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We propose to use dynamical symmetries of the field equations, in order to classify the dark energy
models in the context of scalar field (quintessence or phantom) Friedmann-Lemaître-Robertson Walker
cosmologies. Practically, symmetries provide a useful mathematical tool in physical problems since they
can be used to simplify a given system of differential equations as well as to determine the integrability of
the physical system. The requirement that the field equations admit dynamical symmetries results in two
potentials, one of which is the well-known unified dark matter potential and another new potential. For
each hyperbolic potential we obtain the corresponding analytic solution of the field equations. The
proposed analysis suggests that the requirement of the contact symmetry appears to be very competitive to
other independent tests used to probe the functional form of a given potential and thus the associated nature
of dark energy. Finally, in order to test the viability of the above scalar field models we perform a joint
likelihood analysis using some of the latest cosmological data.
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I. INTRODUCTION

The detailed analysis of the current cosmological
data indicates that the Universe is spatially flat and has
incorporated two acceleration phases. An early acceleration
phase (inflation), which occurred prior to the radiation
dominated era, and a recently initiated accelerated expan-
sion (see [1–10] and references therein). The source for the
late time cosmic acceleration has been attributed to an
unidentified type of “matter” with negative equation of
state, usually called dark energy (DE). Despite the mount-
ing observational evidences on the existence of the DE
component in the Universe, its nature has yet to be found
(for a review see [11] and references therein).
The easiest path for DE corresponds to the so-called

cosmological constant (see [12–14] for reviews). Indeed the
spatially flat concordance ΛCDM model, which contains
cold dark matter (DM) and a cosmological constant Λ,
fits accurately the current cosmological data and thus it is
an excellent candidate as a model which describes the
observed universe. However, more complex dynamics
are necessary since the idea of a rigid cosmological
constant or vacuum energy is very difficult to reconcile
with a possible solution of the cosmological constant

(tuning and coincidence problems) plaguing theoretical
cosmology [12,15]. A constant cosmological constant term
throughout the entire history of the Universe presents
strong conceptual difficulties from the point of view of
fundamental physics.
Attempts to overcome the above cosmological problems

have been presented in the literature (see [13,14,16] and
references therein), by replacing the constant vacuum
energy with a DE that evolves with time. Popular proposals
for the DE are, among others, the existence of new fields in
nature and the modified gravity (see [17–33] and references
therein). Particular attention over the last decades has been
paid on scalar field DE [11] due to its simplicity. In the
scalar field models [34] and later in the quintessence
context, one can ad hoc introduce an adjusting or tracker
scalar field ϕ [23], rolling down the potential energy VðϕÞ,
which could mimic the DE [13,14,30–32]. The potential
VðϕÞ is not known and one must introduce it by some kind
of ad hoc assumption. There have been many such
proposals as to the form of this potential e.g. power law,
hyperbolic, exponential etc. [35–39]. However one would
like to have a fundamental method according to which one
would fix the form (or forms) of the potential. One such
method is the geometric requirement that the resulting field
equations admit Noether point symmetries [40].
In fact the idea to use Noether symmetries as a

cosmological tool is not new in these kinds of studies. It
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has been proposed that the Noether point symmetry
approach as a selection rule for the dark energy models
is a geometric criterion; that is, the geometry of the field
equations can be used as a selection criterion in order to
discriminate the dark energy models. Specifically, such a
selection approach in the framework of scalar field cos-
mology has been considered in [41–47] and in the context
of modified theories of gravity in [48–58]. Dynamically
speaking, Noether symmetries are considered to play a
central role in physical problems because they provide first
integrals which can be utilized in order to simplify a given
system of differential equations and thus to determine the
integrability of the system. Indeed, in [42] it has been
shown that the Lie point symmetries of a dynamical system
are related to the geometry of the underlying space where
the motion occurs (a similar analysis can be found in
[59–61]).
In the current articlewe attempt to generalize our previous

work of Basilakos et al. [43] (see also [47,48,58]) in the
sense that we use dynamical Noether symmetries instead of
point Noether symmetries to select the potential of the scalar
field cosmology in a spatially flat Friedmann-Robertson-
Walker spacetime (FRW). Geometrically speaking, the
Noether point symmetries of the Lagrangian are connected
with the homothetic algebra of the minisuperspace (see [42]
and references therein), and the dynamical Noether sym-
metries are related with the Killing tensors of the minisuper-
space [62]. Obviously, the latter implies that the Noether
approach provides a useful tool in order to study the
geometrical properties of the Lagrangian in the context of
the scalar field cosmology. In this respect, we would like to
emphasize that dynamical symmetries have properties
which are well above the corresponding properties of point
symmetries. Indeed the dynamical Noether symmetries
provide conserved quantities both in Newtonian physics
and in general relativity which point symmetries cannot. For
instance, the well-known Runge-Lenz vector field of the
Kepler potential [63], the Ermakov integral [64,65], and the
Carter constant in the Kerr spacetime [66] all follow from
dynamical symmetries and not from point symmetries.
These integrals are not linear in the momentum; that is,
dynamical Noether symmetries provide new conservation
laws in contrast to Noether point symmetries which give
integrals linear in the momentum [67,68]. Furthermore, the
integrals they provide contain a larger number of degrees of
freedom allowing the consideration of more scenarios in a
given dynamical problem.
To our view it is important to consider the possibility of

dynamical symmetries in scalar field cosmology. As it will
be shown below such symmetries (at the level of contact
symmetries) exist for some hyperbolic scalar field poten-
tials which provide us with a wide range of possibilities.
The structure of the article is as follows. In Sec. II we
review briefly the basic elements of scalar field cosmology.
In Sec. III we give the basic definitions of generalized

symmetries. In Sec. IV we apply the dynamical symmetry
condition and classify the potentials of the scalar field
cosmology which admit contact Noether symmetries. In
Sec. V we apply the results of Sec. IV and determine the
analytical solution for each model. In order to test the
viability of the resulting cosmological models in Sec. VI we
perform a joint likelihood analysis using some of the latest
cosmological data namely, supernovae type Ia data (SNIa),
baryonic acoustic oscillations (BAO) and the HðzÞ data.
Finally, the main conclusions are summarized in Sec. VII.

II. FIELD EQUATIONS

The scalar field contribution to the curvature of space-
time can be absorbed in Einstein’s field equations as
follows:

Rμν −
1

2
gμνR ¼ k ~Tμν k ¼ 8πG ð1Þ

where Rμν is the Ricci tensor and ~Tμν is the total energy

momentum tensor given by ~Tμν ≡ Tμν þ TμνðϕÞ. Here
TμνðϕÞ is the energy-momentum tensor associated with
the scalar field ϕ, and Tμν is the energy-momentum tensor
of matter and radiation. Modeling the expanding Universe
as a perfect fluid that includes radiation, matter and DE
with 4-velocityUμ, we have ~Tμν ¼ −Pgμν þ ðρþ PÞUμUν,
where ρ ¼ ρm þ ρϕ and P ¼ Pm þ Pϕ are the total energy
density and pressure of the cosmic fluid respectively. Note
that ρm is the proper isotropic density of matter-radiation,
ρϕ denotes the density of the scalar field and Pm, Pϕ are the
corresponding isotropic pressures. In the context of a FRW
metric in Cartesian coordinates

ds2 ¼ −dt2 þ a2ðtÞ 1

ð1þ K
4
x2Þ2 ðdx

2 þ dy2 þ dz2Þ ð2Þ

the Einstein’s field equations (1), for comoving observers
(Uμ ¼ δμ0), provide

R00 ¼ −3
ä
a

ð3Þ

Rμν ¼
�
ä
a
þ 2

_a2 þ K
a2

�
gμν ð4Þ

R ¼ gμνRμν ¼ 6

�
ä
a
þ _a2 þ K

a2

�
ð5Þ

where the overdot denotes derivative with respect to the
cosmic time t, aðtÞ is the scale factor of the Universe and
K ¼ 0;�1 is the spatial curvature parameter. Finally, the
gravitational field equations boil down to Friedmann’s
equation
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H2 ≡
�
_a
a

�
2

¼ k
3
ðρm þ ρϕÞ −

K
a2

; ð6Þ

and

3H2 þ 2 _H ¼ −kðPm þ PϕÞ −
K
a2

ð7Þ

where HðtÞ≡ _a=a is the Hubble function. The Bianchi
identity ▽μ ~Tμν ¼ 0 amounts to the following generalized
local conservation law:

_ρm þ _ρϕ þ 3Hðρm þ Pm þ ρϕ þ PϕÞ ¼ 0: ð8Þ

Combining Eqs. (6), (7) and (8) we obtain

ä
a
¼ −

k
6
½ρm þ ρϕ þ 3ðPm þ PϕÞ�: ð9Þ

Assuming negligible interaction between matter and the
scalar field we have

ðρm; PmÞ≡ ð−T0
0; T

i
iÞ ðρϕ; PϕÞ≡ ð−T0

0ðϕÞ; Ti
iðϕÞÞ:

ð10Þ
Then Eq. (8) leads to the following independent differential
equations

_ρm þ 3Hðρm þ PmÞ ¼ 0 ð11Þ
_ρϕ þ 3Hðρϕ þ PϕÞ ¼ 0 ð12Þ

and the corresponding equation of state (EoS) parameters
are given by wm ¼ Pm=ρm and wϕ ¼ Pϕ=ρϕ. In what
follows we assume a constant wm which implies that ρm ¼
ρm0a−3ð1þwmÞ (wm ¼ 0 for cold matter and wm ¼ 1=3 for
relativistic matter), where ρm0 is the matter density at the
present time. Generically, some high energy field theories
suggest that the dark energy EoS parameter is a function of
cosmic time (see, for instance, [69]) and thus

ρϕðaÞ ¼ ρϕ0 exp

�Z
1

a

3½1þ wϕðσÞ�
σ

dσ

�
ð13Þ

where ρϕ0 is the DE density at the current epoch.

A. Scalar field cosmology

We consider a scalar field in a FRW background which is
minimally coupled to gravity, such that the field satisfies
the cosmological principle; that is, ϕ inherits the sym-
metries of the metric. This means that the scalar field
depends only on the cosmic time t and consequently ϕ;ν ¼
_ϕδ0ν where _ϕ ¼ dϕ

dt . A scalar field ϕðtÞ with a potential VðϕÞ
is defined by the energy momentum tensor of the form (for
review see [11] and references therein)

TμνðϕÞ ¼ −
2ffiffiffiffiffiffi−gp δð ffiffiffiffiffiffi−gp

LϕÞ
δgμν

ð14Þ

where Lϕ is the Lagrangian of the scalar field. Although in
the current analysis we study generically, as much as
possible, the problem we will focus on a scalar field with

Lϕ ¼ −
1

2
εgμνϕ;μϕ;ν − VðϕÞ ð15Þ

or equivalently

Lϕ ¼ 1

2
ε _ϕ2 − VðϕÞ ð16Þ

where

ε ¼
�
1 Quintessence
−1 Phantom:

ð17Þ

Therefore, using the second equality of Eqs. (10), (14) and
(16) the energy density ρϕ and the pressure Pϕ of the scalar
field are given by

ρϕ ≡ −T0
0ðϕÞ ¼

1

2
ε _ϕ2 þ VðϕÞ ð18Þ

and

Pϕ ≡ Ti
iðϕÞ ¼ Lϕ ¼ 1

2
ε _ϕ2 − VðϕÞ: ð19Þ

Inserting Eqs. (18) and (19) into Eq. (12) we derive the
Klein-Gordon equation which describes the time evolution
of the scalar field. This is

ϕ̈þ 3

a
_a _ϕþεV;ϕ ¼ 0 ð20Þ

where V;ϕ ¼ dV=dϕ. If we use the current functional form
of Lϕ then Eq. (7) takes the form

ä
a
þ 1

2

�
_a2

a2
þ K
a2

�
þ k
2

�
Pm þ 1

2
ε _ϕ2 − VðϕÞ

�
¼ 0: ð21Þ

Notice, that for the rest of the paper we use a spatially flat
FLRW metric, namely K ¼ 0.
The corresponding dark energy EoS parameter is

wϕ ¼ Pϕ

ρϕ
¼ εð _ϕ2=2Þ − VðϕÞ

εð _ϕ2=2Þ þ VðϕÞ : ð22Þ

The quintessence (ε ¼ 1) cosmological model accommo-
dates a late time cosmic acceleration in the case of wϕ <

−1=3 which implies that _ϕ2 < VðϕÞ. On the other hand, if
the kinetic term of the scalar field is negligible with respect

to the potential energy [i.e.
_ϕ2

2
≪ VðϕÞ] then the equation of
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state parameter is wϕ ≃ −1. In the case of a phantom DE
(ε ¼ −1), due to the negative kinetic term, one has wϕ <

−1 and ð _ϕ2=2Þ < VðϕÞ.
The unknown quantities of the problem are aðtÞ, ϕðtÞ

and VðϕÞ whereas we have only two independent differ-
ential equations available namely Eqs. (20) and (21).
Therefore in order to solve the system of differential
equations we need to assume a functional form of the scalar
field potential VðϕÞ. In the literature, due to the unknown
nature of DE, there are many forms of this potential (for a
review see [11]) which describe differently the physical
features of the scalar field. In the present work we use
dynamical symmetries of the field equations in order to
determine the unknown potential VðϕÞ.

III. LIE-BÄCKLUND SYMMETRIES

In this section we give the basic definitions and proper-
ties for the generalized symmetries. Consider a function
Hðxi; uA; uA;i; uA;ij…Þ in the space BMfxi; uA; uA;i; uA;ij;…g
where xi are n independent variables and uA are m
dependent variables. The infinitesimal transformation

x̄i ¼ xi þ εξiðxi; uB; uB;i ; uB;ij…Þ ð23Þ

ūA ¼ uA þ εηAðxi; uB; uB;i ; uB;ij…Þ ð24Þ

with generator

X ¼ ξiðxi; uB; uB;i ; uB;ij…Þ∂i þ ηAðxi; uB; uB;i ; uB;ij…Þ∂u

ð25Þ

is called a Lie-Bäcklund symmetry of the differential
equation

Hðxi; uA; uA;i; uA;ij…Þ ¼ 0 ð26Þ

if and only if there exists a function λðxi; u; u;i; u;ij…Þ such
that [67,68]

½X;H� ¼ λH; modH ¼ 0: ð27Þ

From the above definition it follows that a Lie-
Bäcklund symmetry preserves the set of solutions u of
Hðxi; u; u;i; u;ij…Þ. In the case where the generator (25) of
the infinitesimal transformation (23), (24) depends only on

the variables fxi; uAg, i.e. ∂ξi
∂uB;ij:: ¼

∂ηA
∂uB;ij:: ¼ 0, the infinitesi-

mal transformation (23), (24) is a point transformation and
the generator X is a Lie point symmetry if there exist λ such
that condition (27) holds. That is, the Lie-Bäcklund
symmetries are more general and reduce to the Lie point
symmetries when the generator X is independent of
the derivatives. In the following we consider only Lie-
Bäcklund symmetries.

The operator Di ¼ ∂i þ u;i∂u þ u;ij∂u;i þ… defines
always a Lie-Bäcklund symmetry (the trivial one) [67].
Therefore, if (25) is a Lie-Bäcklund symmetry of H then
the generator

X̄ ¼ X − fiDi ¼ ðξk − fkÞ∂k þ ðηA − fkuA;kÞ∂uA þ � � �

is also a Lie-Bäcklund symmetry. Since fk is an arbitrary
function we set fk ¼ ξk and obtain

X̄ ¼ ðηA − ξkuA;kÞ∂uA : ð28Þ
The generator (28) is the canonical form of the Lie-
Bäcklund symmetry (25). Furthermore we can always
absorb the term ξkuk inside the η and conclude that X̄ ¼
ZAðxi; uB; uB;i ; uB;ij…Þ∂uA is the generator of a Lie-Bäcklund
symmetry. A special class of Lie-Bäcklund symmetries are
the contact symmetries defined by the requirement that the
generator depends only on the first derivatives u;i; i.e. it has
the general canonical form

XC ¼ ZAðxi; uB; uB;iÞ∂uA : ð29Þ

A. Dynamical Noether symmetries

Suppose that the dynamical system (26) follows from
a variational principle, that is, Eqs. (26) are the
Euler-Lagrange equations for a Lagrangian function
Lðxi; uA; uA;i…Þ. The vector field X̄ ¼ Ziðt; qk; _qkÞ∂qi

where _qi ¼ dqi

dt and Ziðt; qk; _qkÞ is linear in _qk is called a
dynamical (contact) Noether symmetry of the Lagrangian
Lðt; qi; _qiÞ if there exists a function fðt; qiÞ such that the
following condition holds [70]:

X̄½1�L ¼ _fðt; qiÞ ð30Þ

where X̄½1� is the first prolongation of X̄, i.e. X̄½1� ¼
X þ _Zi∂qi .
If X̄ is a dynamical Noether symmetry of Lðt; qi; _qiÞ,

then the quantity [70,71]

I ¼ Ziðt; qk; _qkÞ ∂L∂ _qi − fðt; qiÞ ð31Þ

is a first integral of Lagrange equations and it is called a
(contact) Noether integral. When Ziðt; qk; _qkÞ ¼ Ziðt; qkÞ
the integral Iðt; qk; _qkÞ is linear in the momentum and in
that case the Noether symmetry X̄ is a Noether point
symmetry.
Consider a particle moving in an n-dimensional

Riemannian space with metric gijðqkÞ under the action
of the potential VðqkÞ. The Lagrangian of the system is

Lðqk; _qkÞ ¼ 1

2
gij _qi _qj − VðqkÞ: ð32Þ
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Let X̄ ¼ Ki
jðt; qkÞ _qi∂i be the generator of a contact Lie-

Bäcklund symmetry of (32). In [62] it has been shown
that in this case the dynamical symmetry condition (30) is
equivalent to the following conditions:

Kðij;kÞ ¼ 0 ð33Þ

Kij;t ¼ 0; f;t ¼ 0 ð34Þ

KijVj þ f;i ¼ 0; ð35Þ

where “;” denotes covariant derivative with respect to the
connection coefficients of the metric gij.
From (34) it follows that Ki

j ¼ Ki
jðqkÞ and f ¼ fðqkÞ.

Furthermore, condition (33) means that the second rank
tensor Ki

jðqkÞ is a Killing tensor of the metric gij. Finally
(35) is a constraint relating the potential with the Killing
tensor Kij and the Noether function f. The use of
dynamical Noether symmetries provides first integrals
which can be used to reduce the order of the dynamical
system and possibly lead to analytic solutions.
The application of the Noether point symmetries in

scalar field cosmology has been studied in [43]. In this
work we would like to extend the analysis to the case of
dynamical (contact) Noether symmetries. In the following
section we use the symmetry condition (35) in order to
identify the potential(s) of the scalar field in scalar field
cosmology for which the field equations admit contact
Noether symmetries. Subsequently we use the conserved
currents of these symmetries to determine analytic solu-
tions of the resulting scalar field equations.

IV. DYNAMICAL NOETHER SYMMETRIES
IN SCALAR FIELD COSMOLOGY

Consider a dynamical system which consists of a
minimally coupled scalar field and dust (DM component)
in the flat FRW background (2). The gravitational field
equations are the Euler Lagrange equations of the
Lagrangian

Lða;ϕ; _a; _ϕÞ ¼ −3a _a2 þ ε

2
a3 _ϕ2 − a3VðϕÞ ð36Þ

with Hamiltonian

E ¼ −3a _a2 þ ε

2
a3 _ϕ2 þ a3VðϕÞ ð37Þ

where ρm ¼ jEja−3 and E is a constant1; hence the present
value of ρm is ρm0 ¼ jEj and ρm0 ¼ 3ωm0 where ωm0 ¼
Ωm0H2

0.
Using the coordinate transformation ða;ϕÞ → ðr; θÞ

defined by

r ¼
ffiffiffi
8

3

r
a

3
2; θ ¼

ffiffiffiffiffi
3ε

8

r
ϕ ð38Þ

the Lagrangian (36) becomes

Lðr; θ; _r; _θÞ ¼ −
1

2
_r2 þ 1

2
r2 _θ2 − r2VðθÞ: ð39Þ

The potential of the scalar field is yet unspecified. In
order to select a potential we make the geometric
assumption that Lagrange equations admit a dynamical
(contact) Noether symmetry. As it has been shown in the
last section this requirement is equivalent to condition (30).
From Lagrangian (39) we infer that the kinetic metric is the
2d minisuperspace with line element

ds2 ¼ −dr2 þ r2dθ2 ð40Þ

whereas the effective potential is Veffðr; θÞ ¼ r2VðθÞ.
Dynamical Noether symmetries require the knowledge

of Killing tensors of valence 2 in the minisuperspace (40).
This space is 2d flat; hence the Killing tensors Kij form a
six-dimensional space and all are constructed from the
symmetrized products of the Killing Vectors (see e.g. [72]).
In Cartesian coordinates2 the generic form of a second rank
Killing tensor in (40) is [72]

Kij ¼
�

c1y2 þ 2c2yþ c3 c6 − c1yx − c2x − c4y

c6 − c1yx − c2x − c4y c1x2 þ 2c4xþ c5

�
:

We apply condition (35) taking into account the above
result. For arbitrary potential VðθÞ the Lagrangian (39)
admits only the trivial contact symmetry XH ¼ gij _x

j∂i

where gij is the two-dimensional kinetic metric (40).
The corresponding Noether integral of this symmetry is
the Hamiltonian constraint.
In order to find extra dynamical Noether symmetries we

must consider special forms for the potential VðθÞ. A
detailed analysis gives the following results3:

(i) For the potential

VðθÞ ¼ c1 þ c2 cosh2 θ ð41Þ

Lagrangian (39) admits the additional dynamical
symmetry

1Where we have set k ¼ 1.

2The coordinate transformation is

r2 ¼ ðx2 − y2Þ; θ ¼ arctan h

�
y
x

�
:

3In Appendix A we give the complete classification of the
potentials for which Lagrangian (39) admits contact Noether
symmetries.
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X ¼ −
�
cosh2θ_rþ 1

2
r sinh ð2θÞ_θ

�
∂r

þ 1

r

�
1

2
sinh ð2θÞ_rþ r sinh θ _θ

�
∂ _r ð42Þ

with corresponding Noether integral

I1 ¼ ðcosh θ_rþ r sinh θ _θÞ2 − 2r2ðc1 þ c2Þcosh2θ:
ð43Þ

The model with potential (41) is the well-known
UDM model [43,74]. If c2 ¼ 3c1 the potential (41)
admits one more dynamical symmetry

X ¼ −r2 sinh θ _θ∂r þ ðsinh θ_rþ 2r cosh θ _θÞ∂θ

ð44Þ
with corresponding Noether integral

Ī1 ¼ ðr2 sinh θ_r _θþr3 cosh θ _θ2Þ
þ 2c1r3 cosh θsinh2θ: ð45Þ

(ii) For the potential

VðθÞ ¼ c1ð1þ 3cosh2θÞ þ c2ð3 cosh θ þ cosh3θÞ
ð46Þ

Lagrangian (39) admits the dynamical symmetry
(44) with corresponding Noether integral

I2 ¼ ðr2 sinh θ_r _θþr3 cosh θ _θ2Þ
þ r3sinh2θð2c1 cosh θ þ c2ð1þ cosh2θÞÞ:

ð47Þ
In case c1 ¼ c2 the potential becomes

VðθÞ ¼ c1ð1þ cosh θÞ3;
which is the model of Sahni and Wang [39]
(for p ¼ 3).

V. ANALYTIC SOLUTIONS

It is straightforward to see that the dynamical Noether
integrals I1; I2 are in involution and independent of the
Hamiltonian H, i.e. fI; Hg ¼ 0; hence the dynamical
systems we have found are Liouville integrable. In this
section we apply the extra integrals to reduce the order of
the dynamical system and see if it is feasible to find an
exact solution. In the following the constants c1; c2 are
assumed to be positive. We would like to mention that
analytical solutions in the context of an hyperbolic type
potential can be also found in Ref. [73].

A. The unified dark matter model

The quintessence UDM cosmological model has been
studied both analytically and statistically in [74] (see also
[35,43,44,74–76]). In the latter papers it has been found
that the quintessence UDM scalar field model is in a fair
agreement with that of the Λ cosmology4 at expansion and
at perturbation levels, although there are some differences
between the two models. In the current work we solve
analytically the UDM dynamical problem by treating dark
energy simultaneously either as quintessence or phantom.
Moreover we have provided, for the first time (to our
knowledge), the dynamical Noether symmetries of the
UDM model. Evidently, the combination of the results
published by Basilakos and Lukes-Gerakopoulos [74] and
Basilakos et al. [43] with the current article provide a
complete investigation of the UDM scalar field model.
Using the notations of Bertacca et al. [35], the real

constants in Eq. (41) are chosen to obey c1 ¼ c2 > 0. It is
interesting to mention that the potential (41) has one
minimum at ϕ ¼ 0, which reads

Vmin ¼ Vð0Þ ¼ c1 þ c2: ð48Þ

Lastly, as long as the scalar field is taking negative and
large values the UDM model has the attractive feature due
to VðθÞ ∝ e−2θ [39].

1. UDM: Quintessence

Inserting Eq. (41) and ε ¼ 1 into Eq. (36) we obtain

Lða;ϕ; _a; _ϕÞ¼−3a _a2þ1

2
a3 _ϕ2−a3

�
cQ1þcQ2cosh2

ffiffiffi
3

8

r
ϕ

�

ð49Þ

where the index Q denotes the quintessence model. Under
the coordinate transformation

a3 ¼ 3

8
ðx2 − y2Þ; ϕ ¼

ffiffiffi
8

3

r
arctanh

�
y
x

�

the Lagrangian becomes

4Recall that for the Λ cosmology the exact solution of the scale
factor is

aΛðtÞ ¼
�

Ωm0

1 − Ωm0

�1
3

sinh
2
3ðω1tÞ:

The Hubble function is written as

HΛðtÞ ¼
2

3
ω1 cothðω1tÞ

where ω1 ¼ 3H0ð1−Ωm0Þ1=2
2

.
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L ¼ 1

2
ð−_x2 þ _y2Þ − 1

2
ðω2

1x
2 − ω2

2y
2Þ ð50Þ

which is the Lagrangian of the 2d unharmonic hyper-
bolic oscillator. The field equations are the Hamiltonian
constraint

1

2
ð−p2

x þ p2
yÞ þ

1

2
ðω2

1x
2 − ω2

2y
2Þ ¼ E ð51Þ

and Hamilton’s equations of (51). Furthermore ω2
1 ¼

3
4
ðcQ1 þ cQ2Þ, ω2

2 ¼ 3
4
cQ1 are the oscillators’ “frequencies”

with units of inverse of time (ω1;2 ∝ H0) and px; py are the
components of the momentum. Since cQ1 ¼ cQ2 we simply
derive ω1 ¼

ffiffiffi
2

p
ω2.

The solution of the field equations is

xðtÞ ¼ x0 sinh ðω1tþ θ1Þ ð52Þ

yðtÞ ¼ y0 sinh ðω2tþ θ2Þ: ð53Þ

The Hamiltonian constraint (51) givesE ¼ 1
2
ðω2

2y
2
0−ω2

1x
2
0Þ.

Moreover close to the singularity aðt → 0þÞ → 0þ we have
the constraint

θ2 ¼ � arcsin h

�
x0
y0

sinh θ1

�
: ð54Þ

Without losing the generality we set x0 ¼ y0. In that case
from the Hamiltonian constraint we have jEj ¼ 1

4
x20ω

2
1.

This gives x20 ¼ 8
3

jEj
cQ1

and the solution of the scale factor

becomes

a3ðtÞ ¼ 9ωm0

2ω2
1

�
sinh2ðω1tþ θ1Þ − sinh2

� ffiffiffi
2

p

2
ω1tþ εθθ1

��

ð55Þ
where εθ ¼ �1. Equation (55) can be written

aðtÞ ¼ a−ðtÞsinh2
3ðω1tþ θ1Þ ð56Þ

where

a3−ðtÞ ¼
9ωm0

2ω2
1

�
1 −

�
sinh ð

ffiffi
2

p
2
ω1tþ εθθ1Þ

sinh ðω1tþ θ1Þ
�2�

ð57Þ

with limit a−ðtÞjω1tþθ1≫1 ¼ 9ωm0

2ω2
1

¼ const. Therefore for the

late time, ω1tþ θ1 ≃ ω1t, the scale factor (56) becomes the
Λ cosmology. Furthermore for the late time,
ω1tþ θ1 ≃ ω1t, the Hubble function for the scale factor
(56) is

HðtÞ ¼ HΛðtÞ þ
_a−ðtÞ
a−ðtÞ

ð58Þ

where HΛðtÞ is the Hubble function of the Λ cosmology.
In Fig. 1 we present the evolution of the equation of state

parameter of the scalar field and the evolution of the
deceleration parameter of the scale factor (55). We observe
that for values of θ1 ∈ ð0; 0.1Þ the equation of state
parameter has values wϕ ∈ ½−1; 1� and reaches the value
−1 for a large scale factor; however for θ1 ¼ 0 the equation
of state parameter is wϕ ∈ ½−1;−0.95Þ.

2. UDM: Phantom

For ε ¼ −1 and the potential (41) the Lagrangian of the
field equations becomes

0 0.2 0.4 0.6 0.8 1 1.2

−1

−0.8
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−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

a

w
(a

)

0 0.2 0.4 0.6 0.8 1 1.2
−1

−0.5
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1

1.5

2

a

q(
a)

FIG. 1. Left: Equation of state wϕðaÞ evolution for scalar field with scale factor (55). Right: Deceleration parameter qðaÞ for scale
factor (55). We use ðωm0; cQ1Þ ¼ ð0.12; 0.36Þ × 104, εθ ¼ −1; the solid line is for θ1 ¼ 0.01, the dotted line is for θ1 ¼ 0.1 and the
dashed-dotted line is for θ1 ¼ 0.
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Lða;ϕ; _a; _ϕÞ ¼ −3a _a2 −
1

2
a3 _ϕ2

− a3
�
cp1 þ cp2cos2

ffiffiffi
3

8

r
ϕ

�
ð59Þ

where the index P denotes the phantom model. Under the
coordinate transformation

a3 ¼ 3

8
ðx̄2 þ ȳ2Þ; ϕ ¼

ffiffiffi
8

3

r
arctan

�
ȳ
x̄

�

the field equations are the Hamiltonian constraint

−
1

2
ðp2

x̄ þ p2
ȳÞ þ

1

2
ðω̄2

1x̄
2 þ ω̄2

2ȳ
2Þ ¼ E ð60Þ

and the Hamilton’s equations of (60). This dynamical
system is the 2d unharmonic hyperbolic oscillator where
px̄; pȳ are the components of the momentum and ω̄2

1 ¼
3
4
ðcp1 þ cp2Þ, ω̄2

2 ¼ 3
4
cp1

. The solution of the system is

x̄ðtÞ ¼ x̄0 sinh ðω̄1tþ θ̄1Þ
ȳðtÞ ¼ ȳ0 sinh ðω̄2tþ θ̄2Þ

for which the Hamiltonian constraint (60) gives E ¼
− 1

2
ðx̄20ω̄2

1 þ ȳ20ω̄
2
2Þ. Prior to the singularity we have

aðt → 0þÞ → 0þ implying θ̄1 ¼ θ̄2 ¼ 0.
In order to reduce the number of the free parameters we

make again the ansatz cp1 ¼ cp2 and x̄0 ¼ ȳ0. Then from

the Hamiltonian constraint we have x̄20 ¼ 8
9
jEj
cp1

and the

analytic solution of the scale factor is

a3ðtÞ ¼ 3

2

ωm0

ω̄2
1

�
sinh2ðω̄1tÞ þ sinh2

� ffiffiffi
2

p

2
ω̄1t

��
: ð61Þ

However, the scalar factor (61) can be written in the
following form:

aðtÞ ¼ aþðtÞsinh2
3ðω̄1tÞ ð62Þ

where

a3þðtÞ ¼
3

2

ωm0

ω̄2
1

2
641þ

0
@sinh ð

ffiffi
2

p
2
ω̄1tÞ

sinh ðω̄1tÞ

1
A

2
3
75 ð63Þ

with limit aþðtÞjω1t≫1 ¼ 3
2
ωm0

ω̄2
1

; hence in the late time the

scale factor (62) is that of the Λ cosmology. Therefore, for
the Hubble function holds

HðtÞ ¼ HΛðtÞ þ
_aþðtÞ
aþðtÞ

: ð64Þ

B. The new hyperbolic model

In the following we use the second integral I2 of the
hyperbolic potential (46) in order to reduce the order of the
dynamical system.

1. Quintessence, ε ¼ 1

For the potential (46) and ε ¼ 1, we apply the coordinate
transformation (hyperparabolic coordinates)

a3 ¼ 3

32
ðu2 − v2Þ2; ϕ ¼ −

ffiffiffi
8

3

r
arctan h

�
2uv

u2 þ v2

�

and the Lagrangian (36) of the field equations becomes

Lðu;v; _u; _vÞ¼ ðu2−v2Þ
2

ð− _u2þ _v2Þ−V1u6−V2v6

u2−v2
ð65Þ

whereas the Hamiltonian (37) is

ðu2 − v2Þ−1
�
1

2
ð−p2

u þ p2
vÞ þ

V1

6
u6 −

V2

6
v6
�
¼ E ð66Þ

where pu; pv are momenta and V1¼ 9
4
ðcQ1þcQ2Þ,

V2 ¼ 9
4
ðcQ1 − cQ2Þ.

Einstein field equations are the Hamiltonian constraint
(66) and Hamilton’s equations

ðu2 − v2Þ _u ¼ −pu; ðu2 − v2Þ _v ¼ pv

_pu ¼
2Eu − V1u5

ðu2 − v2Þ ; _pv ¼ −
2Ev − V2v5

ðu2 − v2Þ :

In order to solve the system of equations we prefer to work
with the Hamilton-Jacobi equation. Hence from (66) we
have

ðu2 − v2Þ−1
�
1

2

�
−
�∂S
∂u

�
2

þ
�∂S
∂v

�
2
�
þ V1

6
u6 −

V2

6
v6
�

− E
∂S
∂t ¼ 0 ð67Þ

where S¼ Sðu;v;tÞ is the Hamiltonian and pu¼ ∂S
∂u;pv¼ ∂S

∂v.
It is easy to see that (67) is separable; hence the solution is

Sðt; u; vÞ ¼ −
ffiffiffi
3

p

3

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V1u6 þ 6jEju2 þ Φ0

q
du

�
ffiffiffi
3

p

3

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2v6 þ 6jEjv2 þ Φ0

q
dvþ t

where Φ0 is an integration constant ðΦ0 ∝ I2Þ.
Using the Hamiltonian function we find that the reduced

system is
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ðu2 − v2Þ _u ¼
ffiffiffi
3

p

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V1u6 þ 6jEju2 þ Φ0

q
ð68Þ

ðu2 − v2Þ_v ¼ �
ffiffiffi
3

p

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2v6 þ 6jEjv2 þ Φ0

q
: ð69Þ

From the singularity condition aðt → 0Þ ¼ 0 we have
that jujt→0 ¼ jvjt→0. However if in t → 0þ we consider
u > v > 1, then from (68), (69) we have that _u > _v; when
V1 > V2 hence in late time holds that u2 ≫ v2, then the
system (68), (69) becomes

_u ¼ μ1u; _v ¼ �μ2
v3

u2

where μ1;2 ¼
ffiffi
3

p
3

ffiffiffiffiffiffiffiffi
V1;2

p
. Hence the solution of the scale

factor is

a
3
2ðtÞ ¼ a1e2μ1t ∓ a21μ

2
1

μ2e−2μ1t þ a21a2μ1
ð70Þ

and when a2 ¼ 0 the scale factor (70) becomes

a
3
2ðtÞ ¼

�
a1∓ a21μ

2
1

μ2

�
e2μ1t ð71Þ

which is the de Sitter solution.
In Fig. 2 we give the evolution of the equation of state

parameter of the scalar field and the evolution of the
deceleration parameter of the model with Lagrangian (65)
where in (69) we considered the minus. We observe that for
the equation of state parameter wϕ holds wϕða → 1Þ ¼ −1
provided that the integration constant Φ0 satisfies the
condition logΦ0 ≤ 1.

a. Exact solution Thedynamical system (68), (69) is a non-
linear 2d system of first order ordinary differential equations.
In order to solve this system analytically we consider the
“conformal” transformation dt¼ ffiffiffi

3
p ðu2−v2Þdτ, i.e. dt ≅

a
3
2dτ which transforms the dynamical system to

u0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V1u6 þ 6jEju2 þ Φ0

q
ð72Þ

v0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2v6 þ 6jEjv2 þ Φ0

q
ð73Þ

where u0 ¼ du
dτ. From (72), (73) follows

Z
duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V1u6 þ 6jEju2 þ Φ0

p ¼
Z

dτ ð74Þ

Z
dvffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2v6 þ 6jEjv2 þ Φ0

p ¼
Z

dτ: ð75Þ

The solution of (74), (75) can be written in terms of
elliptic functions. In order to simplify the integrals (74),
(75) and obtain an explicit solution we select special values
for the constants. For Φ0 ¼ 0 and E ¼ 0 the solution of the
system (74), (75) gives the de Sitter universe (71).
However when Φ0 ¼ 0 and E ≠ 0 the solution of the

system (74), (75) is

uðτÞ ¼ 2 exp ðC1ðτ − τ0ÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exp ð�4

ffiffiffiffiffiffiffiffiffi
6jEjp ðτ − τ0ÞÞ − 4C2

1

q

vðτÞ ¼ 2 exp ðC2ðτ − τ0ÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exp ð4 ffiffiffiffiffiffiffiffiffi

6jEjp ðτ − τ0ÞÞ − 4C2
2

q
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FIG. 2. In the left panel we give the equation of state wϕðaÞ evolution of the scalar field with Lagrangian (65) and in the right panel we
give the deceleration parameter qðaÞ of the scale factor with Lagrangian (65) where in (69) we considered the sign minus. For the
numeric solution we use ðu; vÞt→0 ¼ ð0.01; 0.0998Þ, ðρm0; c1; c2Þ ¼ ð0.33; 1; 0.8Þ × 104; the solid line is for Φ0 ¼ 0, the dotted line is
for Φ0 ¼ 103 and the dashed-dotted line is for Φ0 ¼ 104.
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where C1;2 ¼ εCð6jEjV1;2
Þ12, εC ¼ �1 and from the relation dt ¼ffiffiffi

3
p ðu2 − v2Þdτ we have

t − t0 ¼
ffiffiffi
3

p �
ln

�
2C1e2C1τ0 − e2C1τ

2C1e2C1τ0 þ e2C1τ

�

þ ln

�
2C2e2C2τ0 þ e2C2τ

2C2e2C2τ0 − e2C2τ

��
:

2. Phantom, ε ¼ −1
In the case of phantom scalar field, i.e. ε ¼ −1, in

parabolic coordinates

a3¼ 3

32
ðw2þ z2Þ2; ϕ¼

ffiffiffi
8

3

r
arctan

�
2wz

w2− z2

�
ð76Þ

the Lagrangian (36) of the field equations becomes

Lðw; z; _w; _zÞ ¼ −
ðw2 þ z2Þ

2
ð _w2 þ _z2Þ þ V1w6 þ V2z6

u2 þ v2
:

The field equations are the Hamiltonian

−
1

ðw2 þ z2Þ
�
1

2
ðp2

w þ p2
zÞ −

V̄1

6
w6 −

V̄2

6
z6
�
¼ E ð77Þ

and Hamilton’s equations of (77), where pw; pz are the
momenta and V̄1 ¼ 9

4
ðcp1 þ cp2Þ, V̄2 ¼ 9

4
ðcp2 − cp1Þ.

Working as previously we find that the solution of the
Hamilton-Jacobi equation is

Sðt; w; zÞ ¼ −
ffiffiffi
3

p

3

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V̄1w6 þ 6jEjw2 þ Φ0

q
dw

�
ffiffiffi
3

p

3

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V̄2z6 þ 6jEjz2 − Φ0

0

q
dz − t:

Therefore the reduced dynamical system is

ðw2 þ z2Þ _w ¼
ffiffiffi
3

p

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V̄1w6 þ 6jEjw2 þ Φ0

0

q
ð78Þ

ðw2 þ z2Þ_z ¼ �
ffiffiffi
3

p

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V̄2z6 þ 6jEjz2 − Φ0

0

q
: ð79Þ

The dynamical system (78), (79) is a two-dimensional
nonlinear system. In order to simplify it we may apply
the conformal transformation dt ¼ ffiffiffi

3
p ðw2 þ z2Þdτ, i.e.

dt ≅ a
3
2dτ, as we did in Sec. V B 1. Furthermore, from

the singularity condition aðt → 0þÞ → 0þ, we have
ðw; zÞt→0 ¼ 0; hence, in order to avoid complex solutions
of the system (78), (79) we set Φ0

0 ¼ 0.

VI. OBSERVATIONAL CONSTRAINTS

In this section, we test the viability of the cosmological
model in the late times (well inside the matter era) resulting
in the scalar field potentials we have determined, by
performing a joint likelihood analysis using the SNIa,
BAO and the HðzÞ data. The likelihood function is

LðpÞ ¼ LSNIa × LBAO × LHðzÞ ð80Þ
where p is the statistical vector that contains the free
parameters and LA ∝ e−χ

2
A=2; that is, χ2 ¼ χ2SNIa þ χ2BAO þ

χ2HðzÞ.
For the type Ia supernova data we use the Union 2.1 set

which provides us with 580 SNIa distance moduli at
observed redshift [77]. The chi-square is given by the
expression5

χ2SNIa ¼
XNSNIa

i¼1

�
μobsðziÞ − μthðzi;pÞ

σi

�
2

ð81Þ

where NSNIa ¼ 580, zi is the observed redshift
ðzi ∈ ½0.015; 1.414�Þ, μ is the distance modulus μ ¼ m −
M ¼ 5 logDL þ 25 and DL is the luminosity distance.
The chi-square for the Hubble parameter constraint

data is

χ2HðzÞ ¼
XNHðzÞ

i¼1

�
HobsðziÞ −Hthðzi;pÞ

σi

�
2

ð82Þ

where NHðzÞ ¼ 21, Hthðzi;pÞ is the theoretical Hubble
parameter and Hobs are the 21 observed Hubble parameters
at the observed redshift zi [78–81] (see Table 1 of [82]).
Furthermore we use the 6dF, the SDSS and WiggleZ

BAO data [83,84] for which the corresponding chi-
square is

χ2BAO ¼
XNBAO

i¼1

�XNBAO

j¼1

½dobsðziÞ − dthðzi;pÞ�C−1
ij

× ½dobsðzjÞ − dthðzj;pÞ�
�

ð83Þ

where NBAO ¼ 6, C−1
ij is the inverse of the covariant matrix

in terms of dz [85], and the parameter dz follows from the
relation dz ¼ lBAO

DVðzÞ; lBAOðzdragÞ is the BAO scale at the drag

redshift and DVðzÞ is the volume distance [84].
Without losing thegenerality in the case of the quintessence

UDM model we set θ1 → 0. Therefore, the UDM statistical
vector p is of dimension 2 ðdimp ¼ 2Þ; that is, p ¼
ðωm0;cðQ;pÞ1Þ (recall thatωm0 ¼ Ωm0H2

0) andρm0 ¼ 3ωm0 ¼
jEj. In order to constrain the new hyperbolic scalar field with
potential (46) with the data, we have to define six free
parameters, that is, cðQ;pÞ1; cðQ;pÞ2; ρm0,Φ0=Φ0

0 and the initial

5We have applied the diagonal covariant matrix.
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conditions ðu; vÞ=ðw; zÞ. In order to reduce the number of the
free parameters we make the ansatz cðQ;pÞ2 ¼ 0.8cðQ;pÞ1.
Furthermore from the singularity condition aðt → 0þÞ → 0þ
we select the initial conditions ðu; vÞt→0þ ¼ ð0.1; 0.0998Þ;
ðw; zÞt→0þ ¼ ð10−3; 10−4Þ where in (69) we considered the
sign minus “−” and in (79) the sign plus “þ.” Finally we
assume the integration constants Φ0=Φ0

0 to vanish.
Lastly, since N=nfit > 40 we will use the corrected

Akaike information criterion (AIC) relevant to our case
[86], which is defined, for the case of Gaussian errors, as

AIC ¼ χ2min þ 2nfit ð84Þ

where N ¼ NSNIa þ NHðzÞ þ NBAO ¼ 607 and nfit is the
number of free parameters. A smaller value of AIC
indicates a better model-data fit (for the scalar field models
nfit ¼ 2 and for the ΛCDM we have nfit ¼ 2). However,
small differences in AIC are not necessarily significant and
therefore, in order to assess the effectiveness of the different
models in reproducing the data, one has to investigate the
model pair difference ΔAIC ¼ AICy − AICx. The higher
the value of jΔAICj, the higher the evidence against the
model with higher value of AIC, with a difference jΔAICj ≳
2 indicating a positive such evidence and jΔAICj≳ 6
indicating a strong such evidence,while a value≲2 indicates
consistency between the two comparison models.
The scalar field with potential (41) has been compared

with the cosmological data in [74] for the quintessence field
and in [44] for the phantom field. In contrast to [74] in our
solution we include the dark matter component in the field

equations. Furthermore in [44] the authors examine the
case where c̄p1 ¼ 0 and c̄p2 ≠ 0.
In Table I we give a numerical summary of the current

statistical analysis and the scalar field models with
potentials (41), (46). For the Λ cosmology we find the
minimum total chi-square χ2min ¼ 574.77ðd:o:f: ¼ 606Þ
with best fit values ðΩm0; H0ÞΛ ¼ ð0.29; 68.4Þ. For the
scalar field model (41) we find for the quintessence field
minQ1χ

2
min ¼ 577.82ðd:o:f: ¼ 605Þ and for the best fit

values of the parameters ðωm0; cðQ;PÞ1Þ we have the cosmo-
logical parameters ðΩm0;H0;wϕ0ÞQ1

¼ð0.28;69.8;−0.968Þ
whereas for the phantom field we have χ2min ¼ 576.59
and ðΩm0; H0; wϕ0ÞP1 ¼ ð0.30; 69.6;−1.016Þ.
Similarly for the potential (46) we find for the

quintessence field χ2min ¼ 576.76, ðΩm0; H0; wϕ0ÞQ2
¼

ð0.28; 69.7;−1.000Þ and for the phantom field χ2min ¼
576.65, ðΩm0; H0; wϕ0ÞP2 ¼ ð0.29; 69.6;−1.048Þ.
As it is expected the value of AICΛð≃578.77Þ is

smaller than the corresponding values of the scalar field
models AICscalarð580.59 − 581.82Þ which indicates that
the ΛCDM model appears to fit the expansion data better
than the scalar field models. However, the differential
value6 jΔAICj ¼ jAICΛ − AICscalarj is actually ≤ 2 which
indicates that the cosmological data are perfectly con-
sistent with the current scalar field models in a way
comparable to the concordance model.

TABLE I. Best fit values and cosmological parameters for the SNIaþ BAO and SNIaþ BAOþ HðzÞ tests for the Λ cosmology and
for the scalar fields’ dark energy models which admit dynamical symmetries. The final three columns present the goodness-of-fit
statistics χ2min parameter.

ΛCDM Ωm0 H0 wΛ (fixed) ωm0 × 10−4 χ2min

SNIaþ BAO 0.29þ0.016
−0.032 68.4þ0.70

−1.40 −1.000 0.14 560.32
SNIaþ BAOþ HðzÞ 0.29þ0.016

−0.020 68.4þ2.70
−0.10 −1.000 0.14 574.77

Scalar Field (41) Ωm0 H0 wϕ0 ðωm0; cðQ;pÞ1Þ × 10−4 χ2min

Quintessence, ε ¼ 1

SNIaþ BAO 0.25 68.1 −0.965 ð0.12þ0.031
−0.019 ; 0.39

þ0.020
−0.052 Þ 563.48

SNIa+BAO+H(z) 0.28 69.8 −0.968 ð0.13þ0.015
−0.009 ; 0.39

þ0.016
−0.028 Þ 577.82

Phantom, ε ¼ −1
SNIaþ BAO 0.29 67.9 −1.017 ð0.13þ0.020

−0.021 ; 0.58
þ0.088
−0.048 Þ 562.93

SNIaþ BAOþ HðzÞ 0.30 69.6 −1.016 ð0.15þ0.008
−0.013 ; 0.60

þ0.060
−0.012 Þ 576.59

Scalar Field (46) Ωm0 H0 wϕ0 ðωm0; cðQ;PÞ1Þ × 10−4 χ2min

Quintessence, ε ¼ 1

SNIaþ BAO 0.27 67.9 −1.000 ð0.12þ0.026
−0.014 ; 0.14

þ0.015
−0.010 Þ 562.84

SNIaþ BAOþ HðzÞ 0.28 69.7 −1.000 ð0.14þ0.015
−0.005 ; 0.15

þ0.009
−0.010 Þ 576.76

Phantom, ε ¼ −1
SNIaþ BAO 0.27 68.3 −1.044 ð0.13þ0.023

−0.017 ; 0.15
þ0.014
−0.012 Þ 562.75

SNIaþ BAOþ HðzÞ 0.29 69.6 −1.048 ð0.14þ0.009
−0.002 ; 0.15

þ0.006
−0.013 Þ 576.65

6For the quintessence UDM scalar field we find jΔAICj≃ 3.1.
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In order to give the reader the opportunity to appreciate
our observational constraints, in Figs. 3 and 4 we provide
the likelihood contours for the best fit parameters
ðωm0; cðQ;pÞ1Þ of the scalar fields with potentials (41)
and (46).

VII. CONCLUSION

In this work we have applied the dynamical Noether
symmetry approach as a geometric rule to select the

potential of the scalar field in the scalar field cosmology.
We have found two potentials with this property and
have used the resulting Noether integrals to integrate the
corresponding field equations. The first potential is the
well-known UDM model whereas the second potential is
new. In both cases we have found the analytic solution of
the field equations both in the quintessence and in the
phantom case. The solution for the new potential is
expressed in terms of elliptic functions and contains a

ω
m0

× 10−4

c Q
1

× 
10

−
4

0.08 0.1 0.12 0.14 0.16 0.18 0.2
0.25

0.3

0.35

0.4

0.45

0.5

ω
m0

× 10−4

c p1
× 

10
−

4

0.08 0.1 0.12 0.14 0.16 0.18 0.2
0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

FIG. 3. Likelihood contours of 1σðΔχ2 ¼ 2.3Þ, 2σðΔχ2 ¼ 6.18Þ and 3σðΔχ2 ¼ 11.83Þ in the plane ðωm0; cðQ;PÞ1Þ for the scalar field
with potential (41). The left panel is for the quintessence field whereas the right panel is for the phantom field. The filled areas are for the
SnIaþ BAOþ HðzÞ test, the best fit values are marked with a dot; the dotted lines are for the SnIaþ BAO test and the best fit values are
marked with cross.

ω
m0

× 10−4

c Q
1

×  
10

−
4

0.08 0.1 0.12 0.14 0.16 0.18 0.2

0.1

0.12

0.14

0.16

0.18

0.2

ω
m0

× 10−4

c p1
× 

10
−

4

0.08 0.1 0.12 0.14 0.16 0.18 0.2

0.1

0.12

0.14

0.16

0.18

0.2

FIG. 4. Likelihood contours of 1σðΔχ2 ¼ 2.3Þ, 2σðΔχ2 ¼ 6.18Þ and 3σðΔχ2 ¼ 11.83Þ in the plane ðωm0; cðQ;PÞ1Þ for the scalar field
with potential (46). The left panel is for the quintessence field whereas the right panel is for the phantom field. The filled areas are for the
SnIaþ BAOþ HðzÞ test, the best fit values are marked with a dot; the dotted lines are for the SnIaþ BAO test and the best fit values are
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number of free parameters. In order to find an explicit
analytic solution we consider certain simplifications which
are compatible with the physical assumptions. Furthermore
we test the solutions we have found against the observed
cosmological constraints, that is, the SNIa, BAO and the
HðzÞ data. We find that the cosmological parameters for the
scalar field models which admit dynamical symmetries are
similar with those of the Λ cosmology.
Besides the actual value of the new solution the approach

shows that the use of careful geometric requirements/
assumptions can help in two directions, namely (a) to
produce new results which are impossible to find by
ordinary physical reasoning and (b) to lead to models with
a large number of free parameters which provide adequate
freedom of adjustment, in the sense that the values of the
constants are fixed in accordance with the observed data,
therefore leading to viable/sound cosmological models.
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APPENDIX A: CLASSIFICATION OF SCALAR
FIELD POTENTIALS WHICH ADMIT

DYNAMICAL SYMMETRIES

In this appendix we give the complete classification of
the potentials for which the Lagrangian (39) admits contact
Noether symmetries. We have the following results.

(i) If the scalar field potential is

VðθÞ ¼ c1ð1 − 3sinh2θÞ þ c2ð3 sinh θ − sinh3θÞ
ðA1Þ

Lagrangian (39) admits the additional dynamical
symmetry

X ¼ −r2 cosh θ _θ∂r þ ðcosh θ_rþ 2r sinh θ _θÞ∂θ

ðA2Þ
with corresponding Noether integral

Ī2 ¼ ðcosh θ_rþ r sinh θ _θÞr2 _θ
− r3cosh2θð2c1 sinh θ − c2ð1 − sinh2θÞÞ:

ðA3Þ
This potential is equivalent to potential (46) under
the transformation θ ¼ θ̄ þ i π

2
.

(ii) If the scalar field potential is

VðθÞ ¼ c1 þ c2e2θ ðA4Þ

Lagrangian (39) admits the dynamical symmetry

X ¼ −e2θð_rþ r_θÞ∂r þ
e2θ

r
ð_rþ r_θÞ∂θ ðA5Þ

with corresponding Noether integral

I3 ¼ e2θðð_rþ r_θÞ2 − 2r2c1Þ: ðA6Þ
When c1 ¼ 0 the dynamical system admits the
additional dynamical symmetry

X3 ¼ −r2eθ _θ∂r þ eθð_rþ 2r_θÞ∂θ ðA7Þ
with corresponding Noether integral

Ī3 ¼ r2eθð_r _θþr_θ2Þ þ 2

3
c2r3e3θ: ðA8Þ

(iii) In the case where the potential is7

VðθÞ ¼ c1e2θ þ c2e3θ ðA9Þ
Lagrangian (39) admits the dynamical symmetry
(A7) with corresponding Noether integral

I3 ¼ r2eθð_r _θþr_θ2Þ þ r3e3θ
�
2

3
c1 þ c2eθ

�
:

ðA10Þ
Note that the potential (A9) can be seen in the
context of the early dark energy potential [38].

In order to complete our analysis in Appendix B we
apply the integral (A10) in order to reduce the order of the
field equations with potential (A9).

APPENDIX B: REDUCTION OF ORDER
FOR THE EARLY DARK ENERGY POTENTIAL

WITH ðλ1;λ2Þ ¼ ð2;3Þ
In this appendix we reduce the field equations of the

model with potential (A9). In this case Lagrangian (36)
becomes

Lða;ϕ; _a; _ϕÞ ¼ −3a _a2 þ 1

2
a3 _ϕ2 − a3ðc1e

ffiffi
6

p
2
ϕ þ c2e

3
ffiffi
6

p
4
ϕÞ:
ðB1Þ

We consider the coordinate transformation

a3 ¼ 3

8
ξ2η; ϕ ¼

ffiffiffi
8

3

r
ln

� ffiffiffi
η

p
ξ

�

by which the Lagrangian (B1) becomes

7The same result holds for the case θ̄ ¼ −θ.
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Lðξ; η; _ξ; _ηÞ ¼ −ξ_η _ξ−c̄1η2 − c̄2
η
5
2

ξ

where c̄1;2 ¼ 3
8
c1;2. The Hamiltonian in normal coordi-

nates is

E ¼ −
pξpη

ξ
þ c̄1η2 þ c̄2

η
5
2

ξ
: ðB2Þ

The field equations are the Hamiltonian constraint (B2)
and Hamilton’s equations

ξ_η ¼ −pξ; ξ_ξ ¼ −pη; _pξ ¼
c2η

5
2 − pξpη

ξ2
;

_pη ¼ −
�
2c̄1ηþ

5

2
c̄2

η
3
2

ξ

�
:

We note that (B2) is in the form of Eqs. (16) and (18) of
[87] [where FðηÞ¼1;GðηÞ¼0;fðηÞ¼ c̄1η2 and gðηÞ¼ c̄2η

5
2].

The solution of the Hamilton-Jacobi equation

−
1

ξ

�∂S
∂ξ

��∂S
∂η

�
þ c̄1η2 þ c̄2

η
5
2

ξ
− E

∂S
∂t ¼ 0

is

Sðt; ξ; ηÞ ¼ −
ξ

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6c̄1η3 þ 18jEjηþ Φ0

q

−
Z

3c̄2η
5
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6c̄1η3 þ 18jEjηþ Φ̄0

p dη − t;

where Φ̄0 ∝ I3.
Therefore the reduced Hamilton’s equations are

ξ_η ¼ 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6c̄1η3 þ 18jEjηþ Φ̄0

q
ðB3Þ

ξ_ξ ¼ 3ððc̄1η2 þ jEjÞξþ c̄2η
5
2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6c̄1η3 þ 18jEjηþ Φ̄0

p : ðB4Þ
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