;. In the case of neutral meson mixing, the
unperturbed (bare) masses of the meson and anti-
meson are the same; hence, the denominators in
AE,,, AE,, are the same and AE;; is Hermitian [56].
Indeed the original derivation in [56] manifestly uses
that the meson and antimeson have the same (un-
perturbed) energy (mass). Allowing for different
energies and following the derivation in [56], the
results for AE;; obtained above follow directly.
The time-dependent prefactors V£(t) are given by

(2.60); the first term o e iEsE~i)t is o direct
consequence of the production of sterile neutrinos
via the decay of the pseudoscalar meson and can be
traced to the right-hand side of Eq. (2.35). If I' >

I'* and for t> 1/, it follows that V*(¢) o
e~iE*~15)1 which is the usual time evolution ob-
tained from the effective Hamiltonian in the Wigner-
Weisskopf approximation for neutral meson mixing
[56-58]. This is in agreement with the results of

Ref. [59] wherein it was observed that if the decay
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rate of the parent particle is much larger than that of
the intermediate resonant state, the time evolution
proceeds sequentially: the decay of the parent
particle leads to the formation of the intermediate
state on a time scale much shorter than the lifetime
of the intermediate resonant state; its amplitude
grows initially from the production dynamics and
decays on a longer time scale.

III. OSCILLATIONS IN THE DETECTION
OF DECAY PRODUCTS

Oscillations in the decay products are observationally
relevant on macroscopic scales when the heavy sterile
neutrinos are nearly degenerate, namely when E; + E, >
|E| — E;|. In this limit there are two important cases to
consider.

(i) |E, — E5| > X, Since T;; « ¢g* where g is a typical

weak coupling in the interaction Hamiltonian, we
find up to second order in couplings

/1+:E1+211+O(g4); ﬂ_:E2+222+0(g4).

(3.1)

The counterterms can be chosen to cancel the real
parts of the self-energy so that E;, are the fully
renormalized (real) energies and to leading order in
the couplings for this case we find

i i
/1+:E1 —EF”; A_:EZ—Erzz. (32)

(ii) |E; — E,| <Z;: In this case the full expression
for A* are given by (2.45) and we can set E; , —
E = (E, +E,)/2 to leading order in the self-
energies (2.37)—(2.40). Neglecting terms of
O(*|Al/E < ¢*), we find

=0 =2[(A+0) + Zpiylfx O(F).  (3.3)
where
MM
{Xh{px
and
Ty=2r Y MXMYS(E-EY), (3.5

{X3:{P}x

with the COfOllary that (AEU)* = AEﬂ, (F’J)* = F]l
Because the counterterms obey the Hermiticity
conditions [see (2.17)] in this case we implement
the “on-shell” renormalization scheme following

[15] and request that
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where AE;; are given by (3.4).

The probability of finding a particular final state X at
time ¢ is given by |[A%¥(¢)|>. Consider the visible decay of
the heavy sterile neutrinos to the common decay channel
{X} =e"e"v,, namely v, — e"e v, where v, is an
active neutrino. The number of eTe™ pairs in this state is
given by (suppressing the appropriate quantum numbers)

(U(1)|bibodid, |0 (1)) = [AF ()2, (3.7)

and the total number of e e~ pairs in this particular decay
channel is

Newo (1) = Y _|AF ()P

{P}x

(3.8)

The amplitude A%¥ (1) (2.61) clearly indicates that |A%¥()|?
features oscillatory contributions from the interference
between the terms with ¢*£"*, These interference terms
will be manifest over macroscopic distances if the real part
of the eigenvalues E* are nearly degenerate. Since the self-
energies are perturbative, from the expressions (2.45) it is
clear that near degeneracy of E'? implies near degeneracy
of E*. It is convenient to define

_ 1 1
=—(Et+E);, 6==(Et—-E);
g 2( +E7); 2( );
_ 1 1
I'= E(FJr +1I7) = E(Fn + 1), (3.9)

with 8 < & Writing A% ““(f)=A*(f) + A~(f) and
assuming that the matrix elements are smooth functions
of the energy so that to leading order we can evaluate them
at the average energy & thereby neglecting terms of

0O(5/€), we find

_4n8(E + E, — E4)8(€ — EX)
[Ty + T + 2i8)[T" — i25]

(AT (D) A~ (f) = T2

x [1 — e¥dte=T1], (3.10)
where
= (aEMEME + o MEME).  (3.11)

The details of the calculation are given in Appendix C.

Integration over the final state phase space py and over £
yields the overall energy-momentum conservation and
fixes the average £ = Eg — E,,.

These oscillations in the probability of decay products
are akin to “quantum beats” in the photodetection proba-
bility of radiative decays in multilevel atomic systems [62],
and a similar phenomenon has been discussed in Ref. [63]
within a different context.

105024-9
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In the nearly degenerate case, after imposing the on-shell
renormalization condition [15] (3.6), we find
r

Y, = —i

j =i (3.12)

and

i =1
iiEEi—EFi:E—E(FH—f—Fzz)

4 KA —éml - r22)>2 - % |r12|2} EEREY

These are general results in the nearly degenerate case.

IV. AN EXAMPLE: THE VISIBLE DECAY
CHANNEL v, > efev,

We now study the specific example of two nearly
degenerate heavy sterile neutrinos with a common purely
leptonic visible decay channel: v,,vy — eTe v, via a
charged and/or neutral current vertex, with a an activelike
neutrino [27].

In the Fermi limit the self-energy diagram that describes
this common decay channel is shown in Fig. 3.

Adapting the results from Ref. [27] and neglecting
corrections of order |[E' — E?|/(E' + E?) < 1, we find

_ G%‘Mh6 mg *
Fij(l/h — e+e Ija) = 1927[3EH MT%! Uethehj;
_
M, :E(mhl + my, ), (4.1)
where [27]
H(x) = (1 —4x2)2(1 — 14x — 262 — 12x°)
14 (1 —4x2)z
+24x2(1 —x2)1n+(7x)1, (4.2)
1 — (1 —4x?):

and to leading order we have replaced £ — E. Neglecting
m, it follows that'

Fij(yh — e*e_l/a)

Mh 5 UehiU:h- Mh
~35 () ¢ 43
x [100 MeV] [ 05 J\E)S @Y

with an extra factor of 2 if v, is a Majorana neutrino.
Imposing the on-shell renormalization condition (3.6),
we find the effective Hamiltonian

. E -l (v —eter,) —iMp,—etey,)
T eter) Br-iTal—eten))

(4.4)

"The factor E/M), is the average Lorentz factor.
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e’
e - = ~
e — AN
/ e \
- - - - - - - -~ 7
vy, \ / Vh/
N e
~ Vg -

FIG. 3. Self-energy with eTe™v, in the intermediate state
mixing vy, vy in the Fermi limit.

Because the decay width is suppressed by the small
neutrino mixing matrix elements, the decay vertices are
expected to be displaced far from the production vertices
and the space-time evolution of the sterile neutrinos
becomes important. In Ref. [60] these aspects were studied
within the context of a single sterile neutrino but the results
are straightforwardly adapted to the present study. To
address the space-time evolution, a wave packet description
is necessary and it is discussed in detail in Ref. [60] for the
case of a single sterile neutrino in a cascade decay.
Consider now the nearly degenerate sterile neutrinos
propagating as wave packets with nearly equal group
velocities

v, =p*/E. (4.5)
where we have approximated £ = E to leading order in
weak coupling and p* is the value of the momentum
determined by energy-momentum conservation at the
production vertex for a sterile neutrino of average energy
E = E4 — E,, . For pseudoscalar meson decaying at rest,

2(1,5,,5,)]
vg:[( ) h)]z’ (4.6)
(1+5h_5a)
where
Ax,y,2) = x> +y* + 22 = 2xy — 2x7 — 2yz;
2, . M2
By =Lty g =" (4.7)
My My

Consider a detector a distance L, from the production
vertex and fiducial length AL, so that |[E* — E7|AL,/
v, <1, AL,/ v, < 1, then the oscillatory contribution to
the number of events detected within the fiducial length
simplifies; namely, the last term in (3.10) becomes (see
Ref. [60] for details)

_ 2ibt ,—T't
[1 — e*otet1]

y — 2i0La/vye=TLa/vy AL ,.
[T —i26]

(4.8)

Namely, after the phase space integrations, the number of
e" e pairs detected within the distance AL, a distance L,
away from the production region is

105024-10
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Nt (t) |osc = Ne?La/tse~TLaly ALg;

1 -1
6:§(E+—E‘); F:z(FJFJrF‘), (4.9)
where N is the normalization factor arising from the phase

space integrations and

26 = Re[(E, — E, — i(Ty; = T5))? = [T 2] /%;

_ 1
I'= E(Fn +12),

(4.10)
with I';; given by Eq. (4.1). This result for I follows from
that in (4.9) and (3.13).

A. Coherence aspects

The oscillatory behavior arising from the interference
terms between the two nearly degenerate eigenstates bears
many similarities with the case of oscillation and mixing of
active neutrinos, but with noteworthy differences.

Oscillations in the decay products will be observed
provided that |E* — E~| > T'; otherwise, the interference
term damps out before any oscillation can occur.
Furthermore, the result for the interference term (3.10)
has been obtained under the assumption that the difference
in energies of correct eigenstates |ET — E~| cannot be
discriminated by the measurement. This is manifest in the
derivation of Egs. (C11) and (C9) in Appendix C leading
to the result (3.10) which is obtained as a distribution
integrated over a density of states (detector) that is
insensitive to the energy difference. If the detector (final
density of states) can discriminate between the energy
eigenstates with a resolution smaller than the widths, the
narrow width approximation to each Lorentzian yields a
product « §(€ — §)6(€ + ) which vanishes and the inter-
ference and quantum beats will be suppressed as the
measurement is effectively projecting on a particular
energy eigenstate. This is similar to the case of active
neutrino oscillations when the neutrino mass eigenstates are
produced in the decay of a parent meson whose decay
width determines the energy resolution as analyzed in
Refs. [53,64] and discussed further in Ref. [65].

The analysis leading to the result (4.9) made use of a
wave packet description of the space-time evolution. The
two different eigenstates with E* feature slightly different
group velocities which result in that the corresponding
wave packets slowly drift away from each other. Coherence
leading to oscillatory interference is maintained provided
these wave packets have a substantial overlap, which
requires that |v) — v, |L, < ¢ where ¢ is the width of
the individual wave packets. This is similar to the case of
oscillations of active neutrinos and has been analyzed in
detail in Ref. [65] to which the reader is referred for further
discussion. A detailed analysis of possible decoherence
effects requires a firm assessment of the energies and
energy differences as well as an estimate of the width of the

PHYSICAL REVIEW D 90, 105024 (2014)

wave packets, which is ultimately determined by character-
istic localization length scale of the parent particle and
determined by the experimental setup.

V. CONCLUSIONS, POSSIBLE COSMOLOGICAL
IMPLICATIONS AND FURTHER QUESTIONS

Motivated by their astrophysical, cosmological and phe-
nomenological relevance, their important place in compelling
extensions beyond the Standard Model and recent proposals
to search for heavy neutral leptons, we have studied the
production, propagation and decay of nearly degenerate
heavy sterile neutrinos with common decay channels.

We have implemented a nonperturbative field theoretical
systematic generalization of the Wigner-Weisskopf theory
ubiquitous in the study of neutral meson mixing, here
extended to include both the production and the decay into
the full dynamics for the general case of sterile neutrinos
with a common decay channel. Mixing between them is a
consequence of a common set of intermediate states which
lead to off-diagonal terms in the self-energies. Within the
Wigner-Weisskopf description, mixing is manifest in off-
diagonal terms in the effective Hamiltonian that describes
the time evolution of the amplitudes for the sterile neutrino
states.

Our study has focused on heavy sterile neutrinos
produced by pseudoscalar meson decay, as this is one
important avenue for possible study in current and future
neutrino experiments, however the method may be straight-
forwardly generalized to alternative production reactions.

While the dynamical evolution features similarities with
the cases of neutral meson mixing, there are noteworthy
differences primarily as a consequence of including the
dynamics of the production and decay in the treatment.

Although the framework is general, we considered the
case of a visible leptonic common decay channel v, vy —
ete v, (a is an active neutrino), as an explicit example of
experimental relevance and obtained the (nearly degenerate)
complex energies. Interference between the “mass eigen-
states” are manifest in damped oscillations in the e™ e~
distribution function akin to the quantum beat phenomenon
in the radiative decay of multilevel atoms.

In combination with a wave packet description, we
obtained the oscillatory contribution to the number of
ete™ pairs within a detector of length AL, placed at a
distance L, from the production region.

These oscillations in the decay products would be a
telltale signature of mixing between heavy neutral leptons.

A. Possible cosmological implications

The decay width of the propagating modes [see
Eq. (4.3)] suggests that sterile neutrinos in the mass range
M;, ~ 100 MeV and with |U,,|> <1077-107> feature a
lifetime ranging from a few seconds to a few minutes
depending on the strength of the mixing matrix elements. If
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these sterile neutrinos are produced from pion decay shortly
after the QCD (hadronization) transition (at ==10us;
T =150 MeV), they may decay into eTe v, several
minutes after the freeze-out of active neutrinos. In this
case the active neutrinos from decay are “injected” into the
cosmic neutrino background with a nonequilibrium dis-
tribution function and cannot thermalize after neutrino
freeze-out. These extra nonthermal neutrinos would not
contribute to big bang nucleosynthesis (BBN) as they are
produced well after the time scale for BBN, but may modify
the effective number of relativistic neutrinos, Nz, with a
nonequilibrium distribution function.

While the results obtained here yield insights into this
possibility, the formulation introduced in this article is not
directly applicable to the cosmological case which requires
the time evolution of a density matrix instead of an initial
single-particle state. Furthermore the production of sterile
neutrinos must be studied within the quantum kinetics from
pion decay in the thermal medium and freeze-out of the
distribution function when the pion abundance becomes
suppressed as the temperature decreases during the
cosmological expansion. This study will be reported
elsewhere [66].

B. Further questions

In this study we focused on understanding the interfer-
ence effects between the nearly degenerate sterile neutrinos
and their manifestation in the decay products within a
general framework.

We did not consider specifically either CP-violating
transitions, or |A/| = 2 transitions in the case of Majorana
neutrinos. As pointed out in Refs. [15,16,19,20], CP
violation may be resonantly enhanced in the case of nearly
degenerate heavy sterile neutrinos; furthermore, lepton
violating transitions are suppressed in the case of small
(Majorana) neutrino masses but may be enhanced by heavy
sterile neutrinos in intermediate states. Of particular interest
would be possible oscillations in |Al| =2 transitions.
Furthermore, a complete assessment of the probability of
detection requires us to consider specific cases for the
production reaction as well as the decay interaction vertex.
These determine the explicit form of the matrix elements,
the coefficients afz in the superposition (2.63), the nor-
malization of the Lorentzian distribution in the coefficients
C, in (2.65) and ultimately the overall normalization factor
N in the final expression (4.9). All of these aspects merit
further study, which will be reported elsewhere.
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APPENDIX A: EQUIVALENCE WITH
DYSON-RESUMMED PROPAGATORS

In the Schrodinger picture the full quantum state is

W(k,1))s = Co(kot) @)+ > Cr (k. sn)lvigs L)

agii=a,h

+ Y CERGADenILE X+,
g { X} i{plx
(A1)

where the coefficients in this expression and those of (2.9)
are related by

Cok, 1) = e Evi A4 (k, 1);
Coi(k, gs 1) = e EN AL (k, G5 1)
C&(k,q.{p}y:t) = e EHAX (k, q.{P}x:1).

The state (A1) obeys the Schrodinger equation

(A2)

10 0)g = =ilHo + H)UE. ). (A3

The equations for the coefficients are obtained by projec-
tion in a similar fashion as in Sec. II, with the same notation
as in Sec. II [see Egs. (2.11)—(2.14)], and neglecting the
momenta arguments in the coefficients, we obtain

Co(t) = —iEyCo(t) =iy ME*Ca(t)

a.q.a
—i Y MEECH(r): Co(0)=1. (A4)
a.g.h=12
Ci(t) = —iE§C(1) — iMF Co(1); - C§4(0) =0, (AS)

Cf" (1) = —iE}CHM (1) = iM§ Co (1) =i ) 8Ew CF (1)
=12
—i Y MBCCE(r); Ci"(0)=0. h=1.2,
{X}§{i7}x

(A6)

CH(1) = ~iEECE ()~ i Y MEECP (1) C4(0) =0,
h=12

(A7)

This hierarchy of coupled differential equations becomes a
set of coupled algebraic equations by Laplace transform.
Defining

Cls) = / ¥ eSO dt

0

(A8)

for all the coefficients, we find beginning from the bottom
up

105024-12
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_IMECE (s) + MBCP ()]

60:X
P ls)= s+ iEX

(A9)

Introducing this solution into the Laplace transform of

Eqgs. (A6), we find
5B+ 0%y, (s) iZ15(s) (5?1 (s) )
CP(s)

i1 (s) s+iE] + iZy(s)
Mal
= —iCy(s) (Maz) (A10)
where
~ MIX*MJX
{X};{i’}x

The first term in %; ;(s) corresponds to the intermediate
states { X }. Figure 2 shows the self-energy for the case of a
common three-body decay channel.

The solution of the set of Egs. (A10) is given by

(ZWI(S)) - _ié(“‘)<gi>5¢(ﬂ, (A12)

CP(s) P

where
&) = 1 | s+iEl+iZ5(s) —iZ1(s)

D(s) —iZy,(s) s+ iE} 4 % (s)

(A13)

with
D(s) = [(s +iE} +iZy (5))(s + iE} + iZy(s))

- i312(5)5321(5)}- (Al4)

For the amplitudes corresponding to the active neutrinos,
we find for their Laplace transform

aa
M

6(11/1 _ C )
r(s) S+ iES #(5)

(A15)

Introducing (A12) and (A15) into the Laplace transform of
(A4), we find

~ 1

Cols) = E T iZa(s)’ (A16)
where
To(s) = 2§ (s) + 20 (s) (A17)
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with

= _iZM7 (A18)
s+ k]

a.q.a

and

- _,Z (M, MZ*)G(s )(Z:,J (A19)

are the contributions to the ® self-energy from the active (a)
and sterile (s) neutrinos. This latter contribution highlights
the nature of the resonant heavy neutrino states because
G(s) includes the self-energy corrections in the mixed
heavy neutrino propagator.

The time evolution is obtained from the anti-Laplace
transform, namely, for all the amplitudes

, A20
2ri ( )

C(t) = /C es'C(s) ds

where C is the Bromwich contour running parallel to
the imaginary axis in the complex s plane to the right of
all the singularities of 6(s) Decaying states are described
by complex poles in C(s) with a negative real part;
therefore, along the Bromwich contour s = iw + ¢ with
—o<w<o0,e— 0" and

0 . d
C(r) = / ¢ C(s = iw + ¢) 2—“) (A21)
oo y4

In perturbation theory, ap(s = iw + ¢) features a complex
pole near @ ~ —Eg. Writing to leading order

r
Yg(s = —iEy+€) = AEg — i%’, (A22)

it follows that Cg (s = i + €) near this pole is of the Breit-
Wigner form®

i

6 s =iw +€)=—"—7—+—
a( ) ot EE— 1T
ER = E4 + AE, (A23)
and
Co(t) = eiEite=1, (A24)

From the convolution theorem for Laplace transforms, we
find

2 . . . .
Again we neglect wave function renormalization.
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Cal t ¢ Mal
< q)>:4/Fm—w( f%&mw, (A25)
C¥ (1) 0 ME
where
o - dw
G — iot " .
0= [ Glo)em S
G(w)=G(s = im+¢). (A26)
To simplify notation, we define
En(w) =E + E, + X (0);
En(w) = Ey + E, + Zp (o). (A27)
En(w) = Eu(a’); &) = i21(60), (A28)
with
It follows that the analytic continuation
~ 1
G(w) = -
) o w (@)w - o @)
& =
w + Exp(w) (@) ’ (A30)
&) w+E(w)
where

1
o™ (w) = —E{(gn(w) + En()) £ [(£11(w) = Ex(w))?
+ 4E (@) Ex (@)]'/7}. (A31)
The propagator é(w) features (simple) complex poles at

o = o*(w). (A32)
These self-consistent conditions can be solved perturba-
tively. Again there are two cases:

(i) |E, = E;| > X;;(E, ;) for which we find that

ot ==& (E]) = —[A" + E,J;

o = —En(E}) = —[1" + E,). (A33)
where A* is given by (3.2).

(i) |E; — E;| SX;(E): In this case we can set o =
E+ E, in the arguments of the self-energies to
leading order O(g?), and again we find

ot =-A"+E,);, o =-[1"+E,], (A34)
where in this case A% are given by (2.45) with E| , —

E in the arguments of the self-energies.
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In both cases, straightforward contour integration finally
yields

R G VA E
G(t) _ i - {e—m t|: 22 12 ]
j. - /1 E21 w + /1+ - Ell

g [/1_ —E»n  Ep ] }
Ey) Am—Ey

(A35)

where the E;; are the same as in (2.36) with E, , — E'in the
self-energies. With the result (A24), it is now straight-
forward to find the coefficients C¢'(7), C¢*(t) from
Eq. (A25). Using the results of Appendix B we confirm
the Wigner-Weisskopf result (2.53) with (2.60) to leading
order, thereby establishing that the Wigner-Weisskopf
approximation is indeed equivalent to the Dyson resum-
mation of the propagators in terms of the self-energy. This
is a nonperturbative result that generalizes the simpler case
analyzed in Ref. [59] and establishes the relation to the field
theoretical propagator approach studied in Ref. [15].

APPENDIX B: USEFUL IDENTITIES

The eigenvalue equation (2.46)
H, H ai ai
( 11 12>( l)zﬂi( 1 )’ (Bl)
H21 H22 af azi

1
= 5{(H11 + Hy) & [(Hy — Hyp)* + 4HyH, Y2},

we obtain

(B2)
from which it follows that
A~ =Hy =—(A" —Hy) (B3)
and
A*—Hn:/l‘—sz (B4)
Am—H, AT —Hy’
along with the ratios
@ _A-Hp o A -Hy (B5)
(XE H21 ’ a1+ H12

With these results, after straightforward algebra we find
the following identities:

(At —Hp)MY + Hp,ME

MY = B6

1 P /1+ _ /1— ’ ( )
o (A== Hyp)M%P + HyME

oMy = - = _7’/1_ P (B7)
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(A" —Hy )ME + Hy My
-1 ’

a;— Ma+ —

(B8)

(A" —Hy ) MF + Hy M4
At =1 '

oMy =~ (B9)

The important aspect is that these products are independent
of the normalization of ai,.

APPENDIX C: DERIVATION OF EQ. (3.10)

AL (7) given by (2.61) can be written in obvious notation
as AT(r) + A= (t) corresponding to the first and second
lines in (2.61). The interference terms are

(A*(1)*A™(1) + c.c. (C1)

To simplify notation, we introduce the auxiliary
quantities

= (6 MM + o M- M) (C2)

and

E=E+E,—Ey; n=Ef—Eg AF=T4-T%

(C3)
where &, § have been defined in Eq. (3.9). The interference
term (A1 (7))*A™(¢) is given by

+

(A*(1)*A~(1) = s
(5—}—5—1 )(5 S+i% )
x{(1)+(2)+3)+ @D} (C4)
where
_ (e =) (e — 1)
V=" v @
- (e-i(n 5)181516—71 1) (ei(n—s) it o=t _ 1)
@)= (17—5—5—1%) (77—5+5—|—1%) . (Co)
o (e—ime—%t _ 1) (ei(n—f)teiéte—r%t _ 1)
3)= (n—i%) m—-E+6+i%) (€7)
R otV G VRO

n-€-5-i%)  (+i)
Out of these four contributions, it is only contribution (2)
that survives at long time with an oscillatory behavior on
long time scales, (1) does not feature oscillatory interfer-
ence and (3),(4) feature rapidly varying phases e’ but not
interference terms and decay on time scales 1/Tg,.
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The denominators in (2) feature resonances at E* = EX
precisely when the heavy sterile neutrinos (the correct
eigenstates) can decay into the common channel. In the
narrow width limit, these resonant denominators become
energy-conserving delta functions. We can obtain the
coefficient functions of these delta functions by integrating
in the complex # plane and extracting the residues at the
complex poles. In the nearly degenerate limit, £ > &, and
Eq. (C6) is understood as a distribution that is integrated
over a density of states that is insensitive to the energy
difference 6 and we find

2151‘ —Ft]

6(n = &). (€9)

— i

Similarly, in the narrow-width limit and in the nearly
degenerate case, the product

1
)(5 s+i5 )

x5().  (C10)

(5+5—1

To find the proportionality factor, we integrate in the
complex & plane extracting the residues at the complex
poles and find this product (as a distribution integrated over
smooth density of states that is insensitive to the energy
difference 6) with the result

| 275(8)
<g+5_,2)<g 5+l’) Ty +@+2i5

(C11)

This result can be easily understood as follows: in the
narrow-width limit,

1
(5+5—z )(5 S+is )
] .
Y Ty +1) [’”((5(5 +6)+ (6(€-9))

P w=)) )

Upon integrating over a density of final states that is

insensitive to the energy difference &, the result (C11)

above follows. The same analysis applies to the result (C9).
Therefore, the final result for the interference term is

iveaern o _2a8(E+ E, — Eg) 218(E — EX)
(Ar(nya() =<' [F@+f+2i5}¢ T = 2i0]
x [1 — e2idteT1], (C13)
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