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In this paper, we analyze the Higgs sector of the minimal Sð3Þ-invariant extension of the Standard
Model. This extension includes three Higgs SU(2) doublets fields and CP invariant. We compute the Higgs
boson physical masses in terms of the potential parameters and the scalar Higgs matrix rotation angles θS
and ω3 (tan θP ¼ tan θC ¼ cotω3). The angles θS, θP and θC are related to the scalar, pseudoscalar and
charged Higgs matrix rotation respectively. Furthermore, within this model we can also write down in an
explicit form the trilinear self-couplings λijk in terms of the Higgs masses and two free parameters, θS and
ω3. Moreover, we show that the Higgs masses and trilinear Higgs boson self-couplings are closely linked to
the Higgs potential structure given by the discrete symmetry Sð3Þ, which can be helpful in distinguishing
this model from other extensions. In our analysis the lightest Higgs boson mass is taken to be fixed to
125 GeV. In concordance with the results reported in the literature for other Standard Model extensions, one
finds that the numerical values λijk of the minimal Sð3Þ-invariant extension of the Standard Model are
significantly different from the trilinear Higgs self-coupling of the Standard Model.
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I. INTRODUCTION

In the Standard Model (SM) the electroweak gauge
bosons and the fundamental matter particles acquire masses
through the interaction with a single scalar Higgs boson
which is an essential part of the SM upon the electroweak
spontaneous symmetry breaking (SSB). The Higgs mecha-
nism [1] of SSB in the context of the SM is being tested for
internal consistency and the discovery of the Higgs boson
candidate on July 2012 is one of the major goals of the
Large Hadron Collider (LHC) [2–4]. Although the mass of
the Higgs boson was measured with a good approximation
value (125 GeV), several properties as the spin, the Higgs
self-couplings and fermionic-bosonic Higgs boson cou-
plings must be measured. Several works on this were done
by A. Djouadi et al. [5,6], J. Baglio et al. [7], P. Osland
et al. [8–11], as well as [12,13].
These days it remains to be seen if the new boson with a

mass of 125 GeV, observed in the CMS experiment at LHC
and corresponding to the scalar in the SM, is of ultimate
importance to analyze the mechanism of spontaneous
symmetry breaking in models which include a larger
number of scalar bosons [4,5]. Different aspects of models

including three and more Higgs doublets have also been
studied, with and without discrete symmetries (see for
instance [14]). Several extensions of the SM, such as the
Sð3Þ extended Standard Model (Sð3ÞSM) [15–18], the
Minimal Supersymmetric Standard Model (MSSM) [19],
and the general Two Higgs Doublet Model (2HDM)
[20,21] have a more complicated Higgs structure.
On the other hand, in the absence of mass the Lagrangian

is chiral and invariant with respect to any permutation of the
left and right quark and lepton fields. As a consequence, the
left and right quark and lepton fields are transformed
independently under the flavor group. When the gauge
symmetry is broken by the Higgs mechanism, all of the
particles acquire mass. In the gauge basis the charged
currents are diagonal, but the quark and lepton physical
masses are found by diagonalization of their corresponding
mass matrix. This way, the charged currents J�μ are
invariant under the transformations of the flavor symmetry
group if and only if the up and down quark fields are
transformed with the same flavor group. Thus, the charged
current invariance condition under the family symmetry
group implies that the up and down quark fields are
transformed with the same group.
In the SM when the gauge symmetry is spontaneously

broken, the quarks and leptons, as well as the gauge bosons
W�, Z and the Higgs particle acquire mass. Under exact
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Sð3Þ symmetry in the fermion sector and only one SUð2Þ
Higgs doublet field, the mass spectrum for either up or
down quark sectors consists of one massive particle (top
and bottom quarks) in a singlet irreducible representation
(irrep) and a pair of massless particles in a doublet irrep see
[22–25]. The Sð3Þ group treats three objects symmetrically,
while the hierarchical nature of the mass matrices is a
consequence of the representation structure 1S þ 2 of Sð3Þ,
which treats the generations differently. The Sð3Þ group is
non-Abelian and has a doublet and a symmetric singlet in
its irrep. In order to properly generate the mass spectrum for
either quark and lepton sectors of one massive particle (top
and bottom quarks or neutrino and charged leptons) in a
singlet irreducible representation (irrep) and a pair of
massive particles in a doublet irrep, three right neutrinos
are introduced in the leptonic sector and the Higgs field has
to be flavor extended too, introducing three SUð2Þ Higgs
doublet fields Hi; i ¼ 1; 2; 3, which also transform as the
irrep under Sð3Þ [18]. That is, one Higgs field in a
symmetric Sð3Þ singlet and the other two in a doublet
irrep of Sð3Þ. In this way all of the fundamental quark,
lepton and Higgs fields in the model, transform under the
same flavor symmetry group Sð3Þ.
In the literature we can found many possible extensions

of the SM with discrete symmetries it is interesting to
notice Sð3ÞSM is in good agreement with the latest
experimental values. Sð3ÞSM is a complete extended flavor
Lagrangian model which fits all of the SM predictions.
Including three Sð3Þ Higgs fields, the χ2 fits to the
theoretically computed CKM mixing matrix, Jarlskog
invariant, and the PMNS mixing matrix, where performed
by A. Mondragon et al., in excellent agreement with the
latest known experimental values [24–27].
A. Mondragon et al. have also found that flavor changing

neutral currents (FCNC) are strongly suppressed in the
leptonic sector and the contribution of FCNC to the
anomaly of the muon’s magnetic moment is small, but
not negligible [28,29].
An extended Standard Model with three SUð2Þ Higgs

doublets has twelve real scalar Higgs fields, with out
imposing any flavor symmetry has a Higgs potential
structure with 54 free parameters. The Sð3Þ flavor sym-
metry imposes some constrains on the Higgs potential and
in the end, after spontaneous symmetry breaking of the
Sð3ÞSM, the 12 × 12 Higgs mass matrix can be exactly and
analytically diagonalized, the physical Higgs masses
become known as functions of ten free parameters and
the vacuum expectation values (VEVs). The Higgs spec-
trum of the Sð3ÞSM consists of five neutral and four
charged Higgs bosons [30]; three neutral Higgs bosons
(h0, H0

1;2) are CP-even, whereas two neutral Higgs bosons
(A0

1;2) are CP-odd. It is important to notice that from the
original twelve degrees of freedom, after SSB, nine give
mass to nine Higgs Boson particles and the remaining three
give mass to W� and Z0.

Up to now, the particle observed at LHC is a particle in
the physical spectrum of the Higgs boson of the SM. It is
not known if there are one or many Higgs bosons. An
indication of the presence of one Higgs boson or an
extended Higgs sector, as the one proposed in the Sð3Þ-
invariant extension of the Standard Model (Sð3ÞSM), could
be found at the Large Hadron Collider [31–33].
A precise measurement of the trilinear Higgs self-

couplings will also make it possible to test extended
Higgs models, which have a different Higgs potential
structure, and hence different trilinear Higgs couplings
as compared to SM. The Sð3Þ flavor group is the simplest
flavor symmetry group; it imposes constrains that makes it
even simpler than the 2HDM. In particular, the model can
easily accommodate all of the quark and lepton mixing
matrices [22,23,25,34–38]. In spite of the complicated
nature of the Higgs potential, it is possible to study in
detail the trilinear couplings to the CP-even, CP-odd and
charged Higgs bosons in the Sð3ÞSM. Thus, in the CP-
conserving case, there are allowed trilinear Higgs scalar
couplings which can be labelled as λijk with
i; j; k ¼ h0; H0

1; H
0
2, all even. In the number of A involving

the CP-odd Higgs boson. Thus, in the case of the Sð3ÞSM
there are a total of ten trilinear Higgs scalar couplings.
On the other hand, the introduction of additional

symmetries to SM open up to understand the replication
of families in that. Interesting extended models have been
proposed in the literature (see for instance [39] and
references therein, for a review on the subject). One flavor
discrete symmetry such as Sð3Þ is the minimal discrete
group that reproduces the fermionic masses and mixing
matrices [25,37,40].
We study quantitatively the trilinear Higgs couplings,

and compare these couplings to the corresponding Standard
Model trilinear Higgs coupling in some regions of the
parameter space. In particular, we are interested on the
trilinear (λSMHHH) and quartic (λSMHHHH) self-couplings. As we
know, SM has just one trilinear self-coupling λSMHHH, which
is given by λSMHHH ¼ 3m2

H=v, where v is the vacuum
expectation value (v ¼ 246 GeV). Writing the free param-
eters as a function of the physical Higgs masses, the
trilinear Higgs couplings of the model may be determined
in terms of seven Higgs mass eigenvalues, one free
parameter θS and the VEV ratio tanω3 ≡ 2v2=v3.
In this paper we present the trilinear self-couplings of

the Sð3Þ extended Standard Model, including an extended
Sð3Þ Higgs boson sector. In the literature there are other
extensions of the SM, such as the two Higgs doublet model
(THDM) [20] which also has 10 free parameters plus two
VEVs, in this model there are several trilinear Higgs
couplings, with a more complicated dependence on the
underlying masses. We assume that spontaneous CP
violation does not occur.
This paper is organized as follows: in Sec. II we present

some remarks about the Sð3Þ flavor symmetry and its
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matter content. The Yukawa and Higgs sectors of the
Sð3ÞSM, and the form of the Higgs mass matrix are given in
Sec. III; in Sec. IV we focus on the trilinear self-couplings
of neutral Higgs bosons whereas the details of the numeri-
cal results are presented in Sec. V, and finally we present
our conclusions in Sec. VI.

II. Sð3ÞSM MATTER CONTENT

The ingredients of the extension of the Standard Model
are the following: To associate each family to an
irreducible representation of the flavor group, and to
extend the flavor and family concepts to the Higgs sector.
To construct a Lagrangian invariant under the action of
the SUð3Þc × SUð2Þ ×Uð1Þ × Sð3Þf group. The group
Sð3Þ has two one-dimensional irreducible representations
and a two dimensional irreducible representation, one
dimensional representations: 1A antisymmetric singlet, 1s
symmetric singlet and bidimensional doublet 2. Direct
products of an Sð3Þ irreducible representations are given
as [18]

1s ⊗ 1s ¼ 1s; 1s ⊗ 1A ¼ 1A; 1A ⊗ 1A ¼ 1s;

1s ⊗ 2 ¼ 2; 1A ⊗ 2 ¼ 2; 2 ⊗ 2 ¼ 1s⊕1A⊕2:

Then, a direct doublet product pD ⊗ qD ¼ rs⊕rA⊕rD
with pD

T ¼ ðpD1; pD2Þ and qD
T ¼ ðqD1; qD2Þ. It has two

singlets, rs (invariant), rA (not invariant), and just one
doublet rTD as follows:

rs ¼ pD1qD1 þ pD2qD2;

rA ¼ pD1qD2 − pD2qD1;
rTD ¼

�
pD1qD2 þ pD2qD1

pD1qD1 − pD2qD2

�
:

Under SUð2ÞL ⊗ Uð1ÞY gauge symmetry, the quark
and lepton fields for one family are given by QT

1L ¼
ðuL; dLÞ; uR; dR; LT

1L ¼ ðνL; eLÞ; eR; νR. Under the flavor
symmetry Sð3Þ group, including tree fermion families, it
may be written as

Fs ¼
1ffiffiffi
3

p ðf1þf2þf3Þ;
�
F1

F2

�
¼
 1ffiffi

2
p ðf1−f2Þ

1ffiffi
6

p ðf1þf2−2f3Þ

!
;

fi ¼ ui;di;ei;νi i¼ 1;2;3:

Then, the Higgs sector is modified Φ → H ¼
ðΦa;Φb;ΦcÞT , and H is a reducible representation to
1s⊕2 of Sð3Þ; that is,

Hs ¼
1ffiffiffi
3

p ðΦa þ Φb þ ΦcÞ;
�
H1

H2

�
¼
� 1ffiffi

2
p ðΦa − ΦbÞ

1ffiffi
6

p ðΦa þ Φb − 2ΦcÞ

�
:

In this extension of the SM, all the quark, lepton and
Higgs fields have three species (flavors) and belong to a
representation reducible to 1S⊕2 of Sð3Þ.

III. Sð3ÞSM LAGRANGIAN

After the matter content is defined above, we can give the
Yukawa Lagrangian of this model, which can be written
following Ref. [18] as

LY ¼ LYD
þ LYu

þ LYE
þ LYν

;

where LYD;U
and LYE;ν

correspond to quark and leptonic
sectors, respectively. The explicit form of each terms is (see
Ref. [18])

LYD
¼ −Yd

1Q̄IHSdIR − Yd
3Q̄3HSd3R

− Yd
2½Q̄IκIJH1dJR þ Q̄IηIJH2dJR�

− Yd
4Q̄3HIdIR − Yd

5Q̄IHId3R þ H:c

LYU
¼ −Yu

1Q̄Iðiσ2ÞH�
SuIR − Yu

3Q̄3ðiσ2ÞH�
Su3R

− Yu
2½Q̄IκIJðiσ2ÞH�

1uJR þ ηQ̄IηIJðiσ2ÞH�
2uJR�

− Yu
4Q̄3ðiσ2ÞH�

I uIR − Yu
5Q̄Iðiσ2ÞH�

I u3R þ H:c:;

LYE
¼ −Ye

1L̄IHSeIR − Ye
3L̄3HSe3R

− Ye
2½L̄IκIJH1eJR þ L̄IηIJH2eJR�

− Ye
4L̄3HIeIR − Ye

5L̄IHIe3R þ H:c:;

LYν
¼ −Yν

1L̄Iðiσ2ÞH�
SνIR − Yν

3L̄3ðiσ2ÞH�
Sν3R

− Yν
2½L̄IκIJðiσ2ÞH�

1νJR þ L̄IηIJðiσ2ÞH�
2νJR�

− Yν
4L̄3ðiσ2ÞH�

IνIR − Yν
5L̄Iðiσ2ÞH�

Iν3R þ H:c:; ð1Þ

The index s (or 3) denotes a singlet, and the indices I; J ¼
1; 2 denote doublets; the matrices κ and η are given as

κ ¼
�
0 1

1 0

�
; η ¼

�
1 0

0 −1

�
:

Furthermore, the model allows the mass terms for the
Majorana neutrinos through the see-saw mechanism and
the corresponding Majorana Lagrangian is

LM ¼ −M1ν
T
IRCνIR −M3ν

T
3RCν3R:

here C is the charge matrix.
The Lagrangian LH of the Sð3Þ extended Higgs sector

Sð3ÞSM includes three complex scalar SU(2) doublets
fields. Such a theory is based on the successful fits on
the neutrino and quark mixing matrices and masses to the
experimental allowed values. In view of the family repli-
cation of the elementary fermion spectrum one can specu-
late that this flavor symmetry is the symmetry of the
fundamental particles, and an analogous flavor symmetry
principle might work for the Higgs sector as well:
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LH ¼ ½DμHS�2 þ ½DμH1�2 þ ½DμH2�2 − VðH1; H2; HSÞ;
ð2Þ

where Dμ is the usual covariant derivative, Dμ ¼ ð∂μ−
i
2
g2τaWa

μ − i
2
g1BμÞ, from here we obtain the W� and Z0

mass, one obtains m2
W ¼ ðg22=4Þ

P
3
i¼1 v

2
i , with g1 and g2

standing for the Uð1Þ and SUð2Þ coupling constants, and
m2

Z ¼ ½ðg22 þ g21Þ=4�
P

3
i¼1 v

2
i . The couplings of the Higgs

fields to the gauge bosons W� and Z0, in the normal mini-

mum (see Ref. [30]), are SM like
P

i¼1;2;s½g
2
2

8
ðvi þ hiÞ2×

ðW1
μ þW2

μÞ2� and
P

i¼1;2;s½18 ðvi þ hiÞ2ðg2W3
μ − g1YHBμÞ2�,

respectively. The scalar potential in Eq. (2), VðH1; H2; HSÞ
is the most general Higgs potential invariant under
SUð3ÞC × SUð2ÞL ×Uð1ÞY × Sð3Þ [41,42], it can be
written as:

V ¼ μ21ðH†
1H1 þH†

2H2Þ þ μ20ðH†
SHSÞ þ aðH†

SHSÞ2 þ bðH†
SHSÞðH†

1H1 þH†
2H2Þ þ cðH†

1H1 þH†
2H2Þ2

þ dðH†
1H2 −H†

2H1Þ2 þ efijkððH†
SHiÞðH†

jHkÞÞ þ ffðH†
SH1ÞðH†

1HSÞ þ ðH†
SH2ÞðH†

2HSÞg
þ gfðH†

1H1 −H†
2H2Þ2 þ ðH†

1H2 þH†
2H1Þg þ hfðH†

SH1ÞðH†
SH1Þ þ ðH†

SH2ÞðH†
SH2Þ þ ðH†

1HSÞðH†
1HSÞ

þ ðH†
2HSÞðH†

2HSÞg; ð3Þ

where f112 ¼ f121 ¼ f211 ¼ −f222 ¼ 1, and in our case,
the discrete flavor symmetry Sð3Þ Higgs doublets (1) for
this model are:

H1 ¼
�

ϕ1 þ iϕ4

ϕ7 þ iϕ10

�
; H2 ¼

�
ϕ2 þ iϕ5

ϕ8 þ iϕ11

�
;

HS ¼
�

ϕ3 þ iϕ6

ϕ9 þ iϕ12

�
:

ð4Þ

The numbering of the real scalar ϕi fields is chosen for
convenience when writing the mass matrices for the scalar
particles, and the subscript S is the flavor index for the
Higgs field singlet under Sð3Þ. Hi with i ¼ 1; 2 are the
components of the Sð3Þ doublet field. In the analysis, it is
better to introduce nine real quadratic forms xi invariant
under SUð2Þ ×Uð1Þ

x1 ¼ H†
1H1; x4 ¼ RðH†

1H2Þ; x7 ¼ IðH†
1H2Þ;

x2 ¼ H†
2H2; x5 ¼ RðH†

1HSÞ; x8 ¼ IðH†
1HSÞ;

x3 ¼ H†
SHS; x6 ¼ RðH†

2HSÞ; x9 ¼ IðH†
2HSÞ:

ð5Þ
Now, it is a simple matter to write down the Sð3ÞSM
potential

V ¼ μ21ðx1 þ x2Þ þ μ20x3 þ ax23 þ bðx1 þ x2Þx3
þ cðx1 þ x2Þ2 − 4dx27 þ 2e½ðx1 − x2Þx6 þ 2x4x5�
þ fðx25 þ x26 þ x28 þ x29Þ þ g½ðx1 − x2Þ2 þ 4x24�
þ 2hðx25 þ x26 − x28 − x29Þ: ð6Þ

where the μ20;1 parameters have dimensions of mass squared
and the eight real couplings a;…; h are dimensionless free
parameters.

A. S(3)-Higgs mass matrices

The Sð3Þ invariant Higgs potential in Eq. (6) has a
minimum at

ϕ7 ¼ v1; ϕ8 ¼ v2; ϕ9 ¼ v3;

ϕi ¼ 0; i ≠ 7; 8; 9; ð7Þ

where we have adopted for convenience VEVs vi
(i ¼ 1; 2; 3) which do not have any complex relative phase,
vi ∈ ℜ. Such a minimum determines vector boson masses
through the Higgs mechanism. In a standard notation we
can write vi ¼ v cosωi where v ¼ 246 GeV is the electro-
weak scale and their ωi

0s are three free parameters. Now we
can rewrite the potential V and express it in a simple matrix
form as

VðXÞ ¼ ATXþ 1

2
XTBX; ð8Þ

with the vector X given by

XT ¼ ðx1; x2; x3;…; x9Þ; ð9Þ

A is a mass parameter vector,

AT ¼ ðμ21; μ21; μ20; 0; 0; 0; 0; 0; 0Þ; ð10Þ

and B is a 9 × 9 real parameter symmetric matrix,
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B ¼

0
BBBBBBBBBBBBBBBB@

2ðcþ gÞ 2ðc − gÞ b 0 0 2e 0 0 0

2ðc − gÞ 2ðcþ gÞ b 0 0 −2e 0 0 0

b b 2a 0 0 0 0 0 0

0 0 0 8g 4e 0 0 0 0

0 0 0 4e 2ðf þ 2hÞ 0 0 0 0

2e −2e 0 0 0 2ðf þ 2hÞ 0 0 0

0 0 0 0 0 0 −8d 0 0

0 0 0 0 0 0 0 2ðf − 2hÞ 0

0 0 0 0 0 0 0 0 2ðf − 2hÞ

1
CCCCCCCCCCCCCCCCA

: ð11Þ

The minimization conditions give us three equations
determined by demanding the vanishing of ∂V=∂ϕi. Then
we get the mass parameters μ1 and μ0 given as

μ21 ¼ −ðbþ f þ 2hÞv23 − 2ðcþ gÞðv21 þ v22Þ

þ 3eðv21 − 2v1v2 − v22Þv3
v1 − v2

; ð12Þ

and

μ20 ¼ −
�
2av23 þ ðbþ fþ 2hÞðv21 þ v22Þ− e

�
3v21 − v22

v3

�
v2

�
:

ð13Þ

From these, the following relationship among the Higgs
VEVs is obtained Ref. [30]:

v1 ¼
ffiffiffi
3

p
v2: ð14Þ

This relationship between v1 andv2 is similar to the condition
imposed in Ref. [25] to generate the nearest neighbor
interaction (NNI) mass matrices in the context of the
SM ⊗ Sð3Þ with two texture zeroes. Equations (12)–(14)
reduce the number of free parameters from thirteen to ten. In
thismodel, theHiggs bosonmasses are obtained by diagonal-
izing the 12 × 12 mass matrix,

ðM2
HÞij ¼

1

2

∂2V
∂ϕi∂ϕj

����
min

; ð15Þ

with i; j ¼ 1; 12. We have

M2
H ¼ diagðM2

C;M
2
C;M

2
S;M

2
PÞ: ð16Þ

The 3 × 3 symmetric and Hermitian submatrices M2
C, M

2
S,

M2
P, are, respectively, the charged, scalar, and pseudoscalar

Higgsmassmatrix.After diagonalizing themassmatrices, the
massesof thephysicalcharged,scalar, andpseudoscalarHiggs
bosons are obtained. From the minimization condition (14),
expressing the VEVs of the Higgs fields as vi ¼ v cosωi and
the relationship v2 ¼P3

i¼1 v
2
i , the mass matrix M2

H can be
parametrized with eight free parameters and ω3 given as

tanω3 ¼
2v2
v3

; ð17Þ

where sinω3 ¼ 2v2=v and cosω3 ¼ v3=v.
The Sð3ÞSM involves 12 independent scalar fields; three

of them can be identified with the would-be Goldstone
bosons W�, Z0 and the remaining nine correspond to
physical Higgs particles. The proper Goldstone and Higgs
fields are found through a diagonalization of the Higgs
mass matrix. The Higgs boson masses in this model are
obtained by diagonalizing the exact and explicit 12 × 12
mass matrix in Eq. (16),

M2
C ¼

0
B@

c11 c12 c13
□ c22 c23
□ □ c33

1
CA;

M2
S ¼

0
B@

s11 s12 s13
□ s22 s23
□ □ s33

1
CA;

M2
P ¼

0
B@

p11 p12 p13

□ p22 p23

□ □ p33

1
CA; ð18Þ

with the following matrix entries,
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c11 ¼ −4gv22 − ð4ev2 þ f0v3Þv3 s11 ¼ 12ðcþ gÞv22 p11 ¼ −4ððdþ gÞv22 þ ev2v3 þ hv23Þ
c12 ¼ 2

ffiffiffi
3

p
ð2gv2 þ ev3Þv2 s12 ¼ 2

ffiffiffi
3

p
ð2ðcþ gÞv2 þ 3ev3Þv2 p12 ¼ 2

ffiffiffi
3

p
ð2ðdþ gÞv2 þ ev3Þv2

c13 ¼
ffiffiffi
3

p
ð2ev2 þ f0v3Þv3Þv2 s13 ¼ 2

ffiffiffi
3

p
ð3ev2 þ ðbþ f0Þv3Þv2 p13 ¼ 2

ffiffiffi
3

p
ðev2 þ 2hv3Þv2

c22 ¼ −12gv22 − ð8ev2 þ f0v3Þv3 s22 ¼ 4ððcþ gÞv2 − 3ev3Þv2 p22 ¼ −12ðdþ gÞv22 − 8ev2v3 − 4hv23

c23 ¼ ð2ev2 þ f0v3Þv2 s23 ¼ 2ð3ev2 þ ðbþ f0Þv3Þv2 p23 ¼ 2ðev2 þ 2hv3Þv2
c33 ¼ −

4v22
v3

ð2ev2 þ f0v3Þ: s33 ¼ −
8ev22
v3

þ 4av23: p33 ¼ −
8v22
v3

ðev2 þ 2hv3Þ; ð19Þ

where f0 ≡ f þ 2h. The physical Higgs masses are found
from the diagonalization process,

½M2
diag�i ¼ RT

i M
2
i Ri i ¼ C; S; P; ð20Þ

where the indices C; S; P stand for charged, scalar, and
pseudoscalar, respectively. Then, the rotation matrices Ri
are

Ri ¼

0
BB@

−1 0 0

0 1 0

0 0 −1

1
CCA
0
BB@

1=2 −
ffiffiffi
3

p
=2 0ffiffiffi

3
p

=2 1=2 0

0 0 1

1
CCA ·Qi;

i ¼ C; S; P; ð21Þ

the mixing matrix Qi is

Qi ¼

0
BB@

1 0 0

0 cos θi sin θi
0 −sin θi cos θi

1
CCA i ¼ C; S; P ð22Þ

with

tan θS ¼
2s13ffiffiffi

3
p ðm2

H0
1

− s33Þ
; tan θC ¼ tan θP ¼ cotω3;

ð23Þ

where s13 and s33 are obtained from Eq. (19).
We start by considering the Higgs mass matrix M2

S for
the CP-even Higgs. Defining the physical mass eigenstates
m2

h0 , m
2
H0

1

, and m2
H0

2

, the physical Higgs masses are found
from the diagonalization process. The physical masses for
the CP-even Higgs boson scalars are:

m2
h0 ¼ −18ev2v3;

m2
H0

1
;H0

2

¼ ðM2
a þM2

cÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

a −M2
cÞ2 þ ðM2

bÞ2
q

;

ð24Þ

where

M2
a ¼ v2ð8ðcþ gÞv2 þ 3ev3Þ;

M2
b ¼ 4v2ð3ev2 þ ðbþ f þ 2hÞv3Þ;

M2
c ¼ −

4ev32
v3

þ 2av23: ð25Þ

The scalar Higgs mass matrix M2
S is diagonalized by a

rotation matrix RS given by Eqs. (21)–(22) which is
parametrized with

tan θS ¼
M2

b

2M2
a −m2

H2

: ð26Þ

The charged Higgs mass matrix M2
C is diagonalized by

a rotation matrix RC in Eq. (21), and the charged Higgs
boson masses are

m2
H�

1

¼ −ð10ev2 þ ðf þ 2hÞv3Þv3 − 16gv22;

m2
H�

2

¼ −
v2

v3
ð2ev2 þ ðf þ 2hÞv3Þ:

The resulting squared masses for the CP-odd pseudo-
scalar bosons Higgs are

m2
A0
1

¼ −16ðdþ gÞv22 − 10ev2v3 − 4hv23;

m2
A0
2

¼ −
2ðev2 þ 2hv3Þð4v22 þ v23Þ

v3
: ð27Þ

Of the original twelve scalar degrees of freedom, three
Goldstone bosons (G� and G0) are absorbed by W� and
Z0. The remaining nine physical Higgs particles are three
CP—even scalars (h0 and H0

1, H
0
2, with mh0 ; mH0

1
; mH0

2
),

two CP-odd scalars (A0
1, and A0

2, with mA0
1
; mA0

2
), and two

charged Higgs pairs (H�
1;2, mass degenerate).

The couplings of the Higgs fields to the fermion-
antifermion pairs in terms of the model parameters are
obtained after spontaneous gauge symmetry breaking.
First, we perform a rotation to the physical lepton basis

E. BARRADAS-GUEVARA et al. PHYSICAL REVIEW D 90, 095001 (2014)

095001-6



0
B@

e1
e2
e3

1
CA

L;R

¼ R†
L;R

0
B@

e01
e02
e03

1
CA

L;R

where RL;R is the fermion rotation matrix [25,26]. On the
other hand, from Eq. (2) one can compute the fermion mass
matrix as follows:

Ml ¼ RLYHs
v3R

†
R þRLYH1

v1R
†
R þRLYH2

v2R
†
R þ H:c:

ð28Þ
Defining the Yukawa rotated coupling matrix as

~Yl
Hi

¼ RLYl
Hi
R†

R i ¼ 1; 2; s

and including the Higgs mass eigenstates

0
B@

ϕ7

ϕ8

ϕ9

1
CA ¼ R†

S

0
B@

h0

H0
1

H0
2

1
CA;

0
B@

ϕ10

ϕ11

ϕ12

1
CA ¼ R†

P

0
B@

G0

A0
1

A0
2

1
CA

whereG0 is a Goldstone boson and RS and RP diagonalizes
the neutral Higgs mass matrix, see Eq. (21). We obtain the
neutral Higgs Lagrangian write down with scalars
h0; H0

1; H
0
2 and pseudoscalars A0

1; A
0
2 physical Higgs fields.

Although, this model contain either charged and neutral
Higgs couplings to charged fermion-antifermion, we show
just the corresponding neutral Higgs couplings to the
fermions pairs.

LY
neutral ¼ −iðē0L; μ̄0L; τ̄0LÞð ~YH1

R†
S; ~YH2

R†
S; ~YsR

†
SÞ

0
B@

h0

H0
1

H0
2

1
CA
0
B@

e0L
μ0L
τ0L

1
CA

− iðē0L; μ̄0L; τ̄0LÞð ~YH1
R†
P; ~YH2

R†
P; ~YsR

†
PÞ

0
B@

G0

A0
1

A0
2

1
CA
0
B@

e0L
μ0L
τ0L

1
CAþ iðē0L; μ̄0L; τ̄0LÞMDiag

l

0
B@

e0L
μ0L
τ0L

1
CAþ H:c:

We display here only the leptonic part of the Yukawa
Lagrangian in terms of (~ξl ¼ ~YHl

R†
S) and ( ~Ξl ¼ ~YHl

R†
P)

which contains the physical information of the model and
will be studied else where. The remaining fermion sector
can be studied in an analogous way giving similar
expressions.

B. The Sð3ÞSM free parameter space

The Higgs mass matrixM2
H in Eq. (16), contains ten real

free independent parameters, namely, μ0, μ1, eight dimen-
sionless a;…; h parameters, and the three vacuum expect-
ation values v1 ¼ v cosω1, v2 ¼ v cosω2, v3 ¼ v cosω3.
These thirteen free parameters may be readily expressed in
terms of two free parameters and seven Higgs mass
eigenvalues as follows: first, we use the minimization
conditions to eliminate μ0, μ1 and v1, it reduces the number
of free parameters from thirteen to ten, we then use the
VEV relationship v21 þ v22 þ v23 ¼ v2 ¼ ð246 GeVÞ2 and
the seven squared Higgs mass eigenvalue equations. We
end up with two free parameters namely the VEV ω3 and
the scalar Higgs mixing angle θS.
Higgs boson masses are not determined a priori within

the theory and their decay patterns depend strongly on the
masses. In order to determine the possible decay modes and
branching ratios, it is necessary to investigate the change of
mass spectrum with respect to the quadrilinear a;…; h
parameters. For simplicity, we assume in our numerical

analysis the following values for these dimensionless
parameters a ¼ 1; b ¼ 1; c ¼ 1; d ¼ −1; e ¼ −1; f ¼ 3=2;
g ¼ 1; h ¼ 1=2, which guarantees that matrix B, Eq. (11),
will be positive definite, and v2 ¼ 246ðsinω3Þ=2 GeV,
v3 ¼ 246 cosω3 GeV, −π ≤ ω3 ≤ π. Figure 1 shows
the masses of three CP-even Higgs scalars with respect
to ω3. The quadrilinear a;…; h couplings are functions
of θS and ω3 and are related to the masses of the Higgs
bosons by

FIG. 1 (color online). The masses of three CP-even Higgs
scalars with respect to ω3, −π ≤ ω3 ≤ π. The dashed line is for
H0

1, the solid line is for H0
2 and the dotted line is for h0.
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a ¼ 9M2
cv23 − 2m2

h0v
2
2

18v43

b ¼ 2m2
h0v

2 þ 9M2
bv3

36v2v23
þ
m2

H�
2

v2

c ¼
m2

H�
2

4v2
−
m2

h0 − 9ðm2
H�

1

−m2
H�

2

þ 2M2
aÞ

144v22

d ¼ 1

16

 
m2

A0
2

−m2
A0
1

þm2
H�

1

−m2
H�

2

v22
−
4ðm2

A0
2

−m2
H�

2

Þ
v2

!

e ¼ −
m2

h0

ð18v2v3Þ

f ¼ 1

18

 
9ðm2

A0
2

− 2m2
H�

2

Þ
v2

þm2
h0

v23

!

g ¼
4m2

h0 − 9ðm2
H�

1

−m2
H�

2

Þ
144v22

−
m2

H�
2

4v2

h ¼ 1

36

 
m2

h0

v23
−
9m2

A0
2

v2

!
; ð29Þ

where

M2
a ¼

1

4
ðm2

H0
1

þm2
H0

2

þ ðm2
H0

1

−m2
H0

2

Þ cos 2θSÞ
M2

b ¼ ðM2
a −M2

cÞ tan 2θS
M2

c ¼
1

4
ðm2

H0
1

þm2
H0

2

− ðm2
H0

1

−m2
H0

2

Þ cos 2θSÞ: ð30Þ

Figure 2 shows the behavior of the quadrilinear parameters
in Eq. (29) where we have taken θS ¼ π=3 and ω3 as a free
parameter [Eq. (17)]. It is possible to specify a value for ω3

and from this determine a mass spectrum of Higgs bosons.
For example, for ω3 ¼ 1, quadrilinear parameters take the
values a ¼ 5.33, b ¼ 0.16, c ¼ 0.78, d ¼ −0.22,
e ¼ −1.94, f ¼ 3.28, g ¼ 0.93, h ¼ 0.46, fixing the
Higgs mass spectrum to mh0 ¼693, mH0

1
¼790, mH0

2
¼

125,mH�
1
¼181,mH�

2
¼268,mA0

1
¼ 334,mA0

2
¼ 265 GeV.

IV. TRILINEAR SELF-COUPLINGS
OF NEUTRAL HIGGS BOSONS

The measurement of the Higgs self-coupling is crucial to
determine the Higgs potential. Self-couplings are uniquely
determined in the SM by the mass of the Higgs boson,
which is related to the quadrilinear coupling λ through

MH ¼ ffiffiffiffiffiffiffiffi
2λv

p
. The trilinear and quadrilinear vertices of the

Higgs field H are given by the coefficients

λHHH ¼ λv ¼ M2
H

2v
; λHHHH ¼ λ

4
¼ M2

H

8v2
: ð31Þ

The following definitions are often used,

λijk ¼
−i∂3V

∂Hi∂Hj∂Hk
; ð32Þ

which are most easily obtained from the corresponding
derivatives of V in Eq. (6) with respect to the fields fϕig
with i ¼ 1;…; 12. We can then write the trilinear couplings
in terms of the derivatives of the potential (6) with
respect to ϕi and the elements of the rotation matrix Ril,
Eqs. (21)–(22), as

λijk ¼ N
X
lmn

RilRjmRkn
∂3V

∂ϕi∂ϕj∂ϕk
; ð33Þ

the indices l, m, n refer to the weak field basis, and
l ≤ m ≤ n ¼ 1; 2; 3,N is a factor of n! for n identical fields.
We now proceed to obtain these couplings in an explicit
form. The trilinear self-couplings almn ¼ ∂3V

∂ϕi∂ϕj∂ϕk
, among

the neutral Higgs bosons can be written as

FIG. 2 (color online). Quadrilinear parameters a;…; h with
respect to ω3, in the range −π=2 ≤ ω3 ≤ π=2. If ω3 take values
close to zero, the parameters are on the order of tenths, then
tanω3 ∼ 0.09. When ω3 approaches to π=2, tanω3 diverges.
Higher values are acceptable for tanω3 ¼ 5. Also, considering
tanω3 ¼ 1, the numerical values of the parameters are a ∼ 1,
b ∼ 0.5, c ∼ 1.3, d ∼ −5.4, e ∼ −1.7, f ∼ 3.4, g ∼ 1, h ∼ 0.2, and
the mass spectrum of Higgs bosons is mh0 ¼ 677, mH0

1
¼ 516,

mH0
2
¼ 125, mA0

1
, mA0

2
¼ 248, mH�

2
¼ 175, mH�

2
¼ 350 GeV.
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FIG. 3 (color online). The trilinear couplings by CP-even Higgs bosons, λijk0 ¼ λijk=ð125 GeVÞ2 with i, j, k = h0, H0
1;2, as a function

of the mixing angle −π ≤ θS ≤ π, Eq. (26), where tanω3 ¼ 1.
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a1;1;1 ¼ 6
ffiffiffi
6

p
ðcþ gÞv2; a1;1;2;¼

ffiffiffi
2

p
ð2ðcþ gÞv2 þ 3ev3Þ;

a1;1;3 ¼
ffiffiffi
2

p
ð3ev2 þ ðbþ f þ 2hÞv3Þ; a1;2;2 ¼ 2

ffiffiffi
6

p
ðcþ gÞv2;

a1;2;3 ¼ 3
ffiffiffi
6

p
ev2; a1;3;3 ¼

ffiffiffi
6

p
ðbþ f þ 2hÞv2;

a2;2;2 ¼ 3
ffiffiffi
2

p
ð2ðcþ gÞv2 − ev3Þ; a2;2;3 ¼

ffiffiffi
2

p
ððbþ f þ 2hÞv3 − 3ev2Þ;

a2;3;3 ¼
ffiffiffi
2

p
ðbþ f þ 2hÞv2; a3;3;3 ¼ 6

ffiffiffi
2

p
av3: ð34Þ

Then, here we have ten trilinear Higgs scalar self-couplings and substituting for the elements of the rotation matrix, Eq. (21),
one obtains

λ1;1;1 ¼ 6vðλ1sω3 þ λ2cω3Þ; λ2;2;2 ¼ 6vðλ3sω3 þ λ4cω3Þ;
λ3;3;3 ¼ 6vðλ5sω3 þ λ6cω3Þ; λ1;1;2 ¼ 2vðλ7sω3 þ λ8cω3Þ;
λ1;1;3 ¼ 2vðλ9sω3 þ λ10cω3Þ; λ1;2;2 ¼ 2vðλ11sω3 þ λ12cω3Þ;
λ1;2;3 ¼ vðλ13sω3 þ λ14cω3Þ; λ1;3;3 ¼ 2vðλ15sω3 þ λ16cω3Þ;
λ2;2;3 ¼ 2vðλ17sω3 þ λ18cω3Þ; λ2;3;3 ¼ 2vðλ19sω3 þ λ20cω3Þ: ð35Þ

λ1;…; λ20 depend on the quadrilinear coupling parameters of the Higgs potential Eq. (6) and the mixing angle θS Eq. (26).
For example, one can use the results of the appendix to compute the first λh0h0h0 ¼ λ1;1;1, these results are given in
Appendix A,

λh0h0h0 ¼ 3

ffiffiffi
3

p

2
v½2f18as3θS þ ðbþ f þ 2hÞð3c2θS þ 1ÞsθS − 9ec3θS þ 3ecθSgcω3

þf3ðbþ f þ 2hÞðcθS − 1Þs2θS þ 2ðcþ gÞð9c3θS − 3c2θS þ cθS − 3Þ−3eð3cθSðcθS þ 1Þ − 1ÞsθSgsω3�; ð36Þ

where sθS ¼ sin θS, cθS ¼ cos θS, sω3 ¼ sinω3, and
cω3 ¼ cosω3.

V. NUMERICAL RESULTS

Here, we present numerical results considering that one
of the CP-even Higgs scalar boson behaves like the Higgs
boson of the Standard Model, where the mass of the lightest
Higgs scalar is significantly smaller than the masses of the
other six Higgs bosons of the model. We assume that it is
light and its mass is around 125 GeV. In our analysis we
propose H0

2 as our candidate, since this is the physical
scalar Higgs boson whose self-coupling λH0

2
H0

2
H0

2
is like the

SM self-coupling λSMHHH, and in turn has a mass of 125 GeV.
The other Higgs bosons have consequently masses of the

order of ∼500 GeV and without loss of generality and for
the sake of simplicity, we consider that their masses are not
equal. Figure 3 shows the trilinear couplings by CP-even
Higgs bosons as a function of the mixing angle θS, Eq. (26),
where we have fixed tanω3 ¼ 1. The higher strength
coupling corresponds to λh0h0h0 and λH0

2
H0

2
H0

2
, whereas that

λH0
1
H0

1
H0

1
became very small,

λh0h0h0 ∼ λH0
2
H0

2
H0

2
> λH0

1
H0

1
H0

1
;

followed by λh0h0H0
2
, λh0h0H0

1
(λh0H0

2
H0

2
) and others. We

proposed that the lightest is H0
2 and its trilinear coupling

has the lowest intensity. Although there are couplings equal
in shape, they are different in intensity. Comparing these

FIG. 4 (color online). The trilinear couplings by CP-even Higgs bosons, λijk0 ¼ λijk=ð125 GeVÞ2 with i; j, k ¼ h0; H0
1;2, as a function

of the mixing angle −π ≤ θS ≤ π, and −π ≤ ω3 ≤ π.
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results only with the SM trilinear coupling, we see that our
values are within acceptance ranges in the literature, but
they are richer for a Higgs potential analysis, enabling
better understanding of the spontaneous weak symmetry
breaking. Furthermore, when comparing the self-couplings
of the Higgs boson as a function of the two mixing angles
θS and ω3, there is a symmetry; see Fig. 4. This allows us to
characterize different Higgs bosons. The mass of the Higgs
boson is fixed through ω3 and couplings are also deter-
mined by mixing Higgs bosons depending on θS. Our
results are normalized (M ¼ 125 GeV) in Fig. 3, but with
either parametrization three scalar bosons dependence is
observed. See Fig. 4.

VI. CONCLUSIONS

We studied only the scalar sector assuming the pseudo-
scalars to be too heavy to be relevant. In this work we have
analyzed the complete scalar sector of an Sð3Þ flavor
model. We deal with three CP-even, two CP-odd, and
two sets of charged scalar particles. We have improved our
potential minimization technique which enabled us to

explore a larger region of the allowed parameter space.
We have studied in detail the trilinear couplings of the
lightest Higgs boson of this model. Within the allowed
domain of the parameter space of the model, the trilinear
Higgs couplings have a strong dependence on tanω3 ¼
2v2=v3 and tan θS. The extended Higgs spectrum in Sð3Þ
models gives rise to numbers of trilinear couplings. The
h0h0h0 coupling can be measured in h0h0 continuum
production linear colliders as at eþe−.
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APPENDIX: TRILINEAR COUPLINGS λi;j;k

For completeness, we show the explicit neutral scalar
Higgs bosons self-couplings:

λh0h0h0 ¼ 6vðλ1sω3 þ λ2cω3Þ;

λ1 ¼
ffiffiffi
3

p

4
½3ðbþ f þ 2hÞðcθS − 1Þs2θS þ 2ðcþ gÞð9c3θS − 3c2θS þ cθS − 3Þ − 3eð3cθSðcθS þ 1Þ − 1ÞsθS �

λ2 ¼
ffiffiffi
3

p

2
ð18as3θS þ ½ðbþ f þ 2hÞsθS − 3ecθS �ð3c2θS þ 1ÞÞcθS

λH0
1
H0

1
H0

1
¼ 6vðλ3sω3 þ λ4cω3Þ;

λ3 ¼
1

4
½ðbþ f þ 2hÞðcθS þ 3Þs2θS þ 6ðcþ gÞðc3θS þ c2θS þ cθS þ 9Þ−3eððcθS − 3ÞcθS − 3ÞsθS �

λ4 ¼
1

2
½6as3θS þ ðbþ f þ 2hÞðc2θS þ 3ÞsθS − 3ecθSðc2θS − 3Þ�

λH0
2
H0

2
H0

2
¼ 6vðλ5sω3 þ λ6cω3Þ;

λ5 ¼ 2½ðbþ f þ 2hÞc2θS þ 6ðcþ gÞs2θS þ 3ecθSsθS �
λ6 ¼ −2½6ac3θS þ s2θSððbþ f þ 2hÞcθS þ 3esθSÞ�

λh0h0H0
1
¼ 2vðλ7sω3 þ λ8cω3Þ;

λ7 ¼
1

4
½3ðbþ f þ 2hÞð3cθS þ 1Þs2θSþ2ðcþ gÞðcθSð3cθSð9cθS þ 1Þ − 5Þ þ 27Þ − 3eð9c2θS − 3cθS þ 5ÞsθS �

λ8 ¼
1

2
½54as3θS þ ðbþ f þ 2hÞð9c2θS − 5ÞsθS − 3ecθSð9c2θS þ 5Þ� ðA1Þ

λh0h0H0
2
¼ 2vðλ9sω3 þ λ10cω3Þ;

λ9 ¼
1

2
ð2sθSð3ðbð1 − cθSÞ þ ð9c − f þ 9g − 2hÞcθS − 2cþ f − 2gþ 2hÞcθS þ gÞ

þ3ðbþ f þ 2hÞs3θS þ 2csθS − 9eð2cθS þ 1Þs2θS þ 3ecθSð3cθSðcθS þ 1Þ − 1ÞÞ
λ10 ¼ 6ð−9aþ bþ f þ 2hÞcθSs2θS − ðbþ f þ 2hÞð3c3θS þ cθSÞ − 3eð9c2θS − 1ÞsθS

λh0H0
1
H0

1
¼ 2vðλ11sω3 þ λ12cω3Þ;
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λ11 ¼
ffiffiffi
3

p

4
ððbþ f þ 2hÞð3cθS þ 5Þs2θS þ 2ðcþ gÞð9c3θS þ 5c2θS þ cθS − 27Þþ3eðð5 − 3cθSÞcθS þ 1ÞsθSÞ

λ12 ¼
ffiffiffi
3

p

2
ð18as3θS þ ðbþ f þ 2hÞð3c2θS þ 1ÞsθS − 9ec3θS þ 3ecθSÞ

λh0H0
1
H0

2
¼ vðλ13sω3 þ λ14cω3Þ;

λ13 ¼
ffiffiffi
3

p
ð−2ððbð1þ cθSÞ − 9ccθS − 2cþ cθSf − 9cθSgþ 2ðcθS þ 1Þhþ f − 2gÞcθS þ gÞsθS

þðbþ f þ 2hÞs3θS − 2csθS þ 3eð1 − 2cθSÞs2θS þ 3ecθSððcθS − 1ÞcθS þ 1ÞÞ
λ14 ¼ 2

ffiffiffi
3

p
ðð2ð−9aþ bþ f þ 2hÞs2θS − ðbþ f þ 2hÞðc2θS − 1Þ − 9ecθSsθSÞcθS − 3esθSÞ ðA2Þ

λh0H0
2
H0

2
¼ 2vðλ15sω3 þ λ16cω3Þ;

λ15 ¼
ffiffiffi
3

p
ð−2ððbþ f − 9gþ 2hÞcθS − 9ccθS þ cþ gÞs2θS þ ðbþ fþ 2hÞðcθS − 1Þc2θS þ3ecθSð2cθS þ 1ÞsθS − 3es3θSÞ

λ16 ¼ 2
ffiffiffi
3

p
sθSð18ac2θS − ðbþ fþ 2hÞð2c2θS − s2θSÞ− 9ecθSsθSÞ

λH0
1
H0

1
H0

2
¼ 2vðλ17sω3 þ λ18cω3Þ;

λ17 ¼
1

2
ð−2ððbðcθS þ 3Þ þ ð−9cþ f − 9gþ 2hÞcθS − 6cþ 3f − 6gþ 6hÞcθS − 3gÞsθS

þðbþ fþ 2hÞs3θS þ 6csθS þ 3eð3− 2cθSÞs2θS þ 3ecθSððcθS − 3ÞcθS − 3ÞÞ
λ18 ¼ 2ð−9aþ bþ fþ 2hÞcθSs2θS − ðbþ fþ 2hÞðc2θS þ 3ÞcθS − 9eðc2θS − 1ÞsθS

λH0
1
H0

2
H0

2
¼ 2vðλ19sω3 þ λ20cω3Þ;

λ19 ¼ 2ð−ðbþ f − 9gþ 2hÞcθS þ cð9cθS þ 3Þ þ 3gÞs2θS þ ðbþ f þ 2hÞðcθS þ 3Þc2θS þ 3ecθSð2cθS − 3ÞsθS − 3es3θS
λ20 ¼ 2ð18ac2θS − ðbþ fþ 2hÞð2c2θS − s2θSÞ− 9ecθSsθSÞ: ðA3Þ
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