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I. INTRODUCTION

Several studies on meson spectroscopy have been
published over the years, based on different pictures for
mesons; these include qq̄ mesons [1–17], comprising the
unquenched lattice QCD calculations of Refs. [18–22],
meson-meson molecules [23–29], tetraquarks [30–32], and
quarkonium hybrids [33–35]. Further references can be
found in review papers [36].
Many of these studies have investigated hadron

properties within the quark model (QM). The QM
[1,3–8,15,37–44] can reproduce the behavior of observ-
ables such as the spectrum and the magnetic moments, but
it neglects pair-creation effects, which are manifested as a
coupling to meson-meson (meson-baryon) channels.
Above threshold, this coupling leads to strong decays;
below threshold, it leads to virtual qq̄ − qq̄ (qqq − qq̄)
components in the hadron wave function and shifts of
the physical mass in relation to the bare mass, as already
shown by several authors in the meson [45–55] and baryon
[56–62] sectors. Indeed, since the earliest days of hadron
spectroscopy, it has been recognized that the properties of a
level can be strongly influenced by the closest channels
[63,64]. An early example was the resonance Λð1405Þ,
decaying intoΣπ but strongly influenced by the nearby K̄N
threshold [65], or the f0ð980Þ, decaying into ππ but
behaving remarkably like a KK̄ meson-meson molecule
[66]. The unquenching of the quark model for hadrons is a
way to take into account pair-creation (or continuum)
effects (i.e., meson-meson and baryon-meson configura-
tions in the meson and baryon sectors, respectively).
Pioneering work on the unquenching of meson quark

models (one of the major developments in the field of QMs)
was done by Törnqvist and collaborators [45,56], while
van Beveren and Rupp used a heuristic t-matrix approach
[67,68]. This difficult method, sometimes also called a

unitarized quarkmodel [45,56],was developed byTörnqvist
and then also applied to the study of the scalar meson nonet
(a0, f0, etc.) [69]. The method was used (with a few
variations) by Törnqvist, Isgur, Pennington, Bijker, and
Santopinto to study the influence of the meson-meson
(meson-baryon) continuum onmeson (baryon) observables,
such as the strangeness content of the nucleon electromag-
netic (e.m.) form factors [70], the flavor asymmetry of the
proton [71], the importance of the orbital angular momen-
tum in the spin of the proton, as explicitly calculated for the
first time with a quark model in Ref. [72], and the
charmonium spectrum and threshold effects on the mass
of theXð3872Þ resonance [45,50,54,55]. Themore heuristic
and hybrid t-matrix approach developed by vanBeveren and
Rupp [67,68], with a quark model seed and a meson cloud,
does not have wave functions, unlike the unquenched quark
model (UQM). In any case, the two approaches, bymeans of
wave functions or t matrix, should be linked in the end,
though a complete and difficult derivation from the first to
the second is still to be worked out in detail, and will be the
subject of a subsequent paper, in which the present approach
will be extended to cross section calculations.
The main aim of the present study is to calculate the

bottomonium spectrum with self-energy corrections, which
requires the use of the UQM formalism, developed in our
previous papers [55,73,74]. This is a systematic way to
perform coupled-channel calculations, by taking the effects
of meson-meson intermediate states consistently into
account at the quark level. In our approach, the intermediate
meson-meson states are weighted by means of 3P0 ampli-
tudes and the bare energies, entering the recursive coupled-
channel equations for the physical masses of the mesons,
are computed by using the numerically difficult Godfrey
and Isgur’s relativized QM [5]. The UQM formalism will
be extended to t-matrix calculations in a subsequent article.
In particular, in the present paper we intend to extend our

previous calculation of the cc̄ spectrum [55] to the bb̄ one.
Unlike the preliminary study of the lower bottomonium
states of Ref. [73], in which the bare energies were taken as

*Corresponding author.
santopinto@ge.infn.it

PHYSICAL REVIEW D 90, 094022 (2014)

1550-7998=2014=90(9)=094022(13) 094022-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.90.094022
http://dx.doi.org/10.1103/PhysRevD.90.094022
http://dx.doi.org/10.1103/PhysRevD.90.094022
http://dx.doi.org/10.1103/PhysRevD.90.094022


free parameters and their sum with the self-energies fitted to
the physical masses of the mesons of interest, thus losing
predictive power, here we perform an explicit calculation of
the bare energies within a potential model [5]. Specifically,
the new results we provide in this paper are as follows:
(1) the first systematic unquenching of a relativistic
bottomonium quark model; (2) the first discussion of the
possibility of observing continuum effects in the χbð3PÞ
system; and (3) the first systematic calculation of the
open-bottom strong decay widths of bb̄ states within the
3P0 model.
In Sec. I, we discuss the previous attempts made to

unquench the quark model; in Sec. II, we recall the main
ingredients of our UQM formalism and, in particular, in
Secs. II B and II C the main modifications we introduced in
the 3P0 operator (mainly the use of an effective 3P0 strength
that suppresses heavy quark pair creation); in Sec. III, we
show our results for the open-bottom strong decay widths
(Sec. III A) and for the bottomonium spectrum with self-
energy corrections (Sec. III B) and finally discuss the nature
of the χbð3PÞ system (Sec. III C).

II. FORMALISM

A. Self-energies

The Hamiltonian we consider,

H ¼ H0 þ V; ð1Þ
is the sum of a first part, H0, acting only in the bare meson
space, and a second part, V, which can couple a meson state
jAi to the meson-meson continuum jBCi.
The dispersive equation, resulting from a nonrelativistic

Schrödinger equation, is

ΣðEaÞ ¼
X
BC

Z
∞

0

q2dq
jVa;bcðqÞj2
Ea − Ebc

; ð2Þ

where the bare energy Ea satisfies

Ma ¼ Ea þ ΣðEaÞ: ð3Þ
Ma is the physical mass of the meson A, with self-energy
ΣðEaÞ. In Eq. (2) one has to take the contributions from
various meson-meson intermediate states jBCi into account.
These channels, with relative momentum q between B and
C, have quantum numbers Jbc and l coupled to the total
angular momentum of the initial state jAi. Va;bc stands for
the coupling due to the operator V between the intermediate
state jBCi and the unperturbed quark-antiquark wave
function of the meson A; Ebc ¼ Eb þ Ec is the total energy
of the channel BC, calculated in the rest frame. Finally, if the
bare energy of the meson A, Ea, is greater than the threshold
Ebc, the self-energy of Eq. (2) contains poles and is a
complex number: in this case one has real loops instead of
virtual ones.

Since the physics of the dynamics depends on the matrix
elements Va;bcðqÞ, one has to choose a precise form for the
transition operator, V, which is responsible for the creation
of qq̄ pairs. Our choice is that of the UQM of Refs. [55,73].

B. An unquenched quark model for bottomonia

In the unquenched quark model for mesons [55,73] the
effects of quark-antiquark pairs are introduced explicitly
into the quark model through a QCD-inspired 3P0 pair-
creation mechanism. This approach, which is a generali-
zation of the unitarized quark model by Törnqvist and
Zenczykowski [56] (see also Ref. [75]) is based on a QM,
to which qq̄ pairs with vacuum quantum numbers are added
as a perturbation and where the pair-creation mechanism is
inserted at the quark level.
Under these assumptions, the meson wave function is

made up of a zeroth order quark-antiquark configuration
plus a sum over the possible higher Fock components, due
to the creation of 3P0 qq̄ pairs. Thus, one has

∣ψAi ¼ N
�
∣Ai þ X

BClJ

Z
d~q∣BC~qlJi hBC~qlJ∣T

†∣Ai
Ea − Eb − Ec

�
;

ð4Þ

where T† stands for the 3P0 quark-antiquark pair-creation
operator [55,73], which depends on an effective pair-
creation strength γeff0 , A is the meson, B and C represent

the intermediate state mesons, and Ea, Eb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

b þ q2
q

and Ec ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

c þ q2
p

are the corresponding energies, ~q
and l are the relative radial momentum and orbital angular

momentum between B and C, and ~J ¼ ~Jb þ ~Jc þ ~l is the
total angular momentum. The wave functions of the
mesons A, B, and C can be written as harmonic oscillator
wave functions, which depend on a single oscillator
parameter α ¼ 0.5 GeV.
The 3P0 quark-antiquark pair-creation operator, T†, is

given by [55,73]

T† ¼ −3γeff0

Z
d~p3d~p4δð~p3 þ ~p4ÞC34F34e−r

2
qð~p3−~p4Þ2=6

× ½χ34 × Y1ð~p3 − ~p4Þ�ð0Þ0 b†3ð~p3Þd†4ð~p4Þ; ð5Þ

where b†3ð~p3Þ and d†4ð~p4Þ are the creation operators for a
quark and an antiquark with momenta ~p3 and ~p4, respec-
tively. The qq̄ pair is characterized by a color singlet wave
function C34, a flavor singlet wave function F34, a spin
triplet wave function χ34 with spin S ¼ 1 and a solid
spherical harmonic Y1ð~p3 − ~p4Þ, which indicates that the
quark and antiquark are in a relative P wave. Since the
operator T† creates a pair of constituent quarks with an
effective size, the pair-creation point has to be smeared out
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by a Gaussian factor, whose width rq has been determined
from meson decays to be in the range 0.25–0.35 fm
[60,75,76]. In our calculation, we take the value rq ¼
0.335 fm [55]. The pair-creation strength, γeff0 ¼ mn

mi
γ0, is

fitted to the strong decay ϒð4SÞ → BB̄, and the value for γ0
is extracted.
In short, the two main differences from the old 3P0

model are the introduction of a quark form factor, as
already done by many authors such as Törnqvist and
Zenczykowski [56], Silvestre-Brac and Gignoux [60],
and Geiger and Isgur [75,76], and the use of the effective
strength γeff0 ¼ mn

mi
γ0, since it is well known that heavy

flavor pair creation is suppressed. We think that both these
improvements, i.e., the introduction of the quark form
factor and the effective strength γeff0 , already used in
Refs. [55,73], can make the model more realistic.
The matrix elements of the pair-creation operator T†

were derived in explicit form in the harmonic oscillator
basis in Ref. [77], using standard Jacobi coordinates.
In the UQM, the coupling Va;bc between the meson-

meson continuum, BC, and the unperturbed wave function
of the meson A can be written as

Va;bcðqÞ ¼
X
lJ

hBC~qlJjT†jAi: ð6Þ

In general, two different diagrams can contribute to the
transition matrix element hBC~qlJjT†jAi (see Fig. 1): in the
first one, the quark in A ends up in B, while in the second
one it ends up in C. In the majority of cases, one of these
two diagrams vanishes; however, for some matrix elements,
both must be taken into account [73], as, for example, in the
case of the coupling ηb → ϒϒ, where the initial jbb̄i state is
coupled to the final state jbb̄; bb̄i and the created pair is a
bb̄ one.
Finally, by substituting Eq. (6) into Eq. (2), we have

ΣðEaÞ ¼
X
BClJ

Z
∞

0

q2dq
jhBC~qlJjT†jAij2
Ea − Eb − Ec

: ð7Þ

The values of the pair-creation model’s parameters, used
to compute the strong decays of Sec. III A and the vertices
hBC~qlJjT†jAi of Eq. (7), are reported in Table I.

C. 3P0 pair-creation model

In the 3P0 pair-creation model [78], the open flavor
strong decays of bb̄mesons take place via the production of
a light qq̄ pair (i.e., q ¼ u, d, or s), with vacuum, i.e., 3P0,
quantum numbers, followed by the separation of the initial
meson into two open-bottom mesons.
Themost recent variants of the 3P0 model include a quark

form factor in the transition operator [55,70–73,75,76]
that takes the nonpointlike nature of the constituent quarks
into account, and an effective pair-production strength
γeff0 that suppresses unphysical heavy qq̄ pair creation
[49,55,73].
In particular, in Ref. [49] it is stated that in the old 3P0

model approach the pair creation is flavor independent,
which implies an enhancement of the creation of heavy
quarks in comparison with that of light quarks, without a
fundamental reason for that. Thus, an effective pair-
creation strength γeff0 [49,55,73], defined as

γeff0 ¼ mn

mi
γ0; ð8Þ

is introduced, with i ¼ n (i.e., u or d), s, c, and b (see
Table I). This problem has already been recognized and
corrected by several authors [49,55,73]. The same mecha-
nism as in Eq. (8), including also a quark form factor, is
used in the calculations of the present paper and of
Refs. [55,73].

D. Godfrey and Isgur’s relativized quark model

The relativized QM [5] is a potential model for qq̄meson
spectroscopy, which was developed in 1985 by Godfrey
and Isgur (see also Ref. [11]).
The starting Hamiltonian of the model [5] is given by

H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

1

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

2

q
þ Vconf þ Vhyp þ Vso; ð9Þ

where m1 and m2 are the masses of the constituent quark
and antiquark inside the meson, q is their relative

(a) (b)

FIG. 1. Two diagrams can contribute to the process A → BC. qi
and q̄i stand for the various initial (i ¼ 1–4) and final ði ¼ 5–8)
quarks or antiquarks, respectively. Picture from Ref. [73].
Copyright 2012, American Physical Society.

TABLE I. Pair-creation model parameters.

Parameter Value

γ0 0.732
α 0.500 GeV
rq 0.335 fm
mn 0.330 GeV
ms 0.550 GeV
mc 1.50 GeV
mb 4.70 GeV
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momentum (with conjugate coordinate r), and Vconf ,
Vhyp and Vso are the confining, hyperfine, and spin-orbit
potentials, respectively.
The confining potential [5],

Vconf ¼ −
�
3

4
cþ 3

4
br −

αsðrÞ
r

�
~F1 · ~F2; ð10Þ

contains a constant, c, a linear confining term, and a
Coulomb-like interaction, which depends on a QCD-
motivated running coupling constant αsðrÞ.
The hyperfine interaction is written as [5]

Vhyp ¼ −
αsðrÞ
m1m2

�
8π

3
~S1 · ~S2δ3ð~rÞ

þ 1

r3

�
3~S1 · ~r~S2 · ~r

r2
− ~S1 · ~S2

��
~Fi · ~Fj: ð11Þ

The spin-orbit potential [5],

Vso ¼ Vso;cm þ Vso;tp; ð12Þ

is the sum of two contributions, where

Vso;cm¼−
αsðrÞ
r3

�
1

mi
þ 1

mj

�� ~Si
mi

þ
~Sj
mj

�
· ~L~Fi · ~Fj ð13aÞ

is the color-magnetic term and

Vso;tp ¼ −
1

2r

∂Hconf
ij

∂r
� ~Si
m2

i
þ

~Sj
m2

j

�
· ~L ð13bÞ

is the Thomas-precession term.
What is known as the model of Godfrey and Isgur [5] is

the Hamiltonian of Eq. (9) plus some relativistic effects.
These effects include the introduction of a potential
smearing and the replacement of factors of quark mass
by quark kinetic energy. This is exactly the model used in
the present paper for the bare energy calculation of
Sec. III B.

III. RESULTS

A. Open-bottom strong decays in the 3P0
pair-creation model

In this section, we show our calculation of the open-
bottom strong decay widths of higher bottomonia (see
Table III). The decay widths are calculated within the 3P0

model [55,73] as

ΓA→BC ¼ ΦA→BCðq0Þ
X
l;J

jhBC~q0lJjT†jAij2: ð14Þ

Here, ΦA→BCðq0Þ is the standard relativistic phase space
factor [55,73],

ΦA→BC ¼ 2πq0
Ebðq0ÞEcðq0Þ

Ma
; ð15Þ

which depends on the relative momentum q0 between B
and C and on the energies of the two intermediate state

mesons, Eb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

b þ q20

q
and Ec ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

c þ q20
p

. The val-

ues of the masses Ma, Mb, and Mc used in the calculation
are taken from the PDG [79] and Ref. [80], while in the
case of still unobserved states we use the model predictions
of Godfrey and Isgur, obtained with the values of the
model’s parameters shown in Table IV (see Tables II
and III, second column). In our calculation, we use a
variational basis of 200 harmonic oscillator shells, so that
our results converge very well.
The operator T† inside the 3P0 amplitudes hBC~q0l

JjT†jAi is that of Eq. (5), which also contains the quark
form factor of Refs. [75,76]. The quark form factor, which
takes the nonpointlike nature of the constituent quarks into
account, is not included in the original formulation of the
3P0 model [78]. Another difference between our calcula-
tion and those of Refs. [77,78,81,82] is the substitution of
the pair-creation strength γ0 by the effective strength γeff0 of
Eq. (8). The introduction of this effective mechanism
suppresses those diagrams in which a heavy qq̄ pair is
created, as discussed in Sec. II C. More details on this
mechanism can be found in Refs. [49,55,73].
Finally, the results of our calculation, obtained with the

values of the model parameters shown in Table I, are
reported in Table III. See also Table V, where our
theoretical results are compared with the existing exper-
imental data [79]. Here, we also provide a rough evaluation
of the theoretical error on the predicted decay widths.
The error is estimated considering the upper and lower
limits on the values of the experimental masses [79].
For example, in the case of the ϒð43S1Þ,

Mϒð43S1Þ ¼ 10579.4� 1.2 MeV; ð16Þ
we have Mmin

ϒð43S1Þ ¼ 10578.2 MeV and Mmax
ϒð43S1Þ ¼

10580.6 MeV. Analogously, in the case of B, we have
Mmin

B ¼ 5279.09MeV andMmax
B ¼ 5279.43MeV. Different

combinations between the upper and lower limits of the

TABLE II. Masses of open-bottom mesons used in the calcu-
lations. When available, we used the experimental values from
PDG [79]; otherwise, in the case of the B�

c resonance, we took the
theoretical prediction of the relativized QM [5].

State JP M [GeV] Source

B 0− 5.279 [79]
B� 1− 5.325 [79]
Bs 0− 5.366 [79]
B�
s 1− 5.416 [79]

Bc 0− 6.277 [79]
B�
c 1− 6.340 [5]
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masses of the decaying and final state mesons provide
minimum and maximum values for the theoretical decay
width, from which one can extract the theoretical error.
To obtain results for the masses of the higher lying bb̄

resonances, we use the relativized QM of Ref. [5], whose
mass formula we have refitted to the most recent exper-
imental data (see Table IV). Something similar was done in
Ref. [81] for charmonia.
This refit was necessary to compute the strong decays,

which require precise values for the masses of the decaying
mesons, including the higher-lying states. Indeed, the 85
original results of Godfrey and Isgur [5] show a deviation
from the most recent experimental data of the order of

50 MeV in the case of 4S states. The prediction of Godfrey
and Isgur for the mass of ϒð4SÞ (10.63 GeV [5]) is
approximately 50 MeV higher than the corresponding
experimental data (10579.4� 1.2 MeV [79]); moreover,
their theoretical prediction for the mass of ηbð4SÞ
(10.62 GeV) is 40 MeV higher than the mass of ϒð4SÞ,
while in contrast an ηbð4SÞ state should be lower in energy.
The value of ηbð4SÞ’s mass, which was absent in the

TABLE III. Strong decay widths (in MeV) in heavy meson pairs for higher bottomonium states. Column 2 shows the values of the
masses of the decaying bb̄ states: when available, we used the experimental values from PDG [79] (†); otherwise the theoretical
predictions of the relativized QM [5], whose mass formula we have refitted to the most recent experimental data (parameters as from
Table IV). Columns 3–8 show the decay width contributions from various BC channels, such as BB̄ and BB̄�. The values of the 3P0

model parameters, fitted to experimental data for the strong decay widths of bb̄ resonances (see Appendix B), are shown in Table I.
The symbol—in the table means that a certain decay is forbidden by selection rules or that the decay cannot take place because it is
below the threshold.

Meson Mass [MeV] JPC BB̄ BB̄� B̄B� B�B̄� BsB̄s BsB̄�
s B̄sB�

s B�
s B̄�

s

ϒð10580Þ or ϒð43S1Þ 10.595 1−− 20 — — — — —
E10579.4� 1.2†

χb2ð23F2Þ 10585 2þþ 34 — — — — —

ϒð33D1Þ 10661 1−− 23 4 15 — — —

ϒ2ð33D2Þ 10667 2−− — 37 30 — — —

ϒ2ð31D2Þ 10668 2−þ — 55 57 — — —

ϒ3ð33D3Þ 10673 3−− 15 56 113 — — —

Eχb0ð43P0Þ 10726 0þþ 26 — 24 — — —

ϒ3ð23G3Þ 10727 3−− 3 43 39 — — —

χb1ð43P1Þ 10740 1þþ — 20 1 — — —

hbð41P1Þ 10744 1þ− — 33 5 — — —

χb2ð43P2Þ 10751 2þþ 10 28 5 1 — —

χb2ð33F2Þ 10800 2þþ 5 26 53 2 2 —

ϒ3ð31F3Þ 10803 3þ− — 28 46 — 3 —

ϒð10860Þ or ϒð53S1Þ 10876� 11† 1−− 1 21 45 0 3 1

ϒ2ð43D2Þ 10876 2−− — 28 36 — 4 4

ϒ2ð41D2Þ 10877 2−þ — 22 37 — 4 3

ϒ3ð43D3Þ 10881 3−− 1 4 49 0 1 2

ϒ3ð33G3Þ 10926 3−− 7 0 13 2 0 5

ϒð11020Þ or ϒð63S1Þ 11019� 8† 1−− 0 8 26 0 0 2

TABLE IV. Resulting values of Godfrey and Isgur’s model [5]
parameters, obtained by refitting the mass formula of Eq. (9) with
the most recent experimental data [79].

mb¼ 5.024 GeV b ¼ 0.156 GeV2 αcrs ¼ 0.60
Λ ¼ 0.200 GeV c ¼ −0.280 GeV σ0 ¼ 0.146 GeV
s ¼ 4.36 ϵc ¼ −0.242 ϵt ¼ 0.030
ϵsoðVÞ ¼ −0.053 ϵsoðSÞ ¼ 0.019

TABLE V. Our results for the open-bottom strong decay widths
of Table III are compared to the existing experimental data [79].
We also provide an estimation of the theoretical error, which is
determined considering the upper and lower limits on the values
of the experimental masses from PDG [79]. Different combina-
tions between the upper and lower limits of the masses of the
decaying and final state mesons provide minimum and maximum
values for the theoretical decay width, from which one can extract
the theoretical error.

State Γtheor ð3P0Þ [MeV] Γexp [MeV]

ϒð43S1Þ 20.49þ0.01
−0.12 20.5� 2.5

ϒð10860Þ 71.08þ24.34
−13.83 42þ29

−24
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original paper of 1985 [5], was extracted by running a
numerical program that calculates Godfrey and Isgur
model’s spectrum with the original values of the parameters
as reported in Ref. [5]. The 4S resonances are important,
being the lowest energy bb̄ states that decay into two open-
bottom mesons. Since we are interested in calculating
observables (the strong decay widths) that have a strong
dependence on the masses of the mesons involved in the
calculation, we thought that it was important to update the
1985 results of Godfrey and Isgur in the bb̄ sector. At that
time, many bb̄ states were still unobserved. Moreover, since
the results of Godfrey and Isgur differ from the experimental
data in the 4S case, we think that this might also be the case
of other higher lying radial excitations, such as 4P. Thus, in
our fit, we preferred to get a better reproduction of the radial
excitations instead of the low-lying ones, because the latter
are useless in computing the decays.

B. Bare and self-energy calculation of bb̄ states

The relativized QM [5] is now used to compute the bare
energies of the bb̄ mesons, Ea’s, at each step of an iterative
procedure. Indeed, in this case, the quantities fitted to the
spectrum of bottomonia [79,80] are the physical masses
Ma’s of Eq. (3), and therefore the fitting procedure is an
iterative one.
Indeed, once the values of the bare energies are known, it

is possible to calculate the self-energies ΣðEaÞ’s of the bb̄
states through Eq. (7), summing over a complete set of
accessible SUfð5Þ ⊗ SUspinð2Þ 1S intermediate states. If
the bare energy of the initial meson A is above the threshold
BC, i.e., Ea > Mb þMc, the self-energy contribution due
to the meson-meson BC channel is computed as

ΣðEaÞðBCÞ ¼ P
Z

∞

MbþMc

dEbc

Ea − Ebc

qEbEc

Ebc
jhBC~qlJjT†jAij2

þ 2πi

�
qEbEc

Ea
jhBC~qlJjT†jAij2

�
Ebc¼Ea

;

ð17Þ

where the symbol P indicates a principal part
integral, calculated numerically, and 2πifqEbEc

Ea
jhBC~qlJjT†

jAij2gEbc¼Ea
is the imaginary part of the self-energy.

Finally, the results of our calculation, obtained with the
set of parameters of Tables I and VI and the effective pair-
creation strength of Eq. (8), are given in Table VII and
Fig. 2. This means that the vertices hBC~qlJjT†jAi of
Eqs. (7) and (17) are computed with the same set of 3P0

model parameters as in Sec. III A, fitted to the experimental
ϒð4SÞ → BB̄ strong decay width [79] (see Appendix B).

C. χ bð3PÞ system
The χbð3PÞ system was discovered by the ATLAS

Collaboration in 2012 [83] and then confirmed by the

D0 Collaboration [84]. Since the χbð3PÞ resonances lie
quite close to BB̄, BB̄�, and B�B̄� decay thresholds, their
wave functions may contain important continuum compo-
nents, as we have shown in the cc̄ sector in the case of the
Xð3872Þ [55]. We think that the present experimental data
[83,84] cannot exclude this possibility. In particular, in
Ref. [84] the authors state, “Further analysis is underway
to determine whether this structure is due to the χbð3PÞ
system or some exotic bottom-quark state.” Thus, we think
that our results for these states, and in particular for
the splittings between them, can be used to discuss this
particular problem (see Fig. 3 and Tables VIII, IX, and X).
Indeed, the magnitude of the splittings between χbð3PÞ
states of the multiplet is still unknown (see Ref. [16]).
As shown in Table VIII, our UQM result for the mass

barycenter of the χbð3PÞ system [obtained by averaging the
theoretical values of the masses of the χb0ð3PÞ, χb1ð3PÞ,
and χb2ð3PÞmesons, from Table VII] is in good accordance
with the present experimental data: Mχbð3PÞ ¼ 10.530�
0.005ðstatÞ � 0.009ðsystÞ GeV [83] and Mχbð3PÞ ¼
10.551� 0.014ðstatÞ � 0.017ðsystÞ GeV [84]. It is inter-
esting to observe that, in the case of the χbð3PÞ system,
important threshold effects break the scheme for the
splittings between χb2ð3PÞ − χb1ð3PÞ and χb1ð3PÞ −
χb0ð3PÞ resonances, which holds in the χbð1PÞ and
χbð2PÞ cases. See also Table IX, which reports results
for the mass barycenters of χbð1PÞ, χbð2PÞ, and χbð3PÞ
systems and the mass splittings between the members of the

FIG. 2 (color online). Comparison between the calculated
masses (black lines) of 1S, 2S, 3S, 1P, 2P, 3P, and 1D
bottomonium states via Eq. (3) and the experimental ones
[79,80] (boxes). The new values of Godfrey and Isgur’s model
parameters are taken from Table VI. Also shown is the lowest
strong decay thresholds.

TABLE VI. Values of Godfrey and Isgur’s model parameters,
obtained by fitting the results of Eq. (3) to the experimental data
[79,80].

mb ¼ 4.568 GeV b ¼ 0.1986 GeV2 αcrs ¼ 0.600
Λ ¼ 0.200 GeV c ¼ 0.628 GeV σ0 ¼ 0.0127 GeV
s ¼ 2.655 ϵc ¼ −0.2948 ϵt ¼ 0.0129
ϵsoðVÞ ¼ − 0.0715 ϵsoðSÞ ¼ 0.0573
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three multiplets, from our refit of the relativized QM of
Sec. III A. Our results of Tables VIII and IX are substan-
tially equivalent for the χbð1PÞ and χbð2PÞ systems, but
differ for the χbð3PÞ multiplet, because of important
threshold effects in the UQM case.
We think that, when the high-statistics experiments at

ATLAS and D0 are performed, they will be able to
distinguish between quark model and unquenched quark
model predictions for the masses of the states belonging to
this multiplet. Indeed, our idea is that the QM can give a
good reproduction of the experimental data, except in
proximity to the thresholds, in which case the results
should be corrected by unquenching the quark model.
Up to now, for the bottomonium case, we have inves-

tigated states that are far away from meson-meson decay
thresholds, with the exception of 3P states, due to the
complexity of the calculations as the values of the energies
and the shells rise; nevertheless, the study of these higher
excitations [85] will be the next step [86].

D. Discussion of the results

In this paper, we have studied higher bottomonia and
provided results for the spectrum with self-energy correc-
tions and the open-bottom strong decays. Specifically, the
main results shown in this paper concern the following:
(1) the first systematic calculation of the open-bottom
strong decay widths of bb̄ states within the 3P0 model;
(2) the systematic unquenching of a relativistic quark
model for bottomonia, i.e., the development of an
unquenched quark model for bb̄ mesons; and (3) the
observation of the possible importance of continuum
effects in the χbð3PÞ system.
First of all, we computed the bottomonium spectrum with

self-energy corrections. In the UQM formalism of
Refs. [55,73], the effects of qq̄ sea pairs are introduced
explicitly into the QM through a QCD-inspired 3P0 pair-
creation mechanism. The self-energies we studied in this
paper are corrections to the meson masses arising from the

coupling to the meson-meson continuum. Neglected in naive
QM’s, these loop effects provide an indication of the quality
of the quenched approximation used in QM calculations,
where only valence quarks are taken into account. It is thus
worthwhile seeing what happens when these pair-creation
effects are introduced into the quarkmodel, similar to what is
done in unquenched lattice QCD calculations [18–22].
Therefore, we could say that these kinds of studies can
also be seen as inspections of the QM, of its power to predict
the properties of hadrons and of its range of applicability:
if the departure from QM results is important, one can see
new physics emerging or better extra degrees of freedom.
Several studies on the goodness of the quenched

approximation in the QM have already been done, such
as those of Refs. [70–73,75–77]. Many of them show that
the quark model can predict several hadron properties with
quite a high level of accuracy. Nevertheless, there are
observables whose expectation value on the valence com-
ponent of a certain hadron is null, even if the expectation
value on the sea component of the same hadron is nonzero:
for example, this occurs in the case of the flavor asymmetry
of the nucleon [71], where one has to incorporate loop
effects into the QM in order to carry out this kind of
calculation. This is also the case of the self-energy
calculation of Ref. [55] and of the present paper.
Our results for the self-energies of bottomonia show that

the loop corrections to the spectrum of bb̄ mesons (see
Table VII) are relatively small. Specifically for bottomo-
nium states, they are approximately 1%–2% of the corre-
sponding meson mass, while we have shown in Ref. [55]
that the charmonium mass shifts induced by loop correc-
tions are in the order of 2%–6%. The relative mass shifts,
namely the difference between the self-energies of two
meson states, are in the order of a few tens of MeV, but can
become important in proximity to a threshold.
In Ref. [73], a similar approach was already applied to

lower bottomonia. However, the results of Ref. [73] were
only preliminary, not only because in the present paper the
method is applied to the spectrum up to the excited states
while in Ref. [73] it was applied only to the low-lying ones.
In Ref. [73] the bare energies were taken as free parameters,
and the sum of the bare and self-energies was fitted to the
experimental data. Thus, it was only a preliminary calcu-
lation, and only now are we able to perform more complex
coupled-channel calculations. In the present paper, the bare
energies were calculated within Godfrey and Isgur’s rela-
tivized QM [5] and the sum of the bare and self-energies was
fitted to the experimental data. This is more consistent and
much more elegant; above all, it increases the predictive
power of the model: thus, we think that it constitutes an
improvement to the previous calculation. In addition, in
Ref. [73] the effective pair-creation strength γ0 was fitted to
the strong decay ψð3770Þ → DD̄, calculated in SUfð5Þ,
while in the present paper it is fitted to ϒð4SÞ → BB̄.
We think that this is more correct: (1) because a calculation

FIG. 3 (color online). Mass barycenter (in GeV) of the χbð3PÞ
system in our UQM calculation.
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of the properties of bb̄ mesons based on a 3P0-type model
for the decay vertices has parameters that should be fitted in
the most appropriate sector; thus the bb̄ sector in this case,
which considers the decay(s) of a bb̄ meson(s); and (2)
because bb̄ mesons have open-bottom decay thresholds that
are located at high energies in comparison with the masses of
the mesons belonging to the cc̄ sector; i.e., the first bb̄

meson decaying into a BB̄ pair is a 4S one. Thus, if one
wants to get reliable results for the open-bottom strong
decays of higher bottomonia, one should fit the parameters in
such a way as to get a good reproduction of the widths of
these high radial (and orbital) excitations. In the charmonium
case, the lowest energy state decaying into an open charm
DD̄ pair is the ψð3770Þ, i.e., a 1D state. In general, 1D states
lie at lower energies than 4S ones.
These continuum coupling effects are particularly impor-

tant in the case of suspected non-qq̄ states, such as the

TABLE VII. Self-energies, ΣðEaÞ (in MeV; see column 15), for 1S, 2S, 3S, 1P, 2P, 3P, and 1D bottomonium states due to coupling to
the meson-meson continuum, calculated with the effective pair-creation strength of Eq. (8) and the values of the UQM parameters of
Table I. Columns 3–14 show the contributions to ΣðEaÞ from various channels BC, such as BB̄ and BB̄�. In column 16 are reported the
values of the bare energies, Ea, calculated within the relativized QM [5], with the values of the model parameters of Table VI. In column
17 are reported the theoretical estimations Ma of the masses of the bb̄ states, which are the sum of the self-energies ΣðEaÞ and the bare
energies Ea (see also Fig. 2). Finally, in column 18 are reported the experimental values of the masses of the bb̄ states [79,80].
The symbol—means that the contribution from a channel is suppressed by selection rules (spins, G parity, …).

State JPC BB̄ BB̄� B̄B� B�B̄� BsB̄s BsB̄�
s B̄sB�

s B�
s B̄�

s BcB̄c BcB̄�
c B̄cB�

c B�
cB̄�

c ηbηb ηbϒ ϒϒ ΣðEaÞ Ea Ma Mexp.

ηbð11S0Þ 0−þ — −26 −26 — −5 −5 — −1 −1 — — 0 −64 9455 9391 9391
ϒð13S1Þ 1−− −5 −19 −32 −1 −4 −7 0 0 −1 — 0 — −69 9558 9489 9460
ηbð21S0Þ 0−þ — −43 −41 — −8 −7 — −1 −1 — — 0 −101 10081 9980 9999
ϒð23S1Þ 1−− −8 −31 −51 −2 −6 −9 0 0 −1 — 0 — −108 10130 10022 10023
ηbð31S0Þ 0−þ — −59 −52 — −8 −8 — −1 −1 — — 0 −129 10467 10338 —

ϒð33S1Þ 1−− −14 −45 −68 −2 −6 −10 0 0 −1 — 0 — −146 10504 10358 10355
hbð11P1Þ 1þ− — −49 −47 — −9 −8 — −1 −1 — 0 — −115 10000 9885 9899
χb0ð13P0Þ 0þþ −22 — −69 −3 — −13 0 — −1 0 — 0 −108 9957 9849 9859
χb1ð13P1Þ 1þþ — −46 −49 — −8 −9 — −1 −1 — — 0 −114 9993 9879 9893
χb2ð13P2Þ 2þþ −11 −32 −55 −2 −6 −9 0 −1 −1 0 — 0 −117 10017 9900 9912
hbð21P1Þ 1þ− — −66 −59 — −10 −9 — −1 −1 — 0 — −146 10393 10247 10260
χb0ð23P0Þ 0þþ −33 — −85 −4 — −14 0 — −1 0 — 0 −137 10363 10226 10233
χb1ð23P1Þ 1þþ — −63 −60 — −9 −10 — −1 −1 — — 0 −144 10388 10244 10255
χb2ð23P2Þ 2þþ −16 −42 −72 −2 −6 −10 0 0 −1 0 — 0 −149 10406 10257 10269
hbð31P1Þ 1þ− — −18 −73 — −11 −10 — −1 −1 — 0 – −114 10705 10591 —

χb0ð33P0Þ 0þþ −4 — −160 −6 — −15 0 — −1 0 — 0 −186 10681 10495 —

χb1ð33P1Þ 1þþ — −25 −74 — −11 −10 — 0 −1 — — 0 −121 10701 10580 —

χb2ð33P2Þ 2þþ −19 −16 −79 −3 −8 −12 0 0 −1 0 — 0 −138 10716 10578 —

ϒ2ð11D2Þ 2−þ — −72 −66 — −11 −10 — −1 −1 — — 0 −161 10283 10122 —

ϒð13D1Þ 1−− −24 −22 −90 −3 −3 −16 0 0 −1 — 0 — −159 10271 10112 —

ϒ2ð13D2Þ 2−− — −70 −68 — −10 −11 — −1 −1 — 0 — −161 10282 10121 10164
ϒ3ð13D3Þ 3−− −18 −43 −78 −3 −8 −11 0 −1 −1 — 0 — −163 10290 10127 —

TABLE VIII. Mass barycenters of χbð1PÞ, χbð2PÞ, and χbð3PÞ
systems (column 1) and mass splittings between the members of
the χbð1PÞ, χbð2PÞ, and χbð3PÞ multiplets (columns 2 and 3),
from Table VII. These are the results of our UQM calculation of
the bb̄ spectrum with self-energy corrections of Table VII.
The results are expressed in MeV. The notation ΔM21ð1PÞ
stands for the mass difference between the χb2ð1PÞ and
χb1ð1PÞ resonances, ΔM10ð1PÞ for the mass difference between
the χb1ð1PÞ and χb0ð1PÞ resonances, and so on.

Mth
χbð1PÞ ΔM21ð1PÞ ΔM10ð1PÞ

9876 21 30

Mth
χbð2PÞ ΔM21ð2PÞ ΔM10ð2PÞ

10242 13 18

Mth
χbð3PÞ ΔM21ð3PÞ ΔM10ð3PÞ

10551 −2 85

TABLE IX. Mass barycenters of χbð1PÞ, χbð2PÞ, and χbð3PÞ
systems (column 1) and mass splittings between the members of
the χbð1PÞ, χbð2PÞ, and χbð3PÞ multiplets (columns 2 and 3),
from Table III. These are the results of our refit of Godfrey and
Isgur’s mass formula, with the model parameters of Table IV.
The results are expressed in MeV.

Mχbð1PÞ ΔM21ð1PÞ ΔM10ð1PÞ
9894 21 30

Mχbð2PÞ ΔM21ð2PÞ ΔM10ð2PÞ
10241 21 14

Mχbð3PÞ ΔM21ð1PÞ ΔM10ð1PÞ
10510 17 13
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Xð3872Þ [87]. Indeed, it is true that, in general, the
relativized QM [5] can provide a more precise overall
description of the data. Nevertheless, as shown in Ref. [55]
in the case of the Xð3872Þ, the relativized QM may have
problems when one considers states that are close to a
meson-meson decay threshold. In this case, we think that it
is necessary to introduce continuum coupling corrections.
At the moment, there are two possible interpretations for
the Xð3872Þ [88]: a weakly bound 1þþ DD̄� molecule
[27–29] or a cc̄ state [13,55,89–91], with 1þþ quantum
numbers. In particular, in Ref. [55] it is shown that the
continuum coupling effects of the Xð3872Þ can give rise to
DD̄� and D�D̄� components in addition to the cc̄ core and
determine a downward energy shift, which is necessary to
obtain a better reproduction of the experimental data. This
may also be the case of the χbð3PÞ resonances (or at least of
one of them) that lie quite close to BB̄, BB̄�, and B�B̄�
decay thresholds. We think that the present experimental
data [83,84] cannot exclude this possibility.
Our work is not an extension of Godfrey and Isgur’s

relativized QM [5], which we used to compute the bare
energies of the bb̄ states; this is the unquenching of the
quark model [55]. In Ref. [54], the authors did something
similar. However, (1) they used the nonrelativistic potential
model to compute the bare energies instead of Godfrey and
Isgur’s relativized model [5], as we did; (2) they used the
3P0 model to compute the self-energy corrections, as we
did, but they used a standard 3P0 transition operator. Their
results are therefore biased by the fact that they did not take
the suppression of heavy quark pair production into
account, as we did. For example, in the case of χbð3PÞ
states, their results are different from ours.
In a second stage, we also calculated the strong decay

widths of bb̄ states within a modified version of the 3P0

model of hadron decays [55,73]. The corrections we intro-
duced into the transition operator of the model include the
following: (1) the use of a quark form factor, to take
the effective size of the constituent quarks into account

[55,60,73,75,76]; and (2) the replacement of the pair-creation
strength γ0 by the effective strength of Eq. (8), which
suppresses heavy qq̄ pair creation [49,55,73]. The introduc-
tion of this effective mechanism is necessary, since in the
original formulation of the 3P0 model the flavor-independent
pair creation implies an unphysical enhancement of heavy-
quark creation in comparison with light quark creation,
without a fundamental reason for that [49]. These results
for the strong decay widths, which required the refit of
Godfrey and Isgur’s mass formula to take the latest exper-
imental data into account, may be particularly useful to
experimentalists. Indeed,while knowledge of theϒ states and
their decaymodes is relatively good, this is not true for ηb and
χb states and, above all, for all the other states, such as theD-,
F-, andG-wave ones,whichweanalyzed in the present paper.
Our result for the width of the channel ϒð10860Þ →

B�
sB̄�

s , i.e., 1 MeV, is about 10 MeV too small in relation to
the experimental value [79]. The computed width is a
function of the masses of the ϒð10860Þ and B�

s resonances,
which, unfortunately, are still relatively poorly known. New
experiments will be important to determine the masses of the
two resonances with higher precision. Thus, we computed
the width of the channel ϒð10860Þ → B�

sB̄�
s not only by

taking into account the average values of the masses of the
ϒð10860Þ and B�

s reported by the PDG, as it is done in
Table III, but also by considering all the single experimental
data for the masses of the two mesons quoted by the PDG
[79] and in the cited articles [92–99] (see Table XI). Our
theoretical results vary between 0 and 17 MeV, the average
being 4.4 MeV. This is compatible with the experimental
value, Γϒð10860Þ→BsB̄�

s
¼ 9.6þ7.1

−5.6 MeV, within the experimen-
tal error. Our result for the total open-bottom width of the
ϒð10860Þ has to be compared with only a fraction, of the
order of 80%, of the total decay width of the meson
(55� 28 MeV [79]) (see Appendix C). We observe that
our theoretical result is compatible with the PDG average
[79], beingwithin the experimental error (seeTableV).This is
a good result for amodelwith only one free parameter, i.e., γ0.
Our theoretical result for the ϒð11020Þ open-bottom

decay width (see Table III) cannot be compared with the
existing experimental data of the PDG [79]. Indeed, the
PDG reports the total width of the meson, 79� 16 MeV,
but only gives the branching ratio ϒð11020Þ → eþe− ¼
ð1.6� 0.5Þ × 10−6 [79]. Nevertheless, we can say that our
theoretical result, i.e., 36 MeV, being smaller than the total
decay width of the ϒð11020Þ, at the moment is not
incompatible with the present experimental data.
We think that the present paper may be a useful help to

experimentalists in their search for new bb̄ states. In the
past few years, interest in heavy quarkonium physics has
increased enormously, as has the number of collaborations
devoted to the topic, because of the development of new B
factories. In particular, BABAR [100,101], Belle [102],
CDF [103], and D0 [84] have produced many interesting
results. Moreover, all four detectors at LHC (Alice, Atlas,

TABLE X. Mass barycenters of χbð1PÞ, χbð2PÞ, and χbð3PÞ
systems (column 1) and mass splittings between the members of
the χbð1PÞ, χbð2PÞ, and χbð3PÞ multiplets (columns 2 and 3)
within the relativized QM [5]. These results were extracted by
running a numerical program that calculates Godfrey and Isgur
model’s spectrum for bb̄ states with the values of the model
parameters reported in the original paper of 1985 [5]. The results
are expressed in MeV.

Mχbð1PÞ ΔM21ð1PÞ ΔM10ð1PÞ
9872 21 30

Mχbð2PÞ ΔM21ð2PÞ ΔM10ð2PÞ
10244 15 21

Mχbð3PÞ ΔM21ð1PÞ ΔM10ð1PÞ
10536 12 16
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CMS, and LHCb) have the capacity to study charmonia and
bottomonia and have already produced some new results,
such as the discovery of a new χbð3PÞ system [83]. There
are also approved proposals for new experiments, such as
Belle II [104]. Therefore, we think it is important to study
the properties of heavy mesons in order to provide
(updated) information with spectra, strong decay widths,
helicity amplitudes, and so on.
Finally, we would like to cite the interesting work by

Hanhart et al. [27,105], who performed coupled-channel
calculations with effective theories for the t matrix in order
to study the line shape of the Xð3872Þ. In the future, we
intend to do something similar, but at the quark level, in the
case of the χbð3PÞ system. This will be the subject of a new
paper [106].
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APPENDIX A: SUfð5Þ COUPLINGS

The SUfð5Þ flavor couplings that we have to calculate in
the 3P0 model are hFBð14ÞFCð32ÞjFAð12ÞF0ð34Þi for the
first diagram of Fig. 1, and hFBð32ÞFCð14ÞjFAð12ÞF0ð34Þi
for the second diagram, in which FXðijÞ represents the
flavor wave function for the meson X (i.e., the initial meson
A, the final mesons B andC, or the 3P0 created pair 0) made
up of the quarks i and j. These overlaps can easily be
calculated if we adopt a matrix representation of the mesons
[45]. In this case, the two diagrams become, respectively,

hFBð14ÞFCð32ÞjFAð12ÞF0ð34Þi¼Tr½FAFT
BF0FT

C�

¼ 1ffiffiffi
5

p Tr½FAFT
BF

T
C�;

hFBð32ÞFCð14ÞjFAð12ÞF0ð34Þi¼Tr½FAFT
CF0FT

B�

¼ 1ffiffiffi
5

p Tr½FAFT
CF

T
B�: ðA1Þ

APPENDIX B: PARAMETERS OF THE 3P0
PAIR-CREATION MODEL

The value of the width of the constituent quark form
factor, rq ¼ 0.335 fm, is taken from Ref. [55]. The value of
the harmonic oscillator parameter is taken as α ¼ 0.5 GeV.
Finally, the value of the pair-creation strength, γeff0 (see
Table I), has to be fitted to the reproduction of experimental
strong decay widths. We have chosen to fit γeff0 to the
experimental strong decay width ϒð4SÞ → BB̄ [79]. In this
case, since the created pair qq̄ is uū or dd̄, the effective pair-
creation strength γeff0 coincides with γ0 [see Eq. (8)].
The decay width is calculated within the 3P0 model

[60,82] as

Γϒð4SÞ→BB̄ ¼ 2ΦA→BCjhBC~q0lJjT†jAij2
¼ 2Φϒð4SÞ→BB̄jhBB̄~q011jT†jϒð4SÞij2
¼ 21 MeV; ðB1Þ

where the factor of 2 is introduced since ϒð4SÞ decays
into B0B̄0 or BþB−, hBC~q0lJjT†jAi is the 3P0 amplitude
describing the coupling between the meson jAi ¼ jϒð4SÞi
and the final state jBCi ¼ jBB̄i, and

ΦA→BC ¼ 2πq0
EbEc

Ma
ðB2Þ

is the standard relativistic phase space factor [82], with

Eb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

b þ q20

q
and Ec ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

c þ q20
p

.

APPENDIX C: OPEN-BOTTOM AND TOTAL
DECAY WIDTHS OF THE ϒð10860Þ

In this Appendix, we show how we extracted the
experimental result for the open-bottom decay width,
Γexp
ϒð10860Þ (open bottom), and our theoretical result for the

total width of the ϒð10860Þ resonance, Γth
ϒð10860Þ.

The experimental result for the open-bottom decay width
of the ϒð10860Þ [79]

TABLE XI. Open-bottom strong decay width of the ϒð10860Þ → B�
s B̄�

s channel (in MeV), obtained through all the possible
combinations of the masses of the ϒð10860Þ and B�

s mesons quoted by the PDG [79]. Our theoretical results vary between 0 and
17 MeV, the average being 4.4 MeV, which is compatible with the experimental value, Γϒð10860Þ→BsB̄�

s
¼ 9.6þ7.1

−5.6 MeV, within the
experimental error. The width is computed within the 3P0 model of Eqs. (14) and (15). We observe that some experiments report two
different values for the mass of the ϒð10860Þ (see Refs. [92] and [95]).

MB�
s
¼ 5416.4 MeV [96] MB�

s
¼5411.7MeV [97] MB�

s
¼5418MeV [98] MB�

s
¼5414MeV [99]

Mϒð10860Þ ¼ 10876 MeV [92] 2 0 3 0
Mϒð10860Þ ¼ 10869 MeV [92] 5 1 7 2
Mϒð10860Þ ¼ 10845 MeV [93] 16 15 13 17
Mϒð10860Þ ¼ 10868 MeV [94] 6 1 8 3
Mϒð10860Þ ¼ 10879 MeV [95] 1 0 2 0
Mϒð10860Þ ¼ 10888.4 MeV [95] 0 2 0 1
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Γexp
ϒð10860Þðopen bottomÞ ¼ 42þ29

−24 MeV ðC1Þ

is extracted in the following way: (1) the PDG average for
the total width of the ϒð10860Þ, i.e., 55 MeV [79], is
multiplied by a factor of 0.7664. This is the branching ratio
corresponding to the open-bottom strong decays and is the
sum of the following contributions: 5.5% (BB̄), 13.7%
(BB̄� and B̄B�), 38.1% (B�B̄�), 0.5% (BsB̄s), 1.34% (BsB̄s�

and B̄sBs�), and 17.5% (B�
sB̄�

s) [79]. (2) The lower and
upper extremes of the interval 42þ29

−24 MeV, 18 and 71 MeV,
are obtained by multiplying the lower and upper extremes
of the interval 55� 28 MeV [the total width of the
ϒð10860Þ], 27 and 83 MeV, by the branching fractions
67.2% and 86.1%, respectively [79]. (3) These branching
fractions, 67.2% and 86.1%, are obtained by summing the
lower or upper limits, respectively, of the branching ratios
of each open-bottom channel: BB̄, BB̄�, and so on. For
example, the lower limit of the branching fraction for the
channel ϒð10860Þ → BB̄ is 4.5% and its upper limit is
6.5% [79].

Γth
ϒð10860Þ is extrapolated in the following way: (1) the

theoretical open-bottom width of the ϒð10860Þ, i.e.,
71 MeV (see Table V), is divided by the experimental
open-bottom branching fraction, i.e., 76.64%. This yields
93 MeV. (2) To estimate the error on the theoretical result,
one has to divide the theoretical open-bottom width,
71 MeV, by the lower and upper extremes of the exper-
imental interval for the open-bottom branching fraction,
67.2% and 86.1%, respectively. The procedure for
extracting these numbers, 67.2% and 86.1%, has already
been explained in the first part of the appendix. In this way,
one gets the extremes of the theoretical interval for the total
width of the ϒð10860Þ: 82 and 106 MeV. (3) Now, one can
write the theoretical result for the total width of the
ϒð10860Þ, with its error,

Γth
ϒð10860Þ ¼ 93þ13

−11 MeV: ðC2Þ

As in the case of the open-bottom width of the ϒð10860Þ,
our theoretical result Γth

ϒð10860Þ is compatible with the
experimental data [79] within the experimental error.
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