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Massive complex scalar fields can form bound states around Kerr black holes. These bound states—
dubbed scalar clouds—are generically nonzero and finite on and outside the horizon; they decay
exponentially at spatial infinity, have a real frequency and are specified by a set of integer “quantum”
numbers (n, [, m). For a specific set of these numbers, the clouds are only possible along a one-dimensional
subset of the two-dimensional parameter space of Kerr black holes, called an existence line. In this paper
we make a thorough investigation of the scalar clouds due to neutral (charged) scalar fields around
Kerr(-Newman) black holes. We present the location of the existence lines for a variety of quantum
numbers, their spatial representation and compare analytic approximation formulas in the literature with
our exact numerical results, exhibiting a sometimes remarkable agreement.
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I. INTRODUCTION

The Schrodinger equation admits bound state solutions
in a Coulomb potential. These are the atomic orbitals,
familiar from elementary quantum mechanics. The corre-
sponding scalar functions are finite everywhere and decay
exponentially asymptotically. In the absence of spin, the
orbitals can be labeled by three quantum numbers (n, £, m),
where n counts the number of nodes of the radial function
and £, m are the standard spherical harmonic indices. The
commonly used principal quantum number, which defines
the orbital’s energy, is n + [ + 1.

Changing this electromagnetic background to a black hole
(BH) spacetime and the Schrodinger by the Klein-Gordon
equation, one expects, at first sight, that no analogous scalar
bound states should exist. Indeed, the causal structure of BH
spacetimes demands that any classical field in the vicinity of
the BH must be subjected to a purely ingoing boundary
condition at the horizon. This seems to exclude equilibrium
(i.e. stationary) configurations, and hence to rule out bound
states around BHs. This expectation is actually confirmed for
Schwarzschild BHs. Considering the massive Klein-Gordon
equation [(JU = 4>V in this background, in standard
Schwarzschild coordinates, decomposing the solution into
Fourier and harmonic modes, ¥ ~ e~ 'F(r)Y,,, (0, ¢), and
requiring these modes to have a radial exponential decay as

to describe bound states, lim,_ o, F(r) ~ e"V# =7 /r, one
finds that the frequency @ must necessarily be complex. One
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finds, furthermore, that the imaginary part of the frequency,
7 (w), is always negative [1-3]; thus modes are decaying in
time, and 7 = 1/|Z(w)| measures the lifetime of the
decaying scalar configuration. The fact that Z(w) #0
demonstrates the impossibility of an equilibrium between
the scalar field and the BH, even if extremely long-lived
configurations may exist [4]. This impossibility remains
even if the backreaction of the minimally coupled scalar field
is considered, i.e. at nonlinear level within the Einstein-
Klein-Gordon theory; this fact is confirmed by a number
of no-(scalar)hair theorems for spherically symmetric
BHs [5,6].

A remarkable change of affairs occurs when one con-
siders Kerr BHs, for which the horizon is rotating with an
angular velocity Q. Three qualitatively distinct types of
massive scalar field modes which are asymptotically
exponentially decaying can be found. For a mode with
frequency @ and spheroidal harmonic indices [, m the
imaginary part of the frequency is

(i) Z(w) <0, for R(w) > mQy;

(i) Z(w) > 0, for R(w) < mQy;

(iii) Z(w) = 0, for @ = mQy.

Regime (i) is the only one present for Schwarzschild
BHs, as discussed above. Regime (ii) is called the super-
radiant regime [1-3,7-9]; the corresponding scalar
modes can extract energy and angular momentum from
the BH. It is made possible by the existence of an
ergoregion. Regime (iii), i.e. when the scalar field fre-
quency equals the critical frequency w, = mQy, corre-
sponds to bound states, analogous—in terms of the scalar
field distribution and labeling, but not in its probabilistic
interpretation—to the atomic orbitals. These are dubbed
scalar clouds [10-13].

© 2014 American Physical Society
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Although scalar clouds have a phaselike time depend-
ence, their energy-momentum tensor is time independent.
As such, their spacetime backreaction is compatible with a
stationary metric. Recently, the corresponding fully non-
linear solutions of the coupled FEinstein-Klein-Gordon
system were found [12,14,15], corresponding to Kerr
BHs with scalar hair. These BHs can have quite distinct
physical properties when compared to the canonical Kerr
BHs and can lead to a different phenomenology, testable
with future observations, such as gravitational wave obser-
vations [16—18] and the Event Horizon Telescope [19]. As
such understanding their properties is timely.

The goal of this paper is to perform a detailed study of
neutral scalar clouds around Kerr BHs and charged scalar
clouds around Kerr-Newman BHs, using a numerical
approach, and comparing the results with some analytic
formulas available in the literature. This study of scalar
clouds is not only interesting from the viewpoint of BH
theory, but it can also be seen as a step to understand the
new type of hairy BHs we have mentioned.

This paper is organized as follows. In Sec. II we review
the separation of variables procedure for solving the scalar
wave equation in the Kerr-Newman background and the
boundary conditions to be imposed in order to obtain bound
state solutions. In Sec. III we will make a scan in the
parameter space of Kerr and Kerr-Newman BHs to find the
location of the existence lines of clouds for nodeless and
nodeful clouds with different (1, m) quantum numbers. Our
results are obtained numerically, but we shall compare with
some analytic formulas existent in the literature obtained
within some approximations. Then in Sec. IV we perform
an analysis of the spatial distribution, both radial and
angular, of a sample of clouds. We close with some
final remarks in Sec. V. We assume throughout the paper
h=c=G=1.

II. SEPARATION OF VARIABLES: RADIAL
AND ANGULAR EQUATIONS

We shall be considering a massive, charged scalar field
minimally coupled to the geometry and to the electromag-
netic potential of a rotating charged BH. The background
spacetime is described by the Kerr-Newman line element in
Boyer-Lindquist coordinates:

A 2
ds? = -5 (dt — asin?0dp)* + 2 ar?
P A

. 29
+ A0 + % (7 + a®)dp — add?, (1)
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with

p? =1’ + a*cos®0, A=r’=-2Mr+ad*+ Q% (2)

where M and Q are the Amowitt-Deser-Misner
(ADM) mass and charge of the BH, respectively,
and the ADM angular momentum is given by J = aM.
The background electromagnetic 4-potential is A, =
(=rQ/p*,0,0,aQrsin’6/p?).

The Klein-Gordon equation for a massive charged
particle is given by

(Va - iqAa)(va - iqAa)‘;[l - /"2\11 =0, (3)

where p is the mass of the scalar field and ¢ is its charge.
In order to solve this equation we decompose the scalar
field as W =}, ¥,, and separate variables as ¥, =
R, (7)S),,(0)e™P et [20], where S,,,(6) are the spheroi-
dal harmonics which obey

1 d (. dS, vy
nddo <sm¢9—d9 ) + <K1m +a*(u* — w*)

20,2 23 2 m?
—a*(u* — w*)cos*0 — sin2¢9) Sim = 0. (4)

K, are separation constants. The radial functions R, (r)
then obey the radial equation

Ai A dem
dr dr

+ [H2 + (zmaa) - Klm _ﬂ2(r2 + a2>)A]le = 07 (5)

where H = (r> + a®)w —am — qQr. We can rewrite
Eq. (5) using the tortoise coordinates, defined by

dr, r*+ad?

dr A

(6)

and obtain a new radial equation without the first deriva-
tive term,

A(A +2r(r — M))

dr? (r? + a*)?

da*u,, n {[H2 + 2maw — p*(r* + a*) — K;,,) A

- + }U,m =0, (7)

(r* + a®)?
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in terms of the new dependent functions U,,, defined as

U, =R,V 1+ d. (8)

Next, we must impose boundary conditions. Any state in a
BH background should have a purely ingoing boundary
condition at the horizon; moreover the bound states we are
looking for should have an asymptotically exponentially
decaying behavior. Analyzing the radial equation (5) we find
asymptotic solutions compatible with these requirements:

e~ @@ for r —r,,
le(r) ~ e—\//lz—wzr (9)
for r - oo,

r 9
where we defined the critical frequency w,, given by

ma q0r,
P +a r+ad

w, =mQy + qdy = (10)
Here, r, is the radial coordinate of the outer (event) horizon,
Qp is the horizon angular velocity, as mentioned in the
Introduction, and ® is the horizon electric potential. Later
we shall also use r_, the radial coordinate of the inner
(Cauchy) horizon. Observe that in the presence of both
background and scalar field electric charge, the critical
frequency gets a new contribution, as compared to that
discussed in the Introduction. Indeed there is a purely
charged superradiance that, under appropriate boundary
conditions, can also lead to instabilities [21-23].

III. SCANNING THE BH PARAMETER SPACE
FOR CLOUDS

In order to study bound states, in the following, we shall
focus on the case for which the field’s frequency equals the
critical one:

0= o,.. (11)

This choice allows the existence of stationary scalar con-
figurations around Kerr-Newman BHs, but only for specific
values of the background parameters; mathematically, one
may regard (7) as a nonstandard eigenvalue problem. In our
approach, these specific values will be found numerically.
Our strategy can be summarized as follows. The radial
equation (5) is solved for given cloud quantum numbers
(n,l,m) and charge g. The field mass p is taken as a
normalization scale and all quantities will be referred with
respect to it. Moreover, we fix the BH background param-
eters 7, and Q. In this procedure, we consider the following
expansion for the coupling constant K,

Ky +a*(@> —a?)=1(1+1)+ Z cra* (u? — w?)k,
k=1

7 (12)

where the coefficients ¢, may be found in Ref. [24].
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As r — r,, the radial function [with the critical fre-
quency (11)] admits a power series expansion,

R, —R0<1 +2Rk(r—r+)k>, (13)

k>1

with R, an arbitrary nonzero constant (since we consider
only the linear Klein-Gordon equation). The coefficients R
are found by replacing Eq. (13) into Eq. (5), and solving it
order by order in terms of (r — r,). In our numerics, we
have considered only the £k = 1,2 terms in (13) and took,
without loss of generality, Ry = 1. The R, exhibit a
nonelucidating dependence on the background parameters
(ry,a,Q), on g and on the quantum numbers (/, m); thus
we shall not exhibit them here.

Then, starting with the near horizon expansion (13), we
search for values of a for which the radial function R;,, goes
to zero (exponentially) at infinity, as given by the second
relation in Eq. (9). The numerical integration of Eq. (5)
results in a one-parameter shooting problem, which was
solved using both a standard FORTRAN solver, as well as a
MATHEMATICA routine, with agreement to high accuracy.
We have found that, for given input parameters
(ry,Q.q;l,m), solutions with the right asymptotics exist
for a discrete set of a, which can be labeled by the number n
of nodes of the radial function R;,. In this way we
determine the existence lines of the clouds with a given
set of quantum numbers, in the parameter space of Kerr-
Newman BHs.

We shall now present the results obtained numerically
for the clouds. First, we consider the case of a massive
scalar field in the Kerr spacetime (Q = 0 and ¢ = 0); then
we discuss the case of a massive charged scalar field in the
Kerr-Newman spacetime. We always assume the cosmic
censorship hypothesis, so that the singularities are hidden
by event horizons; in other words, we never consider
over-extreme backgrounds.

A. Kerr

For Kerr BHs, the scalar field critical frequency (@,.) and
the background horizon angular velocity are related by
Qy = w./m. The existence lines for nodeless clouds and
l=m=1,2,3,4,10 were first exhibited in Ref. [12],
using a BH mass M vs horizon angular velocity Qg
diagram. This particular type of diagram parametrizes
the two-dimensional parameter space of Kerr BHs in a
way appropriate for this problem, due to the relation
between the scalar field frequency and the horizon angular
velocity. As such, we shall herein represent existence lines
using the same type of diagram.

In Fig. 1 we plot the existence lines for the clouds with
different node numbers, n = 0, 1,2, and angular momen-
tum harmonic indices, [ = m = 1, 2. As mentioned before,
the lines with n =0 and [ = m = 1,2 have already been
presented in Ref. [12]. The main trend concerning these

104024-3



BENONE et al.

j 0.6
Py Ry E—
m=l=2 e 04 L |
1 .
02 ¥ b
o L =. .
0.95 1 1.05
3
=
0.5 3
0 L i L
0 i 0.45 0.5 0.55 H
0.5 1

Qy/u

FIG. 1 (color online). Existence lines for scalar clouds with
various quantum numbers in the mass vs horizon angular velocity
parameter space of Kerr BHs. The black solid curve represents
the extreme case, a = M and Kerr solutions exist below this line.
The blue dashed and red dotted lines represent the nodeless
solution for m = [ =1 and m = [ = 2, respectively. The insets
compare the nodeless solutions (n = 0) with the solutions with
n=1,2.

lines is that as / = m is increased the lines move towards
smaller Q4. The main new feature presented here is that the
solutions with nodes move towards larger values of Qy as
compared to nodeless solutions with the same [, m, con-
verging to the latter when M — 0. In Sec. V we shall
provide an intuitive interpretation for the behavior of these
and the following existence lines.

It was briefly mentioned in Ref. [12] that the existence
lines for nodeless clouds with a given value of m and [ > m
always move towards larger Qg values than the corre-
sponding ones with m = [. This is illustrated in Fig. 2. The
trend we have seen in Fig. 1 for the existence lines with
nodes establishes a similar pattern when [, m are fixed and

Mp

0.5

0-.5 1
Qu/u
FIG. 2 (color online). Analogous plot to Fig. 1, but now the

insets compare the solutions for m = [ with the solutions with
m < [, all with n = 0.
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we increase n. As such, fixing m, the existence line for any
n, [ that stands on lowest values of Qy isthe n =0,/ =m
line. We recall that the region to the right of a given
existence line—in this type of diagram—consists of back-
ground spacetimes that are superradiantly unstable against
that particular mode. Consequently, the m =1, n =0
existence line defines the boundary of the region between
stable and unstable Kerr solutions for a given m mode.

Although there is no general analytic formula for the
clouds’ existence lines, some limiting cases have been
considered in the literature which led to analytic formulas
valid within some approximation. Here we shall discuss
two such limits, one that applies to fast rotating BHs and
another that applies to slowly rotating BHs.

In Ref. [10] Hod first discussed the clouds for the
extremal Kerr BH and in Ref. [11] extended his results
for near-extremal BHs, obtaining an analytic approxima-
tion given by [cf. Eq. (32) in Ref. [11]]

= mQy[l + 2%, (14)

where

m m? re—r
e = - =) (s
T2+ 1+2n) 4ad+1+2m2< . ) (15)

and d = /(21 + 1)> — 4m?. From these equations we can

obtain the existence line for a given cloud with quantum
numbers (n,l,m) and for rapidly rotating BHs, i.e. near
extremality. In Fig. 3, however, we plot such a line for
n=0,l=m=11in an M vs a/M diagram for Kerr, but
extrapolating the formula for all values of a/M.

Another analytic formula can be obtained from the
classic work of Detweiler [3], who studied superradiance

0.6 T T T

Hod
Detweiler
Numerics

Mu

alM

FIG. 3 (color online). Comparison between our numerical
solution for the clouds with n =0, m,[/ = 1 and the analytical
results by Hod [11], cf. Eq. (14), and Detweiler [3], cf. Eq. (16),
in a mass vs angular momentum parameter for Kerr BHs.
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for small values of the mass coupling, My < 1. His results
can be specialized to the critical frequency w, = mQy.
Since w < u for bound states, we obtain that Detweiler’s
results apply to slowly rotating BHs, i.e. QyM < 1; then,
an analytical formula can be obtained [solving Eq. (26) of
Ref. [3] for ], namely,

_ [P P - ammep)] 16
SV 3 7 M> 19

where p = [+ n + 1. In Fig. 3 we plot the corresponding
existence line for / = m = 1 and n = 0, extrapolating to all
values of a. In this figure, besides the approximations
derived from Egs. (14) and (16) we plot our numerical
results, which are valid (and accurate) for all values of
a/M. Somewhat unexpectedly, the analytic approximations
are still accurate, well outside their regime of validity. Thus,
even though the solution of Detweiler is supposed to be
valid only in the slowly rotating case, we see that the
numerical and the Detweiler curves overlap in almost all
the range for a/M. In the inset it is possible to see that the
numerical result tends to the Hod curve close to extrem-
ality, as expected. In Fig. 4 a similar comparison is made for
n=0and m =1[=3,4.

B. Kerr-Newman

In the Kerr-Newman case both the background and the
test field have one more parameter. So to exhibit the
existence lines in a useful way, one must fix some
quantities. In Fig. 5 we fix the background charge
#Q = 0.1 and draw the existence lines for the cloud with
[ = m =1 and n = 0 for various values of the field charge
q. The overall trend is that clouds with the same (opposite)

m=l=3, Hod =========
Detweiler e
Numerics

m=l=4, Hod e
Detweiler
Numerics

Mu

FIG. 4 (color online). Analogous comparison to that in Fig. 3
but now for the clouds with n = 0, m = [ = 3, 4. The agreement
between the analytic and numerical approximations seems to
become slightly worse, outside their regime of validity, when the
quantum numbers m = [ increase.
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FIG. 5 (color online). Existence lines for charged scalar bound
states in the Kerr-Newman background, for n =0 and
[ =m =1, for different values of the field charge and fixed
background charge pQ = 0.1.

charge as the background occur for smaller (larger) angular
velocities. This is an intuitive behavior. For instance, same
charge implies Coulomb repulsion and hence require a
smaller angular velocity from the background to maintain
the equilibrium.

Another distinct feature of the charged existence lines,
already seen in Fig. 5 but more clearly exhibited in Figs. 6
and 7, is that the existence lines do not reach M = 0, since
the inclusion of background charge implies a minimum
value for the background mass, i.e. |Q| < M. Moreover,
Fig. 6 confirms the trend that increasing the Coulomb
repulsion between the field and the background implies that
for the same background mass the clouds exist for lower
background angular velocity.

Finally, fixing both the background and field charge, the
variation of the existence lines when the field’s angular

0.6 T T
n=0 l=m=1 -

0.5 F

04 -

Mu

03

0.7 0.8 0.9 1
Qy/u

FIG. 6 (color online). Existence lines for charged scalar bound
states in the Kerr-Newman background, for n =0 and
[ = m =1, for different values of the background charge and
fixed field charge ¢/u = 1.
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FIG. 7 (color online). Existence lines for charged scalar bound
states in the Kerr-Newman background, for uQ = 0.1, g/u =1,
n=0and m =[=1,2 and 3.

momentum quantum numbers are increased is qualitatively
similar to that seen in the Kerr case, namely the lines move
towards lower angular velocities, as it can be seen in Fig. 7.
This may be interpreted as a trade off between the angular
momentum of the background and that of the cloud, as to
maintain equilibrium. Another interesting feature in Fig. 7
is that, as the minimum background mass is approached,
the angular velocity of the background tends to zero.
Observe that the minimum background mass is precisely
equal to the charge yQ = uM = 0.1 and that the field mass
and charge are also the same ¢/u = 1. Thus, the limiting
equilibrium configuration is a marginal (charged) cloud of
the type discussed in Refs. [25,26].

As for the Kerr case, we can compare our numerical
results for the Kerr-Newman case with an analytic formula.
The latter was obtained from the results of Furuhashi and
Nambu [27]. First we note that these authors have shown
that in order to have bound states we must have

Muz Qq. (17)

Then they obtained an expression for the real part of
the frequency for My < 1 and Qg <« 1 [cf. Eq. (26) of
Ref. [27]]. From that expression, we find the analytic
formula

(1-iv3)(6p* + > Q*)M?
2233M%A

(1+iV3)A
2136M?

2q0
-R
K M

’

(18)
where
A = {=36p’M3qQ + 2M3¢> Q3 + 54p>*M*w,
+[A(-6p°M* - M?q* Q%)
+4MO(=18p°qQ + ¢*Q° + 27p*Ma,)*] /Y13,
(19)
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FIG. 8 (color online). Comparison between our numerical
solutions and the analytical formula by Furuhashi and Nambu
[27], cf. Eq. (18), for clouds with n =0, m=1[=1 and
qr, = 0.1. The numerical and analytical formulas coincide with
very good accuracy.

In Fig. 8 we compare this analytic formula with our
numerical results and, again, conclude that the analytic
formula works remarkably well. Observe that in the Kerr-
Newman case the existence lines cannot extend in the
whole range of a, since they are constrained by the
conditions (17) and a*> + Q% < M>.

IV. CLOUD TOMOGRAPHY

We will now consider the spatial distribution of clouds.
All considerations in the following will be made using the
standard Boyer-Lindquist coordinates for the Kerr-
Newman spacetime. Since the angular and radial depend-
ence separate for each cloud with fixed (n, [, m) it suffices
to consider these dependences separately to obtain the full
spatial picture.

A. Angular functions

The angular dependence is given by spheroidal harmon-
ics. These harmonics depend on the background angular
momentum parameter a; S;,,e”? reduce to the standard
spherical harmonics Y, when a =0, up to a (I, m)-
dependent normalization factor. Since one is typically less
familiar with these spheroidal harmonics (than with the
spherical harmonics) we will illustrate their angular
distribution.

In Fig. 9 we give a three-dimensional plot of some
spheroidal harmonics for ur, = 0.5. As we increase the
value of [ =m, §;, becomes more flattened, as for
spherical harmonics. For the cases plotted, the difference
between spherical and spheroidal is essentially only an
overall scale factor, i.e. the angular distribution is very
similar. Obviously the angular dependence is independent
of considering the Kerr or the Kerr-Newman background.
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FIG. 9 (color online).

Three-dimensional plots of the spheroidal harmonics |S;,,(0)|. All three panels were obtained for ur, = 0.5.

These correspond, from left to right to ya = 0.399, pa = 0.133 and pa = 0.430.

11a=0.399 ==reeeaan
na=0.426 ———
1a=0.443 o

60 80 100

44

ur

FIG. 10 (color online).
The corresponding values of ua are given in the figure key.

B. Radial functions

The radial dependence of the clouds is quite simple and
is illustrated in Figs. 10 (for Kerr) and 11 (for Kerr-
Newman), for some values of the rotation parameter, for
two values of [ = m and for three different numbers of
nodes n. The scalar field is always finite on and outside the
horizon. On the horizon it needs not to be zero. For
instance, for [ = m = 1 clouds it is nonzero on the horizon,
cf. Figs. 10 and 11. Then, the radial function will have n
nodes and decrease exponentially asymptotically.

Given the radial profiles, one may ask how close to the
horizon the clouds are concentrated. In order to gain some
insight into this question, we have plotted in Fig. 12 the
“position” of the cloud with [ =m =1,2,3,4,5,10 and
n = 0. By position we mean the value or r, denoted ryjsx,
for which the function 4z7%|R,,|* attains its maximum
value, cf. Ref. [10]. We can see that as a/M decreases,
rmax/M increases, diverging as a — 0. This behavior is
consistent with the fact that Schwarzschild BHs do not

1500 4
1a=0.1333 s
1a=0.1336

1a=0.1337

1000 A

500 |

Ry

300

-500-

ur

Radial solutions R;; (left), R,, (right) for clouds with n = 0, 1,2 in the Kerr background with ur, = 0.5.

support clouds. As extremality is approached, a — M, on

the other hand, we recover some results by Hod [e.g, for
l=m=1, ryax(a/M =1) =9.55TM = 9.557r]. It is
curious to note that our results for small / =m are in
agreement with the “no-short hair” conjecture [28], which
states that, for spherically symmetric BHs, the “hair”
should extend beyond 3r, /2 [which coincides with the
position of the circular null geodesic (CNG) for
Schwarzschild]. But for large /= m, the maximum,
rmax. approaches the Kerr horizon, as a — M, in agree-
ment with the behavior of the corotating CNG [29],
which is also plotted in Fig. 12. The fact that for large
[ = m the cloud’s position can approach arbitrarily close to
the horizon was first noted by Hod' using the eikonal
approximation. These observations support the idea that a
more universal measure of the minimal hair extension,

'We thank S. Hod for sharing with us this observation and his
yet unpublished work [30].
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FIG. 11 (color online).
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Radial solutions R;; (left), R,, (right) for clouds with ¢/u =1 and n = 0, 1,2 in the background of Kerr-

Newman with pr, = 0.5, Qu = 0.1. The corresponding values of ua are given in the figure key.

400 — T

FIG. 12 (color online). Position of the clouds, ry.x/M (see
definition in the text), and of the corotating CNG, as a function of
a/M for clouds with n =0 and [ =m =1,2,3,4,5,10 in the
Kerr background.

valid beyond static BHs, is given by the size of the
CNG [31].

Finally, in order to have an overview of the full spatial
distribution of the clouds and of their energy density, we

exhibit in Fig. 13 a three-dimensional plot of both the
scalar field distribution (left panel) and the energy
density (right panel), for a cloud with n =0,
[ = m = 1. The particular cloud plotted occurs for back-
ground values r, /M = 1.46 and a/M = 0.89. For the
plot we have normalized the scalar field mode such that
|U(r=ry,0 =x/2)] = 1. The plot takes the Boyer-
Lindquist coordinates (r,6) as standard spherical coor-
dinates and uses the “polar” coordinates z = rcos @ and
p = rsinf. Observe that both the scalar field and the
energy density are localized in a toroidal region, well
beyond r,. This is expected by virtue of the angular
distribution of the corresponding spheroidal harmonic,
shown in Fig. 9. Note that the scalar field vanishes on
the z axis. Also, the white space around the origin
corresponds to the event horizon (a semicircle, more
clearly seen on the left panel), where the scalar field is
nonzero. The energy density plotted is the time-
time component of 7%, where the scalar field energy-

momentum tensor is

Top =207 W g — gug[ U5 U7 + 2 U], (20)

Sa

FIG. 13 (color online).

Three-dimensional spatial distribution of a cloud (left panel) with n = 0 and m = [ = 1 and its energy density

(right panel) in terms of polar coordinates (p, z). Both are essentially supported along an equatorial torus, due to the angular distribution

of the corresponding spheroidal harmonic.
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V. DISCUSSION AND FINAL REMARKS

In this paper we have performed a thorough analysis
of scalar clouds around Kerr and Kerr-Newman BHs.
These configurations are found by solving the massive
Klein-Gordon equation, with or without charge, for a test,
complex scalar field in the BH background. They are
analogous to atomic orbitals in the sense that there is a
scalar field bounded to a central object—i.e. which decays
exponentially asymptotically—and which is stationary—
i.e. with only a phaselike time dependence. These con-
figurations lie at the threshold of the superradiant instability
for a given mode with a set of quantum numbers (n, [, m);
fixing them yields a one-dimensional subset of the two-
dimensional Kerr parameter space or a two-dimensional
subset of the three-dimensional Kerr-Newman parameter
space. To facilitate the analysis of the latter, here we have
always examined fixed charge slices of the Kerr-Newman
parameter space. Then, for both Kerr and Kerr-Newman
cases the clouds are possible along existence lines in the
parameter space.

In the Kerr case, the dependence of the existence lines
with the quantum numbers (n, [, m) can be summarized as
follows. In a BH mass (M) vs BH horizon angular velocity
(Qp) diagram:

(i) Nodeless lines (n =0) with m =1[ are approxi-

mately vertical lines and occur for decreasing values
of Qp as the angular quantum numbers [ = m
increase. Lines with different values of /| = m are,
generically, disconnected. This is in agreement with
the intuitive expectation that the collapse of the
cloud is prevented by (stationary) rotation effects
and that decreasing the rotation of the BH one must
increase the rotation of the cloud and vice versa.
This overall trend had already been observed in [12].

(ii) Fixing m = [ and increasing the number of nodes n,
i.e. moving to more excited configurations, the
existence line moves to slightly higher values of
Q. All these lines are connected: they converge
when the BH mass tends to zero. Again, an intuitive
interpretation is that clouds with nodes are excited
states, hence more energetic and thus require a larger
background rotation for equilibrium. Their “weight”
however, becomes irrelevant as the background mass
vanishes which agrees with the convergence of these
existence lines in the M — O limit.

(i1) Fixing m and n and increasing /, again the existence
line moves to slightly higher values of 0y, and again
all these lines are connected as the BH mass tends to
zero. This overall trend was also briefly mentioned
in [12].

Adding charge to both the background and the field
introduces two qualitatively new effects in the same type of
diagram as before:

(i) When the background charge and the field charge

have the same (opposite) sign, the existence line for
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a given set of quantum numbers moves to lower
(higher) values of Qy, for fixed M. Again, this is in
agreement with the intuitive expectation that there is
now Coulomb repulsion (attraction) between the
background BH and the cloud that needs to be
balanced by smaller (higher) background rotation.

(i) The existence lines stop being essentially vertical.

The reason is that they cannot approach the M — 0
limit, since there is a minimal BH mass for a given
BH charge Q which still allows the existence of an
event horizon. In the Qg > 0 case, fixing the field
charge equal to the field mass, one observes that as
the minimal mass is approached, then Qy — 0 and
M — Q. The configuration approached is a marginal
charged cloud, in the nomenclature of Ref. [26].

Our numerical results for the existence lines were also
compared with some analytic approximations found in the
literature, which in principle are valid for either small rotation
or high rotation. Somewhat surprisingly, in the cases shown
here, these approximations yield a fairly accurate estimate
even far away from their a priori validity region.

We have also described the spatial distribution of the
clouds. A full picture is obtained by describing the angular
and radial dependence separately. We have given examples
of both spheroidal harmonics and of radial functions. An
interesting property of the latter is that an appropriately
defined radial position for the clouds increases as the
rotation of the background decreases. Thus the smaller
radial position is obtained for extremal BHs and it is in
agreement with a generalization of the ‘“no-short hair”
conjecture suggested by Hod [31].

As already observed, cloud solutions can be taken as a
smoking gun for the existence of Kerr-(Newman) BHs with
scalar hair, as fully nonlinear solutions of the Einstein-
Klein-Gordon(-Maxwell) system [12]. But that does not
imply that all hairy BHs are revealed by such a test field
analysis. A remarkable example concerns Myers-Perry
BHs, which can support a scalar hair which relies on
nonlinear effects [32].

The analysis in this paper was restricted to the simple
case of scalar fields on Kerr(-Newman) BHs, for which the
wave equation separates. Similar results are expected to
hold as well for other rotating BH backgrounds afflicted by
superradiant instabilities, as well as other fields that may
trigger such instabilities. In all such cases scalar (or other
spin fields) clouds should occur at the threshold of the
superradiant instability. One particularly interesting case
that we expect is the existence of Proca clouds around Kerr
BHs (see [26] for the study of Proca quasibound states
around Schwarzschild BHs).

We would also like to comment on the stability of the
clouds discussed in this paper. Since they only exist along
lines in the Kerr two-dimensional parameter space, one
may expect that the clouds are unstable solutions. An
argument that they are actually dynamical attractors is the
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following. First observe that w/m defines an angular
velocity for the cloud. The bound state condition ® = . =
m€Qy can then be interpreted as the angular velocity of the
cloud being synchronous with that of the BH horizon.
Now let us fix a Kerr background with a given horizon
angular velocity € and consider a quasibound state with a
frequency R(w) slightly smaller (larger) than w,.. The
quasibound state will be in the superradiant (decaying)
regime. Thus it will be amplified (absorbed) by the BH.
Following the evolution of the background BH in a
quasistatic approximation, the BH loses (gains) mass and
angular momentum and its angular velocity decreases
(increases). The process only stops when the horizon
angular velocity of the evolving BH approaches
Qy — R(w)/m, at which point the imaginary part of
the quasibound state frequency approaches zero. Thus it
seems plausible that clouds are dynamical equilibrium
configurations; in other words, that dynamics wants to
lock quasibound states in synchronous rotation with the
BH. This argument is reminiscent of the synchronization of
orbital and rotation periods of astronomical bodies (like the
Moon-Earth system) due to tidal effects and friction. This
analogy supports the idea of a connection between tidal
acceleration and superradiant scattering around spinning
BHs [33].

Finally, a more involved picture is found when turning
on a suitable self-interaction potential of the scalar field.
Then the (nonlinear) Klein-Gordon equation possesses

PHYSICAL REVIEW D 90, 104024 (2014)

bound state solutions already in a flat spacetime back-
ground—the Q-balls [34,35]. Remarkably, spinning
Q-balls survive when replacing the Minkowski background
with a Kerr metric, provided the relation (11) connecting
the scalar field frequency and the BH event horizon velocity
is satisfied (note that the variables do not separate in this
case). The resulting solutions exhibit a more complicated
pattern than the clouds presented herein, covering a
compact region of the two-dimensional parameter space
of the Kerr BHs, rather than existence lines. These solutions
are reported elsewhere [36].
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