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It is generally believed that the decay mode B — K*#* £~ is one of the best modes to search for physics
beyond the standard model. The angular distribution enables the independent measurement of several
observables as a function of the dilepton invariant mass. The plethora of observables so obtained enable
unique tests of the standard model contributions. We start by writing the most general parametric form of
the standard model amplitude for B — K*#¢~ taking into account comprehensively all contributions
within the standard model. These include all short-distance and long-distance effects, factorizable and
nonfactorizable contributions, complete electromagnetic corrections to hadronic operators up to all orders,
resonance contributions and the finite lepton and quark masses. The parametric form of the amplitude in the
standard model results a new relation involving all the CP conserving observables. The derivation of this
relation only needs the parametric form of the amplitude and not a detailed calculation of it. Hence, we
make no approximations, however, innocuous. The violation of this relation will provide a smoking gun
signal of new physics. We use the 1 fb~! LHCh data to explicitly show how our relation can be used to test

standard model and search for new physics that might contribute to this decay.
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I. INTRODUCTION

It is a historical fact that several discoveries in particle
physics were preceded by indirect evidence through quan-
tum loop contributions. It is for this reason that significant
attention is devoted to studying loop processes. The muon
magnetic moment is one of the best examples of such a
process where precision calculations have been done in
order to search for new physics by comparing the theo-
retical expectation with experimental observation. It is a
testimony to such searches for new physics (NP) beyond
the standard model (SM) that both theoretical estimates and
experimental observation have reached a precision where
the hadronic effects even for the lepton magnetic moment
dominate the discrepancy between theory and observation.
Indirect searches for new physics often involve precision
measurement of a single quantity that is compared to a
theoretical estimate that also needs to be very accurately
calculated. Unfortunately, hadronic estimates involve cal-
culation of long-distance QCD effects which cannot easily
be done accurately, limiting the scope of such searches.
There exist, however, certain decay modes which involve
the measurement of several observables that can be related
to each other with minimal assumptions and completely
calculable QCD contributions within the SM. The break-
down of such relation(s) between observables would
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unambiguously signal the presence of NP. Such tests are
by nature not limited by incalculable hadronic effects and
hence provide an unambiguous signal of NP. A well-known
example [1,2] of such a process is the semileptonic penguin
decay B — K*£7¢~, where ¢ is either the electron or the
muon. In this paper we will show how this decay, which
occurs in multiple partial waves, can be used to obtain
reliable tests of NP.

Flavor changing neutral current transitions are well
known to be sensitive to NP contributions. However,
hadronic flavor changing neutral current receive short-
and long-distance QCD contributions that are not easy to
estimate reliably. It is evident from the data collected by the
Belle, BABAR and CMS Collaborations at the B-factories,
CLEO, CDF, Tevatron and LHCb that NP does not show up
as a large and unambiguous effect. This has bought into
focus the need for approaches that are theoretically cleaner
1.e., where the hadronic uncertainties are much smaller than
the effects of NP that are being probed. Hence, to
effectively search for NP it is crucial to separate the effect
of new physics from hadronic uncertainties that can
contribute to the decay. The decay mode B — K*£T¢~
is regarded [2] as significant in this attempt. The full
angular analysis of the final state gives rise to a multitude of
observables [1,3] that are related as they arise from the
same decay mode. In addition, each of these observables
can be measured as function of the dilepton invariant mass.
In Ref. [2] an interesting relation between the various
observables that can be measured in this mode was derived.
The derivation was based on a few assumptions that are

© 2014 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.90.096006
http://dx.doi.org/10.1103/PhysRevD.90.096006
http://dx.doi.org/10.1103/PhysRevD.90.096006
http://dx.doi.org/10.1103/PhysRevD.90.096006

RUSA MANDAL, RAHUL SINHA, AND DIGANTA DAS

reasonable. These included ignoring the mass of the lepton
¢ and the s-quark that appears in the short-distance
Hamiltonian describing the decay. The decay amplitude
was assumed to be real, thereby ignoring the extremely tiny
CP violation, the small imaginary contribution to the
amplitude that arises from the Wilson coefficient Cy which
is complex in general and the dilepton resonances which
were presumed to be removed from the experimental
analysis. These assumptions reduced the number of non-
zero observables to only six. In this paper, we carefully
redo the analysis without making any kind of approxima-
tion, however, innocuous. Our approach once again is to
derive the most general parametric form of the decay
amplitude, which results in a relation between the several
related observables.

In this paper we generalize the derivation in Ref. [2] to
incorporate a complex decay amplitude, eliminating the
need to ignore imaginary contributions arising from Cy and
ensuring that the new relation is valid even when resonance
contributions are not excluded from the (experimental)
analysis. This implies that the new relation derived in this
paper involves all the nine CP conserving observables that
can be measured using this mode. The derivation of the new
relation does not depend on theoretical values of the Wilson
coefficients and does not require making any assumptions
on the form factors; in particular we do not limit the form
factor to any power of Agcp/m;, expansion in heavy quark
effect theory (HQET) [4]. In fact, the derivation of the new
relation itself does not require HQET. The new derivation
parametrically incorporates all short-distance and long-
distance effects including resonance contributions, as well
as, factorizable and nonfactorizable contributions. We also
include complete electromagnetic (EM) corrections to
hadronic operators up to all orders. Finally, we retain the
lepton mass and the s-quark mass. We envisage that the
derivation to be exact in all respects and the new relation
obtained here to be one of the cleanest tests of the SM in B
decays.

The LHCbH Collaboration has measured [5] all the
possible CP conserving observables through an angular
analysis. These independent measurements consist of the
differential decay rate with respect to the dilepton invariant
mass, two independent helicity fractions and six angular
asymmetries. Three of the asymmetries are zero unless
there exist imaginary contributions to the decay amplitudes.
If these asymmetries are measured to be zero in the future,
the relation between the observables would be free from
any hadronic parameter as derived in Ref. [2]. While these
asymmetries are currently measured to be small and
consistent with zero, there could, however, exist contribu-
tions from wide resonances which might still be permitted
within statistical errors. Including these asymmetries in the
analysis to account for complex amplitudes results in a
modification of the relation purely between observables.
The modifying terms now involve a single hadronic
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parameter in addition to being proportional to the three
asymmetries. Hence, SM can be tested or equivalently NP
contributions can be probed reliably with the knowledge of
just one hadronic parameter. It is interesting that all effort to
estimate long- and short-distance QCD contributions now
need to be focused only on accurately estimating this single
parameter. Since the asymmetries involved in modifying
terms (which arise from complex amplitudes) are already
constrained to be small, the results are not very sensitive to
the single hadronic parameter. We find that the inclusion of
imaginary contributions to the amplitude must always
reduce the parameter space. This would enhance any
discrepancy that may be observed even when the imaginary
part of the amplitudes are ignored. We use the 1 fb~! LHCh
data to show how our relation can be used to test standard
model and find new physics that might contribute to
this decay.

In this paper we review the theoretical framework
required to describe B — K*#"¢~ and derive the most
general parametric form of the amplitude describing the
decay in Sec. II. The amplitude written is notionally exact
in all respects. In Sec. III we construct all the observables in
terms of the amplitude derived in Sec. II. Here we retain the
lepton mass as well as the strange quark mass that appears
in the short-distance Hamiltonian describing this decay. A
new relation between observables is derived in Sec. IV
under the assumption of massless lepton, but retaining all
other effects and contribution. In Sec. V we generalize the
new relation derived in Sec. IV to include the mass of the
lepton that had been ignored earlier. We rederive two
simple limits of the relation between observables that hold
at zero crossings of other asymmetries such as the forward-
backward asymmetry. The values of all the observables at
kinematic endpoints of the dilepton invariant mass are
easily understood in Sec. VI. A numerical analysis is
presented in Sec. VII that tests the validity of the relation
derived assuming SM. We discuss the constraints already
imposed by the 1 fb~! LHCh data [5], but refrain from
drawing even the obvious conclusions given that results for
3 fb~! data will soon be presented. In Sec. VIII we
summarize the significant results obtained in our paper.

II. THEORETICAL FRAMEWORK

In this section we will discuss the most general from of
the amplitude that can describe the exclusive decay mode
B — K*¢*¢~ in the SM. The description of the decay
B — K*¢*¢~ requires as the first step the separation of
short-distance effects which involve perturbative QCD and
weak interaction from the long-distance QCD contributions
in an effective Hamiltonian. As is well explained in
literature, exclusive decay modes are a challenge to
describe theoretically. This difficulty arises not only in
the need to know hadronic form factors accurately but also
from the existence of “nonfactorizable” contributions that
do not correspond to form factors. These contributions
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originate from electromagnetic corrections to the matrix
element of purely hadronic operators in the effective
Hamiltonian. It has been demonstrated [6] that these
nonfactorizable corrections can be computed allowing
exclusive decay such as B — K*y and B — K*/T¢~ to
be treated systematically much as their inclusive decay
counterparts. It is based on this theoretical understanding
that we will write the most general from of the amplitude
for B —» K*/*¢~ in the SM. Our approach will be to
examine the various factorizable and nonfactorizable con-
tributions to the process and write the most general para-
metric form of the amplitude without making any attempt to
evaluate it.

The decays B — K*£"¢~ occurs at the quark level via
a b —» s¢"¢~ flavor changing neutral current transition.
The short-distance effective Hamiltonian for the inclusive
process b — s£T £~ is given in the SM by [7-9]

G . - 10
Hegr = —473 [vﬁ,v;; <c103 +C05+ ) c,.o,->
i=3

FVaVi(C(01- 0 + 05 - 09)]. )
The local operators O; are as given in Ref. [8], however, for

completeness we present the relevant operators that are
dominant:

e

0; = ? [Eo-;w(mbPR + msPL)b}FW’
er -

Oy = ?<S7ﬂPLb)f7”f,
er _

Oy = ?(sn,PLb)fy"ysf,

where g(e) is the strong (electromagnetic)coupling con-
stant, P; r = (1 Fy5)/2 are the left and right chiral
projection operators and m,(m,) are the running b(s)
quark mass in the MS scheme. The Wilson coefficients
C; encode all the short-distance effects and are calculated in
perturbation theory at a matching scale 4 = My, up to
desired order in the strong coupling constant «, before
being evolved down to the scale y = m;, ~ 4.8 GeV. All
NP contributions to B — K*#*¢~ contribute exclusively to
C;; this includes new Wilson coefficients corresponding to
new operators that arise from NP.

Significant effort (see Refs. [10,11] for reviews) has
gone into evaluating the Wilson coefficients up to next-to-
next-to-leading-logarithmic (NNLL) order. As has been
stressed earlier [11] it is important to remember that “the
construction of the effective Hamiltonian by means of
operator product expansion and renormalization group
methods can be done fully in the perturbative framework.
The fact that the decaying hadron are bound states of
quarks is irrelevant for this construction.” This implies that
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the C; are decay mode independent. The dependence on the
mode enters only through the matrix element of local
bilinear quark operators O;, i.e. (f|O;|B), which encodes
the long-distance contributions. Since the decay amplitude
cannot depend on the scale u, (f|O;|B) must depend on the
scale u as well. The cancellation of u dependence generally
involves several terms in the operator product expansion.
Since the calculation of the hadronic matrix element
involves long-distance contributions, nonperturbative
methods are required. Much progress has been made in
these calculations using HQET as a tool. However, the
dominant theoretical error in the amplitude arises due to the
lack of reliable calculations of the hadron matrix element.

The simple picture of the decay presented above is
unfortunately not accurate enough; there exist several
corrections making a reliable estimate of the decay ampli-
tude a challenge. The difficulty goes beyond accurately
estimating the form factors involved in the hadron matrix
element. There exist [6] additional nonfactorizable and
long-distance contributions which arise from electromag-
netic corrections to the matrix elements of purely hadronic
operators in the Hamiltonian that cannot be absorbed into
hadronic form factors. These contributions are generated by
current-current operators O, , and penguin operators O3 4 g,
combined with electromagnetic interaction of quarks to
produce £7¢~. The complication in dealing with these
corrections is that the average distances between the photon
emission and the weak interaction points are not necessarily
short resulting in essentially nonlocal contributions to the
decay amplitude which cannot be reduced to local form
factors. A further challenge is that each such contribution
has to identified and estimated one by one. The intermediate
charm quark (and in principle the up quark) loops can
couple to lepton pairs via a virtual photon and even though
these effects are subdominant numerically in certain kin-
ematical regions, they cannot be completely neglected. The
other quarks contribute negligibly (except for resonant
contribution which we will discuss later) to O;, and
penguin operators Oz 45 for B — K*/7¢~ as they are
either Cabibbo-Kobayashi-Maskawa (CKM) suppressed
or have small accompanying Wilson coefficient. A remark-
able effort [12,13] has gone into understanding the details of
the hadronic contributions in B decays and in particular to
B — K*¢T¢~. Tt is fortunate that the remarkable progress
made so far enables us to write a completely accurate
parametric form of the amplitude for this mode in the SM.

LHCDb has observed a broad peaking structure [14,15] in
the dimuon spectrum of B — K£T¢~. It would be of
interest to see if this observation of broad resonances
has implication on B — K*##~ mode, since long-distance
effects would have to be included systematically. The decay
mode B — K*#T¢~ carries more information [1,3] on the
dynamics as compared to the counterpart pseudoscalar
mode B — K£1¢~, since the K* polarization can also be
measured. In order to study the dependence of the
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amplitude on the helicity of the K* we further consider the
decay K* — Kz or the decay process B - K*¢t¢~ —
(Kr)g-¢*¢~. This further step itself does not complicate
matters. The decay amplitude in terms of hadronic matrix
|
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elements must therefore include direct contributions pro-
portional to C7, Cy and C;, multiplied by B — K* form
factors and contributions from nonlocal hadronic matrix
elements H; such that [16,17],

G . .. 2C _
A(B(p) - K*(k>f+f_) — —Fa thV;‘S |:{C9<K*|S‘]/”PLb|B> ——27 <K*|§io—/"/qy(thR + mYPL)b|B>
V2r q
1672 A A e _
7 Z CiH; v, + CiolK*[Sy*PLb|B)Cy,ys? |, (2)
i={1-6.8}

where, p =g+ k with g being the dilepton invariant
momentum and the nonlocal hadron matrix element HY
is given by

HE = (K* (k)i / dxe 03T fon(x), O;(0)} B(p))-

In Eq. (2), we have introduced new notional theoretical
parameters C,;, Cq and C,q to indicate the true values of
Wilson coefficients, which are by definition not dependent
|

|
on the order of the perturbative calculation to which they
are evaluated. Our definition is explicit and should not be
confused with those defined earlier in literature. The
amplitude expressed in Eq. (2) is notionally complete
and free from any approximations. In this paper we do
not attempt to estimate the hadronic matrix element
involved in Eq. (2), instead we use Lorentz invariance to
write out the most general form of the hadron matrix
elements (K*|sy*P;b|B(p)) and (K*|5ic**q,Pg b|B(p))
which may be defined as

7 k. )
(K*(c" K))[57 PLbIB(p)) = e <X061”61” X (gﬂ” - ) Y (kﬂ - q—qq) ¢+ zxgeﬂmkpq,,), 3)

" k.
(K* (e 1) |i50"q, Pr . b|B(p)) = € (iyl (w -24 ) Ly, (kﬂ - q—qq) ¢+ iygewﬂk,)qg). 4

We have written Eq. (3) such that the vector part of the current in (K*(e*, k))|5y* P b|B(p)) is conserved and only the X,
term in the divergence of the axial part survives. Equation (4) is also written so as to ensure that
(K*|is6" q,Pg 1 b|B)g, = 0. The relations between X ;,3 and Y, 3 and the form factors conventionally defined for
on-shell K* are discussed in Appendix B. It should be noted that form factors X ; , 3 and ), , 5 are functions of g% and k?,
but we suppress the explicit dependence for simplicity of notation. The subsequent decay of the K*, i.e., K*(k) —
K(ky)z(k,) can be easily taken into account [1,8] resulting in the hadronic matrix element ([K (k;)z(k,)]g-|57*P.b|B(p))
being written as

([K (k1) z(ka)] g

Hag¥ k.
S4PLbIB(p)) = Dy ()W, (quﬂqv X (gﬂv -1 ) L (kﬂ - q"q) ¢+ ixgeﬂwmk,,qa) 5)

v

q"q
2

([K (k) 2k 150", P BIB(p)) = Dic- (C)W, (iyl (w -z

k.
) + Y, (kﬂ - q—f qﬂ) &+ iy3e””/”’kpqg> . (6)

with gx+x, being the K*Kz coupling and the other
parameters introduced are

where, the subscript K* in [K (k;)z(k;)] g~ indicates that the
final sate is produced by the decay of a K*, Dg- (k?) is the
K* propagator, so that 2

1—K

W,=K,—¢k,, 2

K:kl—kz, k:k1+k2, 5:

g%(*Kﬂ (7)

, The most general expression for the hadronic matrix
(K* = mi.)* + (my-Tg-)?

Dy (R2)]? =
element H/ can also be written using Lorentz invariance.
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Since this hadronic matrix element arises from nonlocal contributions at the quark level, it involves introducing “new” form
factors Z{, Z4 and Z% corresponding to nonfactorizable contribution from each H/ in analogy with those introduced in

Eq. (3) as follows:

HY = (K* (e, K)|i / d'xe T { o (x). 0,(0)}B(p))

—a(2i(-

Our definition follows Ref. [6] of “nonfactorizable” and
includes those corrections that are not contained in the
definition of form factors introduced in Egs. (3) and (4).
Here the most general form of ! is written to ensure the
conservation of EM current i.e., g,/H} = 0.

The nonlocal effects represented by H can be taken into
account by absorbing the contributions into redefined C,
and modifying the contribution from the electromagnetic
dipole operator ;. The electromagnetic corrections to
operators O;_¢ g can also contribute to B — K*y at q> = 0.
Since, only the Wilson coefficient C; contributes to
B — K*y, the charm loops at g> = 0 must contribute to
C; in order for the Wilson coefficient to be process
independent. It is easily seen that the effect of this is to
modify the C; (K7 |Sio* q, (m,Pg + m,Py)b|B) terms such
that the form factors and Wilson coefficients mix in an
essentially inseparable fashion. This holds true even for the
leading logarithmic contributions [6,18]. Both factorizable
and nonfactorizable contributions arising from electromag-
netic corrections to hadronic operators up to all orders can
in principle be included in this approach. The remaining
contributions can easily be absorbed into a redefined
“effective” Wilson coefficient Cy defined such that

q’q>+212
7

Cy = € = Co + AC5™ (¢?) + AT (g2) (9)
where, j =1,2,3 and ACéfaC) (q%), ACénon'faC) (¢*) corre-
spond to factorizable and soft gluon nonfactorizable con-
tributions. Note that the nonfactorizable contributions
necessitates the introduction of new form factors Z; and
the explicit dependence on Z;/X; is absorbed in defining

|

A(B(p) = [K(ki)z(ky) - £7¢7)
GFa

k.q
<k” — q—q”)q + iZ4e"°k,q, > (8)

ACgfac) _’_Acgj),(non—fdc o

1677 Z 10)
{1-6.8

q

resulting in the j dependence of the term as indicated. We
also mention that there is no nonfactorizable correction
term in Eq. (8) analogous to Xy [in Eq. (3)] due EM current
conservation as discussed above.

The corresponding corrections to C; are taken into by the
replacement,

z(mb+ms> - V).
(11)

where the dots indicate other factorizable and nonfactor-
izable contributions and the factor 2(m,, + m,)/q> has been
absorbed in the form factors 5) ;- Note that the j) ;s are in
general complex because of the nonfactorizable contribu-
tions to the Wilson coefficient C5, but on-shell quarks and
resonances do not contribute to them. It should be noted
that ng ) includes contributions from both factorizable and
nonfactorizable effects, whereas C is unaffected by strong
interaction effects coming from electromagnetic correc-
tions to hadronic operators. The use of a “wide tilde” versus
“wide hat” throughout the paper is also meant as a notation
to indicate this fact. It should be noted that ' is real in the

SM, whereas, C‘g] ) and y ; are in general complex within the
SM. The amplitude in Eq. (2) can therefore be written as

w. k.
x H (cL W.qXoq" + CV X, <K” s 5kﬂ> +CPw.gx, <k/‘ - —fqﬂ> + iC(L3)X3€””/"’K,,k[,q6>
q q

q

N W. ~ k. - _
- (éyl (K” - r:k”) +W.qDs (k” - q—f qﬂ) + iygeﬂ”ﬂﬁKvkpqg) }mPLf +L- R] ,

(12)
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where, C, = Cy F Co, C(L”)R —CY 7 ¢ and ¢ =
(my, —my)/(my, + my). It may be noted that no assumptions
are made in obtaining Eq. (12) from Eq. (2). The form factors
defined are not limited by power corrections in HQET [19].
We emphasize that Eq. (12) continues to be notionally exact.
In our approach we will relate observables, hence, we do not
need to evaluate the Wilson coefficients and form factors.
Only in doing so approximations need to be made. In
Appendix B comparative relation between the amplitude
in Eq. (12) and the leading order expression excluding
nonfactorization contribution used widely in literature are
presented. These approximations are unnecessary for the
discussions in this paper and are presented only as clarifi-
cation of our notation and as ready reference for readers
wanting to examine Eq. (12) in limiting conditions.

d‘T'(B = K*¢+ ¢~
2 ( ) :1(q2,9f,9,<,¢)
dq~dcos0,dcos Oxdg
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ITII. ANGULAR DISTRIBUTION AND
OBSERVABLES

The decay B(p) — K*(k)¢"(q,)¢~(q,), with K*(k) —
K(ky)m(ky) on the mass shell, is completely describe by
four independent kinematic variables. These kinematic
variables are the lepton-pair invariant mass squared
q* = (q1 + gq»)?, and the three angles ¢, 6, and . The
angle ¢ is the angle between the decay planes formed by
£*¢~ and Kn. The angles 0, and O are defined as follows:
assuming that the K* has a momentum along the positive z
direction in B rest frame, 0 is the angle between the K and
the +z axis and 6, is the angle of the £~ with the +z axis.
The differential decay distribution of B — K*£T¢~ is
written as

9
=3 [I3sin?0x + IScos?0 + (I5sin0x + I5cos?0x) cos 20, + I3sin*Oxsin?0, cos 2¢

T

+ 14 8in 20 sin 260, cos ¢p + 5 sin 20y sin G, cos ¢ + Igsin29K cos 0,
+ 17 5in 20 sin O, sin ¢ + I sin 20 sin 20, sin ¢ + I4sin>Oxsin’, sin 2¢p)]. (13)

The angular coefficients I’s, which can be measured
from the study of the angular distribution, are g> dependent.
But for convenience we will suppress the explicit g?
dependence.

The I'’s are conveniently expressed in terms of “seven”
amplitudes. These comprise the six transversity amplitudes
that survive in the massless lepton limit and an amplitude
A, that contributes only if the mass m of the lepton is finite.
The six transversity amplitudes Ai’,ﬁ.o’ where L, || and O

represent the polarizations of the on-shell K* and L, R
denote the chirality of the lepton current. The explicit
expression for I’s in terms of the transversity amplitudes

Ai’lflo and A, are

2+ 4
=@ e 4R+ (L - )
Am? L AR+ L AR+
L2 g, 4m’ 2 L AR+
I = LAGP 4+ |ASP + (LA + 2Re(ARAF)L. (140
s _ﬁz L2 L2
B=CC0Ae AR+ - R (14c)
5= ~IALR + (L~ R). (14d)
2
B =L AL - AR + (L~ R (14e)

I = \ﬂ—@ Re(ALAL) + (L — R)), (14f)
Is = V2p[Re(AfAL) - (L — R)], (14g)
I} = 2p[Re(AjAT*) = (L - R)], (14h)
I; = V2p[Im(A§ AL) — (L - R)]. (14i)
Iy = S5 P Im(AFAL) + (L = ) (14))
Iy = pPm(Af*AL) + (L - R)], (14k)
where
4m?
B=1/1- v

We have dropped the explicit g> dependence of the trans-
versity amplitudes Aﬁ”lﬁ’o and A, for notational simplicity.

The seven amplitudes can be written in terms of the form
factors X ;,5 and V3 as follows:

ALK — NN (3, m, (CS) F Cro)Xs = D3],
(15a)
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= 2fN[( U Cio)X) = L), (15b)
A(IJ’R = —N [(é(z)K + 610){4k qX,
2mgn/q* ’
+ A(mp, mg., q*) Xy}
— {4k g + Amp, mi-. q )yz}] (15¢)
N a
-At = —m—?( qzﬂl/z(m%,m%(x,qz)CloXo, (15(1)
where
~(1) A2
K:Hcg’—cg’ 4k.qX,

e AkgXy + A(my, mi., 47X,

Ma,b,c) =a®+ b* + c* —2(ab + bc + ac) and N is the
normalization constant. In the narrow width approximation
for the K*, |Dg-(k?)|? simplifies to

487> m,.
B2 (m%., m%, m2)

Dy (k)2

This results in simplifying N to

G
N =V, Vi WCI

1/2
]

We note that in principle the effect of finite K* resonance
width can easily be taken into account, however, we make no
attempt to do so as the value of the normalization constant is
not going to be used anywhere in our calculation.

The six transversity amplitudes described by Egs. (15a)—
(15c) which survive in the massless lepton case can be
rewritten in a short-form notation by introducing new form

factors F, and G , as follows:

-A,%’R = C}LR}—A - &,1 = (63 + Clo)]‘—z - éz- (17)
The expressions of F,; and Q,l can be obtained by
comparing Eq. (17) with Egs. (15a)-(15¢c) and are given
in Appendix (B). F, and G, are ¢*> dependent form factors,
suitably defined to include both factorizable and non-
factorizable corrections to all orders [2]. The form-factor
dependence of C’é /) indicated by “j” in Egs. (15a)—(15¢) is
now translated to an effective hehclty “A” dependence of
Wilson coefficient Cg as

¢V, =Pk (18)

Cy=Cy, Cl=

It is easily seen that F, and G , are proportional to X'; and
y ; respectively. Thus F’s are completely real and G 'S are

PHYSICAL REVIEW D 90, 096006 (2014)

complex in SM. All imaginary contributions to the ampli-
tude arise from the complex 6‘3 and G,. An interesting
observation is that Af’R remains unchanged if the non-

factorizable contributions between é,l and 6"; are
rearranged. This observation differs from the conclusion

obtained in Ref. [2] because 6% are now helicity dependent

and implies that G , and 6"91 cannot be individually extracted.

Using very general arguments it is easy to see that the
form of the amplitude described in Eq. (17) is the most
general possible and the full decay amplitude can be
completely described by them for the massless case. The
amplitude must be described by the helicity of the K* and
can be divided into two parts, one that depends on the
chirality of the lepton and another that does not. It is easily
noted that the term described by F is chirality dependent
whereas the contribution corresponding to the effective

photon vertex G » 1s not. The form factors F; and G , depend
only on the helicity and the chirality dependence is
absorbed completely into the Wilson coefficients. The
coefficient of chirality dependent terms proportional to
F, can themselves either depend on helicity or be inde-
pendent of it. Hence, the amplitudes in Eq. (17) are
parametrized in terms of three terms. Throughout the rest
of the paper we will use only the form of the amplitudes in
Eq. (17), which is the most general possible in the SM.

It is obvious from Eq. (13) that a complete study of the
angular distribution involves eleven orthogonal terms
allowing us to measure “eleven” observables. In the limit
of massless lepton there exist two relations between the
coefficient I’s, i.e. I{ = —I5 and I} = 3I;. This reduces the
number of independent observables to “nine.” We will
divide our discussion into two parts. In Sec. IV we will
restrict our discussion by assuming that the lepton is
massless and in Sec. V we will generalize the discussion
to the massive lepton case. In a previous paper [2] the mode
B — K*¢*¢~ was studied in the limit of massless lepton
and under the assumption of vanishing CP violation and
absence of resonance contributions in the g*> domains
considered. Under these approximations /759 =0 and
the number of useful observables reduce to only ‘“six.”
In this paper we carefully examine each of these assump-
tions and in particular take into account resonance con-
tributions and the effect of massless lepton. As emphasized
in Sec. II we have taken into account charm loop effects.
The charm loop effect and other resonance contributions
can make the amplitude complex. In the discussions that
ensue we will assume that the amplitude is complex and
ensure that all SM contributions, both factorizable and
nonfactorizable, are taken into account completely when
writing the most general parametrized amplitude.

Within SM, CP violation is expected to be extremely
tiny and essentially unobservable [1,3] at the current level
of experimental accuracy. In Ref. [1] the CP violating
asymmetry was evaluated to be ~3 x 107*. This would

096006-7



RUSA MANDAL, RAHUL SINHA, AND DIGANTA DAS

imply that one need at the very least 107 reconstructed
events in this decay channel to observe the asymmetry at
lo. Given this we have justifiably ignored CP violation in
this channel and any observation of CP violation at the
current level of experimental sensitivity would constitute an
unambiguous signal of NP. In view of this, we ignore CP
violation hence forth. It may be noted that CP violation can
be easily included in our approach. However, we ignore it
because it is not central to our discussion and we do not
wish to complicate our notation accounting for unobserv-
able effects within the SM. Under the assumption of
vanishing CP violation the conjugate mode B— K*#+ ¢~
has an identical decay distribution except that I54g4
switch signs to become —/5¢g9 in the differential decay
distribution [1,3].

Integration over cosfg, cos@, and ¢ results in the
differential decay rate with respect to the invariant lepton
mass:

dr

i > (AP +1AFP). (19)

A=0,]I.L

We define the relevant observables to be the three helicity
fractions defined as

Ay =

PHYSICAL REVIEW D 90, 096006 (2014)

L2 R|2

r - AELAL 00
| A >+ [Af?

= —l“f : (20b)
L2 R|2

FJ_ — |AJ_| lj;l‘AJ_l , (ZOC)

where I'y = >, (JAL? + |AR|?) and F + F + F = 1.
The other observables are the six asymmetries defined
below. The well-known forward-backward asymmetry Agg
is defined conventionally as

O ( F)
L= e, dcosequzdcosef (21)
J1, dcosb,

Ars = Ar+h)

dq*dcos 6,

and isolates the contribution from the /4 term in Eq. (13).
Contributions from /4 and /5 in Eq. (13) are extracted by
the two angular asymmetries,

/2 37 2 a*(r+T
f 7/r/2 flr/2/ fOl - f?l]dCOS 91([]01 - ff’l]dcos O, dqzdcoséfdco)sGKdzf) (22)
a*(r+1 ’
o7 dg [! dcosbk [! dcosb, dqidcos éfdcgs Odd
/2 3;:/2 0 d*(r-T)
f /2 fzr/Z f f dCOS HK f dcos gf dg’d cos 0,d cos Oxdg (23)
1 d*(T+T) '
O " dg f—l dcos bk f—l dcos O, dq*d cos 0,d cos Ogdep

The three new observables not considered in Ref. [2] are A;, Ag and Ag. These are nonzero if the amplitude is complex. They

may be described in analogy as

- [f(;r 2” d¢ fO fO dCOS HK fl dcos 9'//7 dq? dcosﬁ)l;:(lj(ZSH,(d(/)

Ag:

4 , (24)
o7 dg [1 dcosb [!) dcoso, dqzdc:s él;;crgs Ocdd
- g dHr-T
. [f() - f2 d¢ fol - fO dCOS 91( f()l _fO dCOS gf dqzdcoséfdco)sﬂkdz[) (25)
n 1 d*(r+1) ’
d¢ f dcos HK f d cos ef dq*d cos 0,d cos O de
/2 - d*(r-r
[ 0/ “Jr/2 + fO f/r/Z d('b[f—ll d cos QK] [f—ll dcos gf] dqzdcoséfdcczsﬁ,(dqﬁ
2 1 I d*(r+T) ' (26)
0 d¢ f—l dcos 91( f—l dcos 9,/» dq*d cos 0,d cos O de
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The well-known forward-backward asymmetry Agg and
the five other angular asymmetries, A4, As, A7, Ag and Ag
can be written directly in terms of the transversity ampli-
tudes as follows:

| 3Re(AFAL — ARAR)

= , (27)
FB D) Ff
R LAL* + RAR*
A, = @ e(Aj I Ao I )’ (28)
V3 Ff
3 Re(AbAY - ABAT)
As = , 29
o3 MU - AgALy
22 Iy
L AL =% R AR
d Ty
o 3 ImAf AL A ) )

2 Ff

The observables A4, As, Apg, A7, Ag and Ay are related to
the CP averaged observables S, S5, AKHC?, S, Sg and S,
measured by LHCbH [5] as follows respectively,

2 3
Ay = —554, As = 155, App = —ARH,
3 2 3
A =-8, Ag = —— 8, Ag = —38. 33
7=1% 8 8 9= 5% (33)

We emphasize that our observables A,s5;g9 are CP
conserving asymmetries and in particular A9 and should
not be confused with the CP violating asymmetry mea-
sured by LHCb [5] also denoted by Ag. In our notation we

,,,,,

The observables F; and Apg have been measured by
different experiments BABAR, Belle, CDF and LHCb)
[5,20-26]. By doing an angular analysis in the angle ¢,
LHCb has measured the observable S5 [5]. S5 is related to
the transversity helicity fraction F'; through the relation

1-F, —2F,

S p—
3 2

(34)

The observables F;, F|, Ay, As, Agg, A7, Ag and Ay
defined in this section are not independent. In the sub-
sequent sections we explore the relation between them.

IV. THE MASSLESS LEPTON LIMIT

In this section we generalize the approach developed in
Ref. [2] to include all contributions from the SM that were

PHYSICAL REVIEW D 90, 096006 (2014)

ignored as their effects are subdominant, except that we still
restrict our discussion to the limit where the lepton is
massless. The corrections arising from massive leptons will
be taken into account later in Sec V. In particular we will
consider the possibility that the amplitudes Aﬁ’R are in
general complex. As already mentioned the imaginary
contribution can be totally attributed to the complex Ce

and G - This would include loop contributions that are both
factorizable and nonfactorizable and all resonance contri-
butions. We also take into account that the nonfactorizable
contributions can introduce an “effective helicity (1)
dependence” in the Wilson coefficient Ca.

In Ref. [2] a new variable r; was introduced that led to
significant simplification. We once again introduce the
same ‘“real variable” r; defined as

_ e@z) >
r; = Tz — Re((y). (35)

Since, we now consider 5’/91 and G , to be complex in general,
we have modified r, to include only the real contributions
i.c., Re(C4) and Re(G;). The amplitude AL in Eq. (17)
can thus be written as

A,%’R = (63 F Co)F, - éz
= (F Cio— ) F) + iey, (36)

where SAEIm(éé)fﬁ_Im(&i). The use of ¢ is not
necessarily meant to imply that the imaginary parts are
negligibly small. We make no such assumption. It is,
however, to be expected that the imaginary contributions
are subdominant. The presence of the ¢, term introduces
three extra variables in comparison to the discussion in
Ref. [2]. However, we now have three extra observables A,
Ag and Ay. Hence, dealing with complex amplitude
introduces only a technical difficulty of solving for addi-
tional variables. We begin by expressing the observables
Fp, Fy, F, Ay, As, Agg, Ay, Ag and A in terms of Cy, r;,
F, and g, as follows:

F\Ty =273 (r} + Chy) + 26, (38)
F.lp=2F1(r] + Clo) + 262, (39)

V27ATy = 4F o F) (rory + Clo) + deoey, (40)

\/EASFf = 3.7:0.7']_610(7'0 + VJ_), (41)
ATy = 3F | F 1 Crolry +r1). (42)
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\/§A7Ff = 3&10(.7:08” —fné'o), (43)
mAgly = 2\/5(-7:0"0@_ - Firiep), (44)
mAgly = 3(F Lriey — F)ryep). (45)

One immediately concludes that

2

2% <Fp. (46)
l

82
2F_i' <F,. (48)

Equations (37)—(42) can be easily transformed to the form
in Ref. [2] by the redefinition of the observables F, F|, F |
and A, as

22
F,=F,—=—*%, 49
i=E- T (49)
2\/5808
Al = Ay — 200 50
4 4 JTFf ( )

It should be noted that F7, + F|, + F'| < 1. Since only the

ratios of the form factors F, play a role in the relations we
wish to derive we define ratios of form factors P, P, and
P3Z

Fi
PIZ—, (51)
F
Fi
P, =L, 52
2= (52)
fL _ P1P2

P, = = : 53
YT Fo+F PPy (53)

Following these redefinitions Eqs. (37)—(42) can be recast
into three sets of equations just as done in Ref. [2]. The
three sets of equation are

(i) Set-I
F3 R
Fily = zp—g (rf + Cho) (54)
F\T;=2F% (2 +C}y) (55)
Fi,
ATy =3 p—f Cio(ry+71) (56)

PHYSICAL REVIEW D 90, 096006 (2014)

(i) Set-II
71 2
R =253+ 8 (37)
FiTy =273 (R + C) (58)

72,
\/EASFf = 3P—2LC10<7'0 + rJ_) (59)

(iii) Set-IIT

F2? .
(Fj, + Fjj + V2rA)T; = 2P—2L (r2 4+ C3) (60)
3
F\T; =273 (3 + Ciy) (61)

2

F .
(Apg + \/EAS)Ff = 3P—jC1O(U +ry) (62)

In the above we have defined r, as

I"” P2 + 7"0P1
Fa = P, iP (63)
Of the nine equations defined in the three sets only six of
them are independent. These are the three equations,
Egs. (54)-(56) in Set-I, two equations (57) and (59) from
Set-1I and Eq. (60) of Set-III. It is easy to see that Set-II and
Set-IIl can be obtained from Set-I by the following
replacements:
(1) Set-II from Set-I
Fy > F}, Agg — V2As, ry— 1o and Py — P,
(OI' .7:” - .F())
(i1) Set-III from Set-I
Fy—>F, +F + V2rA,, Apg = A + V24As,
ry = r, and Py — Py (or F| = F + F).
It is obvious that we only need to solve Set-I to obtain r
and r; in terms of Py, F|, F'| and Agg. The solutions to
Set-1I and Set-III can be obtained by simple replacements.
The solution of Set-I gives (from Appendix. A)

T
RAY;

(PIF) +;P\Z})

I"” = s (64)
V2F, \/Pml +F, +PZ
VT F| +1PZ]

VA AN G T L 4 ) R

V2F, \/P%Fgl +F, +PZ

where Z/ is defined as
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16
Z) = \[4F|F\ — 5 A, (66)

The solution to Set-II is now easily seen to be

T,
.V

(P3F; +5PyZ))

r , 67

O TV2F,\/PIF, + F+ P,Z, (€7)
VT F| +3P,Z,

rl — :l: f ( 1 +2 2 2) (68)

V2F, \/P3F, + F| + P,z

with Z), defined as

/ 32
Zh = \[AF|F'| — EA%. (69)

On comparing the solutions for r| in Egs. (65) and (68)
obtained from Set-I and Set-II respectively, we obtain a
relation for P, in terms of P, and observables to be

P, — 2P1AFBF/J_
P SV2A5(2F, + Z\Py) - Z4P 1A

(70)

with s € {—1,+1}. To remove the ambiguities in the P,
solution let us divide Eq. (59) by Eq. (56) and using
Eqgs. (64)-(68) we get

V2As P \/P3F +F +P.Z, P (2F| +PyZ))

(71)

Substituting it in Eq. (70) we have

which is valid for the whole g region only for s = 1.
Finally we write the r| solution obtained from Set-III:

Ry, (F| +1P:2})
V2L PRy + Fy + Vardy) + Fl+ PsZ,
(72)

)

where Z is defined as

PHYSICAL REVIEW D 90, 096006 (2014)

16
7l = \/ A(F), + F) + V2rA)F'| - o5 (Ars + V2As)?.

(73)

Analogous comparison of solutions for r, in Egs. (65) and
(72) obtained from Set-I and Set-III respectively, results in
a relation for P5 in terms of Py:
. 2P1AFB F/J_

(Aps + V245)(2F', + Z{Py) = Z5P Ay

P (74)

The ambiguity in the P5 solution is also taken to be positive
for the same reason as the P, solution. The form-factor
ratio P5 is not however independent of P; and P, and is
related by Eq. (53). Substituting Egs. (70) and (74) in
Eq. (53) we obtain the relation between the observables as

=7+ 7). (75)

The relations derived so far involve the primed observ-
ables that depend on ¢, £ and &,. However, the ¢;’s can be
solved using A;, Ag and Ag from Eqgs. (43)—(45) to give

e — \/Eﬂ:l—‘f |:A9Pl + A8P2 _ A7Pl P2rl:| (76)
L (}"0 — r||)fl 3\/§ 4 371'@10 ,

- \/Eﬂ'rf |: Agro +A8P2r” _A7P2r"] (77)
= (ry = r)F L (3v2r, 4Piri o 3zCy |

o ﬂnrf [ AgP 1 A3V|| _A7P1”0} (78)
0 (ro—r)FL |3V2P,r,  4ry  3zCy )

A point to be noted that the (¢;/ Fi)’s are free from the
form factor 7, and T'; as can easily be seen from the
expressions for r, r; and rq [Egs. (64), (65) and (67)], as
well as Clo derived in Eq. (A12). Indeed, since P, can be
expressed in terms P, and observables using Eq. (70), it is
easy to see that each of the €;’s are completely expressed in
terms of observables and the form-factor ratio P;.
However, these solutions are essentially iterative, since
the r,’s and C, are derived in terms of the primed

observables that depend on ¢;. If the (E‘A/Fj%,») are small

as should be expected, accurate solutions for them can be
found with a few iterations.

Solving for A4 from Eq. (75) the relation among the
observables is

2¢2 262 2¢2
(FL ) - 343y = (P, -2 - dak

(79)

2,2
”(FL —rifl)
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This relation for A, in terms of other observables F;, F' |,
As, Apg, A7, Ag and Ay is a generalization of the relation
derived in Ref. [2]. A point to be noted is that while we
have solved for the observable A, we could have used
Eq. (75) to derive an expression for any of the other
observable. However, only the solution for A, is unique and
hence the one we consider. The validity of this relation is a
test of the consistency of the values of all measured
observables. Unlike the expression obtained in Ref. [2],
we now have a relation between observables that depends
on only one hadronic parameter, the ratio of form factors
P,. It is interesting to note that P; does not receive
nonfactorizable contributions and is uncorrected by charm
loop effects. Since, P, is independent of the universal wave
functions [6,27] in HQET, it can be reliably calculated as an
expansion in both the strong coupling constant «, and
Aqcp/my,. The dependence of A, on Py is rather weak,
since the observables A;, Ag and Ay are observed to be
small and are currently consistent with zero as expected [5].
If A;, Ag and Aq are all observed to be zero, it is easy to see
from Egs. (76)—~(78) that &, = ¢ = gy = 0 reducing the
relation in Eq. (79) to

\/FLFL — gAg\/F”FL —iA2,

8A5A
A4:ﬂ+\/§ JTFJ_

97TFJ_

(80)

which was derived in Ref. [2]. Interestingly, in the limit of
vanishing imaginary contributions, A, can be expressed
purely in terms of observables and is free from any form
factor or their ratio. In Appendix B it is shown that both P,
and P, are always negative. An interesting observation that
App and As always have same signs can be then made from
the relation in Eq. (71). Hence, we can arrive to a
conclusion that, from Eq. (79) the observable A, is always
positive unless the term proportional to £ & is negative and
it dominates over the rest of the terms in the expression.

A, is an observable and hence must always be real. This
places constraints on the arguments of the radicals, which
are directly related to the fact that Z/, Z), and Z, are all real.
The constraint that Z) is real in turn implies that

4 262 2£2 detet
FllFl_§A12:BZF||FJ-< : - ” )

+ —_
(81)
In Eqgs. (46)—(48), we showed that 0 < rz% < 1, implying

that the rhs of Eq. (81) must itself be greatér than zero. This
imposes the following constraint:

4
F\F, - §AI%B > 0. (82)
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A similar constraint arising from Z, and Z} also being real
implies that

F F) —3A2>0, (83)

(FL+ Fy+V2rA)F | —§(Aps + V24A5)* > 0. (84)

The equality in the above three relations holds only when a
minimum of two of the ¢,’s are zero. For example, &, and
e are zero for the equality to hold in Eq. (82), whereas ¢,
and ¢, are zero for Eq. (83). The three inequalities in
Egs. (82)-(84) impose constraints on the parameter space
of observables. It is obvious that nonzero &;’s will in
general restrict the parameter space of observables even
further. We emphasize that this conclusion is valid without
any exception. We will come back to this point in Sec. VII
when we discuss the tests of the relation for A4 in Eq. (79).

V. GENERALIZATION TO INCLUDE
LEPTON MASSES

In this section we extend the model independent
approach developed in the previous section (Sec. 1V) to
include the lepton mass m. One of the consequences of
retaining the lepton mass is the need to include an addi-
tional amplitude in order to describe the full decay rate,
since the term proportional to g, in the amplitude cannot be
dropped for the massive lepton case (for a review [8]). In
addition to the six amplitude .Af'R where 1 € {0, ]|, L} the
decay amplitude also depends on .4,, resulting in a total of
seven amplitudes. These amplitudes are given in
Egs. (152)—(15d). In addition, since the massive leptons
are no longer chirality eigenstates, terms involving
admixtures of helicities that are proportional to m?/q?
[see Eqgs. (14a) and (14b)] contribute to the differential
decay rate.

These additional contributions complicate the extraction
of the helicity amplitudes. The observables Fy, F|, F |, Ay,
As and Agg given in Sec. IV are modified because of the
presence of the new transversity amplitude A4, and helicity
admixture terms in the decay distribution. This in turn
results in modifying the relations in Egs. (79) and (80). The
effect of the mass of the lepton is always included in the
measured observables and it is not possible to measure any
observable without the mass effects. In order to distinguish
the “hypothetical observables without the mass effects”
considered in Sec. IV from these true observables, we
define them with a superscript “o” and relate to the
massless limit observables as

F]Oc = ﬁzrf + 3—|]—1, (853)

1
Fi=f (BT FL +T), (85b)
f
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1
F(l)l = F—; (ﬂZFfF” + T] ), (850)

(85d)

(85¢)

o 1—‘f
AFB = ﬁ PArg,
f

In the above we have defined

m2
Ty =(1+E;)—T; where
q :

2
ALy 2 Re[Af A + ALA + AFA)

Elrr
7

PHYSICAL REVIEW D 90, 096006 (2014)
Using

2Re[AFAY] = |A} + AR =T F,

and the Cauchy-Schwarz inequality, we find

2
T, - (|A,|2+ T |A5+A§|2)’"—2 (36)
A={IL.0} q
m2
< (|.,4,|2 + ZFf)? (87)

which is always positive and bounded. This bound is
important since T; has not been measured so far. T; can
also be expressed in terms of angular coefficients as

T, 1 4n-1S
g3 30y

1 16 64
:§_3A‘0+ﬁ 1 (88)

and measured in terms of two new observables Ay and A,
defined in terms of angular asymmetries as follows:

10 —

—1/2 1/2 a*(r+1
o d [ dcosbk[ [ /2 f-{/z + fll/z]dcos O, dqzdcoséfdco)sﬂkdtﬁ 89
27 1 g 0 1 g 0 (1) ’ ( )
o7 d [, dcosO [ dcos ¢ dqdcos 6,d cos O ddp
12 )2 1 2 12 rir
fz” do[ |-, / - {/2 + [}5)d cos Ok |- / - {/2 + [ij)d cos 0, dq2dcoséfd0(3591<d¢ (90)
T4
d¢ f] dcos Ok f] dcos 9/ dqzdcoséfdcgsﬁ,gd(ﬁ

If the two asymmetries A;, and A;; are measured exper-
imentally then we can get the estimate of the correction
term arising due to lepton masses. However, from Eq. (86)
it can be seen that T is proportional to lepton mass (square)
m? /> which is very small and difficult to measure except
at small ¢°. In the limit of zero lepton mass T, vanishes
which gives a constraint on these two observables by

4 3
A —zAn =

A deviation from this relation would indicate the effect of
the nonzero lepton mass and provide an estimate of the size
the mass corrections. The observables are reexpressed in
terms of the variables r; [defined in Eq. (35)] as follows:

2

F R
F9I9 = 2ﬂ2p—; (r5+Cho) + 2875 +T1,  (92)
2

FiT) = 2ﬁ2 (r” +Clo) +282 + Ty, (93)
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(94) In analogy with the previous solutions of P, and P; in
Egs. (70) and (74) using the three sets (Set-I, II, III) we can
solve for P, and P5 once again in terms of P, and “true

F3 A ,,
V2rATy = 4fF° Pléz (rory + Clo) +4B%egey,  (95)  observables™ as

FiTy =28 F1 (] + Chy) + 2871 + T,

T
2PiAgy (F - )

Fi .
V2AT = 3L Cyo(rg + 71). (96) P, = : (101)
st p, Crolro 71 2 V2A22(F3, —T8) + Z3P1) — Z3P ARy
A rozsﬁﬁ@ (ry+r1) (97) o (po T,
FBl 7 p, “oVitrL) . 2P1AFB<FL_Ff)
3= N
~ i o 0 o _T.1 0 _ 70 0
V2A3TY = 36C0(Foey — F o). (98) (A + ﬁAS)(z (F + Fﬁ-) 7 lpl) Z3P1 AR
(102)
A} = 2V2B2(Foroes — F 1 rie), (99)

where positive sign ambiguity is chosen for P, and P;
nAgTY = 3HF Lriey — FyrjeL). (100) solutions because of the same reason discussed in the
massless case. The definitions of Z9, Z5 and Z are given by

SCEICRORTS o
R CRICR AR o
! f

T T 442 T 16
75— \/4<<F‘L’ ——0) n (Fﬁ -F_g') T Vanag -2 F‘?e”) (F‘i —F—i) -G P+ V2R (105)
f f

I 7
To simplify notation we have defined
T,=T,+2/7;  2e€{0, L.} (106)
Substituting Eqs. (101) and (102) in Eq. (53) we can get the condition valid over whole ¢ range as
78 =70+ Z5. (107)

The €;’s can be solved as was done in the previous section using Eqs. (98)—(100) to give

o Veray [Agpl AQP, _A%ﬂF’leu] (108)
O Pre-n)FLl3v2 4 3nCo |
L V2T [ Agry  APary _AgﬂPzrn] (109)
I ﬁ2(}’0 _ r||)~;EJ_ 3\/§rJ_ 4P r 3%610 ’
. V2aly [ AsPiro A3y _A‘?ﬁplro} (110)
ﬂ2(”o— r||)-;EJ_ 3\/§P2rj_ 4r 3zC

From Egs. (A10)-(A12) it can be easily seen that the (g;/ F;’c%)’s are free from the form factor 7, and I'} and are

completely expressed in terms of observables and the form-factor ratio P,. Accurate solutions of (&;/ F‘}%) ’s can be found
with a few iterations as described in the previous massless case.
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Solving for A3 from Eq. (107) the relation among the observables including lepton masses turns out

|_

FO—E 0
2V2%¢ e 8BAAY \/( L f“)(
o_\/_ﬂ||0+ PAAR 7

TL) 8ﬂ2A02\/( %) (Fj)_ _%) _gﬁzA%%
! f

Ai= 7l o _ T,

In analogy to the massless case, each of Z9, Z§ and Z are
also real. A real Z{ implies that

4 2 TII T, T||T¢
FﬁF(JJ- __AgB 2 FﬁFj- 0 170 + 00  T02[0[o0
9 ISFy - TGRS I°FIFS
16 2A02
— M (112)
9
Since, 0 < T, F° < 1 as can be seen from Eqs. (92)-(94), we

can obtain a bound on the lhs of Eq. (112). The bounds
arising from real Z{, Z5 and Z5 are

4 16m2A2
FiFS -5 AR 2 —%, (113a)

8 32m?AL
FgFj—gAgZZ—%, (113b)

4
(F + F§ + V2rA)FS - 5 (Als + V2A9)?
16m> (A 2A9)*

_ m ( FB+\/_ 5) (1130)

>
2 96]2

respectively. Clearly the lhs of the above inequalities can, in
the worst case, be a small negative number. Comparing this
with the massless case we note that while the effect of the
imaginary contributions is to restrict the parameter space
further the effect of mass dependent terms is to oppose this
restriction. The mass term should have the maximum effect
at g> close to 4m?, but as we will see in the next section
(Sec. VI) in the limit g*> — 4m? all the asymmetries
approach zero. The contribution from the mass term should
hence be insignificant, indicating that in practice the
allowed parameter space of observables is not noticeably
altered. This conclusion is borne out to be true in numerical
estimates as we will see in Sec. VII. We conclude, there-
fore, that the most conservative allowed parameter space
remains unaltered even if the small lepton mass term is
dropped compared to ¢ and the imaginary contributions to
the amplitudes are completely ignored.

The zero crossings of angular asymmetries Apy, A and

A%y + V/2A2 provide interesting limits where the relation in

Eq. (111) 51mp11ﬁes to three independent relations with
each of them providing an interesting test for NP. At the

(111)

7)

zero crossing of Apg, AS and ARg + /242, Eq. (111)
reduces to

8492 7 (43 - 220’

) ) )

| | (114a)

A%, . 7 (ag - 22e)” _1
o(-B)(-%) 2 -B) ()

(114b)

24 +242) ((FL-B) + (F -1 + V2nag—F2s)

o(ri-1) (r-1) (P -%)

( o 2V2P ,3”50)

DI

respectively. In the limit where both the mass effect and the
imaginary contributions to the Wilson coefficients C; and

C, can be ignored these relations simplify to depend only
on observables

+ —1

; (F (114c)

8A2 2A2
S 4 T i A =0
OF,F, ' 2F,F,
4A2 242
BB, T84 | A =0
OF F. ' 2F.F,
2(Ag +243)(F, + Fy + V274y) | 2°A} !
9F\ FLF, 2F F)

if Apg + V245 =0 (115)
The zero crossings of these observables are also interesting
as the form-factor ratios P, P, and P5 can be related to the
helicity fractions at those ¢ points. Equation (97) implies
that when Apg =0, ry+r, must be zero. Then, the
expression for ry +r, [see Eq. (A10) for the massive
case in Appendix A] gives
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J_ FO +P1 O”) :0

F 9 r‘o

=P,

(116)

A%, =0
FB
Fo TII

P, can be iteratively solved from the above equation. We
note that in order one has real positive form factors by
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definition [Eq. (51)] P, is always negative The zero
crossing of A9y is observed at ¢> = 4. 9+ GeV? [5]
which is in the large recoil region where 1t is believed
that reliable calculations can be done in HQET. Hence, we
can check the predictability of HQET in large recoil region,
when enough data for all observables are available at this
g* point.

Equations (101) and (102) can now be used to obtain P,
and P; at the zero crossings A2 = 0 and A%y + V242 =
respectively,

F-T
Palag—o = = H—=. (117)
FL—F—7
0 T
Fi -1

A% +V2A9=0 \/<<F° °>+<Fﬁ TJJ)_’_\/» A0 — 48 &06”)'

The relation derived in Eq. (111) incorporates all the
possible effects within SM. It includes a finite lepton mass,
electromagnetic correction to hadronic operators at all
orders and all factorizable and nonfactorizable contribu-
tions including resonances to the decay. It can be seen from
the Eq. (106) the term 7,/I'} contains T;/I'; which is
expressed in Eq. (88) in terms of the asymmetries A, and
A;; which can be measured experimentally and the other
term (8,1/1“0 ) depends only on the observables and one
form- factor ratio P;. Thus, the relation in Eq. (111) is
complete and exact in the sense that it involves all the
eleven observables and only one hadronic input which can
be reliably estimated using HQET.

VI. OBSERVABLES AT KINEMATIC
EXTREME POINTS

In this section we will briefly discuss the limiting value
of the observables at the two kinematic extremities of g2,
the dilepton invariant mass squared. The minimum g¢>
value, ¢°> = g2, =4m? and the endpoint ¢*> = g2, =
(mg — mg-)?. The values of the observables we obtain
below can be experimentally verified and any exception
must imply NP.

(i) Case-I: g* = 4m?

It is easy to see that at ¢2. the two leptons carry equal
momentum and recoil against the K*. In the dilepton rest
frame the two leptons carry zero momentum. Hence, angles
0, and ¢ cannot be defined. The angular distribution in
Eq. (13) thus implies that all asymmetries i.e. A4, As, Apg,
A5, Ag and A9 must vanish in this limit. This implies that

|
there is no preferred direction, leading to the conclusion
that all helicities are equally probable.

Using the expressions of the observables derived in the
previous section [Egs. (85a) and (85b)] we can write

1 1
F(i = ﬁ <ﬂ2FfFL + § (1—? - ﬁzrf)>
f

1

= -, 119
p—0 3 ( )
This limiting value holds for the other two helicity fractions
as well. Hence, at the kinematic starting point we can write

Fy =

1
=, Aed{L, L, |}.
Aq2—>4m23 { ”}

(120)

We conclude that each observed helicity fraction should be
1/3 at ¢2,,, which can be easily verified experimentally.
The asymmetries defined in Egs. (89) and (90) also vanish
at ¢> = ¢, implying (T, /T3) = 1 [from Eq (88)]. Thus
the observable Aj from Eq. ( 1 11) at q* = q2;, is given by

Fo _ \/ _
“ 0 1

Fol

3

f v

as it was expected above.

() Case-II: ¢*> = (mp — mg-)?
In this kinematic limit the K* is at rest and the two leptons
go back to back in the B meson rest frame. Therefore, we

AO_

Y0 7 (121)

096006-16



TESTING NEW PHYSICS EFFECTS IN B — K*¢t¢~ ...

can always choose the angle ¢ to be zero. The entire decay
takes place in one plane, resulting in vanishing F . Also,
the left and right chirality of the leptons contribute equally.
These together results in only the angular asymmetry A,
being finite with all other asymmetries vanishing. The
relations among the various angular coefficients at this
kinematical endpoint are derived in Ref. [28] where it is
explicitly shown that

FL(Qrznax) =3 AFB(‘I%nax) =0. (122)

1
3?
Solving for the other observables from Eq. (3.2) of
Ref. [28] we can write

F 1 (gma) = 0, (123)

2
Fi(g? i
II(QmaX) 3’

2
A4 (q?nax) =3 A5,7,8.9(q%1ax) =0. (124)

3n’
These limiting values of the observables imply that e; — 0
at the extremum ¢> = g2, as can be seen from Egs. (108)—
(110). The lepton mass can be safely ignored at g2, as it
would have almost no effect at this end point hence, we
have dropped the “0” index from all the observables for this
discussion only. Thus, in the limit ¢; — 0, we find that
Eq. (111) reduces to Eq. (80). Hence, the observable A, at
q*> = q2. turns out to be

842 4 42
8AsA \/FLFJ-_ﬁAS\/FllFJ—_ﬁAFB
4, = Ashe /5

InF 1 nF 1
V2 JFFp 2
Apg—0 T FL_—»l 3z
e f1=3
which exactly matches with the limit predicted

in Eq. (124).

VII. NEW PHYSICS ANALYSIS

In this section, we demonstrate the possibility of how
new physics could be tested using the relations derived in
this paper. The basis of our analysis is the relation, which
involves all the nine observables F;, F|, F |, Apg, A4, As,
A;, Ag, Ag and a single form-factor ratio P, derived in
Eq. (79). Since the helicity fractions are related by
F; + F+ F =1, we eliminate F. All the observables
have been measured by LHCh Collaboration using 1 fb~!
data. However, currently the observables A;, Ag and Ag are
measured to be consistent with zero. Equations (108)—(110)
therefore imply that &; are all consistent with zero. In
Sec. V we have shown that the most conservative allowed
parameter space remains unaltered even if the small lepton
mass term is dropped compared to ¢ and the imaginary

PHYSICAL REVIEW D 90, 096006 (2014)

contributions to the amplitudes are completely ignored.
Since the inclusion of ¢; reduces the parameter space of
observables, in order to check the consistency of measured
observables we take a conservative approach and set all the
€,’s to be equal to zero for the numerical analysis. Thus, the
relation among the observables reduces to Eq. (80) which is
in terms of six observables Fy, F, F |, Apg, A4, A5 and is
completely free from any form-factor dependence. If A7, Ag
and Ay are measured to be nonzero in future experiments
with reduced uncertainties, ¢, can be solved iteratively
using Eqgs. (108)—(110) and an exact numerical analysis can
always be done. We, emphasize that a nonzero &, would
only restrict the allowed parameter space depicted in
Figs. 1, 2 and 3 further as was already pointed out in
Sec. V. Later in this section we will, nevertheless, solve for
¢, in terms of A;, Az and A, since the predicted value AP™
depends on the values of ¢;.

We use the SM relation derived in Eq. (80), for ¢;, =0
and 4m?/q*> — 0 instead of Eq. (111), to check for
consistency between measurements of all the observables.
As noted above a finite value for &, would provide a
stronger constraint and since €,’s are consistent with zero,
Eq. (80) provides a more conservative test. In order to
perform the test we define a > function

o L[ (AT — AR P (FLP-FLY?
S A VRS AF?

+ FI"-F, 2+ Apg —Arp 2+ AST —As\?
AF Tp AA;)EP AAgXp ’

(125)

where AP, F;P FTP ARY, AP indicate experimental
central values of the observables and
AALP AFTP AFTP AALY , AASY are the experimental
uncertainties. The statistical and systematic uncertainties
are added in quadrature for all the numerical analysis
presented. We used Mathematica [29] to do all the
numerical calculations presented in this paper. The y?
function in Eq. (125) is minimized in the 4-dimensional
parameter space of the observables by varying each of them
simultaneously within the allowed region i.e. 0 < F; <1,
0<F <1, -1 <A <1, -1 <As <1, while AP* is
taken to be the theoretically calculated value for A4 using
Eq. (80). The minimized y? function is projected in
different sets of planes of the observables, (F;,F ),
(Aps, Fr), (Aps,As) (As,FL), (As,F1) and (Agg, F )
for the contour plots. In Fig. 1 we show the allowed
domain of F, — F values for all the six ¢> bins corre-
sponding to the g¢* values in the range (0.1-2) GeV?,
(2-4.34) GeV?, (4.34-8.68) GeV?, (10.09-12.86) GeV?,
(14.0-16.0) GeV? and (16.0-19.0) GeV?2. The pink, yel-
low and blue correspond to 1o, 26 and 36 confidence level
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regions. The black squares correspond to the experimen-
tally measured central value and the green points corre-
spond to best fit values obtained by minimizing y* using
Eq. (125). As can be seen form Fig. 1 the bounds derived in
this paper, involving only observables, have resulted in very
significantly constraining the allowed parameters range of
observables.

If it were true that there are no significant nonfactor-
izable contributions to the decay mode, rendering &é
independent of the helicity index “1,” we can solve for
6‘9 as was shown in Ref. [2]. The ratio of 6'9/ Cio so
obtained could be inverted to solve for Agg resulting in
the constraint between F; and F| given in Eq. (55) of
Ref. [2]. The narrow constraint region between the two
solid black lines depicted in F; — F| plane in Fig. 1 is
derived assuming real transversity amplitudes, form
factors are calculated at leading order in Agcp/m;, using
HQET and the estimate that 6‘9/ CIO = —1 is used. We
emphasize that except for the two solid black lines for
each of the g* bins all other information in Fig. 1 is
completely free from any theoretical assumption. As can
be seen from Fig. 1 the best fit values as well as the

PHYSICAL REVIEW D 90, 096006 (2014)

experimentally measured central values are largely not
inside the narrow constraint region within two solid black
lines. This indicates that there could exist any or all of
the possibilities: imaginary contributions to the trans-
versity amplitudes or sizable nonfactorizable contribu-
tions or higher order corrections in HQET could also be
relevant.

The allowed range for observables Apg — F is
depicted in Fig. 2 for all the six bins. The color code
and markers follow the same convention used in Fig. 1.
The constraint of the allowed triangular region between
two solid black line comes from Eq. (53) of Ref. [2].
Once again the constraint region within the solid black
triangular depicted in Apg — F; plane is derived assum-
ing real transversity amplitudes, form factors calculated at
leading order in Agcp/m), using HQET and the estimate

that 6’9/ (A:lo = —1. However, note that the constraints
depicted by the contour plots are completely free from
any theoretical assumptions. The allowed region in the
other four planes of observables i.e. Agpg — As, A5 — F,
As —F, and Apg—F, are shown in Fig. 3. We
emphasize once again that the plots are free from any

1.0 T T 1.0 T T 1.0 r r
0.1<¢*<2.0 GeV? 2.0<¢’<4.34 GeV? 4.34<¢%<8.68 GeV?
0.8 0.8 0.8}
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4 ! 4
LL R=-1 LL R=-1 LL R=-1
0.4} 0.4 04}
| ]
- Q
0.2 0.2} 0.2}
0.0 . + + + 0.0 + + + + 0.0 . + +
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
Fr Fr Fr
1.0 T T T T 1.0 T T 1.0 r r
10.09<¢%<12.86 GeV? 14<¢’<16 GeV? 16<¢’<19 GeV?
0.8 08} (>\ 0.8
0.6 '\ 06} | 0.6
4 4 4
R \ R=-1 R \ \\ R=-1 R /_\\
0.4 04}t 5 0.4 \\
/ \ R=-l
02} N 02} 02 \ )
. = =,
0.0 : : : : 00 : : : : 0.0 : : : :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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FIG. 1 (color online).

The y? projection onto the plane of observables F; and F | . The experimental values of all the observables are

taken from 1 fb~! LHCh measurements Ref. [5]. The green dots corresponds to best fit value from y> minimization and the black
squares corresponds to the measured central value. The pink (dark), yellow (light) and blue (darkest) correspond to the 1o, 26 and 36
confidence level regions respectively. If the amplitudes are real, nonfactorizable contributions vanish and the form factors were reliably
evaluated at leading order in HQET, then using SM estimated values of Wilson coefficients we find F'; — F | are constrained to lie in the
narrow region between the two solid black lines. See text for details.
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theoretical uncertainty. In most of the contour plots
depicted in Figs. 1, 2 and 3 the best fit points (green
point) lie at the edge of the boundaries except for the
third bin. The experimental measured central values
(black squares) are mostly overlapping with the best
fit points except for fourth and sixth bin. In the fourth bin
the black squares stay outside the physically allowed
region. In third bin both the best fit and experimental
measurement are very consistent with the allowed region
and sit almost at the center of it. It is interesting to note
that the best fits are always in the lo region perhaps
validating the LHCb data set.

In Fig. 4 the measured Gaussian A, distribution is
compared with the distribution of AP computed using
Eq. (80). In evaluating the right-hand side of Eq. (80) we
have used a Gaussian distribution of the observables F,
F |, A5 and Apg with experimental central value as the
mean and errors as the standard deviation from Ref. [5].
The plots correspond to a simulated theory sample of 144,
76, 281, 169, 114 and 124 events corresponding to first
through sixth ¢ bins. These may be compared with 140,
73, 271, 168, 115 and 116 events obtained for the
respective bins by LHCbA using 1 fb~! data [5]. We have
randomly chosen the number of events to be statistically

PHYSICAL REVIEW D 90, 096006 (2014)

consistent with the LHCh observation in each bin for this
decay mode. As should be expected fewer events survive
the constraint of Eq. (80) when the best fit points are at the
edge of the permissible contour regions in Figs. 1, 2 and 3.
The simulated A, values corresponding to the LHCh
measurement for all six bins are shown in red (dark)
histogram and the yellow (light) histogram corresponds to
the values of AP computed using Eq. (80). For a
comparison, the probability distribution function (PDF)
curves corresponding to 1000 times more events are also
shown for theory using brown (light) curve and data using
red (dark) curve.

The mean and 1o regions for the theoretically calculated
AP distributions are shown in Fig. 5. We compare the two
cases where lepton masses is ignored [Eq. (80)] with the
case where lepton mass is finite [Eq. (111)]. The purple
(light) bands correspond to the massless case and the gray
(dark) band corresponds to the massive case. The error bars
in red correspond to the experimentally measured [5]
central values and errors in A, for the respective ¢ bins.
The values of Aﬁmd obtained from the Eq. (80) seem to
visually agree reasonably with the experimental measure-
ments within the error bands in all the bins except for the
first and the fifth bin. A large discrepancy in fifth bin can

1.0 T 1.0 T 1.0 r
0.1<¢*<2.0 GeV? 2.0<q’<4.34 GeV? 4.34<¢%<8.68 GeV?
0.8 0.8 0.8
0.6 0.6 0.6
~ ~ ~

9 ~ k=
0.4 04} 047}
0.2+ 0.2 0.2}
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1.0 r 1.0 r 1.0 r
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K R R
04} 04} 04}
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FIG. 2 (color online).

The y? projection onto the plane of observables F; and Apg. The experimental values of all the observables are

taken from Ref. [5]. The color codes are the same as in Fig. 1. If the amplitudes are real, nonfactorizable contributions vanish and the
form factors were reliably evaluated at leading order in HQET then using SM estimated values of Wilson coefficients we find Agg — F/,
are constrained to lie in the two solid black triangular region. See text for details.
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FIG. 3 (color online).

in Fig. 1.

ArB

As

As

ArB

The 4 projection onto the sets observables A5 — Apg, As — F;,As — F | and Agg — F | for various ¢ bins going
vertically from first to the sixth bin. The experimental values of all the observables are taken from Ref. [5]. The color codes are same as
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FIG. 4 (color online).

A comparison of the measured and the predicted A, values for the six ¢ bins assuming that A;, Ag and A

are all zero. The simulated values of A, assuming Gaussian error in the LHCh data are shown in red (dark), whereas the yellow
(light) distributions referred to as “Theory” correspond to the values of Aire‘l computed using Eq. (80). The plots correspond to a
simulated theory (LHChH 1 fb~! data [5]) sample of 144 (140), 76 (73), 281 (271), 169 (168), 114 (115) and 124 (116) events
corresponding to first through sixth g® bins as depicted in the figure. We have randomly chosen the events to be statistically
consistent with the LHC) observation in each bin for this decay mode. For a comparison, the PDF curves corresponding to 1000
times more events are also shown for theory using brown (light) curve and data using red (dark) curve. We compare the two
simulated distributions shown in the histograms using the Mathematica routine “DistributionFitTest” [30]. The P-values obtained by
comparing the two are found to be less than 10~° for each of the bins, except the second and fourth bins, where the P-values

obtained are 2.54 x 107 and 6.47 x 107 respectively.

also be seen here. There is also a slight tension in first bin,
which could be partly due to the lepton mass effect. The
corrections due to mass terms can be incorporated if the
asymmetries Ay and A;; are measured in the future. In the
absence of such measurements we have used the theoretical
estimate of form factors [13] to evaluate the effect of the
finite mass contribution. Details are depicted in Fig. 5. The
mass contributions only affect the first bin, the other bins
are unaffected. As expected the agreement improves for the
first bin if the mass contributions are added. While Fig. 5
indicates only a mild disagreement between the measured
and predicted values of Ay, the distributions in Fig. 4 carry
much more information than the mean and averages.
We have compared the two simulated distributions shown
in the histograms using the Mathematica routine
“DistributionFitTest” [30]. The P-values obtained by com-
paring the two are found to be less than 10~ for each of the

bins, except the second and fourth bins, where the P-values
obtained are 2.54 x 107 and 6.47 x 107 respectively.
A small P-value indicates that one should reject the
hypothesis that all observables are consistent with the
SM relation of Eq. (80).

In order to ascertain that the discrepancy in the Ay
enunciated using the P-values is not due to the imaginary
contributions being ignored we have also preformed a
simulation of all observables, including A; Ag and Ag. We
solved for €, ¢ and g, using Egs. (108)—(110). These
values of ¢ |, | and &, depend only on observables and P;.
We assume P; values (see Ref. [2]) to be P; = —0.9395,
—0.9286, —0.9034, —0.8337, —0.7156 and —0.4719 for the
first through the sixth bin respectively. We only remark that
if A;, Ag and Ag are measured to be small the results are
even more insensitive to the choice of the P; value.
Nevertheless, we also studied the effect of varying P,
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FIG. 5 (color online). The mean values and lo regions for
theoretically calculated A, distributions excluding lepton masses
[Eq. (80)] and with massive leptons [Eq. (111)] are shown in
purple (light) and gray (dark) bands respectively. The simulated
samples consist of 50,000 events to start with, for each bin. The
observables A5, Ag and Ag are assumed to be zero. The error bars
in red correspond to the experimentally measured [5] central
values and errors in A, for the respective ¢ bins.

within the range P; & 0.5, to ascertain our claim. Details
will be presented elsewhere. The ¢; were solved iteratively
and it was found that they always converged in just a few
iterations. If iteration led to a value of ¢, larger than the
derived constraints permitted, a smaller allowed value was
assigned and the iteration continued. In some cases an
oscillatory or randomly varying pattern was observed but in
these cases the starting values of the observables could not
be reproduced, indicating that further constraints imposed
by the chosen values of A;, Ag and Ag could not be
satisfied. The solutions obtained for ¢,/ /T are shown for
each of the six bins in Fig. 6. It can be seen that all the ¢;’s
are consistent with zero and even the tails of eﬁ /T’y do not

cross 0.2. Having obtained the values of €,/,/I"; we can

now use the exact relation in Eq. (111) to estimate AT**. A
comparison between the measured A, and the predicted

value AP including contributions from A, Ag and Ay is

done in Fig. 7. It must be emphasized that AP*® obtained
using Eq. (111) is exact and takes into account all the
contributions in SM. The asymmetries Ay and A;; [see
Egs. (89) and (90)] have not yet been measured and Fig. 5
indicates that the lepton mass effects are negligible for all

but the first bin. We hence set T; = 0 in evaluating A?,
This ensures that our results depend on only one theoretical
parameter, the ratio of form factors P, and that parameters
resulting in unmeasurable tiny effects do not complicate the
calculations. As predicted above, an even smaller number
of events are now consistent with the constraints derived in
the paper. Interestingly, AT®® now fits better to a Gaussian
distribution as indicated by a Kolmogorov-Smirnov test,
compared to the previous case where transversity
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FIG. 6 (color online).  The solutions for &, /,/T, &//T; and
g9/ /T using distributions with 140, 78, 275, 175, 113 and 113
events for first through sixth ¢ bins. The number of events are
chosen to be statistically consistent with the number of events
observed by LHCb [5] in each bin for this decay mode. All the
g;’s are consistent with zero and even at extreme cases &3/T’;
values are less than 0.2.

amplitudes were assumed to be real. This is indicative of
the fact that the transversity amplitudes are complex.
However, the values of ¢,/,/T, are not large as indicted
in Fig. 6. We have simulated numbers of events consistent
statistically with the number of events observed by LHCh
in each bin. The plots as depicted in Fig. 7 correspond to a
simulated theory (LHCh 1 fb~! data [5]) sample of 140
(140), 78 (73), 275 (271), 175 (168), 113 (115) and 113
(116) events for the first through sixth ¢ bins. The values
of A predicted using Eq. (111) have a larger mean and
variance as compared to values obtained using Eq. (80).
The P-values still continue to be smaller than 10~ for all
the bins, except the second bin where the P-value is
6.78 x 1073, indicating that we reject the hypothesis that
all observables are consistent with the exact SM relation
of Eq. (111).

The PDF curves comparing the measured value of Ay
with both the theoretically predicted values assuming
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FIG. 7 (color online).

A comparison of the measured and predicted A, values for the six ¢ bins considering all the measured

observables. The simulated values of A, assuming Gaussian error in the LHC) data are shown in red (dark), whereas the blue
(light) distributions referred to as “Theory” correspond to the values of Aired computed using Eq. (111). The plots correspond to a
simulated theory (LHChH 1 fb~! data [5]) sample of 140 (140), 78 (73), 275 (271), 175 (168), 113 (115) and 113 (116) events
corresponding to first through sixth g* bins as depicted in the figure. The number of events are chosen to be consistent statistically
with the number of events observed by LHCb in each bin for this decay mode. The values of all other observables used in the two
equations are randomly generated using LHCb data assuming Gaussian measurements. We find that the P-values obtained using the
Mathematica routine “DistributionFitTest” [30] comparing the two distributions are always less than 10~ for all bins except the

second bin where the P-value is 6.78 x 1073,

completely real transversity amplitudes (&; = 0) and most
general complex transversity amplitudes (g, #0) are
shown in Fig. 8 for fifth bin (14.0 < ¢*> < 16.0 GeV?).
We have chosen the fifth bin for this detailed study since the
tension between the predicted value and experimentally
observed value appears to be the largest as can be seen from
Figs. 4, 5 and 7. The PDFs depicted in the figure are
generated using 4 x 10° random events resulting in the
simulated values of A, for each curve. If €; # 0 only 6708
of the points survived the constraints of Eq. (111). LHC)
data assuming Gaussian error is shown in the leftmost red
(dark) plot, whereas the central brown (lighter) distribution
corresponds to the theoretically calculated A, using
Eq. (79) and the rightmost blue (light) distribution is for
A, predicted using Eq. (111). The values of all other
observables used in the two equations are randomly
generated assuming Gaussian measurements of the
LHCb 1 fb~! data.

In this section we have discussed the constraints already
imposed by the 1 fb~! LHCh data [5] on the parameter
space of observables. We also compare the measured
values of A, with those predicted using the new relations
derived in this paper. We made several observations that
indicate possibly sizable nonfactorizable contributions and
imaginary contribution and also possible higher order
corrections in HQET to the transversity amplitudes. In
addition, the P-values comparing the measured A, with
the predicted value indicates new physics. However, we
refrain from drawing even the obvious conclusions given
that, results for 3 fb~! data will soon be presented by the
LHCbh Collaboration. However, we emphasize that the
approach developed in this paper could not only con-
clusively indicate presence of significant nonfactorizable
contributions and need for higher order power corrections
to form factors but also the presence of NP with larger
statistics.
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FIG. 8 (color online). A PDF plot comparing the measured fifth
bin (14.0 < ¢* < 16.0 GeV?) value of A, with the two theoreti-
cally predicted values. One assuming &; = O or completely real
transversity amplitudes and the other with €; # 0 or complex
transversity amplitudes. The mean and errors for all the observ-
ables are assumed to be those measured by LHCh using 1 fb~!
data set. All errors are assumed to be Gaussian. The PDFs depicted
in the figure are generated using 4 x 10° random events resulting
in the simulated values of A, for each curve. If €; # 0 only 6708 of
the points survived the constraints. The plot corresponding to
LHCbh A, measurement is shown in left most red (dark) plot,
whereas the central brown (lighter) distribution corresponds to the
theoretically calculated A, using Eq. (79) and the right most blue
(light) distribution is for A, predicted using Eq. (111).

VIII. CONCLUSIONS

In this paper we have derived a new relation involving all
the CP conserving observables that can be measured in the
decay B - K*#*¢~ using an angular study of the final
state for the decay. The relation provides a very clean and
sensitive way to test SM and search for NP by probing
consistency between the measured observables. The rela-
tion reduces to the one derived in Ref. [2], when certain
reasonable assumptions were made. Since, the relation is
intended to be used as probe in search for NP, it is
imperative that no avoidable assumptions be made. We
have generalized previous results with this objective in
mind. The new derivation is parametrically exact in the SM
limit and incorporates finite lepton and quark masses,
complex amplitudes enabling resonance contributions to
be included, electromagnetic correction to hadronic oper-
ators at all orders and all factorizable and nonfactorizable
contributions to the decay.

We write the most general form factors and amplitudes in
Sec. II based only on Lorentz invariance and gauge
invariance. Our approach differs from what is usually done
in literature as we make no attempt to evaluate hadronic
parameters but eliminate them in favor of measured
observables to the extent possible. Hence, our conclusions
are not limited in general by the order of accuracy up to
which the calculations are done.

PHYSICAL REVIEW D 90, 096006 (2014)

The decay is described by six transversity amplitudes
which survive in the massless lepton case. If the mass of the
lepton is finite yet another amplitude contributes to
the decay. We have shown in Sec. V that the corrections
to the amplitude arising from finite lepton mass can be
determined completely from observables measured using
angular analysis. These contributions are suppressed by
m?/q> and may be difficult to measure. A theoretical
estimate also shows that they are insignificant in all but the
first bin. We therefore began by focusing attention on the
massless case which is described by the six transversity
amplitudes alone. The massive lepton case was considered
later to derive an exact relation valid in the SM limit. Even
if the mass effects are too tiny to distinguish an attempt to
measure them would ensure that the predictions are reliable
and free from theoretical parameters.

We started by writing the most general parametric form of
the transversity amplitude in the SM given in Eq. (17) that
takes into account comprehensively all the contributions
within SM. Unlike the derivations in Ref. [2] the general
transversity amplitude is now allowed to be complex, by
introducing three additional parameters ¢;. This, however,
poses no problem since there are three extra observables A5,
Ag and Ag given in Sec. III, which are nonvanishing in the
complex transversity amplitudes limit. Hence, dealing with
complex amplitude introduces only a technical difficulty of
solving for additional variables iteratively.

Using this general amplitude a new relation [see
Eq. (80)] involving all the nine CP conserving observables
is derived in Sec. IV, that is exact in the SM limit assuming
massless leptons. The new derivation incorporates the
effect of electromagnetic correction of hadronic operators
to all orders and all factorizable and nonfactorizable
contributions including resonance effects to the decay. In
addition to the nine observables, this new relation depends
only on one form-factors ratio: P,. The new relation
becomes independent of P and reduces to the one derived
in Ref. [2] in the limit that the asymmetries A5, Ag and Ag
are all zero.

As mentioned repeatedly the inclusion of lepton mass
contribution is trivial in our approach; the effect on all the
observables is directly obtained in terms of asymmetries
given in Egs. (89) and (90) that can be measured as shown
in Sec. V. The new relation obtained is generalized to
include the lepton mass effects in Eq. (111). It is important
to note that it involves only observables and the form-factor
ratio P; and is free from any assumption within the SM
framework. This relation also implies three inequalities
given in Egs. (113a)-(113c) which impose constraints on
the parameter space of observables. We also presented three
new relations between the observables that are exact at the
zero crossings of angular asymmetries APy, AP and
AZp + V/2AS. These are particularly interesting if the mass
effect and the imaginary contributions to the Wilson
coefficients 6'7 and C‘g are ignored, as they reduce to
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simple form presented in Eq. (115). Another interesting
aspect is that the form-factor ratios P, P, and P can each
be written in terms of observables and P,. In the limit of
vanishing A;, Ag and Ay (i.e. negligible imaginary con-
tributions), the form-factor ratios can be measured purely in
terms of helicity fractions.

The limiting values of the observables at the minimum
and maximum values of ¢ are discussed in Sec. VI based
on very general arguments. It is interesting to note that at
g*> = 4m? all angular asymmetries vanish and each of the
helicity fraction approaches 1/3. At the maximum value of
@2« similar results can be obtained.

In Sec. VII, we have highlighted the possible ways to
check the consistency of the measured observables using
the SM relation derived. It was noted that the inclusion of
nonzero ¢, indicating complex contributions to the ampli-
tudes invariably reduces the allowed parameter space of the
observables. Hence, in order to check the consistency of
measured observables we take a conservative approach and
set all the ¢;’s to be equal to zero for the analysis. This was
necessary since Ay, Ag and Ay are all consistent with zero.
The relation among the observables, hence, reduces to
Eq. (80) which is in terms of six observables F;, F i Fi
Agg, Ay, As and is completely free from any form-factor
dependence. The y? function in Eq. (125) was minimized in
the 4-dimensional parameter space of the observables F,
F |, Apg and As to check the consistency between the
experimentally measured values by varying each of them
simultaneously within the permissible domain and AP
was evaluated using the relation in Eq. (80). The projec-
tions of the minimized y? function are studied for the
various pairs of observables as shown in the contour plots
of Figs. 1-3. In most of the contour plots the best fit (green)
points lie at the edge of the boundaries except for the third
bin. The experimental measured central values (black
squares) generally lie within the contours except for the
fourth and sixth bin. It is interesting to note that the best fits
are always in the 1o region perhaps validating the LHCH
data set.

We compared the two distributions generated by exper-
imental measurement and theoretical prediction of the
observable A4, assuming that A;, Ag and Ay are all zero
in Fig. 4. The number of events for the “Theory” histogram
are chosen to be consistent statistically with the number of
events observed by LHCb in the 1 fb~! [5] data set for each
of the bins. The mean values together with 1o error bands
are shown in Fig. 5 with a comparison between the
massless and massive lepton case. It is found that lepton
mass can be ignored except for the first g2 bin. The fifth bin
shows a large discrepancy whereas the other bins are in
reasonable agreement. Since the A, distributions in
Fig. 4 carry much more information than the mean and
averages, we compare the two simulated distributions
shown in the histograms using the Mathematica routine
“DistributionFitTest” [30]. The P-values obtained by
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comparing the two are found to be less than 10~ for each
of the bins, except the second and fourth bins, where the P-
values obtained are 2.54x 107> and 6.47 x 107°
respectively.

In order to understand better the role of the imaginary
contributions that were earlier ignored, we have also
preformed a simulation of all observables including A,
Ag and Ag. The solutions for ¢, & and &, shown in Fig. 6
indicate that all the ¢;’s are consistent with zero and even
the tails of &7 /T’y do not cross 0.2. A comparison of the
measured and predicted A, values for the six g? bins
considering all the measured observables (including A;, Ag
and A,) are shown in Fig. 7. Interestingly, A”™ now fits
better to a Gaussian distribution than the ¢; = 0 case as
indicated by a Kolmogorov-Smirnov test, implying pos-
sible imaginary contributions to the transversity ampli-
tudes. The P-values still continue to be smaller than 10~°
for all the bins, except the second bin where the P-value
is 6.78 x 1073, indicating that we reject the hypothesis
that all observables are consistent with the exact SM
relation of Eq. (111). Since the discrepancy seems to be
the largest for the fifth bin (14.0 < ¢ < 16.0 GeV?), we
have performed a detailed comparison of the PDF curves
for both the theoretically predicted values using ¢, =0
and ¢; #0 with the measured value of A, as shown
in Fig. 8.

In this paper we have derived a relation among the
observables by taking into account all possible effects
within standard model by restricting ourselves to rely only
on one hadronic input. The violation of this relation will
provide a smoking gun signal of new physics. We have
explicitly shown how the relation can be used to test SM,
and confirm our understanding of the hadronic effects. We
used the 1 fb~! LHCb measured values of the observables
to highlight the possible ways for the search of new physics
that might contribute to this decay with the derived
relations.
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APPENDIX A: DERIVATION OF r; SOLUTIONS

Here we present the derivation of 7y, | and r, solutions
defined in Eq. (35). Starting with the first set of equations
(Set-I) involving r; and r, in terms of the observables
given in Egs. (54), (55) and (56) we have

2
o FiTP3

4 Cly=—5—, (A1)
! 273

096006-25



RUSA MANDAL, RAHUL SINHA, AND DIGANTA DAS

N F' T,
P+ =25, (A2)
* 277
Cio(ry+ry) = ﬁ (A3)
1
Multiplying Eq. (A1) and (A2) we can write
F|F'\ T3P} . .
% = (ryro = Cho)? + Clo(ry + ro)?
1
A2 T2P2
_ _E2 e FBL fI1
(ryry 10) +79}—ﬁ
hence,
N ;P 4A%
2 AR FB
r”rJ_—ClO—:tﬁ FilFlJ-_ 9 (A4)

Now expressing €2, in terms of rj using Eq. (A1) and in
terms of ri using Eq. (A2) we can write

F'T,P? F' T
P AR L f_ 2
2r||rJ_—2C%0=2r"rJ_—< I —rz)—< —rJ_>
272 27%
FITPY F.T;
2F1 273

= [(r“ +r)r = ] (AS)

Equating Egs. (A4) and (AS5) we get
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FIPT  FIy TP T3
I"||+I"J__:|:|: I le lzfﬂ: fZIZII:|2
2F1 2F] 2F%
+,/T
f 1
= AF [PiF| + F £ P Zj] (A6)
1
where 7 = J4F|F/ — ® Ag. Now, Egs. (A1) and (A2)
imply
2
np—ri= 2 F2 _2,7:2 ’ ( )
1 1
which gives r —r, to be
2
+/T P1F1| -F (AS)

r” —r; = T-
V2F | [PIF| + F\ £ P Z}]:

To fix the sign ambiguity of the radical let us consider the
zero crossing point of the observable Agg where,

i\\éZ( Flipl\/ﬁo —0. (A9)

It can be easily seen from Appendix B that P, is always
negative and thus the positive sign ambiguity has to be
chosen within the radical. Solving Egs. (A6) and (A8) we
get the expressions for | and r; given in Egs. (64) and
(65). Similarly, following all the steps stated above for the
other two sets of equations (Set-1I and Set-1II) we get the
solutions for r, [in Eq. (67)] and two more expressions for
the variable | [Egs. (68) and (72)].

Generalization of Egs. (A6) and (AS8) for the massive
case in Sec. V is trivial from here. Below we present the
explicit expressions for both massless and massive cases.

Mt ilag—0 =

1

/T 262 2 1
\/EL}'_E [P% (FII - rif”) + (FJ_ —%) + Plzﬁ]z massless case
L= £,/ 1 (A10)
L P2 7, T 2 .
V2F . p [Pl (Fﬁ - r;) + (F(i _F) + Plz‘f] massive case
282‘ 22
P2l F—L )| F —L
/Ty 1( I 1'[) ( 1 r[)
" less case
V2F 2 - 7 Imass
. [Pf (Fn—zr—f”)+<Fl—f;)+Plz;}
e T (A11)
o fi(R)-(n) |
V2F r assive case
) ()
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Using Egs. (A3) and (A10) we can write

+Ap /2P
S ;  massless case
£ 2e 2
. 3F, [Pf (F”—l-—f”>+ (FJ_—F—?)+PIZ/I:|
Cy= '
10 +A%, | /2T0P, _
massive case

T
37, P2 Fo—tb )+ (o T ) +Pyzg |
PR ) +

(Al12)

APPENDIX B: FORM FACTORS

The form factors F, and G, can be related to the form
factors &; and ); introduced in Egs. (3) and (4) by
comparing the expressions for AE’R in Egs. (15a)—(15c)
with Eq. (17) as follows:

F, = NV24/2 Mm%, m%., q*) X3, (Bla)
2(my, + m,
G, = NV2\/a(m}, m}. q2)MC7y3
(B1b)
Fy=2V2NX,, (Blc)
- 2 _ R
Fom— N lakgX, 4 a(md . )X, (Ble)
Q o N 2(mb - ms)
0 2mK*\/? qz
X C7[4k gV, + /I(mB’ mK*’ )yz] (B1f)
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where these X';’s and ));’s can be related to the well-known
form factors V, Ay |, and Ty , 3 by comparing with Ref. [6]
which are known up to next-to-next-to-leading order in

HQET. However, it should be noted that the F, and G,
values are not directly used anywhere throughout our paper.
Only the value of P; is used to solve for &; using
Egs. (108)—(110).

Xy = 2’;’“ Aol ). (B2a)
X === (mp + mg-)A (4%), (B2b)
X AZ(qz) (BzC)
2 mpg + Mg+
_ V(g)
X3 = pra— (B2d)
1
Y= 5(’”% mz)T>(q%) (B2e)
2 7 2
y2:_T2<q)_sz_m%(* TB(q )7 (B2f)
Vs =—-Ti(g?). (B2g)

Here a point to be noted that as the form factors A; and A,
are always positive the ratio
2k.q(mg + my-)? A,

—>0
Mmy,my.,q*) Ay~

(B3)

giving rise to the fact that 7 and F, always have the same
sign which is negative.

[1] F. Kruger, L. M. Sehgal, N. Sinha, and R. Sinha, Phys. Rev.
D 61, 114028 (2000).

[2] D. Das and R. Sinha, Phys. Rev. D 86, 056006 (2012);

arXiv:1202.5105.
[3] R. Sinha, arXiv:hep-ph/9608314.

[4] N. Isgur and M. B. Wise, Phys. Lett. B 232, 113 (1989);

237, 527 (1990).

[5] R. Aaij ef al. (LHCb Collaboration), Phys. Rev. Lett. 108,
181806 (2012); J. High Energy Phys. 08 (2013) 131; Phys.
Rev. Lett. 111, 191801 (2013).

[6] M. Beneke, T. Feldmann, and D. Seidel, Nucl. Phys. B612,
25 (2001).

[7] C. Bobeth, M. Misiak, and J. Urban, Nucl. Phys. B574, 291
(2000).
[8] W. Altmannshofer, P. Ball, A. Bharucha, A.J. Buras, D. M.
Straub, and M. Wick, J. High Energy Phys. 01 (2009) 019.
[9] G. Buchalla, A.J. Buras, and M. E. Lautenbacher, Rev.
Mod. Phys. 68, 1125 (1996).
[10] T. Hurth and M. Nakao, Annu. Rev. Nucl. Part. Sci. 60, 645
(2010).
[11] A.J. Buras, arXiv:1102.5650.
[12] A.J. Buras and M. Munz, Phys. Rev. D 52, 186 (1995).
[13] P. Ball and V. M. Braun, Phys. Rev. D 58, 094016 (1998);
P. Ball and R. ZwickyPhys. Rev. D71, 014029 (2005).

096006-27


http://dx.doi.org/10.1103/PhysRevD.61.114028
http://dx.doi.org/10.1103/PhysRevD.61.114028
http://dx.doi.org/10.1103/PhysRevD.86.056006
http://arXiv.org/abs/1202.5105
http://arXiv.org/abs/hep-ph/9608314
http://dx.doi.org/10.1016/0370-2693(89)90566-2
http://dx.doi.org/10.1016/0370-2693(90)91219-2
http://dx.doi.org/10.1103/PhysRevLett.108.181806
http://dx.doi.org/10.1103/PhysRevLett.108.181806
http://dx.doi.org/10.1007/JHEP08(2013)131
http://dx.doi.org/10.1103/PhysRevLett.111.191801
http://dx.doi.org/10.1103/PhysRevLett.111.191801
http://dx.doi.org/10.1016/S0550-3213(01)00366-2
http://dx.doi.org/10.1016/S0550-3213(01)00366-2
http://dx.doi.org/10.1016/S0550-3213(00)00007-9
http://dx.doi.org/10.1016/S0550-3213(00)00007-9
http://dx.doi.org/10.1088/1126-6708/2009/01/019
http://dx.doi.org/10.1103/RevModPhys.68.1125
http://dx.doi.org/10.1103/RevModPhys.68.1125
http://dx.doi.org/10.1146/annurev.nucl.012809.104424
http://dx.doi.org/10.1146/annurev.nucl.012809.104424
http://arXiv.org/abs/1102.5650
http://dx.doi.org/10.1103/PhysRevD.52.186
http://dx.doi.org/10.1103/PhysRevD.58.094016
http://dx.doi.org/10.1103/PhysRevD.71.014029

RUSA MANDAL, RAHUL SINHA, AND DIGANTA DAS

[14] R. Aaij et al. (LHCb Collaboration), Phys. Rev. Lett. 111,
112003 (2013).

[15] J. Lyon and R. Zwicky, arXiv:1406.0566.

[16] A. Khodjamirian, Th. Mannel, A.A. Pivovarov, and
Y.-M. Wang, J. High Energy Phys. 09 (2010) 089; A.
Khodjamirian, arXiv:1312.6480.

[17] B. Grinstein and D. Prijol, Phys. Rev. D 70, 114005
(2004).

[18] B. Grinstein, M. J. Savage, and M. B. Wise, Nucl. Phys.
B319, 271 (1989).

[19] M. Beneke and T. Feldmann, Nucl. Phys. B592, 3
(2000).

[20] J. T. Wei et al. (BELLE Collaboration), Phys. Rev. Lett. 103,
171801 (2009).

[21] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 79,
031102 (2009).

PHYSICAL REVIEW D 90, 096006 (2014)

[22] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 73,
092001 (2006).

[23] CMS Collaboration, Phys. Lett. B 727, 77 (2013)

[24] T. Aaltonen et al. (CDF Collaboration), Phys. Rev. Lett.
106, 161801 (2011).

[25] T. Aaltonen et al. (CDF Collaboration), Phys. Rev. Lett.
107, 201802 (2011).

[26] T. Aaltonen et al. (CDF Collaboration), Phys. Rev. Lett.
108, 081807 (2012).

[27] J. Charles, A. Le Yaouanc, L. Oliver, O. Pene, and J.C.
Raynal, Phys. Rev. D 60, 014001 (1999).

[28] G.Hiller andR. Ziwcky, J. High Energy Phys. 03 (2014) 042.

[29] Wolfram Research, Inc., Mathematica, Version 10.0,
Champaign, 1L, 2014.

[30] Details of the routine can be found at http://reference
.wolfram.com/language/ref/DistributionFitTest.html.

096006-28


http://dx.doi.org/10.1103/PhysRevLett.111.112003
http://dx.doi.org/10.1103/PhysRevLett.111.112003
http://arXiv.org/abs/1406.0566
http://dx.doi.org/10.1007/JHEP09(2010)089
http://arXiv.org/abs/1312.6480
http://dx.doi.org/10.1103/PhysRevD.70.114005
http://dx.doi.org/10.1103/PhysRevD.70.114005
http://dx.doi.org/10.1016/0550-3213(89)90078-3
http://dx.doi.org/10.1016/0550-3213(89)90078-3
http://dx.doi.org/10.1016/S0550-3213(00)00585-X
http://dx.doi.org/10.1016/S0550-3213(00)00585-X
http://dx.doi.org/10.1103/PhysRevLett.103.171801
http://dx.doi.org/10.1103/PhysRevLett.103.171801
http://dx.doi.org/10.1103/PhysRevD.79.031102
http://dx.doi.org/10.1103/PhysRevD.79.031102
http://dx.doi.org/10.1103/PhysRevD.73.092001
http://dx.doi.org/10.1103/PhysRevD.73.092001
http://dx.doi.org/10.1016/j.physletb.2013.10.017
http://dx.doi.org/10.1103/PhysRevLett.106.161801
http://dx.doi.org/10.1103/PhysRevLett.106.161801
http://dx.doi.org/10.1103/PhysRevLett.107.201802
http://dx.doi.org/10.1103/PhysRevLett.107.201802
http://dx.doi.org/10.1103/PhysRevLett.108.081807
http://dx.doi.org/10.1103/PhysRevLett.108.081807
http://dx.doi.org/10.1103/PhysRevD.60.014001
http://dx.doi.org/10.1007/JHEP03(2014)042
http://reference.wolfram.com/language/ref/DistributionFitTest.html
http://reference.wolfram.com/language/ref/DistributionFitTest.html
http://reference.wolfram.com/language/ref/DistributionFitTest.html
http://reference.wolfram.com/language/ref/DistributionFitTest.html

