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The newly observed hidden-charm meson Zþ
c ð3900Þ with quantum numbers JP ¼ 1þ is considered as a

hadronic molecule composed of D̄D�. We give detailed predictions for the decay modes Zþ
c → J=ψπþγ

and Zþ
c → J=ψπþlþl− ðl ¼ e; μÞ in a phenomenological Lagrangian approach.
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I. INTRODUCTION

Recently the three experimental collaborations BESIII
[1], Belle [2], and CLEO-c [3] reported on the observation
of a new charged resonance Zcð3900Þ detected via the
decay channel J=ψπ�. This observation of a charged,
hidden charm state embedded in the charmonium spectrum
presents clear evidence for an exotic meson resonance.
Interpretations of this unusual state were immediately
presented, dominantly focusing on either a compact tetra-
quark configuration [4–6] or a molecular state [7–11].
Oneof the tools in identifying theunderlying structure rests

on the study of the decay patterns of the Zc in addition to
the discovery decay mode J=ψπ�. For example, predictions
for the strong two-body transitions Zþ

c → H þ πþ with
H ¼ ΨðnSÞ, hcðmPÞwere already worked out in the context
of a hadronic molecule interpretation [11] (see also extension
on bottom sector Zb [12]). In the present work we extend to
the radiative and dilepton decays of the hadronic molecule
Zþ
c ð3900Þ proceeding as Zþ

c → J=ψπþγ and Zþ
c →

J=ψπþlþl−ðl ¼ e; μÞ. Radiative and dilepton decays can
shed light on the composite structure of the Zþ

c ð3900Þ: decay
patterns and decay widths will depend on the structure
assumption such as a hadronic molecule, a tetraquark con-
figuration, or even a mixed state of these components.
Although radiative decays are suppressed due to the strength
of the interaction particular final states such as J=ψπþγ are
relatively easy to identify experimentally. The analysis is
based on a phenomenological Lagrangian approach [12–14]
together with the compositeness condition [15–17], which
is a powerful tool to formulate hadrons as bound states of
their constituents using methods of quantum field theory.
When treating the Zþ

c as a hadronic molecule we assume
that this state together with the negative Zcð3900Þ− and
the neutral Zcð3900Þ0 partners form an isospin triplet
with spin and parity quantum numbers JP ¼ 1þ (as for
example briefly discussed in Ref. [13]). Therefore the
charged hidden-charm meson resonance Zþ

c is set up as a
superposition of the molecular configurations D̄D� as

jZþ
c i ¼

1ffiffiffi
2

p jD�þD̄0 þ D̄�0Dþi: ð1Þ

Note that analogous states in the bottom sector (Zþ
b and

Z0þ
b ) have also been considered previously Ref. [12].
To evaluate the radiative and dilepton decays of the

molecular state Zþ
c we proceed in the present paper as

follows. In Sec. II we briefly review the basic ideas of our
approach. We set up the new resonance Zþ

c as a D̄D�
molecular state and specify the relevant interaction
Lagrangians for the description of the three- and four-body
decays Zþ

c → J=ψπþγ and Zþ
c → J=ψπþlþl−ðl ¼ e; μÞ.

In Sec. III we introduce and discuss the kinematics of the
many-body transitions. In Sec. IV we present numerical
results and the discussion.

II. FRAMEWORK

Our approach to the molecular Zþ
c state is based on an

interaction Lagrangian describing its coupling to the
constituents as

L0
ZcDD� ðxÞ¼Zþμ

c ðxÞJ̄μZc
ðxÞþZ−μ

c ðxÞJμZc
ðxÞ;JμZc

ðxÞ

¼ gZcffiffiffi
2

p MZc

Z
d4yΦZc

ðy2Þ

×ðDþðxþÞD̄�0
μ ðx−ÞþD�þ

μ ðxþÞD̄0ðx−ÞÞ; ð2Þ

where xþ ≡ xþ w1y, x− ≡ x − w2y. Here x is the center-
of-mass coordinate, y is the relative (Jacobi) coordinate
of the constituents and w1 ¼ mD=ðmD þmD� Þ and w2 ¼
mD�=ðmD þmD� Þ are the fractions of the masses of the
constituents. The dimensionless constant gZc

describes the
coupling strength of the Zþ

c to the molecular D̄D� compo-
nents. ΦZc

ðy2Þ is a correlation function which describes the
distribution of the constituent mesons in the bound state.
A basic requirement for the choice of an explicit form
of the correlation function ΦZc

ðy2Þ is that its Fourier
transform vanishes sufficiently fast in the ultraviolet

PHYSICAL REVIEW D 90, 094013 (2014)

1550-7998=2014=90(9)=094013(13) 094013-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.90.094013
http://dx.doi.org/10.1103/PhysRevD.90.094013
http://dx.doi.org/10.1103/PhysRevD.90.094013
http://dx.doi.org/10.1103/PhysRevD.90.094013


region of Euclidean space to render the Feynman diagrams
ultraviolet finite. We adopt a Gaussian form for the
correlation function. The Fourier transform of this vertex
function is given by ~ΦZc

ðp2
E=Λ

2Þ≡ expð−p2
E=Λ

2Þ, where
pE is the Euclidean Jacobi momentum.Λ is a size parameter
characterizing the distribution of the two constituent mesons
in the Zþ

c system. For a molecular system where the binding
energy is negligible in comparison with the constituent
masses this size parameter is expected to be smaller than
1 GeV. From our previous analyses of the strong two-body
decays of the X, Y, Z meson resonances and of the
Λcð2940Þ and Σcð2880Þ baryon states we deduced a value
of maximally Λ ∼ 1 GeV [18]. For a very loosely bound
system like the Xð3872Þ a size parameter of Λ ∼ 0.5 GeV
[19] is more suitable. Here we choose values for Λ in the
range of 0.5–0.75 GeV which reflect a weakly bound heavy
meson system. Once Λ is fixed the coupling constant gZc

is
then determined by the compositeness condition [11,14,17].
It implies that the renormalization constant of the hadron
wave function is set equal to zero with:

ZZc
¼ 1 − Σ0

Zc
ðM2

Zc
Þ ¼ 0: ð3Þ

Σ0
Zc

is the derivative of the transverse part of the mass
operator Σμν

Zc
of the molecular states [see Fig. 1], which is

defined as

Σμν
Zc
ðpÞ ¼

�
gμν −

pμpν

p2

�
ΣZc

ðpÞ þ pμpν

p2
ΣL
Zc
ðpÞ: ð4Þ

We would like to stress again, that the size effects of the
constituent D mesons in the Zþ

c ð3900Þ are taken into
account by the dimensional parameter Λ and the coupling
constant gZc

. These parameters are constrained by the
compositeness condition (4)—the key condition for a study
of bound states in quantum field theory. It is equivalent to
the normalization of the wave function in Bethe-Salpeter
approaches and to the Ward identity, relating hadronic
electromagnetic vertex functions to the derivative of their
mass operators on the mass-shell (see detailed discussion in
Refs. [15–17]).
An analytical expression for the coupling gZc

is given
in Appendix A. In the calculation the mass of the Zc is
expressed in terms of the constituent masses and the
binding energy ϵ (a variable quantity in our calculations):
mZc

¼ mD þmD� − ϵ where ϵ is the binding energy. In

order to calculate the three- and four-body decays Zþ
c →

J=ψπþγ and Zþ
c → J=ψπþlþl−ðl ¼ e; μÞ we need to

specify additional phenomenological Lagrangians. Their
interaction vertices occur in meson-loop diagrams which
generate the decay modes. For this purpose the lowest-
order Lagrangian L is given by

LðxÞ ¼ LZc
ðxÞ þ LZcDD�ðxÞ þ LDD�J=ψπðxÞ

þ LDðxÞ þ LD�ðxÞ þ LπðxÞ þ LJ=ψðxÞ; ð5Þ

where

LVðxÞ ¼ −
1

4
GμνðxÞGμνðxÞ − 1

2
M2

VVμðxÞVμðxÞ;

LSðxÞ ¼
1

2
ðDμSðxÞÞ2 − 1

2
m2

SS
2ðxÞ ð6Þ

are the free Lagrangians of the spin-1 mesons V ¼ Zc, D�,
J=ψ and spin-0 mesons S ¼ π; D, respectively; Gμν ¼
∇μVν −∇νVμ is the stress tensor of vector/axial mesons,
∇μ ¼ ∂μ − ieAμ is the covariant derivative including the
electromagnetic field in case of charged states and e is the
corresponding electric charge of hadronH. The Lagrangian
LZcDD� ðxÞ is the gauge-invariant extension of the strong
Zþ
c DD� interaction Lagrangian (2). It includes photons

by gauging with the path integral Iðx; yÞ ¼ R
y
x Aμdwμ

resulting in

LZcDD� ðxÞ ¼ gZcffiffiffi
2

p MZc
Z−μ
c ðxÞ

Z
d4yΦZc

ðy2Þe−ieIðxþ;xÞ

× ðDþðxþÞD̄�0
μ ðx−Þ þD�þ

μ ðxþÞD̄0ðx−ÞÞ
þ H:c: ð7Þ

This Lagrangian is manifestly gauge-invariant. As dis-
cussed in detail in Refs. [20–25], the presence of the vertex
form factor in the interaction Lagrangian (like the strong-
interaction Lagrangian describing the coupling of Zc to its
constituents [Eq. (2)]) requires special care in establishing
gauge invariance. One of the possibilities is provided by a
modification of the charged fields which are multiplied by
an exponential containing the electromagnetic field and the
electrical charge e. This procedure was first suggested in
Ref. [26] and applied in Refs. [14,27–30]. In doing so the
fields of the charged D ¼ D;D� mesons are modified as

DþðxþÞ → e−ieIðxþ;x;PÞDþðxþÞ; ð8Þ

which leads to the electromagnetic gauge-invariant
Lagrangian (7). The interacting terms up to first order in
Aμ are obtained by expanding LZcDD� ðxÞ in terms of
Iðxþ; xÞ. Diagrammatically the first order term gives rise
to a nonlocal vertex with an additional photon line attached
[see Fig. 2].FIG. 1. Mass operator for the Zc.
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In the calculation of the three- and four-body decays
Zþ
c → J=ψπþγ and Zþ

c → J=ψπþlþl−ðl ¼ e; μÞ we also
need the four-particle DD�J=ψπ vertex generated by a
phenomenological Lagrangian proposed in Ref. [11]

LDD�J=ψπðxÞ ¼ −gDD�J=ψπJμνðxÞD̄�
νðxÞ∇μπ̂ðxÞDðxÞ þ H:c:

ð9Þ

where ∇μ is the covariant derivative. The coupling constant
gDD�J=ψπ is given by

gDD�J=ψπ ¼
ffiffiffi
6

p

2
ffiffiffi
2

p gJDDgD�Dπ

ðm2
Zc

−m2
J=ψÞ

�
1þ m2

J=ψ

2m2
Zc

� ; ð10Þ

as defined in Ref. [11]. The numerical value for
gJDDgD�Dπ=2

ffiffiffi
2

p
was evaluated in Ref. [11] and is

expressed through gJDDgD�Dπ=2
ffiffiffi
2

p ¼ 47.08. π̂ is the pion
matrix

π̂ ¼ ~π · ~τ ¼
�

π0 πþ
ffiffiffi
2

p

π−
ffiffiffi
2

p
−π0

�
ð11Þ

and Jμν ¼ ∂μJν − ∂νJμ is the stress tensor of the J=ψ state.
D ¼ ðDþ; D0Þ, D� ¼ ðD�þ; D�0Þ are the doublets of pseu-
doscalar and vector charmed D mesons, respectively. To
simplify the calculations we neglect the transverse part of
the vector propagators and of all vertex factors where the
vector fields are involved. This is justified by the fact that
the transverse parts only give a minor contribution to the
transition amplitude. For a better and compact overview the
external momenta of the three- and four-body decays are
summarized in Figs. 3 and 4, respectively. To summarizewe
also indicate the respective Feynman rules in Appendix B.
The graphs governing the three-body decay Zþ

c →
J=ψπþγ are shown in Figs. 5 and 6. The diagrams are
evaluated using the Schwinger representation for the
propagators:

1

m2 − k2
¼

Z
∞

0

dαe−αðm2−k2Þ: ð12Þ

The resulting matrix element for the three-body decay
Zþ
c → J=ψπþγ is gauge invariant as shown in Appendix C.

It can be decomposed into the following Lorentz structures:

T αβρ ¼
X5
i¼1

T αβρ
i ¼ ðgαβpρ

2 − pα
2g

βρÞF1

þ ðp2 · p1gαβ − pα
2p

β
1ÞpρF235

þ ððp − p2Þ · p2gαβ − pα
2p

βÞpρ
1F4; ð13Þ

where with F1, F235 ¼ F2 þ F3 þ F5 and F4 we denote
structure integrals collected in Appendix D. Since the
diagrams (2,3,5) in Fig. 5 and Fig. 6 have the same
Lorentz structure they can be summed up together.
The matrix element Mαβ for the four-body decay Zþ

c →
J=ψπþlþl− can be simply deduced from the matrix
element for the three-body decay. We assume that only
the photon contributes through conversion to the dilepton
final state. Hence the matrix element for the four-body
decay factorizes into a three-body part T of the Zþ

c →
J=ψπþγ transition and a leptonic part l corresponding to
the dilepton production γ → lþl−:

Mαβ ¼ −
e2

t
T αβρlρ; ð14Þ

where t ¼ ðk3 þ k4Þ2, lρ ¼ ūðk3Þγρvðk4Þ is the leptonic
current and ūðk3Þ, vðk4Þ denote the spinors of the lepton
and antilepton in the final state, respectively.

FIG. 2. Photon attached to the nonlocal vertex.

FIG. 3. Notation for the kinematics of the process
Zþ
c → J=ψπþγ.

FIG. 4. Notation for the kinematics of the process Zþ
c → J=

ψπþγ½→ eþe−�.
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In the final state we sum over all polarizations. The
polarization sum factorizes into three different parts, one
for the Zc, one for the J=ψ , and one for the photon:

Dα1α2
Zc

¼
X3
ρ¼1

ϵα1ρ ðpÞϵα2ρ ðpÞ ¼ −gα1α2 þ pα1pα2

m2
Zc

; ð15Þ

Dβ1β2
J=ψ ¼

X3
σ¼1

ϵβ1σ ðp2Þϵβ2σ ðp2Þ ¼ −gβ1β2 þ pβ1
2 p

β2
2

m2
J=ψ

; ð16Þ

Dρ1ρ2
γ ¼

X2
λ¼1

ϵρ1λ ðqÞϵρ2λ ðqÞ ¼ −gρ1ρ2 ; ð17Þ

where ϵαρ denotes the polarization vector. Using these, for
the spin-averaged square of the Zþ

c → J=ψπþγ amplitude
we write:

X
pol

jT j2 ¼ Dρ1ρ2
γ Dα1α2

Zc
Dβ1β2

J=ψ T α1β1ρ1ðT α2β2ρ2Þ†: ð18Þ

The leptonic Lρ1ρ2 and hadronic Hρ1ρ2 tensor contributing
to the Zþ

c → J=ψπþlþl− decay rate are

Hρ1ρ2 ¼ Dβ1β2
Jψ

Dα1α2
Zc

T α1β1ρ1ðT α2β2ρ2Þ†;
Lρ1ρ2 ¼

X
r;s

ūðrÞðk3Þγρ1vðsÞðk4Þv̄ðsÞðk4Þγρ2uðrÞðk3Þ

¼ tr½ðk3 þmÞγρ1ðk4 −mÞγρ2 �
¼ 4½kρ13 kρ24 þ kρ23 k

ρ1
4 − gρ1ρ2ðm2

l þ k3k4Þ�; ð19Þ

where ml is the lepton mass. The spin-averaged square
of the amplitude for the four-body decay Zþ

c →
J=ψπþlþl− in terms of leptonic and hadronic tensors is
finally written as

X
pol

jMj2 ¼ Hρ1ρ2Lρ1ρ2 : ð20Þ

In the next step the invariant matrix element squared,P
poljMj2, will be expressed in terms of Lorentz scalar

products of the five momenta p1, p2, k3, k4 and p. For
the sake of simplicity we do not display the explicit,
complicated result for

P
poljMj2.

III. KINEMATICS

To calculate the decay rates we have to specify two
independent kinematical variables for the three-body decay
Zþ
c → J=ψπþγ and five independent ones for the four-body

decay Zþ
c → J=ψπþlþl−. For the three-body decay we

choose the invariant Mandelstam variables as

s12 ¼ ðp1 þ p2Þ2;
s31 ¼ ðp1 þ qÞ2;
s32 ¼ ðp2 þ qÞ2;

s12 þ s31 þ s32 ¼ m2
Zc

þm2
J=ψ þm2

π þ δm2
γ ; ð21Þ

FIG. 6. D̄0D�þ meson loop diagrams contributing to the three-
body decay Zþ

c → J=ψπþγ.
FIG. 5. D̄�0Dþ meson loop diagrams contributing to the three-
body decay Zþ

c → J=ψπþγ.
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where δm2
γ is a cutoff parameter for the phase-space

integration to avoid the infrared bremsstrahlung singularity
for s31 → m2

π and s12 → m2
Zc

[see Sec. IV for further
discussion].
With these definitions we can express the scalar products

between the momenta p1, p2, and q as

p1 · p2 ¼
1

2
ðs12 −m2

π −m2
J=ψÞ;

p1 · q ¼ 1

2
ðs31 −m2

π − δm2
γÞ;

p2 · q ¼ 1

2
ðm2

Zc
þm2

π − s12 − s31Þ: ð22Þ

The scalar products between p and one outgoing momen-
tum can be eliminated due to momentum conservation.
Now the phase space region of the three-body decay can be
expressed through the following ranges for the kinematical
variables [31]:

ðmπ þ δmγÞ2 ≤ s31 ≤ ðmZc
−mJ=ψ Þ2;

s−12 ≤ s12 ≤ sþ12; ð23Þ

where

s�12 ¼ m2
J=ψ þm2

π

−
1

2s31
½ðs31 −m2

Zc
þm2

J=ψ Þðs31 þm2
π − δm2

γÞ

∓λ1=2ðs31; m2
Zc
; m2

J=ψÞλ1=2ðs31; m2
π; δm2

γÞ� ð24Þ

and λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2ðxyþ xzþ yzÞ is the
Källen triangle kinematical function.
To calculate the scalar products between the momentum

vectors p1 p2, k3, and k4 we will consider three reference
frames for the four particle phase space: the rest frame ΣZc

of the Zc meson, the dilepton center-of-mass frame Σl,
and the center-of-mass frame ΣJ=ψπ of the J=ψπ-pair [see
Fig. 7]. For the four-body decay we choose the kinematical
variables suggested in Ref. [32] and extensively used, e.g.,
in Refs. [33–36]:

(i) s12, the invariant mass squared of the J=ψπ-pair
(ii) s34, the invariant mass squared of the lepton pair

(iii) θ, the angle of the antilepton lþ in Σl with
momentum k3 and with respect to the dilepton line
of flight in ΣZc

(iv) ξ, the angle of the pion πþ in ΣJ=ψπ with momentum
p1 and with respect to the dimeson line of flight
in ΣZc

(v) ϕ, the angle between the plane formed by the
mesons J=ψ , π in ΣZc

and the corresponding plane
formed by the dileptons.

It proves to be very helpful to introduce linear combinations
of the momenta p, p1, p2, k3, and k4. One of these
momenta can always be eliminated due to momentum
conservation:

K ¼ p1 þ p2; L ¼ p1 − p2;

Q ¼ k3 þ k4; R ¼ k3 − k4:

In order to express the Lorentz scalar products in terms
of the kinematical variables specified above, we need
the following expressions with the general masses
M;m1; m2; m3; m4 (note that these expressions will hold
for any four-body decay with the frames specified in Fig. 7)

K ·K ¼ s12;

Q ·Q¼ s34;

K ·Q¼ 1

2
ðM2− s12− s34Þ;

K ·L¼m2
1 −m2

2;

Q ·R¼m2
3 −m2

4;

Q ·L¼ ðK ·LÞ
ðK ·KÞ ðK ·QÞþ xσ12 cosξ;

K ·R¼ ðQ ·RÞ
ðQ ·QÞ ðK ·QÞþ xσ34 cosθ;

R ·L¼ ðQ ·RÞ
ðQ ·QÞxσ12 cosξþ

ðK ·LÞ
ðK ·KÞxσ34 cosθ

þðK ·QÞσ12σ34 cosξcosθþ
ðQ ·RÞ
ðQ ·QÞ

ðK ·LÞ
ðK ·KÞ ðK ·QÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffi
s12s34

p
σ12σ34 sinξsinθ cosϕ

σij ¼
λ1=2ðsij;m2

i ;m
2
jÞ

sij
;

x¼ 1

2
λ1=2ðM2; s12; s34Þ: ð25Þ

These relations are obtained by calculating the Lorentz
boosts between the different frames Σl, ΣJ=ψπ , and ΣZc

as
done in [34]. Now all scalar products between the outgoing
momenta occurring in the spin-averaged amplitudeP

poljMj2 for the four-body decay can be written as
FIG. 7. Choice of kinematical variables in the four-particle
decay Zþ

c → J=ψπþlþl−.
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p1 · p2 ¼
1

2
ðs12 −m2

1 −m2
2Þ;

k3 · k4 ¼
1

2
ðs34 −m2

3 −m2
4Þ;

p1 · k3 ¼
1

4
ðQ · K þQ · Lþ R · K þ R · LÞ;

p2 · k3 ¼
1

4
ðQ · K −Q · Lþ R · K − R · LÞ;

p1 · k4 ¼
1

4
ðQ · K þQ · L − R · K − R · LÞ;

p2 · k4 ¼
1

4
ðQ · K −Q · L − R · K þ R · LÞ: ð26Þ

The ranges of the variables, which define the limits of the
phase-space integration, are

ðm3 þm4Þ2 ≤ s34 ≤ ðM −m1 −m2Þ2;
ðm1 þm2Þ2 ≤ s12 ≤ ðM −

ffiffiffiffiffiffi
s34

p Þ2;
0 ≤ θ; ξ ≤ π;

−π ≤ ϕ ≤ π: ð27Þ

In our case we set M ¼ mZc
, m1 ¼ mπ , m2 ¼ mJ=ψ , and

m3 ¼ m4 ¼ ml. The decay rates can then be written as
(see, e.g., [31])

Γ3ðZþ
c → J=ψπþγÞ ¼ 1

N3

Z
ds31

Z
ds12

X
pol

jT j2;

Γ4ðZþ
c → J=ψπþlþl−Þ

¼ 1

N4

Z
ds34

Z
ds12

×
Z

d cos θd cos ξdϕxsσ12σ34
X
pol

jMj2; ð28Þ

where N3 ¼ 3 × 28π3m3
Zc

and N4 ¼ 3 × 215π6m3
Zc
.

IV. NUMERICAL RESULTS

With the phenomenological Lagrangians, kinematics,
and partial evaluation of the transition amplitudes intro-
duced we now can proceed to determine the widths of the
three- and four-body decays numerically.
A full list of the results for the coupling gZc

and the decay
widths is tabulated in Tables I–IV. Table I contains the
values for the coupling gZc

. In Tables II–IV we display the
predictions for the three- and four-body decay rates for
different values of the binding energy with ϵ ¼ 0.5 MeV
to 5 MeV and of the cutoff in the vertex function with
Λ ¼ 500 MeV to 800 MeV. A substantial increase of the
size parameter Λ, more suitable for a compact bound state,
would lead to a sizable increase in the decay rates.
Therefore, if experiment will deliver larger values for the

decay rates than predicted in our approach, this could signal
that the Zþ

c is probably not a molecular state.
Let us first discuss the Dalitz plot d2Γ=ds12ds31 for the

three-body transition Zþ
c → J=ψπþγ. The contour plot in

TABLE I. Numerical values for the dimensionless phenom-
enological coupling constant gZc

as a function of ϵ (column 1)
and Λ (row 1).

ϵnΛ [MeV] 500 550 600 650 700 750 800

0.5 6.23 5.95 5.71 5.52 5.35 5.21 5.09
1.0 6.36 6.07 5.83 5.62 5.45 5.31 5.18
1.5 6.49 6.19 5.94 5.73 5.55 5.40 5.27
2.0 6.62 6.31 6.05 5.83 5.65 5.49 5.36
2.5 6.75 6.43 6.16 5.93 5.74 5.58 5.44
3.0 6.88 6.54 6.27 6.03 5.84 5.67 5.53
3.5 7.01 6.66 6.37 6.13 5.93 5.76 5.61
4.0 7.13 6.77 6.48 6.23 6.03 5.85 5.70
4.5 7.26 6.89 6.58 6.33 6.12 5.94 5.78
5.0 7.38 7.00 6.69 6.43 6.21 6.02 5.86

TABLE II. Numerical values for the decay rate Γ3 in keV for
the transition Zþ

c → J=ψπþγ for δmγ ¼ 150 MeV as a function
of ϵ (column 1) and Λ (row 1).

ϵnΛ [MeV] 500 550 600 650 700 750 800

0.5 61.1 67.4 73.9 80.5 87.5 94.7 101.9
1.0 58.1 64.2 70.8 77.5 84.5 91.7 99.2
1.5 56.1 62.5 69.0 75.7 82.9 90.2 97.7
2.0 54.9 61.3 67.9 74.8 81.8 89.3 96.8
2.5 54.0 60.4 67.1 74.1 81.2 88.6 96.3
3.0 53.3 59.8 66.5 73.6 80.8 88.3 96.1
3.5 52.8 59.3 66.2 73.3 80.6 88.3 96.0
4.0 52.4 59.1 65.9 73.1 80.6 88.1 96.1
4.5 52.1 58.8 65.8 73.0 80.5 88.3 96.3
5.0 51.9 58.7 65.7 73.0 80.6 88.4 96.5

TABLE III. Numerical values for the decay rate Γ4 in keV for
the transition Zþ

c → J=ψπþeþe− as a function of ϵ (column 1)
and Λ (row 1).

ϵnΛ [MeV] 500 550 600 650 700 750 800

0.5 5.770 6.440 7.070 7.239 7.620 8.575 9.230
1.0 4.802 5.118 5.725 6.079 6.664 7.149 7.597
1.5 4.308 4.704 5.208 5.678 6.332 6.853 7.207
2.0 4.123 4.531 4.970 5.484 5.995 6.536 6.999
2.5 3.933 4.418 4.911 5.303 5.843 6.331 6.931
3.0 3.826 4.308 4.782 5.321 5.859 6.293 6.885
3.5 3.778 4.253 4.719 5.202 5.774 6.279 6.824
4.0 3.726 4.174 4.673 5.174 5.704 6.246 6.812
4.5 3.690 4.150 4.636 5.142 5.703 6.265 6.804
5.0 3.661 4.141 4.623 5.151 5.699 6.278 6.854
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Fig. 8 shows an infrared bremsstrahlung singularity for the
limits s31 → m2

π and s12 → m2
Zc
. For these values of s31 and

s12 the bremsstrahlung diagrams 4a, 4b, 5a, and 5b in
Figs. 5 and 6 will generate a divergence in the double
differential decay rate d2Γ=ds12ds31.
A measurement of the partial or differential decay rate

depends on the minimum photon energy detectable in the
experimental facility. Hence, both in experiment and in
theory, it is only possible to determine the partial or
differential decay rate as a function of an energy cut
δmγ . To handle the bremsstrahlung singularity for s31 →
m2

π and s12 → m2
Zc

we will use an energy cut at δmγ ¼
150 MeV which holds for most facilities. When we apply
the energy cut to the Dalitz plot in Fig. 8 we obtain Fig. 9
which has no bremsstrahlung singularity any more. In
Fig. 10 we show the partial decay rate for the three-body
transition Zþ

c → J=ψπþγ as a function of δmγ . In Fig. 11

we give the differential decay rate dΓ3=ds31 which has been
evaluated from d2Γ3=ds12ds31 by integration over s12 for
an energy cut at δmγ ¼ 150 MeV.
In Fig. 12 we demonstrate the sensitivity of the decay

rate Γ3 on variations of the free parameters ϵ and Λ for an
energy cut at δmγ ¼ 150 MeV. We note that the depend-
ence is rather flat, the decay rate does not change
significantly under the considered variations of ϵ and Λ.
To avoid the bremsstrahlung singularity for s31 → m2

π

and s12 → m2
Zc
, another physics possibility is available: a

lepton-antilepton pair can be attached to the photon line as
described in Sec. II. Although the phase-space treatment
for the four-body decays Zþ

c → J=ψπþeþe− and Zþ
c →

J=ψπþμþμ− gets more complicated, now an energy cut

TABLE IV. Numerical values for the decay rate Γ4 in eV for the transition Zþ
c → J=ψπþμþμ− as a function of ϵ

(column 1) and Λ (row 1).

ϵnΛ [MeV] 500 550 600 650 700 750 800

0.5 9.593 10.559 11.574 12.621 13.711 14.826 15.986
1.0 9.080 10.064 11.079 12.130 13.216 14.352 15.515
1.5 8.779 9.7613 10.789 11.848 12.951 14.082 15.252
2.0 8.572 9.5626 10.587 11.664 12.775 13.922 15.105
2.5 8.415 9.4161 10.461 11.541 12.656 13.810 15.006
3.0 8.297 9.3083 10.360 11.453 12.584 13.750 14.955
3.5 8.206 9.2270 10.294 11.391 12.528 13.708 14.918
4.0 8.136 9.1672 10.237 11.349 12.493 13.683 14.906
4.5 8.084 9.1159 10.196 11.316 12.478 13.673 14.906
5.0 8.035 9.0827 10.165 11.300 12.466 13.675 14.920

FIG. 8 (color online). Double differential decay rate
d2Γ3=ds12ds31 in GeV−3 for the three-body decay Zþ

c →
J=ψπþγ (ϵ ¼ 3 MeV and Λ ¼ 650 MeV).

FIG. 9 (color online). Double differential decay rate
d2Γ3=ds12ds31 in GeV−3 for the three-body decay Zþ

c →
J=ψπþγ (ϵ ¼ 3 MeV and Λ ¼ 650 MeV). The contour is nearly
the same as in Fig. 8 except for s31 → m2

π and s12 → m2
Zc

where
the bremsstrahlung singularity is located. This area is now
excluded with an energy cut at δmγ ¼ 150 MeV.
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δmγ is not needed, the differential decay rates do not
diverge. For the typical values of ϵ ¼ 3 MeV and Λ ¼
650 MeV we obtain the Dalitz plots d2Γ4=ds12ds34
depicted in Figs. 13 and 14 for the four-body decays
Zþ
c → J=ψπþeþe− and Zþ

c → J=ψπþμþμ−.
The differential decay rates dΓ4=ds34, which have been

evaluated from d2Γ4=ds12ds34 by integration over s12,
are displayed in Figs. 15 and 16. We demonstrate the
sensitivity of the decay rates Γ4 on variations of the free
parameters ϵ and Λ in Figs. 17 and 18. Here again, the
decay rates do not change significantly under variations of
ϵ and Λ.

FIG. 10 (color online). Partial decay rate Γ3 in MeV−1 as a
function of δmγ for selected values of ϵ and Λ for the three-body
decay Zþ

c → J=ψπþγ.

FIG. 11 (color online). Differential decay rate dΓ3=ds31 in
GeV−1 for selected values of ϵ and Λ for the three-body decay
Zþ
c → J=ψπþγ with δmγ ¼ 150 MeV.

FIG. 12 (color online). Partial decay rate Γ3 in keV in
dependence on ϵ and Λ for the three-body decay Zþ

c →
J=ψπþγ with δmγ ¼ 150 MeV.

FIG. 13 (color online). Double differential decay rate
d2Γ4=ds12ds34 in GeV−3 for ϵ ¼ 3 MeV and Λ ¼ 650 MeV
for the four-body decay Zþ

c → J=ψπþeþe−.

FIG. 14 (color online). Double differential decay rate
d2Γ4=ds12ds34 in GeV−3 for ϵ ¼ 3 MeV and Λ ¼ 650 MeV
for the four-body decay Zþ

c → J=ψπþμþμ−.
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V. SUMMARY

We have discussed the three- and four-body decays
Zþ
c → J=ψπþγ and Zþ

c → J=ψπþlþl− of the Zþ
c ð3900Þ

considered as a hadronic D̄D� molecule in a phenomeno-
logical Lagrangian approach. Our approach is manifestly
Lorentz and gauge invariant and is based on the use of the
compositeness condition. We have only two model param-
eters: the binding energy ϵ and Λ, which is related to the
size of the D̄D� distribution in the Zþ

c -meson and, there-
fore, controls finite-size effects. The detailed results given
for these decays are typical for a molecular state. A naive
estimate for a compact configuration would correspond
to considerably larger values of Λ leading to a sizable
enhancement of these decay rates. But this effect should be
confirmed by an explicit calculation of the decay modes for
a tetraquark interpretation of the Zþ

c .
To summarize, when interpreting the Zþ

c as a D̄D�
molecule the resulting values for the decay widths are
50–100 keV for the transition Zþ

c → J=ψπþγ, 4–10 keV
for Zþ

c → J=ψπþeþe− and 8–16 eV for the decay
Zþ
c → J=ψπþμþμ−. The predictions given here can add

to the understanding of the Zþ
c structure once the decay

modes become accessible experimentally.
To elaborate further on a possible molecular structure of

the Zþ
c ð3900Þ in future we plan to examine the transition

Z0þ
c → J=ψπþγ and Z0þ

c → J=ψπþlþl− for the possible
partner state Z0þ

c ð3900Þ, which is treated as a D̄�D�
molecule [11]. As another possible continuation of this
work Zþ

c decays can also be studied in the tetraquark model
[37]. This approach is also based on the compositeness
condition and was successfully applied to the study of the
Xð3872Þ as a possible tetraquark state. A full treatment of
these observables for various structure interpretations can
possibly help to understand the nature of these unusual
meson states.
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FIG. 16 (color online). Differential decay rate dΓ4=ds34 in
GeV−1 for selected values of ϵ and Λ for the four-body decay
Zþ
c → J=ψπþμþμ−.

FIG. 17 (color online). Partial decay rate Γ4 in keVas a function
of ϵ and Λ for the four-body decay Zþ

c → J=ψπþeþe−.

FIG. 18 (color online). Partial decay rate Γ4 in keVas a function
of ϵ and Λ for the four-body decay Zþ

c → J=ψπþμþμ−.

FIG. 15 (color online). Differential decay rate dΓ4=ds34 in
GeV−1 for selected values of ϵ and Λ for the four-body
decay Zþ

c → J=ψπþeþe−.

RADIATIVE AND DILEPTON DECAYS OF THE HADRONIC … PHYSICAL REVIEW D 90, 094013 (2014)

094013-9



APPENDIX A: MASS OPERATOR AND
COUPLING CONSTANT

The expressions for the coupling constant gZc
is

g−2Zc
¼ Σ0⊥ðm2

Zc
Þ ¼ m2

Zc

32π2

Z
∞

0

dxdy
l
a3

�
1þ 1

2m2
D�a

�

× exp

�
m2

Zc

l
2a

−m2
Dx −m2

D�y

�
; ðA1Þ

where a ¼ 2sþ xþ y, l ¼ sxþ syþ 2xy, s ¼ Λ−2.
The numerical values are given in Table I.

APPENDIX B: FEYNMAN RULES

Since nonlocal gauge theories are not so common, we
will briefly indicate the relevant Feynman rules in this
appendix. In our calculations we use

DμνðkÞ ¼
i
�
−gμν þ kμkν

M2
V

�
k2 −M2

V
≈ −

igμν

k2 −M2
V

SðkÞ ¼ i
k2 −M2

S
ðB1Þ

for the vector and scalar propagators, respectively. The
previously discussed arbitrary parameters w1 and w2 are
now constrained to w1 ¼ w2 ¼ 1=2. The vertex factors can
be easily found by calculating the derivative of the Fourier
transformed action of the corresponding diagram with
respect to the fields which are attached to the vertex

iΓnðp1; p2;…; pnÞ ¼
iδnSI½Φ�

δ ~Φ1ðp1Þδ ~Φ2ðp2Þ…δ ~ΦnðpnÞ

����
~Φi¼0

:

ðB2Þ

The relevant vertices are denoted in Fig. 19. One finds
for the vertex factors by dropping the usual factor
ð2πÞ4δ4ðPPin −

P
PoutÞ:

ðV1Þ∶ iΓ ¼ −igZcffiffiffi
2

p mZc
Φð−z1Þgαμ

ðV2Þ∶ iΓ ¼ igZc

2
ffiffiffi
2

p mZc
eðp1 þ p2 þ q=2Þρgαμ

Z
1

0

dtΦ0ð−z2t − z1ð1 − tÞÞ

ðV3Þ∶ iΓ ¼ ie½gμνðp1 þ p2Þρ − gμρpν
1 − gνρpμ

2� ≈ ieðp1 þ p2Þρgμν
ðV4Þ∶ iΓ ¼ −ieðp1 þ p2Þρ
ðV5Þ∶ iΓ ¼ −igDD�J=ψπ

ffiffiffi
2

p
ðp2 · p1gμβ − pμ

2p
β
1Þ

ðV6Þ∶ iΓ ¼ igDD�J=ψπe
ffiffiffi
2

p
ðgμβpρ

2 − pμ
2g

βρÞ;

where z1 ¼ ðp1=2þ p2=2Þ2, z2 ¼ ðq=2þ p1=2þ p2=2Þ2.

APPENDIX C: GAUGE INVARIANCE

In this appendix we demonstrate that gauge invariance is fulfilled for the transition amplitude of the three-body decay
Zþ
c → J=ψπþγ. The D̄0�Dþ-meson loop integrals corresponding to the diagrams in Fig. 5 are given by (we drop the general

constant c ¼ − i
16π2

gZc
mZc

gDD�J=ψπe)

FIG. 19. Vertices contributing to the three-body decay
Zþ
c → J=ψπþγ.
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iI1a ¼ −ðgαβpρ
2 − pα

2g
βρÞ

Z
d4k
π2i

Φð−k2Þ ~Sðkþ p=2Þ ~Dðk − p=2Þ

iI2a ¼ −ðp2 · p1gαβ − pα
2p

β
1Þ
Z

d4k
π2i

Φð−k2Þ ~Sðkþ p=2Þ ~Sðkþ p=2 − qÞ ~Dðk − p=2Þð2kþ p − qÞρ

iI3a ¼ ðp2 · p1gαβ − pα
2p

β
1Þ
Z

1

0

dt
Z

d4k
π2i

ðkþ 3=4qÞρΦ0ð−ðkþ qÞ2t − ðkþ q=2Þ2ð1 − tÞÞ ~Dðk − p=2þ qÞ ~Sðkþ p=2Þ

iI4a ¼ −ððp − p2Þ · p2gαβ − pα
2ðp − p2ÞβÞð2p1 þ qÞρ

Z
d4k
π2i

Φð−k2Þ ~Sðkþ p=2Þ ~Dðk − p=2Þ ~Sπðp − p2Þ

iI5a ¼ −ðp2 · p1gαβ − pα
2p

β
1Þð2p − qÞρ

Z
d4k
π2i

Φð−k2Þ ~Sðkþ p=2 − q=2Þ ~Dðk − p=2þ q=2Þ ~DZc
ðp − qÞ;

where k is the loop momentum and

~SπðkÞ ¼
1

m2
π − k2

; ~DZc
ðkÞ ¼ 1

m2
Zc

− k2
;

~SðkÞ ¼ 1

m2
D − k2

; ~DðkÞ ¼ 1

m2
D� − k2

;

are the propagators of the scalar and vector fields, respec-
tively. As was already mentioned, the transverse parts of the
vector propagators are neglected.
To test for gauge invariance every loop diagram

is contracted with the photon momentum q. In the follow-
ing it will be helpful to establish the following relations
by taking advantage of momentum conservation p ¼
p1 þ p2 þ q:

q · ð2kþ p − qÞ ¼ ðkþ p=2Þ2 − ðkþ p=2 − qÞ2 ðC1Þ

¼ ~S−1ðkþ p=2 − qÞ
− ~S−1ðkþ p=2Þ ðC2Þ

q · ð2p1 þ qÞ ¼ − ~S−1π ðp − p2Þ ðC3Þ

q · ð2p − qÞ ¼ ~D−1
Zc
ðp1 þ p2Þ: ðC4Þ

Multiplying diagram iI1a with q we get

qiI1a ¼ −ðgαβq · p2 − pα
2q

βÞ

×
Z

d4k
π2i

Φð−k2Þ ~Sðkþ p=2Þ ~Dðk − p=2Þ: ðC5Þ

For the contraction of iI2a with q and using (C2) we obtain

qiI2a ¼ −ðp2 · p1gαβ − pα
2p

β
1Þ
Z

d4k
π2i

Φð−k2Þ

× ~Dðk − p=2Þ½ ~Sðkþ p=2Þ − ~Sðkþ p=2 − qÞ�:
ðC6Þ

Diagram iI3a multiplied with q reads as

qiI3a ¼ ðp2 · p1gαβ − pα
2p

β
1Þ
Z

d4k
π2i

Φð−k2Þ

× ½ ~Dðk − p=2þ q=2Þ ~Sðkþ p=2 − q=2Þ
− ~Dðk − p=2Þ ~Sðkþ p=2 − qÞ�; ðC7Þ

where we have usedZ
1

0

dtq · ðkþ 3=4qÞΦ0ð−ðkþ qÞ2t − ðkþ q=2Þ2ð1 − tÞÞ

¼ −Φð−ðkþ qÞ2Þ þ Φð−ðkþ q=2Þ2Þ:
Furthermore we have shifted the first term of the integral
containing the latter expression by k → k − q and the
second term by k → k − q=2. When multiplying iI4a with
q we obtain with the help of (C3) and using momentum
conservation

qiI4a ¼ ððp1 þ qÞ · p2gαβ − pα
2ðp1 þ qÞβÞ

×
Z

d4k
π2i

Φð−k2Þ ~Sðkþ p=2Þ ~Dðk − p=2Þ: ðC8Þ

We get the last expression with (C4) and by multiplying
iI5a with q

qiI5a ¼ −ðp2 · p1gαβ − pα
2p

β
1Þ
Z

d4k
π2i

Φð−k2Þ

× ~Sðkþ p=2 − q=2Þ ~Dðk − p=2þ q=2Þ: ðC9Þ

Now it is easy to show that the expressions (C5) to (C9)
cancel

qðiI1a þ iI2a þ iI3a þ iI4a þ iI5aÞ ¼ 0: ðC10Þ

Thus gauge invariance for the D̄0�Dþ-meson loop integrals
of Fig. 5 is shown. The proof of gauge invariance for the
D̄0D�þ loop diagrams of Fig. 6 proceeds exactly the same
way as for the previous case of the D̄0�Dþ-meson loop
integrals by inserting the replacements ~SðkÞ↔ ~DðkÞ.
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APPENDIX D: STRUCTURE INTEGRALS

In this appendix the structure integrals F1, F235 ≡ F2 þ F3 þ F5 and F4 are explicitly listed. We define
c≡ igZc

mZc
gDD�J=ψπe=ð16π2Þ, s≡ Λ−2 and Q≡ q for the three-body decay Zþ

c → J=ψπþγ and Q≡ k3 þ k4 for the
four-body decay Zþ

c → J=ψπþlþl−.

iF1 ¼ 2c
Z

∞

0

dxdy
e−r

2
1
=a1−M2

1

a21

r1 ¼ pðs=2þ yÞ
a1 ¼ sþ xþ y

M2
1 ¼ −m2

Zc
ðs=4þ yÞ þm2

Dyþm2
D�x

iF2 ¼ c
Z

∞

0

dxdydz
sþ 2z
a32

e−r
2
2
=a2ðe−M2

2a þ e−M
2
2bÞ

r2 ¼ pðs=2þ zÞ þQy

a2 ¼ sþ xþ yþ z

M2
2a ¼ −m2

Zc
ðs=4þ zÞ þm2

Dðxþ yÞ þm2
D�z −Q2y

M2
2b ¼ −m2

Zc
ðs=4þ zÞ þm2

D� ðxþ yÞ þm2
Dz −Q2y

iF3 ¼ −c
Z

∞

0

dxdy
Z

1

0

dt
sðx − yÞ
2a33

e−r
2
3
=a3ðe−M2

3a þ e−M
2
3bÞ

r3 ¼ 1
4
Qðsð2t − 1Þ − 3xþ yÞ þ 1

2
pðx − yÞ

a3 ¼ sþ xþ y

M2
3a ¼ ð4p ·Qð3xþ yÞ −Q2ðsþ 9xþ yÞ

þ 4ð4m2
Dxþ 4m2

D�y − p2ðxþ yÞÞÞ=16
M2

3b ¼ ð4p ·Qð3xþ yÞ −Q2ðsþ 9xþ yÞ
þ 4ð4m2

D�xþ 4m2
Dy − p2ðxþ yÞÞÞ=16

iF4 ¼ 4c
Z

∞

0

dxdy
e−r

2
4
=a4−M2

4

a24

1

m2
π − ðp1 þQÞ2

r4 ¼ pðs=2þ yÞ
a4 ¼ sþ xþ y

M2
4 ¼ −m2

Zc
ðs=4þ yÞ þm2

Dyþm2
D�x

iF5 ¼ 4c
Z

∞

0

dxdy
e−r

2
5
=a5−M2

5

a25

1

m2
Z − ðp1 þ p2Þ2

r5 ¼ pðs=2þ xÞ þQðs=2þ yÞ
a5 ¼ sþ xþ y

M2
5 ¼ −m2

Zc
ðs=4þ xÞ þm2

D�xþm2
Dy

− p ·Qs=2 −Q2ðs=4þ yÞ
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