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We calculate the masses of baryons containing one, two, or three heavy quarks using lattice QCD. We
consider all possible combinations of charm and bottom quarks, and compute a total of 36 different states with
JP = %Jr and JP = %*. We use domain-wall fermions for the up, down, and strange quarks, a relativistic heavy-
quark action for the charm quarks, and nonrelativistic QCD for the bottom quarks. Our analysis includes
results from two different lattice spacings and seven different pion masses. We perform extrapolations of the
baryon masses to the continuum limit and to the physical pion mass using SU(4|2) heavy-hadron chiral
perturbation theory including 1/m and finite-volume effects. For the 14 singly heavy baryons that have
already been observed, our results agree with the experimental values within the uncertainties. We compare
our predictions for the hitherto unobserved states with other lattice calculations and quark-model studies.
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I. INTRODUCTION

Baryons containing heavy quarks are interesting both
from the theoretical and experimental points of view.
Because the bottom- and charm-quark masses are greater
than the intrinsic energy scale of QCD, approximate heavy-
quark flavor and spin symmetries constrain the spectrum
and dynamics of heavy baryons [1,2]. Singly charmed and
singly bottom baryons exhibit a similar spectrum of
excitations of the light degrees of freedom. Interactions
with the spin of the heavy quark, and hence the hyperfine
splittings, are suppressed by 1/m. A particularly interest-
ing symmetry emerges for doubly heavy baryons: in the
large-mass limit, the two heavy quarks are expected to form
a point-like diquark that acts like a single heavy antiquark,
and the light degrees of freedom behave as in a heavy-light
meson [3]. The ratio of hyperfine splittings of doubly heavy
baryons (with two equal heavy-quark flavors) and singly
heavy mesons is predicted to approach the value 3/4 in the
heavy-quark limit [4]. Finally, triply heavy baryons can be
viewed as baryonic analogues of heavy quarkonia, making
them very interesting systems to study in effective field
theories and perturbative QCD [4-7].

The masses of all low-lying1 singly charmed baryons
with JP =1+ and J” =3*, and of most of their singly
bottom partners, are well known from experiments [8]. In
this sector, the most recent discoveries are the Q, [9,10],

'Here and in the following, “low-lying” refers to the states that
have zero orbital angular momentum and are not radially excited
in the quark model.
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and a state that is likely the J© = 3+ Z; [11]; the Q; and
remain to be found. The €, masses reported by DO [9] and
CDF [10] are inconsistent with each other, but a recent,
more precise measurement by the LHCb Collaboration [12]
agrees with the CDF result. In contrast to the singly heavy
baryons, the arena of doubly and triply heavy baryons
remains experimentally unexplored to a large extent, with
the only possibly observed state being the Z7.. The
discovery of the Z. was reported by the SELEX
Collaboration [13,14], but subsequent searches for this
state by the FOCUS [15], BABAR [16], Belle [17], and
LHCb collaborations [18] returned negative results.
Nevertheless, there is still potential for discoveries of
doubly and triply heavy baryons at the LHC [19-21]
and perhaps also at the coming generation of spectroscopy
experiments at BESIII [22], Belle I1 [23], and PANDA [24].

Lattice QCD can predict the masses and other properties
of heavy baryons from first principles, and can help resolve
experimental controversies such as those surrounding the
Q,, and =,... For the doubly and triply heavy baryons, which
may remain beyond the reach of experiments at the present
time, lattice QCD results can also serve as a benchmark for
other theoretical approaches, such as quark models and
perturbative QCD. Complete control over all sources of
systematic uncertainties, including the nonzero lattice
spacing and finite lattice volume, unphysical values used
for the quark masses, any approximations made for the
heavy quarks, as well as excited-state contamination in the
correlation functions, is essential in both of these contexts.
Most lattice calculations of heavy baryon masses that have
been published to date are still lacking in some of these
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aspects. The earliest studies [25—-33] were performed in the

quenched approximation, removing the effects of sea
quarks to reduce the computational cost but at the expense
of connection to experiment. The first unquenched calcu-
lations were reported in Refs. [34-36]. Since then, addi-
tional unquenched calculations have been performed with
various choices of lattice actions for the light and heavy
quarks [37-51]; reviews can be found in Refs. [52-54].

In this paper, we present the first lattice QCD determi-
nation of singly, doubly, and triply heavy baryon masses
that includes both charm and bottom quarks in any
combination, and also achieves good control over all major
sources of systematic uncertainties. Our calculation
includes dynamical up, down, and strange quarks imple-
mented with a domain-wall action [55-57], and is per-
formed at two different lattice spacings and seven different
values of the up-/down-quark mass corresponding to pion
masses as low as 227(3) MeV. Because the masses of the
charm and bottom quarks are not small in units of the lattice
spacing, special heavy-quark actions are needed for them to
avoid large discretization errors. We use a relativistic
heavy-quark action [58-64] for the charm quarks and
improved nonrelativistic QCD [65,66] for the bottom
quarks. Details of the actions and parameters are given
in Sec. II. The interpolating fields we use for the heavy
baryons and our methodology for fitting the two-point
functions are described in Sec. III. We extrapolate the
results for all baryon masses to the physical pion mass and
the continuum limit as explained in Sec. I'V. For the singly
and doubly heavy baryon masses, heavy-hadron chiral
perturbation theory (HHyPT) at next-to-leading order is
used to fit the light-quark mass dependence and to remove
the leading finite-volume effects. Because some of our data
sets use valence light-quark masses lower than the sea-
quark masses, we use the partially quenched extension of
heavy-hadron chiral perturbation theory [67,68]. For the
singly heavy baryons, we generalize the expressions given
in Ref. [67] to include hyperfine splittings. The final results
for the baryon masses and mass splittings are presented in
Sec. V, which also includes a detailed discussion of the
systematic uncertainties. We conclude in Sec. VI with a
comparison of our results to the literature.

II. LATTICE ACTIONS
A. Light-quark and gluon actions

In this work, we performed the Euclidean path integral
using ensembles of gauge field configurations generated by
the RBC and UKQCD collaborations [69]. These ensem-
bles include the effects of dynamical up, down and strange
quarks, implemented with a domain-wall action [55-57].
The quark fields in this action depend on an auxiliary fifth
dimension with extent Ls. Four-dimensional quark fields,
for which the low-energy effective field theory obeys an
exact lattice chiral symmetry in the limit Ls — oo, are
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obtained in terms of the quark fields at the boundaries
xs =a and x5 = Ls [55-57]. The RBC and UKQCD
collaborations chose the Iwasaki gauge action [70,71],
which, compared to the standard Wilson or Symanzik
gauge actions, reduces the residual chiral symmetry break-
ing of the domain-wall action at finite L5 [72]. For hadron
spectroscopy calculations, the primary benefit of approxi-
mate chiral symmetry is the smallness of O(a) discretiza-
tion errors.

Here we selected four different ensembles of gauge
fields: two ensembles with lattice size 24 x 64 and lattice
spacing a=~0.11 fm (in the following referred to as
“coarse”), and two ensembles with lattice size 32° x 64
and lattice spacing a =~ 0.085 fm (in the following referred
to as “fine”) [69]. All ensembles have Ls/a = 16, and the
domain-wall height is aMs = 1.8. The residual chiral
symmetry breaking can be quantified by the residual
additive quark-mass renormalization, am,. The coarse
ensembles have am, =~ 0.003, while the fine ensembles
have am,., ~ 0.0007 [69].

We work in the isospin limit m, = m,; this means that
our results for the baryon masses should be considered as
isospin-averaged values. We computed domain-wall light-
and strange-quark propagators with various quark masses
am™¥ and am{™ as shown in Table 1, leading to eight
different data sets in total. For the four data sets C104, C54,
F43, and F63, the valence-quark masses are equal to the
sea-quark masses. The data sets C14, C24, and F23 have
am"™ < am'®* in order to achieve lighter valence-pion
masées, and the data set C53 has amﬁval) < amgmI to
enable interpolations to the physical strange-quark mass.
We used about 200 gauge configurations from each
ensemble, and computed domain-wall propagators for
multiple source locations on each configuration. The
resulting total numbers of light/strange propagator pairs
in each data set are given in the last column of Table I. To
further increase the statistical precision of our calculations,
we computed hadron two-point functions propagating both
forward and backward in Euclidean time and averaged
over these.

B. Bottom-quark action

The typical momentum of a bottom quark inside a
hadron at rest is much smaller than the bottom-quark
mass. For hadrons containing only a single bottom quark
and no charm quarks, one expects (|p,|) ~ A ~ 500 MeV
[1,76]. For bottomonium and triply bottom baryons, one
expects {|py|) ~ muv ~ 1.5 GeV, corresponding to v ~
0.1 [65]. For hadrons containing both bottom and charm
quarks, the typical momentum of the b quark is between
these extremes. In all cases, the separation of scales,
(Ipy|) < my, allows for the treatment of the b quarks with
nonrelativistic effective field theory. Here we used
improved lattice nonrelativistic QCD (NRQCD), which
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TABLE I. Properties of the gauge field ensembles [69] and of the light-/strange-quark propagators we computed on them. Here, N
and N, are the numbers of lattice points in the spatial and temporal directions, # = 6/ ¢ is the gauge coupling, amffza ) %) are the

light and strange sea-quark masses, and a is the lattice spacing (determined in Ref. [73]). The valence-quark masses used for the
(val) (val)

and am'*®

calculation of the light- and strange-quark propagators are denoted by am, ;" and ams . The corresponding valence-pion and 7,
masses are denoted as m\") and m\""). The 5, is an artificial 55 state that is defined by treating the s and § as different, but mass-

degenerate flavors. This state is useful as an intermediate quantity to tune the strange-quark mass [74]; its mass at the physical point has
been computed precisely by the HPQCD Collaboration and is m,(,'fhys) = 689.3(1.2) MeV [75]. In the last column of the table, N, is

the number of pairs of light- and strange-quark propagators computed in each data set.

(sea)

(val) (val)

Set N3 x N, p amsza ) amsg a (fm) am, , amsg m,(,W) MeV) mﬁ,\\m MeV) N peas
Cl104 243 x 64 2.13 0.01 0.04 0.1139(18) 0.01 0.04 419(7) 752(12) 2554
Cl4 243 x 64 2.13 0.005 0.04 0.1119(17) 0.001 0.04 245(4) 761(12) 2705
C24 243 x 64 2.13 0.005 0.04 0.1119(17) 0.002 0.04 270(4) 761(12) 2683
C54 243 x 64 2.13 0.005 0.04 0.1119(17) 0.005 0.04 336(5) 761(12) 2780
C53 243 x 64 2.13 0.005 0.04 0.1119(17) 0.005 0.03 336(5) 665(10) 1192
F23 323 x 64 2.25 0.004 0.03 0.0849(12) 0.002 0.03 227(3) 747(10) 1918
F43 323 x 64 2.25 0.004 0.03 0.0849(12) 0.004 0.03 295(4) 747(10) 1919
F63 323 x 64 2.25 0.006 0.03 0.0848(17) 0.006 0.03 352(7) 749(14) 2785

was introduced in Refs. [65,66]. The b quark is described
by a two-component spinor field y, with Euclidean lattice
action

S, =a’)y yixnly(x.0)-K@y(x.i-a). (1)

where

K(t) = <1 - ‘"ZJ") (1 - al;};’“) Uit - a)

aHO|t—a " aéHlt—a
1——-— 1 ——". 2
x( 2 > ( 2 2)

In Eq. (2), Uy(t — a) denotes a temporal gauge link, and H,
and 0H are given by

time derivative. We performed tadpole improvement of the
action using the Landau-gauge mean link, u; [77], and set
the matching coefficients c¢; through c; to their tree-level
values (c; = 1). The matching coefficient ¢, was computed
to one loop in perturbation theory [78]. We tuned the bare
b-quark mass by requiring that the spin-averaged botto-
monium kinetic mass agrees with experiment (see Ref. [73]
for details). The resulting values of am,, as well as the
values of u,; and c,4 are given in Table II. The values of ¢4
are specific for our gauge action (the Iwasaki action), and
were computed for us by Tom Hammant.

When applied to hadrons containing only a single b
quark and no charm quarks, the power counting for the
NRQCD action is different. In this case, the expansion
parameter is A/m,,, and the action shown above is complete
through order (A/m,)?. For singly bottom hadrons, the

operator —c4ﬁ6 -B in §H is of the same order in the

AQ) power counting as the operator H,, while all other operators
0= "5 (3) are of higher order. This means that the one-loop matching
b used for ¢, is especially important for heavy-light hadrons.

(A?)? ig .

SH = —c, o + ZW(V -E-V) C. Charm-quark action

b ~ b _ Because the nonrelativistic expansion converges poorly
— 3556 (Vx E - E x V)—c;=—¢- B for charm quarks (and because lattice NRQCD requires
8mj, mp am > 1, which is not satisfied for the charm quark on the
a’lA® a(A?))? present lattices), we used instead a relativistic heavy-quark
+¢s 24m, €6 16nm? (4)  action [58-64]. Beginning with a clover fermion action,

This action was originally introduced for heavy quarko-
nium, for which H, is the leading-order term (order v?),
and the terms with coefficients c; through c, in 6H are of
order v* [65,66]. The parameter n > 1 was introduced to

separate coefficients are introduced for the spatial and

TABLE II. Parameters used in the NRQCD action for the
bottom quarks.

- ’ ) P ; Data sets amy, UoL Cy
avoid numerical instabilities occurring at small am,;, [66];
here we set n = 2. The operators with coefficients c5 and ¢ €104, C14, €24, C54, C53 2.52 0.8439 1.09389
> 6 F23, F43, F63 1.85 0.8609 1.07887

correct discretization errors associated with H and with the
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temporal components of the operators, so that the action
becomes

_ a
SQ = 6142 Q [mQ + 70V0 - EVE)z)

3 3
a 2) a
A v vICOR Fo
+vi:1 <y, iT5 Vi ) 052;001 0i
a3
—Cp Z”Z:l GijFij:| 0. (5)

The (bare) parameters are the mass m,, the anisotropy v,
and the chromoelectric and chromomagnetic coefficients
cg, cp. Discretization errors proportional to powers of the
heavy-quark mass can then be removed to all orders by
allowing the coefficients v, cg, and cp to depend on am,,
and tuning them. The remaining discretization errors are of
order a’|p|?, where |p| is the typical magnitude of the
spatial momentum of the heavy quark inside the hadron.
The standard clover action with v = 1 and ¢ = cp = cgw
is recovered in the continuum limit.

Several different approaches have been suggested for
determining the parameters mg, v, cg, and cg [58-64].
Here we followed Ref. [41] and tuned the two parameters
mg and v nonperturbatively while setting the coefficients
cg, cp equal to the values predicted by tadpole-improved
tree-level perturbation theory [59],

(14+v)

E = Cp =
2u8 ’

(6)

Sl =

We set the tadpole improvement parameter i, equal to the
fourth root of the average plaquette. In order to tune the
parameters m, and v, we nonperturbatively computed the
energies of the charmonium states 7, and J/y at zero and
nonzero momentum, and extracted the “speed of light” in
the J/y dispersion relation,

By (@)~ Ey ) .
p

(p) =

as well as the spin-averaged mass

— 3 1

M = ZEJ/V/(O) + ZEm-(O)' (8)
The parameters m and v need to be adjusted such that M
agrees with the experimental value and the relativistic
continuum dispersion relation is restored, i.e., ¢ = 1.

We obtained the energies E;,,, E, from single-expo-

nential fits at large Euclidean time to the two-point
functions

C(p’ t) = Ze_ip.(x_xsm)<0(x’ z‘SI‘C + t)b(XSI‘C? tSrC)>’ (9)
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where O = ¢ysc for the 5, and O = ¢y;c for the J/y. For
the extraction of the speed of light using Eq. (7), we used
the smallest nonzero momentum allowed by the periodic
boundary conditions, |p| = 2z/L with L = Na. We gen-
erated data points {c, M} for a few good initial guesses of
{mg, v} and performed linear fits using the functions

Mv.mg) = 8" + Cly + CM my, (10)
f(vomg) = & + Cow + C5 o, (11)

with parameters M, CI/M, CZQ, o¢, C¢, and Ch,- We then
solved the equations

fM(U’mQ) = Mphyw (12)

folvomgp) =1, (13)

for my and v, and recomputed the actual values of ¢, M
using Eqgs. (7) and (8) with my and v set equal to the
solution [the values of ¢z and cp were updated for each new
choice of v according to Eq. (6)]. If the result was consistent
with ¢ = 1 and M = My, the procedure was stopped;
otherwise, the new data point was added to the linear fit
(10)—~(11) and the procedure was iterated.

The final tuned values of the parameters for the coarse
and fine lattices are given in Table III, and the resulting
values of the spin-averaged charmonium mass and speed of
light for the data sets C54 and F43 are given in Table IV.
There, we also show the lattice results for the hyperfine
splittings

MJ/I//_Mm’ (14)

which are the first predictions from our charm-quark action,
and serve as a stringent test of the relativistic heavy-quark
formalism adopted here (hyperfine splittings are highly
sensitive to discretization errors). Note that we did not
include the disconnected quark contractions when evalu-
ating the two-point functions (9); we neglect the possible
annihilation of the 7. and J/y to light hadrons. This affects
mainly the 7., which can annihilate through two gluons. At
leading order in perturbation theory, the resulting mass shift
of the 5, can be expressed in terms of its hadronic width
[79,80],

TABLE III. Parameters used in the relativistic heavy-quark
action for the charm quarks (a negative bare mass parameter is not
unusual because of the additive quark-mass renormalization for
Wilson-type actions).

Data sets amg v CE cp

C104, C14, C24, C54, C53  0.1214 1.2362 1.6650 1.8409
F23, F43, F63 —0.0045 1.1281 1.5311 1.6232

094507-4



CHARMED BOTTOM BARYON SPECTROSCOPY FROM ...

TABLE IV. Charmonium spin-averaged mass, hyperfine split-
ting, and “speed of light,” computed with the tuned relativistic
heavy-quark parameters from Table III. Charm annihilation
effects have not been included in the calculation; perturbation
theory predicts that these effects would increase the hyperfine
splitting by about 3 MeV [79,80]. The experimental values are
from Ref. [8].

Quantity C54 F43 Experiment

M (MeV) 3062(43) 3065(42) 3068.6(0.2)

M, —M, MeV) 108.5(1.5)  109.0(1.5) 113.2(0.7)

c 1.010(15) 1.000(30) 1
In(2) -1

AM, =T(n. — hadrons)< + O(as)>. (15)

T
Using I'(. — hadrons) = 32.0(0.9) MeV [8], this gives
AM, =~ -3 MeV, corresponding to a 3 MeV increase in
the hyperfine splitting. After adding this correction to our
lattice data, we obtain agreement with the experimental
result for the hyperfine splitting for both the coarse and the
fine lattice spacings.

III. TWO-POINT FUNCTIONS AND FIT METHODS

A. Heavy-baryon operators

This section describes how we combine the color and
spin indices of the quark fields to form interpolating
operators for the baryon states of interest [26]. Starting
from three quark flavors ¢, ¢', ¢”, we construct the
following basic types of baryon operators,

059.4'. 4" = €arc(Crs5)5,q597 (Pq")5 (16)
O/ A/ 1 C a b P.d)¢
S[q’ q.9 ]a - 7§€abc( yS)ﬂy[Qﬁ‘]}/ ( +9 )a

+4qfa) (P q)g). (17)

0,l4.4'.4"), = €anc(Cr)) 5,454, (Pq")5 (18)

where a, b, ¢ are color indices, a, ,y are spinor indices,
C = ygy, is the charge conjugation matrix, and P is the
positive-parity projector

1
P =5(1+7). (19)
The operators Os and O% have positive parity and spin 1/2.
The operator O; (where j = 1,2, 3) has positive parity but
couples to both spin 1/2 and spin 3/2 in general. Using the

projectors [26]

1
P/ _

ko =3Vl (20)
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1
pB/2)

jk = 5jk - g?’j}’kv (21)

we construct operators 05-1/ % and 053/ 2 with definite spin:
2 1/2
0;"lg.q. 4" = (PY?0la.q 4",  (22)
3/2 3/2
071a.4.q"), = (P”0ila.q".¢"),  (23)

In Table V, we list the names of the baryons we consider in
this work, together with the interpolating operators used to
extract their energies. In the nonrelativistic Dirac gamma-
matrix basis, the four-spinor bottom-quark field, b, is given
in terms of the two-spinor NRQCD field, v, as

b:<g).

The charm-quark field is denoted by c in this section, and is
identical to the field Q appearing in Eq. (5).
The zero-momentum two-point functions are defined as

(24)

J J
Cﬁ‘klﬁ(t) = Z<O§ )[q’ q,a q”]a(xv Lyre + t)

X

X 621) [q’ q/’ q//][j(xsrca tsrc)>’ (25)
CSSG/)’O) = Z<Og/) [Qa (1', q”]a(x7 Lsre + t)
X 0_5(/) [C], q/’ q//]ﬂ(xsrca tsrc)>’ (26)

where we allow for different smearings of the quark fields
at the source and sink (see Sec. III C). For large ¢ (but ¢
small compared to the temporal extent of the lattice), the
ground-state contribution dominates and these two-point
functions approach the form
T)

J J _ J
Cﬁkl/;(t) - Zimlzgrce E’t[P+P§'k>

Ly @)

CSSaﬂ(t) - anstrce_Et[P+]aﬂ' (28)
Before the fitting, we performed a weighted average over
the nonzero (J, k, aff)-components.

In most cases, the lowest-energy states with which the
operators shown in Table V have a nonzero “overlap” are
the desired baryons (for example, the mixing between X,
and A, is forbidden by isospin symmetry, which is exact in
our calculation with m, = m,). The only exception occurs
for the “primed” baryons such as the .. The interpolating
operators listed for the primed baryons also have a small
amplitude to couple to the lighter nonprimed states. For the
singly heavy baryons, this mixing would vanish in the limit
of infinite heavy-quark mass, in which the angular momen-
tum of the light degrees of freedom, §;, becomes a
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TABLE V. Heavy-baryon operators.

Hadron JP Operator(s)

A, 3t Oslu.d, c]

Z. 3t 0;1/2> [u, u, c]

Z 3+ 0;3/2> [, u, ]

Ze 3t Oslu, s, c]

Ee i 0;1/2>[u,s,c}, O%[u, s, c]
g 3+ 0_5-3/2> u,s, c|

Q. M 051/2) 5,5, ¢]

Q I+ 053/2) 5,5, c]

Eee o 0_51/2> [c, ¢, u]

Ete 3+ 0;3/ 2 [c, ¢, u]

Q. 3t 0;1/2) [e, ¢, s]

Qe 2+ 0;3/2> [c, ¢, s]

Qe 3+ 053/2) [c, ¢, c]

A, 3t Os(u,d, b]

Z, o 0;1/2> [u,u, b]

s 3+ 0" u. u. b]

Zp 3t Oslu, s, b]

g, ' O;lm[u,s,b}, O%lu, s, b]
5, %+ 0;3/2) [u, s, b]

Q, 3t 0;1/2> [s,s,b]

Q 2+ 0;3/2> s, s, b]

Zpb 3t 0;1/2) [b, b, u]

= 3+ 0 [b.b, u]

Qp I 0" b,b,s|

Q, 3 072 b.b.s]

Qi %Jr 0;3/ 2) [b, b, b]

Eep o Oslu, c, b]

=, L+ 0" u.c.b), O4[u.c.b)
= 3+ 0 u. c. ]

Qg 3 Osls.c,b]

Q, L+ 0[5, c,b], O4[s, c.b]
Q, 3+ 0[5, c.0]

Qeep o 0;1/2> [c, ¢, b]

Qe 3+ 053/ 2 [c,c, D]

Qepp %Jr 0;1/2> [b,b,c]

Qpp 3 0;3/ b, b, ]

conserved quantum number (the primed baryons have
S; =1, while the unprimed baryons have §; =0). To
investigate the mixing at finite heavy-quark mass, we also
computed cross-correlation functions between the opera-
tors designed for the primed and unprimed baryons (such as
=l and =,). This is discussed further in Sec. TII D.
Finally, we note that some of the baryons we consider are
unstable resonances in the real word (albeit with very
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narrow widths). For example, the . can decay through the
strong interaction to Az, and the lightest state coupling to
the X, interpolating operator in infinite volume and with
physical quark masses would actually be a A.-z P-wave
state. However, in our lattice calculation the A -z state is
shifted to higher energy due to the finite lattice size and the
unphysically heavy pion masses.

B. Heavy-meson operators

We also computed the energies of the heavy-quarkonium
states 7., 11p, J/w, and T using two-point functions of the
operators

0§M) = qys9, (29)

oM = gy,q. (30)

where ¢ = b, ¢. These were already used for the tuning of
the charm- and bottom-quark actions. In the later stages of
the data analysis we use the energy differences

n

ne n
2

EE(SUb) =Ex— 5 E;~ Fbl;’ (31)
where Ey is the energy of a baryon containing n, charm
quarks and n,, bottom quarks, and E,.; and E,j, are the spin-
averaged charmonium and bottomonium energies. In these
energy differences, the bulk of the dependence on the
heavy-quark masses cancels and the uncertainty associated
with the conversion from lattice to physical units is reduced
dramatically. Furthermore, for hadrons containing b
quarks, using energy differences is necessary to cancel
the overall unphysical NRQCD energy shift.

C. Two-point functions and fit methodology

From a given baryon or meson operator as discussed in
the previous two sections, we obtained multiple versions by
applying Gaussian smearing to some or all of the quark
fields. These different operators couple to the same states
but differ in their relative amplitudes to couple to the
ground and excited states and produce different amounts of
statistical noise in the correlation functions. We constructed
the smeared quark fields, g, as

~ ’% ) "

where the gauge-covariant three-dimensional lattice

Laplace operator, A, is defined as

3

1 5
APg(x,1) = —?Z(Uj(x, 0q(x + aj, 1) = 2q(x. 1)
Jj=1

+U_j(x,t)g(x — aj. 1)). (33)
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TABLE VI. Parameters used for the smearing of the quark
fields in the baryon and meson interpolating operators.

arg,Nng arg,ng arg, ng

Data set (light/strange) (charm) (bottom)

C104, C14, C24, 3.08, 30 2.12, 70 1.41, 10
C54, C53

F23, F43, F63 3.08, 30 2.83, 70 1.89, 10

We used different smearing parameters for the light- and
strange-, charm-, and bottom-quark fields, as detailed in
Table VI. Since this work reuses domain-wall light- and
strange-quark propagators computed by us in earlier works
[81-83], the smearing parameters for light and strange
quarks could not be changed here. For the charm and
bottom quarks, we used different values of arg for the two
different lattice spacings in order to keep the smearing
width in physical units, rg, fixed. For the charm quarks, we
used “stout”-smeared gauge links [84] in Eq. (33), with ten

_ /(0li,5,b)0[i, 5, b))
Coa = ((0[&,5, b]O[i, 5. B))

To extract the energies from exponential fits of the corre-
lation functions, we used both single-correlator fits and
matrix fits, as well as different procedures for choosing the
time ranges to include in the fit. For the single-correlator fits,
we selected only the correlator with all quarks smeared at
source and sink, using, for example for a usb baryon,

(36)

large ¢

with fit parameters A and E. The 2 x 2 matrix fits were
performed using

Crn(t) —

large ¢

AAe T ALA e F
( 1411 2411 )7 (37)
A1A2€_Et A2A2€_Et

with parameters A, A,, and E, while the 2 x 4 matrix fits
had the form

Caua(1)
AAe B A A eTET AjA e A A eE!
farge <A1A2e‘E’ Ayhye Bl AsAyeEr A4A2e‘E’>
(38)

with parameters A, A,, A3, A4, and E. The starting times
I'min after which the data points are included in the fit must be
chosen such that contributions from excited states have
decayed sufficiently and have become smaller than the
statistical uncertainties. While contributions from excited

PHYSICAL REVIEW D 90, 094507 (2014)

iterations and staple weight p =0.08 in the spatial
directions.

For the triply heavy baryons, we either applied the
smearing to all three quarks or to none of the quarks. This
leads to 2 x 2 matrices of two-point functions. For exam-
ple, in the case of a ccb baryon, we have (schematically)

Coy = (<0[C,c, b]O[c. ¢, b))
(Ole, ¢, b]O[E, &, b))
(34)

The domain-wall propagators for the up, down, and strange
quarks all had smeared sources. At the sink, we either
smeared all domain-wall quarks, or kept them local. Thus,
for the baryons containing both heavy and light valence
quarks, we constructed 2 x4 matrices of correlation
functions; for example, for a baryon with usb valence
quarks,

(35)

states decay exponentially with ¢, the statistical uncertainties
grow exponentially with ¢ [85]. The individual component
correlators in a matrix fit have different amounts of excited-
state contamination as well as different amounts of statistical
noise. Therefore, the optimal choices of #,,,;, may be different
for the different components, and we choose them inde-
pendently in order to get the highest possible precision for
the matrix fit. We also choose 7., independently for each
component. The choice of 7,,, is limited in the positive
direction by two requirements: avoiding contamination from
backward-propagating/thermal states, and avoiding too
many degrees of freedom in the fit (having too many degrees
of freedom relative to the number of data samples leads to a
poorly estimated, or even singular, covariance matrix in the
definition of the y? function).

The benefits of allowing individual fit ranges for the
correlators within a matrix fit are illustrated for the case of
the .., baryon in Figs. 1 and 2. The smeared-source,
smeared-sink correlator (O[¢, ¢, b]O[¢, ¢, b)) is noisy, but
tmin Can be chosen very small. In contrast, the local-source,
local-sink correlator (Olc, ¢, b]O]c, c,b]) is statistically
most precise, but #,;, has to be chosen very large to avoid
excited-state contamination. Performing the coupled matrix
fit with individual time ranges allows us to extract the best
possible result for the energy, using the best regions of all
correlators.

Given the large number of different correlators and data
sets used in this work, optimizing all fit ranges by hand
would be impractical and prone to bias. We therefore
implemented several procedures for automatically

094507-7
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FIG. 1 (color online). Matrix fit of the Q. two-point functions
using Eq. (37). The data shown here are from the C54 set; the
lines show the fit functions in the chosen fit ranges. The correlator
(0[¢, ¢, b)O0]c, ¢, b]), which equals (O[c, ¢, b]O[¢, ¢, b]) in the
limit of infinite statistics, is not shown for clarity.

choosing the fit ranges according to criteria including the

quality of fit and the size of the statistical uncertainty of the
extracted energy. We used four different procedures:

(i) Method 1: This method was applied to perform

2 x 4 matrix fits for the heavy-light baryons and

210F ' - ' T . ]
205 T (Ole, ¢,b] Ole, ¢, b))
2.00 |-
1.95F i
190k . , . . i
210F ' ' T . 7
2.05 . (O[¢, &5 Ole, ¢, b))
2.00 Troxoxox g, =TTz I3 ; ;4
1.95F i
190k . , . . i
2.10F ' . . T -
2.05 (Ole, ¢, b] O[¢, ¢, b))
2.00 — —
1.95F i
190k . , . . i
210F ' ' T . ]
205F (0[¢,¢,b) O[¢, &, b))
2.00 - = =
1.95F i
190k . , . . i
0 5 10 15 20
t/a

-
Tt x e xx xa—ay 5 4

aFeg

eff
»

[}

[}

a.
[l

aFeg

eff
]
(]

5T % =¥ 5 ¥

)

FIG. 2 (color online). Effective-energy plot for the 2 x 2 matrix
of Q.. two-point functions from the C54 set. The effective
energy for a correlator C(r) is computed as
aEeq(t+94) =In[C(t)/C(t + a)]. The lines indicate the time
ranges and the energy obtained from the fit shown in Fig. 1.

(i)

(iii)

@iv)
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2 x 2 matrix fits for the heavy quarkonia and triply
heavy baryons. Initial guesses for (Zyin,fmax) for
each component correlator were obtained by first
performing individual fits of the form Ae=%" of each
component correlator, requiring y2/d.o.f. <1 while
preferring fits with smaller uncertainty. Simultane-
ous matrix fits were then performed with these initial
fit ranges. These initial matrix fits typically had
y%/d.o.f. > 1. This is expected because the coupled
fit achieves a smaller statistical uncertainty, requir-
ing that excited states be negligible to a higher level
of precision, and because the number of parameters
in Egs. (37) and (38) is not increased proportionally
to the larger number of the degrees of freedom. We
then applied a Monte Carlo search for improved fit
ranges of the matrix fit to achieve y?/d.o.f. < 1. The
algorithm used for this repeatedly attempts small
(multidimensional) random shifts to the fit region,
accepting a shift only if y?/d.o.f. decreases.
Method 2: This method is a modified version of
Method 1, where we constrained the Monte Carlo
search for the fit domain by requiring that each
component correlator contributes at least three time
slices to the fit, i.e., fnax — Imin = 34.

Method 3: This deterministic method performed
five-dimensional scans of the fit ranges of 2 x 2
matrix fits in small intervals around the initial ranges
(the initial ranges were chosen as in Method 1). For
the heavy-light baryons, we only used those corre-
lators in which all light quarks at the source and sink
were smeared in order to obtain 2 X 2 matrices.
Here, a five-dimensional scan means that we inde-
pendently varied the values of f.;, for all four
component correlators, but varied the values of
max Only by a common shift for all four component
correlators relative to the initial ranges, to keep the
computational cost within bounds. The scans were
constrained by the requirement that each component
correlator contributes at least five time slices (for the
coarse lattices) or seven time slices (for the fine
lattices) to the fit. Of all the matrix fits performed
with this scanning procedure, only those with
y*/dof. <1 and Q >0.5 were kept, and then
the fit with the smallest uncertainty for the energy
was chosen.

Method 4: This deterministic method performed fits
only to the single correlator in which all quarks are
smeared at source and sink (this correlator is
expected to have the least excited-state contamina-
tion). Two-dimensional scans of ¢, and #,,, were
performed in a wide range. As in Method 3, the
scans were constrained by the requirement that each
component correlator contributes at least five time
slices (for the coarse lattices) or seven time slices
(for the fine lattices) to the fit. Of all fits, those with
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y*/d.of. <1 and Q > 0.5 were kept, and then the
fit with the smallest uncertainty for the energy was
chosen.
When applying each procedure, we enforced common fit
ranges for hyperfine partners such as the X, and X, to
ensure the optimal cancellation of statistical uncertainties
and excited-state contamination in the small hyperfine
splittings.

To illustrate how the results from Methods 1 through 4
compare with each other, we show the =. energies in
Fig. 3. The different methods generally give quite con-
sistent results, and we use the correlated weighted average
for the further analysis. The correlations between the
energies from the different methods are taken into account
using statistical bootstrap; we perform the weighted aver-
ages for each bootstrap sample to obtain a new bootstrap
distribution for the average energy. The statistical uncer-
tainty of the average energy is then obtained from the width
of this distribution. In some cases, the energies obtained
using the different fit methods are not consistent with each
other (as can be seen for the C14 data set in Fig. 3), and we
inflate the uncertainty of the average using a scale factor. To
this end, we compute the value of y? for a constant fit to the
four energies. If y*/(N—1) > 1 (where N =4 is the
number of data points), we inflate the uncertainty of the
weighted average by a factor of [8]

S=1\/22/(N-1).

The averaged baryon and quarkonium energies from all
data sets are given in Tables VII and VIII, respectively.

(39)

D. Mixing effects

Before moving on to the chiral and continuum extrap-
olations in Sec. IV, we briefly return here to the issue of the
mixing between the “primed” and “unprimed” baryons
with J¥ = %*. Of the baryons considered in this work, this
affects the = and =, the =) and Z,, the =, and =, and
the ©/, and Q. In each case, the interpolating operators
we use for the “primed” and “unprimed” baryons (see
Table V) do not differ in any of the exactly conserved

C104 C54

Cc24 C14

2.155
2.150 |-

g_miﬁﬁ } |
e Ut

o’
T
aF

2.135

2.130 |- } B

2.125

T

1.615

1.605 |-

1.600 |-

1.595
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quantum numbers. Thus, the two-point functions of both
the “primed” and “unprimed” operators asymptotically
approach the same ground state, which is the “unprimed”
baryon, while the “primed” baryon only appears as an
excited state in both two-point functions.

To be more concrete, let us consider the case of the =
and =, and let us consider only the interpolating operators
O%[i, 5, ¢] and Os[u, s, ¢] in which all quarks are smeared
(in the following they are denoted more briefly as just Of
and Os). The spectral decomposition of the two-point
correlators of Os and Of is given by

(05(1)05(0)) —> (0|05|=.)(E.|O5|0)e~E=!

large ¢
+(0]05[E0)(EL[05]0)e ™=, (40)
(05(1)05(0)) — (0]05|=) (=050}
+(0|0s|E0) (2|05 0)e = (41)
(04()05(0)) = (0]O4[=.) (=[O [0) 7=
+ (0|O5|EL) (EL|OFloye ™=, (42)

where only the contributions from the ground state and the
first excited state are shown (the contributions from higher
excited states decay exponentially faster with 7). The
numerical result for these three correlators from the C54
data set, as well as a coupled two-exponential fit of the form
given by Egs. (40), (41), and (42), are shown in the left
panel of Fig. 4. The fit range is 13 < t/a <20, and the
resulting energies are

aE= = 1.4435(61), abEz =15163(64).  (43)
These energies are indicated with the horizontal bands in
the effective-energy plot on the right-hand side of Fig. 4.
We also performed naive, independent single-exponential
fits of just the “diagonal” correlators in the same time
range, using the form

F63 F43 F23
E } } } ® Method 1
1.610 1= } 1 § Method 2
| $ Method 3
{ { ¥ Method 4
J: :[ { ¥ Average

FIG. 3 (color online). =} energies obtained using the four different fit methods for each data set as explained in the main text. Also
shown are the method-averaged energies (correlations are taken into account). For the method-averaged energies, the outer error bars
include a scale factor in the cases where the average has y?>/d.o.f. > 1 (here, for the C14 and C54 data sets).
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TABLE VII. Baryon energies (in lattice units) extracted from the eight different data sets (see Table I). The results given here are
averages over the different fit methods; the uncertainties include a scale factor as explained in the main text. For the partially quenched
data sets (C14, C24, C53, F23), results are given only for those baryons containing a light or strange valence quark affected by the partial
quenching. Note that for baryons containing b quarks, the energies are shifted from their physical values because of the use of NRQCD.
These shifts cancel in appropriate energy differences.

State C104 Cl4 C24 C54 Cs3 F23 F43 F63

A, 1.4068(24) 1.3542(51) 1.3628(59) 1.3748(38) e 1.007(19) 1.020(14) 1.0344(29)
. 1.4920(46) 1.4549(77) 1.4634(51) 1.4653(43) e 1.0825(72) 1.0929(51) 1.1008(41)
poys 1.5452(52) 1.4813(94) 1.5137(54) 1.5115(46) e 1.1087(96) 1.1231(57) 1.1372(51)
= 1.4715(19) 1.4481(29) 1.4469(39) 1.4557(32) 1.4308(37) 1.0838(92) 1.0877(86) 1.0958(19)
=/ 1.5318(29) 1.5169(36) 1.5157(36) 1.5231(30) 1.5060(40) 1.1302(36) 1.1334(32) 1.1440(22)
= 1.5802(36) 1.5593(45) 1.5605(42) 1.5661(34) 1.5446(46) 1.1626(46) 1.1664(42) 1.1798(27)
Q. 1.5797(24) e e 1.5790(21) 1.5452(29) e 1.1763(23) 1.1856(17)
QF 1.6256(27) e e 1.6206(24) 1.5858(36) e 1.2105(31) 1.2179(21)
Zec 2.0916(24) 2.0826(24) 2.0835(22) 2.0863(21) e 1.5630(27) 1.5659(25) 1.5738(16)

=i 2.1466(29) 2.1383(59) 2.1361(25) 2.1374(28)

e 1.6004(40) 1.6031(36) 1.6115(20)
Q.. 2.1407(15) 2.1388(16) 2.1231(20)

1.6109(16) 1.6158(14)

Q. 2.1907(16) e e 2.1858(30) 2.1720(22) e 1.6460(22) 1.6508(16)
Qe 2.7352(14) e e 2.7315(14) e e 2.0654(17) 2.06756(99)
Ay 0.7559(48) 0.7134(54) 0.7113(59) 0.7216(60) e 0.552(19) 0.562(13) 0.5672(66)
pIA 0.8581(85) 0.849(12) 0.8385(63) 0.8389(57) e 0.620(11) 0.639(11) 0.6411(83)
xz 0.875(13) 0.866(15) 0.8508(61) 0.8483(64) e 0.636(12) 0.654(11) 0.6525(82)
= 0.8158(31) 0.7978(42) 0.7984(84) 0.8020(47) 0.7833(68) 0.6085(66) 0.610(10) 0.6203(40)
=4 0.8962(82) 0.8861(50) 0.8849(54) 0.8879(41) 0.8781(68) 0.6718(60) 0.6760(54) 0.6787(45)
= 0.909(11) 0.9019(57) 0.8971(72) 0.9028(40) 0.8857(69) 0.6825(61) 0.6894(55) 0.6944(47)
Q, 0.9382(44) e e 0.9406(29) 0.9136(43) e 0.7229(62) 0.7182(30)
Q 0.9535(46) 0.7347(52) 0.7321(31)

e K 0.9567(29) 0.9269(45)
= 0.7242(49) 0.7187(30) 0.7145(39) 0.7173(31) e
= 0.7486(63) 0.7410(33) 0.7351(38) 0.7381(32) R
Qyp 0.7590(22) 0.7586(19) 0.7450(27)

0.5721(54) 0.5785(49) 0.5877(71)
0.5825(66) 0.589(10) 0.6032(59)
0.6161(27) 0.6183(18)

Q) 0.7820(28) e e 0.7792(20) 0.7654(30) e 0.6291(32) 0.6330(19)
Qpip 0.5335(14) e e 0.5311(21) e e 0.4735(18) 0.4717(13)
Zeh 1.4174(52) 1.4102(42) 1.4165(40) 1.4176(33) e 1.0869(87) 1.0833(94) 1.0898(30)
=, 1.4486(49) 1.4369(46) 1.4423(42) 1.4431(32) e 1.104(11) 1.101(11) 1.1088(28)

= 1.4630(67) 1.4548(48) 1.4584(48) 1.4592(38)

e 1.1172(96) 1.1092(97) 1.1214(57)
Q. 1.4603(35) 1.4647(23) 1.4468(38) .-

1.118331)  1.1240(24)

Q, 1.4816(26) . - 1.4866(21)  1.4673(36) . 1.1349(31)  1.1397(24)
Q, 1.4983(30) o - 1.5027(38)  1.4841(40) . 1.1438(37)  1.1520(37)
Q.,  2.0071(14) e e 2.0079(15) e - 1.5406(21)  1.5413(12)
Q,  2.0247(15) e e 2.0253(16) e - 1.5512(25)  1.5539(12)
Q.  1.2689(13) e e 1.2678(13) e . 1.0076(18)  1.0066(12)
Q,,  1.2888(14) e . 1.2873(15) e . 1.021021)  1.0206(14)

(05(1)05(0)) — (0105[=,)(=c[O5[0)e 5=
TABLE VIII. Quarkonium energies (in lattice units) extracted

from the four data sets that correspond to independent gauge-field (no mixing), (44)
ensembles (see Table I). The results given here are averages over

the different fit methods; the uncertainties include a scale factor as - —I\ = AT —E-
(05(1)05(0)) — (0]O%[Z;)(2;|05|0)e ™=

explained in the main text. Note that the bottomonium energies large ¢

are shifted from their physical values because of the use of .

NRQCD. (no mixing), (45)
State Cl104 G54 F43 F63 which neglects the overlap of the operator O5 with the

e 1.69288(24) 1.69110(25) 1.28293(35) 1.28340(20) ground state. This fit is shown in Fig. 5 and gives the
J/w  1.75571(38) 1.75263(40) 1.32983(53) 1.33006(32) energies

np 0.24928(22) 0.24838(27) 0.23607(34) 0.23566(24)

T 0.28528(29) 0.28413(35) 0.26429(45) 0.26374(31) aE=, = 1.4419(61), aE= = 1.5176(67).  (46)
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FIG. 4 (color online).

Coupled two-exponential fit to the correlators (Os|ii, 3, &](¢)Os i, 5, ¢)(0)), (Os[it, 5, ] (1) O%|i,
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5,¢](0)), and

(0%, 5, (1) O%[it, 5, €] (0)) using Egs. (40), (41), and (42). The data shown here are from the C54 set.

This result is in fact perfectly consistent with the full two-
exponential fit result (43). The reason is that the “wrong-
state” overlap matrix elements (0|O%|=,.) and (0|Os|=;) are
highly suppressed relative to the “right-state” matrix
elements (0|0%|=;) and (0|Os|=.). The coupled two-
exponential fit using Eqs. (40), (41), and (42) gives

(0]05|=,)
(0105]=¢)

(0|0s|=0)

= 0.003(17), 0[05Z,)

= 0.020(43).
(47)

Because of this suppression, the effective-energy plot of the
two-point function (O%(z)0%(0)) shows a clean plateau at
the =/, energy at intermediate 7, with no obvious sign of the
ground-state contribution before the signal disappears into
noise (see the right-hand sides of Figs. 4 and 5). The
physical reason for the smallness of the mixing is a double
suppression through the approximate heavy-quark spin

|
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107181 s |
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107201 * -
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FIG. 5 (color online).

symmetry and the approximate SU(3) flavor symmetry.
In the heavy-quark limit m,. — oo, the spin of the light
degrees of freedom, §;, becomes exactly conserved, and the
=, =, have S; = 0 and S; = 1, respectively. Furthermore,
in the limit of degenerate u-, d-, and s-quark masses, the =,
belongs to the a 3 (antifundamental) irreducible represen-
tation of the SU(3) flavor symmetry, while the =, is part of
a 6 (sextet) irreducible representation. We also performed
analogous comparisons of coupled two-exponential fits and
naive single exponential fits for the other affected baryons,
and obtained consistent results for the energies from both fit
methods in all cases.

IV. CHIRAL AND CONTINUUM
EXTRAPOLATIONS

Having extracted the baryon energies for multiple values
of the light- and strange-quark masses and for two different
lattice spacings, the last stage of the analysis is to

1.70

1.65 -

1.60F =
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Independent single-exponential fits to the correlators (Os]it, 5, ¢](1)Os|i, 3, ¢](0)) and (O%[i, 5.¢|(r) x

O0%[i1,5,¢](0)) according to Egs. (44) and (45). The data shown here are from the C54 set.
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extrapolate these results to the physical values of the quark
masses and the continuum limit. For the heavy-light
baryons, we also remove the small effects of the finite
volume. We perform the extrapolations not directly for the
baryon energies Ey, but rather for the “subtracted” energies

su ne - ny =
Ex" = Ex =5 B = By, (48)

where n,., n;, are the numbers of charm and bottom quarks
in the baryon, and E_;, E,j are the spin-averaged charmo-
nium and bottomonium energies, defined as

- 3 1 - 3 1
ECE‘ :ZEJ/W_FZEW"’ Eb}', :ZEY +ZE'7b' (49)

After extrapolating E§§“b) to the physical point, the full
baryon energies can then be obtained simply by adding the
experimental values of % E.; + 2 E,;, which are known
with high Erecision [8], to the results. The main reasons for
using ng” ) rather than Ey are the following: the NRQCD
energy shift cancels (this is relevant only for baryons
containing b quarks), the leading dependence on the
heavy-quark masses cancels, and the contribution of the
uncertainty in the lattice spacing is reduced.

We started by computing [aE§§“b>] ;» wWhere i labels the
data set, for the bootstrap ensembles of the method-
averaged energies (obtained as described in Sec. IIIC).
For the chiral/continuum extrapolation fits, we need the
values [EE(SUb)]i in physical units, and we also need the
covariances Cov([ESUb)] i [ngUb)] ;) between the different
baryon energies (these are nonzero only if the data sets i
and j correspond to the same ensemble of gauge configu-
rations; e.g. i = F23, j = F43). To convert to physical
units, we used the inverse lattice spacings [a~!]; determined
in Ref. [73] from the bottomonium 25 — 1§ energy split-
tings. The covariances were then computed as follows:

Cov([ES™] [ES™],) = [a ' PS([aEL™ ) S([aEY™),)

x Cov([aEY™);, [aES™];)

(sub)

+ (0la™) Py laEy™

JilaEy™] i
(50)
(sub) (sub)
where S([aEx "];) 2 1, S([aEy];) 2 1 are the scale
factors associated with the method averages (see Sec. III
C), Cov([aES™)],, [aEg,S”b)]]-) is the covariance of the
bootstrap ensembles of the method-averaged energies in
lattice units, and 8[a~!] is the uncertainty of the lattice
spacing (above, we assume that i and j correspond to the
same ensemble of gauge fields, so that ;' = a7' = a™).
The uncertainties of the lattice spacings are around 1.5%
(see Table I), while the uncertainties of [aEg?Ub)] range

from approximately 0.3% to 3%.
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To predict the dependence of the heavy-light baryon
masses on the light-quark masses in a model-independent
way, we use heavy-hadron chiral perturbation theory [86—
90], the low-energy effective field theory of heavy hadrons
and pions that combines heavy-quark symmetry and chiral
symmetry. Because we utilized partial quenching with
amivjl < am, ) for some of our data sets (to reach lower
pion masses without having to generate new ensembles of
gauge fields), we need to use partially quenched [91-93]
heavy-hadron chiral )perturbation theory to fit the depend-
ence on both m%a and amEZfll). Next-to-leading-order
expressions for the masses of singly and doubly heavy
baryons in partially quenched heavy-hadron perturbation
theory were derived in Refs. [67] and [68], respectively. We
use the two-flavor SU(4]2) theory, which is expected to
converge faster than the SU(6|3) theory. For the strange
baryons, we start from the SU(6|3) theory but integrate out
mesons containing valence or sea strange quarks to obtain
SU(4]2) expressions for the baryon masses in the different
strangeness sectors. We also allow for analytic dependence

(val) . .

on am, . For the singly heavy baryons, we generalized
the expressions given in Ref. [67] to include the leading
1/mg corrections, which introduce nonzero hyperfine
splittings. We also include the leading finite-volume and
lattice-spacing effects in our fits. The following sections
describe the fits in detail for the different types of heavy
baryons. The final results for the baryon masses at the
physical pion mass and in the continuum limit can be found
in Sec. V, which also contains a discussion of the
systematic uncertainties.

A. Singly heavy baryons

In the following we denote the heavy quark by Q = ¢, b.
The fits in the charm and bottom sectors are done
independently, but the expressions used are the same.
We group the baryon states according to their strangeness,
S, and perform coupled fits of the lattice data within each
group. For the S = 0 states {Ay, Xy, Xj, }, the fit functions
have the form

(w12 (ss)72
(sub) _ pisubi0) 1 o) [ 1T ) [ma ]
EW™ = E dy dy
A + anf + anf + Mjy,
+ d,a® A3, (51)
(W2 (ss)12
(sub) _ ro(sub.0) (0) (w) [mz ] (ss) [mx ]
E — E A /4 T
2, + +c 47‘[f +c 472'f
+ My, +c,a® A3, (52)
(sub) (sub.0) (0) (0) (w) [mz(rW)]z
EZ*Q = EY + AP+ AV 4 anf
(s5)72
L VI (53)

4rf
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where My,, My,, and My. are the nonanalytic loop
corrections [67], generahzed %ere to include a nonzero
hyperfine splitting A, between the X7, and X, baryons:

%
Mo, == 1271'\2]‘2

+ FmbY A ) + FmlY A+ A, p)

{2f(m§,“>, A+ A, p)

+ E]—"(m,(,vv), A,u)] , (54)

My, =225l A+ L ]—"( ),0,1)
Zo 127t2f2 3 w M M

2
B [_rm _a N
b [l )+ 5 -0

(55)

VS 5
~Fm, - —A. ) + ¢ F(ms my u)}

93 (vs)
_f T _A - A*’
Ve [ (m #)
1
+5fwﬁﬂ—A—Awm] (56)

In the unitary case mf,vv) = mﬁ;vs), these expressions reduce

to the expressions obtained previously in Ref. [45]. The
chiral function F includes finite-volume corrections and is
defined in the Appendix. We did not treat the £, — Ay and
X, — Zp splittings A and A, used for the evaluation of
the chiral functions as fit parameters. Instead, we used the
results of linear extrapolations to the chiral limit of the
splittings determined for each data set (neglecting lattice-
spacing dependence). The values used are given in Table IX
(for the very small X; — X, hyperfine splitting, we used the
average splitting instead of the extrapolated splitting). The
scheme ambiguity for choosing A and A* in the evaluations
of F only affects the baryon masses at next-to-next-to-
leading order, and is included in our estimates of the
systematic uncertainties in Sec. V. The chiral loop correc-
tions also depend on the valence-valence pion masses
m,(,w), which can be found in Table I, and on the
valence-sea pion masses mS, 9 which we set equal to

TABLEIX. Valuesof A and A, (in MeV) used in the evaluation
of the chiral loop integrals for the singly heavy baryons.
{A 2,25 {A, 2.2} {2, 20,28} {50,855

199(18) 253(20) 139(11) 155(16)
68(10) 22.77(4.8)  70.08.2)  28.8(3.1)

A (MeV)
A, (MeV)

PHYSICAL REVIEW D 90, 094507 (2014)

(V)2 (ss)12
o T,

The sea-sea pion masses m&sg) in Eq. (57) can also be read

off from Table I by taking the valence-valence pion masses

atam"y) = am™ . We chose the renormalization scale to

be u = 4xf, where f is the pion decay constant,

f =132 MeV. (58)

The free parameters of the fit are E®:0 A© Al g,

as). d,, e ) and c,. The “d” parameters describe
the analytic quark-mass and lattice-spacing dependence of
the isosinglet baryon A, while the “c” parameters describe
these dependencies for both isotriplet baryons X, and X,

as predicted by the chiral Lagrangian [67]. The leading
lattice-spacing dependence is quadratic because we used a
chirally symmetric domain-wall action for the light quarks
and O(a)-improved heavy-quark actions for the charm and
bottom quarks (gluon discretization errors also start at order

a?). To make the “c” and “d” parameters dimensionless, we
introduced appropriate powers of 4zf and

A = 500 MeV. (59)

Note that our inclusion of nonzero hyperfine splittings in
the chiral loop corrections in principle requires higher-
order analytic counterterms to cancel the renormalization-
scale dependence exactly. However, we find the renorm-
alization-scale dependence in the absence of these terms to
be sufficiently weak (the changes in the extrapolated
energies when replacing ur—>2u are well below the stat-
istical uncertainties). In our analysis of systematic uncer-
tainties (see Sec. V) we consider the effect of including
these higher-order counterterms with Bayesian constraints.

The axial couplings g, and g5 in Egs. (54), (55), and (56)
are also fit parameters, but we constrained them with
Gaussian priors to remain in the vicinity of the static-limit
values calculated previously in lattice QCD [81,82]. To this
end, we added the term

92 — 292 Llos- zgg (60)
692 0-93

to the »? function of the fit. Here, g2 = 0.84 and gg =
0.71 are the central values obtained in Refs. [81,82]. The
widths o, and 6, were set by adding in quadrature to the
uncertamtles from Refs. [81,82] an additional 10% width
(for Q = b) or 30% width (for Q = ¢) to account for 1/m,,
corrections.

The resulting fit parameters for the chiral and continuum
extrapolations of the {A., 2., X} and {A,,%,,Z;} ener-
gies are given in Table X; the covariance matrix of the fit
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TABLE X. Chiral and continuum extrapolation fit parameters for the singly heavy baryons containing u/d valence quarks.

{Ac‘vzc’zz} {Abizb’zz} :u:iv:j} :‘b’:;;’:;;

E<sub»0> (MeV) 691(58) 878(57) 891(38) 1042(44)
0 (MeV) 243(45) 259(51) 147(18) 170(32)

% (MeV) 79.3(8.7) 21.8(5.2) 74.2(5.4) 27.2(3.3)

d“V) 2.9(1.3) 2.56(81) 0.81(21) 0.55(20)
) o 0.566(69) 0.41(12)
ds) 1.5(1.1) 1.35(95) 0.34(72) 0.50(75)
d, 1.6(1.2) 0.8(1.6) 1.8(1.2) 1.7(1.5)
e —0.39(39) —0.47(35) 0.36(12) 0.31(14)
o) 0.417(58) 0.32(10)

e 0.36(81) —0.26(92) —0.52(68) —0.65(82)
cy 1.8(1.4) 2.5(1.8) 2.1(1.4) 2.5(1.7)
% 0.82(32) 0.84(22) 0.82(32) 0.83(22)
75 0.75(24) 0.70(15) 0.75(24) 0.72(15)

parameters was obtained as 2 times the inverse of the
Hessian of y2. The fits are illustrated in Fig. 6. Note that the
chiral loop corrections My, and My develop nonzero
imaginary parts for m, < A and n, A+ A,, respec-
tively, as shown in Fig. 7. This is because at these pion
masses, the strong decays £, — A,z and H - Agr are
kinematically allowed (in infinite volume), and one can cut
the loop diagram. The imaginary parts are related to the
widths of these decays,

rzy) — Ayl 3, (61)

= —ZIIII[MZ(;)] - |p7‘[

9
67f>
where |p,| is the magnitude of the pion momentum in the
x1*) rest frame. Note that, while the real parts of the £, and
Zg) energies depend only weakly on A and A + A,, the
imaginary parts depend strongly on A and A + A, (there-
fore, to precisely calculate the decay widths one should use
the experimental values of these splittings [81,82]).

Mz, = ~1pp
2
9 |1 (vs) 1 O
= =T 55 |5 ¥4 ’A*’ - 4
Mz, P [3.7-"(171 W)+ g Fm
% L E ),
EN A,
+12ﬂ2f2{ 57 (s mtyg F(
% |1 (vs)
. —A,,
Mz, — P {12f(m AL+ ]—"(

g3 1 (vs)
+ —— F mﬂ N _A — A
1272 f2 { 2 (

(vs) 0, ,l/t) f»(mgrvv

#+g f(

This discussion of the Zg) — Aym decays is appropriate

only in the chiral effective theory in infinite volume. The
lattice calculation itself yields eigenvalues of the QCD
Hamiltonian in a finite volume, which are of course real
valued. In principle, Ay-7 scattering phase shifts (and

hence the E(Q*> resonance parameters) can be extracted from
the finite-volume energy spectrum using the Liischer
method [94,95], but this is beyond the scope of this work.
Because of the momentum quantization in a finite box with

periodic boundary conditions, the Ay-7 P-wave states are

expected to have higher energy than the Z(Q*) states for all of

our data sets. Nevertheless, we exclude the data sets with

m"™ < A+ A, from the chiral extrapolation fits, because

our treatment of finite-volume effects in the Z(Q*) energies
using HHyPT (see the Appendix) breaks down below the
strong-decay thresholds.

For the S = —1 states {EQ,E’Q,E*Q}, the loop correc-
tions from SU(4|2) chiral perturbation theory read

2 VG 1 Vv 1 Vv
K [f( 09 A4 Ay p) 4o 5 F(my Aﬂ)—zf(mi ),A+A*,ﬂ)—§f(mfr >,A,u)], (62)

1
A p)— 24F(m£rW), O,M)]

A, w] (63)

—Ao ) - —.7-"( () OM)}

~A-A,, )] (64)

094507-14



CHARMED BOTTOM BARYON SPECTROSCOPY FROM ... PHYSICAL REVIEW D 90, 094507 (2014)

————— a=0.112 fm ceeenaess g =0.085 fm

1.3 14 :

12 - 13} i
______ o 3 g B
E - d-——=== L TR E Lo n I TR SOt o |

1.0F B 1.1k B

0.9} Ei . 1.0F EZ |

0.8 ! ! 0.9 ! L
1.2

1.4
13}F i
12k o o T LA T TRTEIO, 8T TESPPIRPRPIE S i
11F ]
1.0} i
0.9 ‘Eb L

1.2

1.1

Re[E®™)] (GeV)
Re[EC™)] (GeV)
|
I
I
:
1
i
1
1
|I
el
|
1
|
:
1
it
1
i

eor < — - g T T e = 10
09E

0.8

0.7
0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
m2 (GeV?) m2 (GeV?)

FIG. 6 (color online).  Chiral and continuum extrapolations for the { Ay, 2y, X, } baryons. The curves show the fit functions in infinite
volume at m,(,VV) =m," = m,, for the two different lattice spacings where we have data, and in the continuum limit. For the continuum
curves, the shaded bands indicate the 16 uncertainty. The lattice data have been shifted to infinite volume (see Table XI for the values of
the shifts); data points at the coarse lattice spacing are plotted with circles, and data points at the fine lattice spacing are plotted with
squares. The partially quenched data points, which have m\") < m{"", are included in the plot with open symbols at m, = my", even
though the fit functions actually have slightly different values for these points. The data sets with the lowest two pion masses (C14 and
F23) are excluded here because our treatment of finite-volume effects in HHyPT breaks down below the Z(Q*) — Agr strong-decay

thresholds. The vertical lines indicate the physical value of the pion mass.

In this case, we also perform an interpolation of the valence strange-quark mass to its physical value, so that the fit functions
become

(vw)12 (v)q2 (phys)12 (ss)12
(sub) __ ~(sub,0) (vv) [mz ] (vv) [my, " ]* = [my, "] (ss) [mz] 243
EZS =FE dy d dy = +d,a*\°, 65
= Tl gy T dxf Ty T Me tdaa (65)
(v)q2 (V)12 (phys)12 (ss)12
(sub) __ p+(sub.0) ©) 4 .(w) [mz "] (w) [my, 1% = [my =] (s9) [ ] 273
ES — F A § { = + c,a*A3, 66
= + +c 1nf ) anf + s + Mz, + cqa (66)
T A
z = o
% i ;2/ 5} Zb i
5 |5 j
i 1 E sl i
720 1 1 1 1 1 1 1 1 1 720 1 1 1 1 1 1 1 1 1
0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.6 0.18 0.20
m2 (MeV?) m2 (MeV?)

FIG. 7 (color online). Imaginary parts of the {Ag, Xy, Z*Q} baryon energies in infinite volume, obtained from HHyPT. The imaginary
parts depend strongly on A and A + A,; the values used here are given in Table IX.
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TABLE XI. Finite-volume energy shifts E(L) — E(co) (in
MeV) for the singly heavy baryons containing u/d valence
quarks.

State C104 Cl4 (24 C54 C53 F23 F43 F63
A, 06 - 17 12 - o 17 10
x. 0.1 -01 03 - -~ 05 02
o 0.2 -15 09 - - 21 07
=, 02 04 04 03 03 05 05 03
= 01 02 02 02 02 04 03 02
= 01 04 05 04 04 07 07 03
A, 05 - 14 10 - - 13 08
T, 0.1 -06 05 - -~ 12 04
s 0.2 23 09 - .- 22 06

= 0.2 04 04 03 03 05 04 03
= 0.1 02 02 02 03 03 03 02
= 0.1 0.3 0.3 02 02 05 04 02

(vw)12
E(:S:lb) — E(sub0) + A0) + AS«O) + CE,W) [m/r ]
e Anf
v hy:s ss
+ C(VV) [mﬁl.\ )]2 - [mﬁlﬁ" yg)]2 + c(ss) [mff )]2
s 47Tf T 471'f
+ ME*Q + caazA3, (67)

with the two additional parameters d\") and c"). As

PHYSICAL REVIEW D 90, 094507 (2014)

mass. The 7, meson is defined by treating the s and 5 as
different, but degenerate flavors, so that the meson becomes
stable and no disconnected quark contractions arise in the
lattice calculation of the two-point function. At the physical
value of the strange-quark mass, one has mff:hys) =
689.3(1.2) MeV [75]. The fit parameters obtained for
the {=,. E’Q, E*Q} systems are given in the last two columns
of Table X, and plots of the fits are shown in Fig. 8. In this

case, all data sets were included in the fit, because all of

them satisfy m%") > A + A, (see Table IX for the values of
A and A)).

The S = -2 baryons {Qy,Q} do not contain light
valence quarks and therefore do not receive any loop
corrections at next-to-leading-order in SU(4|2) HHyPT.
In this case, we still allow for a linear dependence on the
light sea-quark mass, and, as before, interpolate linearly in
the valence strange-quark mass. Thus, the fit functions are

Egzb) — E(sub0) 4 C(YV
+ c,a*\3,

Eggb) — Elsub0) | A£0> n nyZv) [

s ()12
M M (13 2 m
already discussed in Sec. Il A, we use the square of the “#; + el [z "] + ¢, a* A3, (69)
pseudoscalar-meson mass as a proxy for the strange-quark Anf
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FIG. 8 (color online). ~ Chiral and continuum extrapolations for the {Z, E’Q E*Q} baryons. The details are as explained in the caption of

Fig. 6, except that now the curves also correspond to different values of m,,

(™) as shown in the legend, and no data points are excluded

here. Two of the data points at the coarse lattice spacing have equal pion masses; these points are from the C54 and C53 data sets, which

have different valence strange-quark masses.
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FIG. 9 (color online). ~ Chiral and continuum extrapolations for the {Q,, €} baryons. The curves show the fit functions for the two
different lattice spacings where we have data, and in the continuum limit, evaluated at appropriate values of m,(xv) as shown in the legend.
For the continuum curves, the shaded bands indicate the 1o uncertainty. Data points at the coarse lattice spacing are plotted with circles,
and data points at the fine lattice spacing are plotted with squares. The open circles are from the C53 data set with a lower-than-physical

valence strange-quark mass.

with parameters E('00) A C,S:V), %) and c,. The fit
results are given in Table XII and are plotted in Fig. 9.

B. Doubly heavy baryons

Heavy quark-diquark symmetry relates the properties of
doubly heavy baryons and heavy-light mesons [3]; con-
sequently, both can be included in HHyPT in a single
supermultiplet field, and their interaction strength with
pions is given by the same axial coupling, g; (in the heavy-
quark limit) [90]. The masses of baryons with two heavy
quarks of equal flavor have been calculated to next-to-
leading order in partially quenched SU(6|3) HHyPT in
Ref. [68]. Here, we modify these expressions for the
SU(4]2) case, and also extend them to the case of differ-
ent-flavor heavy quarks. In the case of equal-flavor heavy
quarks, the Pauli exclusion principle implies that the two
heavy quarks must form a spin-1 diquark in the ground
state (S-wave), which can then combine with the light
degrees of freedom to form a hyperfine doublet with
JP =1%,3%; these baryons are denoted as {Z00-Zho}
for strangeness 0 and {Qg¢,Q(,} for strangeness —1

TABLE XII. Chiral and continuum extrapolation fit parameters
for the Qy and QF, baryons.

{Q.. Q) {Q,,Q;}
E(10) (MeV) 1148(40) 1342(50)
AY (MeV) 75.3(1.9) 28.4(2.2)
e 0.722(49) 0.604(72)
g —0.28(65) —0.69(79)
Cy 1.8(1.4) 2.1(1.8)

(here, Q =c or Q =b). In the case of two different
heavy-quark flavors Q = ¢, Q' = b, the two heavy quarks
can form an S-wave diquark with either spin 1 or spin 0,
leading to three different states with J¥ = %J“,%J“,%J“

in each strangeness sector: {EQQ/,E’QQ,, E*QQ,} and
{QQQ/,Q’QQ,,Q*QQ,}, where the latter two of the three

states contain a spin-1 heavy diquark (in the heavy-quark
limit).

Let us consider the equal-heavy-flavor case with strange-
ness 0 first. We performed fits to the lattice data for the
{E00,Epo} doublets using the functions

(vw)12
(sub) _ p(subo) o () [mx ]
EQQ = E® + Cr 47[f
(ss)12
(ss) [ ] 243
+cx 1nf + Mz, +c.a”A’, (70)
(W12
ES) _ pano) A0 ¢ o [ S
=00 drf
(ss)12
(ss) [mx ] . 203
+ ¢y dnf + M:*QQ +c.a*A, (71)
where M= 00 and MEZQ are the nonanalytic loop correc-
tions,
2
__ 9 32 4 )
Mz, = _W ?]:(mn AL ) +§f(mn .0, 1)
8 \A% 1 Vv
g P A =g 00| (72)
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TABLE XIII. Values of A, (in MeV) used in the evaluation of
the chiral loop integrals for the doubly heavy baryons.

PHYSICAL REVIEW D 90, 094507 (2014)

TABLE XIV. Chiral and continuum extrapolation fit parameters
for the doubly heavy baryons containing u/d valence quarks.

{Ebb’ EZb} {Ecbv E/cb’ Etb}

{Bee, X
—ccr —cc

{Ebb ’ Eltb} {Ecb’ Elcb’ Efb}

{':‘ =k
—ccr —cc

A, (MeV) 91.9(5.4) 37.2(2.3) 28.7(3.0)
2
g 16 ) 20 . (vs)
Ez)Q - 16ﬂ2f2 ?f(mﬂ' ) A*,ﬂ) +Ef(mﬂ 701/’£)

4 Vv 5 \'A%
—§.7r(m§, ),—A*,,u)—g}"(mgz ),O,y) . (73)

(sub,0) AS«O) C(VV)

pa b

The unconstrained fit parameters are E
¢ and c,. In our scheme for the function F (see the
Appendix), the parameter Aio) - Z00

hyperfine splitting in the chiral limit. It is related to the

. —
is equal to the =5,

heavy-meson hyperfine splitting parameter Ag)) by AV =
%A(f(,» [68]. We constrained the axial coupling g; by adding
the term
0
91 — 9(1 >]2

2
69 1

(74)

to the y? function of the fit. Here, ggo) = 0.449 is the central
value of the static-limit axial coupling calculated using
lattice QCD in Refs. [81,82], and the width o, was set by
adding in quadrature to the uncertainty from Refs. [81,82]
an additional 20% width (for Q = b) or 60% width (for
Q = ¢) to account for 1/m, corrections (chosen twice as

E(10) (MeV) 534(28) 693(32) 688(36)
AO (MeV) . . 10(21)

A (Mev) 79(10) 33.5(2.8) 25.9(3.6)
v o o 0.21(16)
s e . -0.39(52)
d, 1.18(97)
A 0.47(24) 0.39(13) 0.30(23)
) 0.47(68) 0.33(55) 0.29(65)
c, 1.18(72) 1.7(1.1) 1.4(1.0)
a 0.51(23)  0.465(10) 0.44(18)

loop corrections from the fit parameter A We determined
A, prior to the main fit by linearly extrapolating the lattice
results for this splitting to the chiral limit (for Q = c) or by
taking the average over all data sets (in the case Q = b,
where the splitting is smaller and has a larger relative
statistical uncertainty). The values of A, are given in
Table XIII.

The resulting parameters from the main fits to the

EQQ,E*QQ} data are given in Table XIV, and plots of

the fits are shown in Fig. 10. The plots show the fit
functions evaluated in infinite volume; the data points have
also been shifted to infinite volume (see Table XV for the
values of the shifts). The final results for the baryon masses
can be found in Sec. V.

The chiral loop corrections for the nonstrange baryons
with different-flavor heavy quarks read

large as for singly heavy baryons because of the additional 7@ [4 (vs) 1 ()
breaking of heavy quark-diquark symmetry). Mz, = 167212 E F(ma, 0.p0) = §F(m” 0.
As in the case of the singly heavy baryons, we distin-
guish the splitting A, used in the evaluation of the chiral (75)
————— a=0.112 fm veseeenen g =0.085 fm af()‘
0.80 0.90
0.75 - 0.85 -
0101 080p - {-----8 T —---FF------F- -2
0.65 .7 IR R Q ¥
o 0.60F | — g 2 070f — 8
$ ossf See $ o6t -
050 R 060 L
2 070 Z 08 ; ;
B 0.65) . & 0801 .
Y] S —Ei”;l?—_,,—I-,,:.:E.I:.:.:.:.:.:.E:.:.E 2 07 f_,j,,‘,_’.,i..‘...’.ﬁ%i'.fj—-ff%-i ------------------ L St
0.55 ot = 0.70 L -
0.50 | - 0.65 -
0.45 - e 0.60 - = -
0.40 0.55

| | | | | | | | |
0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
m2 (GeV?)
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m2 (GeV?)

FIG. 10 (color online). ~ Chiral and continuum extrapolations for the {Z,,, E*QQ} baryons. The details of the plots are as explained in

the caption of Fig. 6, except that no data sets are excluded here.
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TABLE XV. Finite-volume energy shifts E(L) — E(c0) (in
MeV) for the doubly heavy baryons containing u/d valence
quarks.

State  C104 Cl4 C24 C54 F23 F43  F63
= 02 05 05 04 07 06 04
=r 03 09 08 07 12 10 06
= 02 05 05 04 07 06 04
=5 02 06 06 05 09 07 04
S 00 01 01 01 01 01 00
2, 02 05 05 04 06 06 03

= 0.2 0.6 0.5 0.5 0.8 0.7 0.4

T 167 f2

i 324w 4w
il {9fmé%Awm+9fmé%am

E/QQ’
8 \A% 1 \'A%
—gfmé%Awm—gfmé%owﬂ, (76)

2
g1 16 (vs) 20 (vs)
=* =T 5 5 |~ /4 5_A*7 N T Yy

=00’ 167T2f2|:9f(m /’l)+ 9f(m O/J)

4 \A% 5 Vv
—§f(m£, ),—A*,u) —§f(m£, ),0,/4):|. (77)
Note that the chiral loop corrections for the {Z,,. =}, }

hyperfine doublet are equal to those for the {Eyp,Zp,}
hyperfine doublet, while for the =y, (which contains a
spin-0 heavy diquark), the terms with A, are missing. This
is because pion emission/absorption cannot change the spin

PHYSICAL REVIEW D 90, 094507 (2014)

of the heavy diquark, and hence the intermediate baryon in

the self-energy diagram for the Z( also has to be a Zy .

Because of this structure, the = also requires indepen-

dent analytic counterterms, and we fit the lattice results for
= = o= i i i

the {Zp, S0 JQQ,} energies using the functions

(W2 (ss)12
(sub) _ p(sub0) 1 o) [ ]2 i) [ma ]
EX" =F r r =
:QQ/ + d 4-7Tf + d 47'[f + M“QQ’
+d,a* A, (78)
(W12 (s5)12
(sub) __ p(sub,0) (0) (vv) [mﬂ } (ss) [mll ]
E." =E A ot
Zo¢/ * e Anf T 4dnf
+ ME/QQ’ + caa2A3, (79)
b 0 ()2
E(:S*U ) _ [E(sub.0) + A + Ai ) 4 C,(-,VV)
oo 4rf
(ss)12
(ss) [mn ] _ 23
+cx anf + M:QQ/ +c,a”\°, (80)

with free fit parameters E(:0), A A0 g0 409 g

e b9 and c,. In this case, we included an extra 40%

width in 6, to account for unknown 1/m,, effects in the
axial coupling, halfway between our choices for the cc and
bb baryons. The results for all fit parameters are given in

————— a =0.112 fm, m, = 761 MeV

--------- a = 0.085 fm, m, = 747 MeV

a =0, my,, =689 MeV

Re[EC™)] (GeV)
(e
-3
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0.5F
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FIG. 11 (color online).
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Left panel: Chiral and continuum extrapolations for the {Z.,. =/, 2%, } baryons. The details of the plots are as

explained in the caption of Fig. 6, except that no data sets are excluded here. Right panel: Chiral and continuum extrapolations for the
{Q., Q,. Q% } baryons. See the caption of Fig. 9 for explanations.
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the last column of Table XIV, and the fits are visualized in
the left panel of Fig. 11.

The S = —1 doubly heavy baryons do not receive chiral
loop corrections at next-to-leading orderin SU(4|2) HHyPT.
As in the case of the S = —2 singly heavy baryons, we
interpolate the energies linearly in the valence strange-quark
mass, and also allow for a linear dependence on the light sea-
quark mass. We fit the lattice data for the {Qg¢, Q2 } and

{Qp0, Qo Q*QQ,} systems using the functions
Vv hys S8
(sub) _ E(sub.0) + C(VV) [m’(% )]2 - [m’(}\) ' )]2 Ny ss) [m7<r s)]z
Q00 " 4rf T 4nf
+ ¢ a’ A, (81)
(W2 (phys)12
(WD) _ rsub0) o A©) (v [ |7 = [y ]
EQ*QQ E + A* + C”S 477,'f
()72
+ e [n:; f] + cqa’ A, (82)
and
(W12 (phys)12 (ss)12
(sub) __ z2(sub,0) (w) [, ]7 = [y (s) [mz]
E, ' =E d dy
Quy +dy, drf + anf
+ d,a*A3, (83)

(VV)]Z _ [m(PhYS)]z
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TABLE XVI. Chiral and continuum extrapolation fit parame-
ters for the doubly heavy Q baryons.

{ch QZC} {bev QZZ;} {chv Q/cb’ be}

E(m0) (MeV) 672(21) 831(29) 745(28)

AO) (MeV) . . 34.8(9.8)
A (Mev) 83.8(1.4)  357(1.3) 27.42.0)
™ e . 0.379(74)
s o o ~0.37(45)
d, 1.5(1.0)

o 0.325(32)  0.291(49) 0.400(69)
) ~0.19(34)  —0.28(46) ~0.40(47)
cy 0.56(76) 0.4(1.0) 1.6(1.0)

respectively. The resulting values of the fit parameters are
given in Table X VI, and plots of the fits are shown in Fig. 12
and in the right panel of Fig. 11.

C. Triply heavy baryons

With no light or strange valence quarks, the triply heavy
baryons represent the simplest systems for the chiral and
continuum extrapolations. Here we allow for a linear
dependence on the light sea-quark mass and a quadratic
dependence on the lattice spacing. For the case of three
equal-flavor heavy quarks, the Pauli exclusion principle
requires the ground-state 2 to have J P = %*. We fit the

ES,“b) = E(u0) 1 A0) 4 C%W) [r1n, Inf fs subtracted energies of the Q... and Q,,;,;, using the function
00/ * 1
(ss)12 (ss)12
(ss) Mz ] 243 (sub) _ r(sub0) | .(59) [mz] 243
T g T e A3, (84) Eq,p, = EVY + Cx daf +Cal A%, (86)
E) _ plsub0) 0) © . (w) {2 — [m,(}fhys)]z with parameters E®0), ¢ and c¢,. In the mixed-flavor
o | = D+ AP AT+ oy, P _ 1+ P _ 3+ ; ;
00’ Anf case, both J© =3 and J" =37 are possible without
(s8)1 requiring orbital angular momentum. Thus, we have the
+ ¢l [z + e a3, (85)  hyperfine multiplets {Q000. 20 }> Whose subtracted
dnf energies we fit using the form
————— a=0.112 fm, m, = 761 MeV cessseesea=0.085 fm, m,, = 747 MeV a =0, m,, = 689 MeV
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FIG. 12 (color online).  Chiral and continuum extrapolations for the {Qg0, Q) } baryons. See the caption of Fig. 9 for explanations.
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TABLE XVII. Chiral and continuum extrapolation fit param-
eters for the triply heavy baryons.

Qccc beb {Qccbvgzcb} {chbagjbb}
E(®0) (MeV) 193.9(8.8) 199.4(9.1) 218.9(10)  217.8(8.3)
AY (MeV) 29.55(74)  33.54(59)
e —0.07(14) —0.08(15) —0.26(15) —0.15(12)
Ca 0.76(30) 0.36(34) 0.78(32)  0.24(27)
(ss)12
(sub)  _ p(sub0) (%) [mz”] 203
Eq,y = E +cx 1nf + c,a”\°, (87)
b 0 - [m(ss)]z
ES® = pow0) p A0 (BT L 203 (88)
000/ Arf

with the additional hyperfine splitting parameter AY The
resulting fit parameters for all triply heavy baryons are
given in Table XVII, and plots of the fits are shown in
Figs. 13 and 14. Note that the O(a?) effects appear to be

PHYSICAL REVIEW D 90, 094507 (2014)

largest for the systems containing two or more charm
quarks.

V. FINAL RESULTS AND ESTIMATES OF
SYSTEMATIC UNCERTAINTIES

To obtain the subtracted baryon energies at the physical
point, EGU-Phys) - we evaluated the (real parts of the) fit
functions discussed in the previous sections at my ~ =
m) :mfzphys>, <\:V = ,(fjhys), a=0, L=oco0, where
mgp ") — 134.8 MeV is the 'pion mass in the isospin limit
[96], and mf,f’hys) = 689.3 MeV [75]. The statistical uncer-
tainties of E(">PhYS) were computed by propagating the
uncertainties of all fit parameters in a correlated way, using
their covariance matrices obtained from the second deriv-
atives of y?. These statistical uncertainties already include
the uncertainties in the lattice spacings (see the discussion
at the beginning of Sec. IV). To obtain the full baryon
masses, we then added the experimental values of "7 M. +
% My; to ESPYS) using [8]

‘ ————— a=0.112 fm  ......a. a =0.085 fm a=0
0.24 T T 0.24
—~ 02F "] """~ "~ —- - - - - - ___ - — — 022 8
S i = RS Pt * el &= - — -
(Y L AL LTITE T ee B © (.20 [ L EEEEidh TIITTrTtrribviolt Bt
g 0.20 g 0.20 11
= oasf ] = oas} ]
2 016f - 2 016f -
=4l Qece =4l Qup -
0'12 | | | | | | | | | 012 | | | | | | | | |
0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
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FIG. 13 (color online).

Chiral and continuum extrapolations for the Q... (left panel) and €,,, (right panel). The curves show the fit

functions for the two different lattice spacings where we have data, and in the continuum limit. For the continuum curves, the shaded
bands indicate the 1o uncertainty. Data points at the coarse lattice spacing are plotted with circles, and data points at the fine lattice

spacing are plotted with squares.
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TABLE XVIII. Final results for the full baryon masses (in
MeV). The first uncertainty is statistical and the second un-
certainty is systematic. Where available, we also show the
experimental averages from the Particle Data Group [8]. Where
experimental results were available for multiple isospin states, we
show the isospin-averaged mass. The experimental value for the
Q, mass given here is our average of the CDF [10] and LHCb

[12] results.

State This work Experiment

A, 2254(48)(31) 2286.46(14)
X, 2474(41)(25) 2453.79(11)
2 2551(43)(25) 2518.32(42)
= 2433(35)(30) 2468.91(48)
= 2574(37)(23) 2576.8(2.1)

=k 2648(38)(25) 2645.90(38)
Q. 2679(37)(20) 2695.2(1.7)

QF 2755(37)(24) 2765.9(2.0)

Zee 3610(23)(22) e

=i 3692(28)(21)

Q.. 3738(20)(20)

Q. 3822(20)(22)

Qe 4796(8)(18) e

A, 5626(52)(29) 5619.4(0.6)

z, 5856(56)(27) 5813.5(1.3)

= 5877(55)(27) 5833.6(1.3)

= 5771(41)(24) 5790.6(2.0)

= 5933(47)(24) o

= 5960(47)(25) 5945.5(2.3)

Q, 6056(47)(20) 6046.8(2.1)

Q 6085(47)(20) e

Zbp 10143(30)(23)

= 10178(30)(24)

Qup 10273(27)(20)

Q, 10308(27)(21)

Qubp 14366(9)(20)

Zep 6943(33)(28)

=, 6959(36)(28)

= 6985(36)(28)

Qp 6998(27)(20)

Q, 7032(28)(20)

Q, 7059(28)(21)

Q.cp 8007(9)(20)

Qe 8037(9)(20)

Qepp 11195(8)(20)

Qb 11229(8)(20)

M,. = 3068.61(18) MeV,
M,; = 9444.72(87) MeV.

The results for the full baryon masses are given in
Table XVIII, and are plotted in Fig. 15. Furthermore,
Table XIX shows our results for the mass splittings between
baryons with equal quark-flavor content, including the
hyperfine splittings. The mass splittings have smaller
statistical uncertainties than the baryon masses themselves
as a consequence of correlations. For all results, individual
estimates of the total systematic uncertainties are also given
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in the tables. These include the uncertainties associated
with the assumptions/approximations made in the chiral
and continuum extrapolations, and those associated with
the use of lattice NRQCD for the b quarks. In the following,
we describe in detail how we obtained these estimates.

A. Chiral and continuum extrapolation
systematic uncertainties

The chiral and continuum extrapolations were performed
at next-to-leading order in the chiral expansion, and
included a quadratic dependence on the lattice spacing.
To estimate the uncertainty associated with this truncation,
we added higher-order analytic terms to the fit functions
and redid the fits. For example, in the case of the
{Ap.2Zp, 2}, we added the terms

E<SUb'HO> (vv,v) [mgfw)]4 (ss.58) [mﬂss)]4

oo T gy T gy
(vv) (ss)

+d(vv,ss) [mrr ]z[mrz ]2

. d("v) [m,(,VV)]zaZAZ
(4xf)? “r Arnf
(ss)12 272
gy TOA e (89)
T

(ss) [mSZSS)]

S (dnf)?

(subHO) _ (w) (m)?

(0)
EZQ - CAJZ (4ﬂ.f)2 A

A0 ¢

(W4
(vv,vv) [mzr ]
+ CA,aaZAZA(O) + Cx (477,'f)3

(wss) [P mS 2
(4 f)?

+ cx
[m(S”PazAz
)
4rf ' 4rf

+ cs,3>a3A4, (90)

(SS)]4

(ss,58) [mﬂ
T
iy I FN

(subHO) _ (W) [erW)]z

z CAz (4ﬂf)2

(SS)]4

+ C(ss,ss) [mﬂ
" (4nf)?
a,x Anf

+ i (91)
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FIG. 15 (color online).

Our results for the masses of charmed and/or bottom baryons, compared to the experimental results where

available [8,10,12]. The masses of baryons containing n,, bottom quarks have been offset by —n,, - (3000 MeV) to fit them into this plot.
Note that the uncertainties of our results for nearby states are highly correlated, and hyperfine splittings such as M. — Mg, can in fact
be resolved with much smaller uncertainties than is apparent from this figure (see Table XIX).

to Eqgs. (54), (55), and (56). At this order, the energy
splitting parameters from the original fit also need to be
expanded in powers of the quark masses and lattice
spacing, leading to the terms with products of A or
A with [m{™]2, [mS]2, or a2 The terms proportional to
a® may arise from heavy-quark discretization errors. We
followed a Bayesian approach and constrained the addi-
tional parameters in Egs. (89), (90), and (91) to be natural
sized. Because we have introduced appropriate powers of
the relevant energy scales in the definitions of the fit
functions, the new parameters are dimensionless, and we
used Gaussian priors with central value 0 and width 3 for
each one. We then recomputed EC">P") for each baryon
from the new higher-order fits. A good measure for the

systematic uncertainty due to the higher-order effects is the
resulting increase in the uncertainty of ES®PhYs) computed
in quadrature,

_ /2 _ 2
Osyst HO = \/ ONLO+HO ~ ONLO’

where oy o 1S the uncertainty obtained from the original fit
and oy o.po 1S the uncertainty of the fit including the
higher-order analytic terms. We applied the same procedure
to the baryon mass splittings and their uncertainties. Using
the increase in the uncertainty is far more robust than using
the change in the central value, because the change in the
central value may be close to zero with our choice of priors
for the higher-order terms.

(92)
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TABLE XIX. Mass splittings (in MeV) between baryons with
equal flavor. The first uncertainty is statistical and the second
uncertainty is systematic. Where available, we also show the
experimental averages from the Particle Data Group [8] (the
=;0 — =, splitting was taken from Ref. [11]). Where experi-
mental results were available for multiple isospin states, we show
the isospin-averaged mass splitting.

Splitting This work Experiment
.- A, 219(36)(43) 167.33(18)
- A, 297(33)(43) 231.86(44)
X —-Z, 78(7)(11) 64.53(43)
SR 140(16)(38) 107.9(2.2)
Er — B 214(16)(39) 176.99(61)
= -= 73.7(5.0)(8.7) 69.1(2.2)
QI —Q, 75.3(1.9)(7.6) 70.7(2.6)
Sie — See 82.8(7.2)(5.8) e
Qi — Q.. 83.8(1.4)(5.3) e

X, — A, 230(47)(40) 194.1(1.4)
X —A, 251(46)(40) 214.2(1.5)
=2, 21.2(4.9)(7.3) 20.1(1.9)
=, -5 162(29)(33) e

= - 189(29)(33) 154.41(0.79)
g — =5 27.0(3.2)(8.6) e
Q-Q, 28.4(2.2)(7.7)

Ebp — Ebp 34.6(2.5)(7.4)

Q) — Qpp 35.7(1.3)(5.5)

=, —Ew 16(18)(38)

= = 43(19)(38)

2 -2, 26.7(3.3)(8.4)

QL —Q 35(9)(25)

Q- Q 62(9)(25)

Q, —-Q, 27.4(2.0)(6.7)

Q= Qeen 29.6(0.7)(4.2)

Qip — Qe 33.5(0.6)(4.1)

We separately estimated and added the uncertainties
associated with our choices for A and A, in the evaluation
of the chiral functions F. As discussed in Sec. IV, for the
larger, well-resolved splittings, we used the results of linear
extrapolations of the lattice results to the chiral limit. To
estimate the effect of this choice, we repeated the analysis
with A and A, set equal to constant fits of the lattice results
instead, and we took the resulting changes in the central
values of EBUPhYS) ag our estimates for this particular
source of systematic uncertainty. The smallest of the
splittings (such as the hyperfine splittings A, in the bottom
sector), for which we already used the results of constant
fits to the lattice data, have very little effect on the values of
F in the first place.

B. NRQCD systematic uncertainties: baryon
masses via E(U0-phys)

For baryons containing b quarks, the uncertainties
associated with the use of lattice NRQCD enter into
Eq. (48) both through the baryon energies themselves,
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and through the subtraction term — % E,;. We estimate the
NRQCD uncertainties using power counting [66].

For the subtraction term, the relevant expansion param-
eter is the typical velocity of the b quark inside bottomo-
nium, vi ~ 0.1 [66]. The NRQCD action used here only
includes terms up to order v*. The effect of the missing v°
corrections on the subtraction term 1is of order
%2 myv ~ % (5 MeV). The matching coefficients of the
order-v* operators in the NRQCD action were set to their
tadpole-improved tree-level values (except for ¢4, which
was determined to one loop), introducing an additional
systematic uncertainty of order 2 a;m, v} ~ % (10 MeV).
Furthermore, the NRQCD action used here did not include
four-fermion operators, whose effect is expected to be of
order %2 aZm,v; ~ " (6 MeV).

For the bgq’ baryons containing a single b quark and no
charm quarks, we need to use heavy-light power counting
with the expansion parameter A/m,. In this case, the

operators —04%1])6 -B and Hy = —%2; are both of first
order. While H, does not require a matching coefficient, the
matching coefficient ¢, was computed only through one
loop. We estimate the uncertainty in Ej,, resulting from
this truncation to be of order a?A?/m;, ~2 MeV. The
matching coefficients of the O(A%/m3) operators were
computed at tree level, and most of the O(A®/m3)
operators are missing altogether, which introduces system-
atic uncertainties in E,, of order a, A3/ m% ~ 1 MeV and
A*/m3 ~ 0.5 MeV, respectively. For heavy-light systems,
the effect of the missing four-quark operators (containing
products of two heavy and two light quark fields) on the
energies is expected to be of order a?A3/m2; a more
detailed study shows that the energy shifts caused by the
four-quark operators in heavy-light systems are around
3 MeV [97].

For the bcc baryons, we use heavy-heavy power counting;
there, the typical velocity of the b quark is expected to be

comparable to thatin a B, meson, UIZ)(L_) ~ 0.05[98]. Thus, we

estimate the systematic uncertainties associated with the
missing 2° terms, the missing radiative corrections in the
matching coefficients of the v* terms, and the missing four-
quark operators to be of order mbv?](C) ~1 MeV, asmbv‘b‘(c)z
3 MeV, and a%m,,vz(c) ~ 3 MeV, respectively.

For the bcg baryon energies, we conservatively add the
power-counting estimates obtained in the previous two
paragraphs (for the bgq' and bcc baryons) in quadrature.

For the triply bottom €,,,,, heavy-heavy power counting
applies, and the NRQCD expansion converges with the
same rate as in bottomonium (this was demonstrated
numerically in Refs. [42,43]). Here we expect a partial
cancellation of the NRQCD uncertainties between Eq
and — % E, ;. Therefore, instead of adding the uncertainties
from these two terms in quadrature, we estimate the total

NRQCD systematic uncertainty in ES::’];phys) to be equal to
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1/2 times the NRQCD systematic uncertainty in —%Ebg
(with n, = 3).

1The bbc and bbg baryons are also similar to bottomo-
nium, and we again assume a 50% cancellation of the
NRQCD systematic uncertainty from — % E,;. Because of
the presence of a charm or light valence quark we estimate
the total NRQCD systematic uncertainty in E(bsl;lc P o

Eésbu; ") o be the quadratic sum of 1/2 times the
uncertainty in ——’Ebb (with n, =2) and our above

estimate of the NRQCD uncertainty in Ej.. or E,.y,
respectively.

C. NRQCD systematic uncertainties:
baryon mass splittings

In the mass splittings between different baryon states with
the same valence- quark content given in Table XIX, the
subtraction term ——‘Ecg — Ebb cancels. Furthermore, in
the hyperfine splittings, the leadlng contributions from the
spin-independent operators in the NRQCD action cancel.

For the heavy-light bgq’ baryons, our estimates of the
NRQCD systematic uncertainties in Epqqs as discussed in
the previous subsection, were in fact dominated by spin-
dependent effects, and hence we assign the same estimates
also for the mass splittings in this sector.

In the .. — Q,. hyperfine splitting, the effects of the
spin-independent order-v* operators are expected to cancel
to a large extent, and this splitting is expected to primarily

originate from the operator —qﬁc-ﬁ. Thus, the

NRQCD systematic uncertainties originate from the
one-loop matching of ¢4, from the missing spin-dependent
v® terms, and from the missing spin-dependent four-quark
operators. We estimate the sizes of these uncertainties to be
afmbvb< ,~ 1 MeV, mbv?)( ,~1 MeV, and afmbvf)<c)z
3 MeV, respectively, using the same power counting as
for B. mesons. For the Q;, = — €, hyperfine splitting, we
note that (in the limit of large m,,) the bottom diquark has
spin 1 in both states. Therefore, it is appropriate to apply the
B, power counting also to this splitting, and we assign the
same NRQCD uncertainty.

Similarly, the &5, — =, and Qj, — €, mass splittings
predominantly arise through the hyperfine interaction of a
spin-1 bottom diquark with the spin of the light or strange
valence quark. Therefore, we use heavy-light power counting
for these splittings, and assign the same NRQCD uncertainties
as for the mass splittings of singly bottom bgq’ baryons.

Finally, for the mass splittings in the mixed bcq sector,
where the power counting is less trivial, we add in
quadrature our estimates of the NRQCD systematic uncer-
tainties for the mass splittings in the bcc and bgq sectors.

D. Other systematic uncertainties

In this subsection we briefly comment on other sources
of systematic uncertainties in the baryon masses. First,
recall that our calculation was performed in the isospin

PHYSICAL REVIEW D 90, 094507 (2014)

limit, setting m, = m,; and neglecting QED effects.
Isospin-breaking effects caused by m, —m,; and by

QED are typically of the order of a few MeV [99]. The

electromagnetic contribution to E(Sub PhYS) was estimated

using a potential model to be 5.1 & 2.5 MeV [42]; an effect
of similar size can be expected for the Q... (the charge of
the charm quark is twice as large, but the average interquark
distance is also expected to be larger than in the Q).
Uncertainties associated with the tuning of the charm- and
bottom-quark masses are expected to be negligible in our
results, because this tuning was performed with high
precision, and, more importantly, the leading dependence
on the heavy-quark masses cancels in the subtracted
energies E(U0PhYs)  When computing the spin-averaged
quarkonium masses for the subtracted energies, we
neglected the annihilation contributions, which predomi-
nantly affect the #, and the #,. A perturbative estimate for
the resulting mass shift was given in Eq. (15). This
evaluates to about —3 MeV for the 7. mass and about
—1 MeV for the 7, mass, and these masses enter only with
a factor of 1/4 in the spin averages. Finally, we note that
our chiral and continuum extrapolations already removed
the leading finite-volume effects from the baryon masses.
Given that these leading finite-volume effects were at most
2 MeV (see Tables XI and XV), we expect that higher-order
finite-volume effects are negligible.

VI. CONCLUSIONS

We have presented a comprehensive lattice QCD calcu-
lation of the masses of baryons containing one or more
heavy quarks. We have extrapolated all results to the
continuum limit and to the physical light-quark mass (in
the isospin limit), and we have carefully estimated the
remaining systematic uncertainties. For the singly charmed
and singly bottom baryons that have already been observed
in experiments, our results for the masses agree with the
experimental values within the uncertainties, as can be seen
in Fig. 15. In the case of the Q,, our calculation agrees with
the CDF [10] and LHCb [12] measurements, but deviates
from the DO measurement [9] by two standard deviations.

Our results for the heavy-baryon hyperfine splittings (see
Table XIX) have smaller uncertainties than our results for
the baryon masses themselves. Combining our lattice QCD
determinations of the =; — = and Q; — Q, splittings with
the experimental values of the EZO [8,11] and Q,, [10,12]
masses, we obtain more precise predictions for the masses
of the as yet undiscovered =) and Qj:

m=p = 5918.5(3.2)(8.6)(2.3) MeV, (93)
mo; = 6075.2(2.2)(7.7)(2.1) MeV. (94)

Here, the first two uncertainties are from our lattice QCD
calculation (statistical and systematic), and the third
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*
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Comparison of lattice QCD results for the doubly and triply charmed baryon masses [41,45-47,49,51]; our

results are labeled as “Brown et al., 2014.” Only calculations with dynamical light quarks are included; for the doubly charmed baryons,
we further required that the calculations were performed at or extrapolated to the physical pion mass. Results without estimates of
systematic uncertainties are labeled “stat. only.” The lattice-spacing values used in the calculations are also given; a = 0 indicates that

the results have been extrapolated to the continuum limit. Reference [49] (Padmanath er al., 2013) gives results for mgq_

_3
smyy, for

two different values of the Sheikholeslami-Wohlert coefficient; here we took the result with cqyw = 1.35 and added the experimental
value of %m 7/ [8]. In the plot of the doubly charmed baryons, the unconfirmed experimental result for the =} mass from SELEX
[13,14] is shown with a dashed line. Note that the lattice QCD calculations consistently predict a =.. mass higher than the SELEX result.

uncertainty is experimental. We assumed that the baryon
discovered by the CMS Collaboration [11] is indeed the
Z;0 (and not the Z}0). For the €, mass, we used the average
of the CDF [10] and LHCb [12] measurements.

A comparison of our results for the doubly and triply
charmed baryons with other unquenched lattice calculations
is shown in Fig. 16. Of particular interest is the lightest
doubly charmed baryon, the =,.. The SELEX Collaboration
reported signals interpreted as the =, at 3518.7(1.7) MeV
[13,14], but subsequent searches by FOCUS [15], BABAR
[16], Belle [17], and LHCD [18] did not confirm the existence
of this structure. As can be seen in Fig. 16, all recent lattice
QCD determinations of the =.. mass in the isospin limit are
consistent with each other and give masses around 100 MeV
higher than the SELEX result; our own calculation deviates
from the SELEX measurement by 91 &+ 32 MeV, corre-
sponding to 2.8 standard deviations. Note that the isospin
splitting mz:+ —mz=: was recently computed in lattice
QCD + QED to be 2. 16(11)(17) MeV [99].

Regarding the Q... mass, we note that our result is
higher than the recent result from Alexandrou et al. [51] by
2.3 standard deviations, but agrees with earlier calculations
[45-47,49] (note, however, that the results of
Refs. [46,47,49] are not extrapolated to the continuum
and lack estimates of the systematic uncertainties). While
our lattice calculation was based on the mass difference

Mg — %Mm Ref. [51] calculated Mg directly and may

cce

therefore be more susceptible to a slight mistuning of the
charm-quark mass.

For the doubly bottom baryons, we compare our results
to those from Ref. [53] in Fig. 17. Our results are consistent
with Ref. [53] but have larger statistical uncertainties. This
may be because we performed our numerical calculations
with lighter (closer to physical) up- and down-quark masses

10450

% Lewis and Woloshyn, 2009 (a = 0.1 fm)
10400 |- -
@ Brown et al., 2014 (a = 0)

10350 - —

R

i

b

M (MeV)

10200 -
10150 -
10100 |-

10050

Zh Qp Q5

FIG. 17 (color online). Comparison of lattice QCD results for
the doubly bottom baryon masses. The only other published
unquenched calculation is the one of Ref. [53]. Our results have
larger statistical uncertainties, but our calculation was performed
with closer-to-physical pion masses and included a combined

chiral and continuum extrapolation.
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TABLE XX. Hyperfine splittings of doubly heavy baryons
calculated in this work, compared to experimental results [8] for
the hyperfine splittings of mesons related by heavy quark-diquark
symmetry. The ratio of these hyperfine splittings is expected to
approach the value 3/4 in the heavy-quark limit [4].

This

work Experiment
Splitting (MeV) Splitting (MeV) Ratio
= -2, 828092 DO-D° 142.12(7) 0.58(6)
Qi —Q. 838(55) D;—-D; 143.8(4) 0.58(4)
=, —Zp 34.6(7.8) B*—-B 45.78(35) 0.76(17)
Q, — S, 357(5.7) B —-B; 48.7(2.3) 0.73(12)

where the two-point correlation functions are exponentially
noisier [85], and because our continuum extrapolations
amplified the statistical uncertainties. For the triply bottom
Q,,, baryon, our present result is not completely indepen-
dent from the result obtained by one of us in an earlier work
[42], and we refer the reader to Ref. [42] for further
discussions.

PHYSICAL REVIEW D 90, 094507 (2014)

It is interesting to compare our lattice QCD results for
the hyperfine splittings of the doubly heavy baryons to the
hyperfine splittings of the corresponding heavy-light
mesons. This comparison is shown in Table XX, where
we use the experimental results of the heavy-light meson
hyperfine splittings (preliminary lattice results for the
heavy-light meson hyperfine splittings from the same data
sets as used for the baryons are consistent with the
experimental results). Heavy quark-diquark symmetry
[3] predicts that the ratio of these hyperfine splittings
approaches the value 3/4 in the heavy-quark limit [4]. We
do indeed see some evidence that the ratios in the bottom
sector are closer to this value than the ratios in the charm
sector.

No other dynamical lattice QCD calculations have been
published so far for mixed charm-bottom baryons (the
results of a quenched lattice calculation can be found in
Ref. [31]). We therefore compare our lattice QCD results
for the masses of these baryons to predictions from
potential models, QCD sum rules, and other continuum-
based approaches. These comparisons are shown in Fig. 18

7600 - -
Lattice QCD (Brown et al., 2014) X He et al., 2004 #  Zhang et al., 2008
* Roncaglia et al., 1995 T Albertus et al., 2002 ¥V Giannuzzi, 2009
O  Silvestre-Brac, 1996 QO Martynenko, 2008 A Tang et al., 2012
V Ebert et al., 2002 < Roberts and Pervin, 2008 ® Ghalenovi et al., 2014
7400 - [ A Kiselev et al., 2002 * Bernotas et al., 2008 @ Karliner and Rosner, 2014 B
L ]
[
. 7200 |- o ® -
> o
< v
= ° v
~ <
= o
7000 |- o o TV
A
v
f ,3 A
X
A * o
6800 - X -
;F N
A
A A
A
6600 - A -
— =/ =k / *
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FIG. 18 (color online).

Comparison of our lattice QCD results for the =, =/, =5, Q.. QL,, and QF, baryon masses with estimates

based on continuum methods, including quark models and QCD sum rules [100-113]. From Refs. [101] (Silvestre-Brac, 1996) and
[112] (Ghalenovi et al., 2014), we show results for multiple different choices of the interquark potentials. Note that the bag-model
calculation of Ref. [104] (He et al., 2004) predicts mz. < mz, and Mo < Mg , and the QCD sum-rule calculation of Ref. [111] (Tang
et al., 2012) predicts mz < mz, and mg < mgq both of ‘Which are rather Unusual. The sum-rule calculation of Ref. [109] (Zhang
et al., 2008) gives extremely large hyperﬁne sphttmgs mz. —mz R~ 1 GeV and Mo — Mg = 0.5 GeV [our results for the hyperfine
splittings are m=: —mz, = 26.7(3.3)(8.4) MeV, mg. —mg = ' 7. 4(2.0)(6.7) MeV]; the = *, mass from Ref. [109] is beyond the
upper limit of the plot.
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Comparison of our lattice QCD results for the masses of triply heavy charm-bottom baryons with estimates

based on continuum methods, including quark models, QCD sum rules, and perturbative QCD [6,101,106,107,110,112,114—120]. From
Refs. [101] (Silvestre-Brac, 1996) and [112] (Ghalenovi et al., 2014), we show results for multiple different choices of the interquark
potentials. From Ref. [6], which used the static three-quark potential from perturbative QCD, we show the next-to-next-leading-order
results from Table XVI. Not shown in this plot are the results of the QCD sum-rule calculation of Ref. [121], which are far lower than all

other results.

forthe =, 2/, Z5,, Q. Q,, and QF,, and in Fig. 19 for
the Q..;, Q7 ,, Q.pp, and Q7. It is evident that the mass
predictions in the literature cover ranges far wider than our
uncertainties. We hope that our lattice QCD results provide
a useful benchmark for future studies of these interesting

systems.
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APPENDIX: THE CHIRAL FUNCTION F

The chiral function F(m, 8, u) results from the evalu-
ation of a one-loop self-energy diagram, where the internal
baryon has a mass difference 6 from the external baryon, in
heavy-hadron chiral perturbation theory. We write it as the
sum of the infinite-volume part and a finite-volume
correction,

F(m, 6, 1) = FWN)(m, 8, 1) + FF) (m,5). (A1)
The infinite-volume part is given by
1)
FWN) (m,6,pu) = (m*> —&)mR (—)
m
3 2 45?
— [ =m? —5% )dlog m_2 -5 log| — ),
2 H H
(A2)

where
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R(x) = Vx* = 1[log (x — Vx* = 1 + ie)
—log (x + vV x* — 1 + ie)].

Here, we use a renormalization scheme in which the real
part of FIV) vanishes in the chiral limit [122]. Our
definition of FIV) differs from the one used in Ref. [67]
by the term —&° log(t—‘zz).

|

A= e[l —Erf(z)] + : {i <% —£> + <

NACEP

umlL
I R E S
(umL)? |\/x\ 64 32 16 8

with

Z

<. 2Z2> @)1 — Erf(z)]}

) - <_126+Z88>e(*>[1 — Erf(z)]] + O<(W1L)3>, (A4)

umlL
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An approximate expression for the finite-volume cor-
rection is given by [123,124]

e—umL

ulL

FEV) (m,8) = —mzﬂz
#1#0

A, (A3)

where i = (uy, uy, u3), u; € Z, u = |u|, and

4
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