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We use an effective field theory which includes all possible gluon-Higgs dimension-5 and dimension-7
operators to study Higgs boson plus jet production in next-to-leading order QCD. The effective field theory
sheds light on the effect of a finite top quark mass as well as any beyond-the-Standard-Model modifications
of Higgs-gluon effective couplings. In the gluon channel, the accuracy of the heavy-top approximation for
differential distributions arises from the noninterference between the helicity amplitudes of the G3h and
G2h operators in the mh < pT limit at lowest order. One dimension-7 operator involving quark bilinears,
however, contributes significantly at high pT and potentially offers a channel for seeing beyond-the-
Standard-Model effects. One-loop renormalization of these operators is determined, allowing resummation
of large logarithms via renormalization group running. Next-to-leading-order numerical results at the LHC
are presented, which include Oð1=m2

t Þ contributions in the Standard Model limit.
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I. INTRODUCTION

The recently discovered Higgs boson has all the generic
characteristics of a Standard Model Higgs boson and mea-
surements of the production and decay rates agree to the
10%–20%levelwith StandardModel (SM)predictions [1–4].
The largest contribution to Standard Model Higgs boson
production comes from gluon fusion through a top quark
loop, and testing the nature of this Higgs-gluon interaction
probes the mechanism of electroweak symmetry breaking at
high scales. Inmodelswith new physics, the gluon fusion rate
can be altered by new particles interacting in the loop which
contribute to an effective dimension-5 operator [5–7],

L5 ¼ Ĉ1Gμν;AGA
μνh: ð1Þ

For example, in composite models Ĉ1, is changed from
its SM value by small contributions of Oðv2=f2Þ, where f
is a TeV scale parameter corresponding to the composite
scale [8–10]. Similarly, supersymmetric models alter the
ggh coupling due to the contributions of new particles such
as squarks in the loops and also by changes in the Higgs-
fermion couplings [3,4,11,12]. The measurement of gluon
fusion by itself can only measure a combination of Ĉ1 and
the top quark Yukawa coupling but cannot distinguish
between the two potential new physics effects [13–15].
The high pT production of the Higgs boson through

the process pp → hþ jet is particularly sensitive to new
contributions to the Higgs-gluon effective coupling
[13,14,16,17]. This is straightforward to demonstrate in top
partner models where at low energy there is a cancellation
between the SM top and the top partner contributions to the
gluon fusion rate for Higgs production, making it extremely
difficult to observe top partner physics in this channel
[15,18,19]. The effects of top partners become apparent,

however, when kinematic distributions for two-particle final
states, such as double Higgs production [20,21] or Higgs plus
jet production [22], are analyzed. The measurement of Higgs
plus jet production offers the possibility to untangle new
physics effects contributing to the Higgs-gluon effective
interactions from beyond the SM (BSM) contributions to
the Higgs-fermion Yukawa couplings.
The strong Higgs-gluon-light quark interactions can be

parametrized through SUð3Þ invariant effective dimension-5
anddimension-7operatorscouplingtheHiggsbosontopartons,
which are well known [23,24]. The dimension-5 operator of
Eq. (1)hasbeenused tocalculateSMHiggsproduction through
next-to-next-to-leading order (NNLO) [25–27], along with the
HiggspT distribution[28–30].Atnext-to-leadingorder (NLO),
the total rate can be comparedwith an analytic result with exact
topandbottomquarkmassdependence [6],whileatNNLO, the
effective theory calculation has been compared numerically
with the calculation in the full theory [31,32]. In both instances,
the dimension-5 operator gives an extremely accurate approxi-
mation to the total rate for Higgs production through gluon
fusion. The Lagrangian of Eq. (1) corresponds to themt → ∞
limitof theSM,and Ĉ1 hasbeendetermined toOðα3sÞ in theSM
[33–36].
In this paper, we examine the effect of both the

dimension-5 and dimension-7 gluon-Higgs operators on
Higgs plus jet production at NLO QCD. We present
analytic formulas which can be applied to arbitrary models
of new physics. The effects of these operators on the Higgs
pT distribution have been studied numerically at lowest
order in Ref. [24]. The Standard Model rate for Higgsþ jet
is known analytically at order Oðα3sÞ [37,38], while the
NLO rate is known analytically in the mt → ∞ limit,
[30,39,40] which corresponds to the contribution from Ĉ1.
Finite top mass effects in SM NLO corrections have been
obtained as a numerical expansion in 1=m2

t [41–44] and
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agree with the mt → ∞ limit only for small Higgs trans-
verse momentum, pT ≤ 150 GeV. The electroweak con-
tributions are studied in Ref. [45]. The NNLO total cross
section in the mt → ∞ limit for the gg channel is known
[46], while the corresponding results for other partonic
channels have been obtained in the threshold approxima-
tion [47–49]. For Higgs production in association with
more than one jet, exact mt dependence is known for two
and three jets at leading order [50–52], while mt → ∞
results are available at NLO for two and three jets [53,54].
In Sec. II, we discuss the effective Higgs-gluon effective

Lagrangian, and in Sec. III, we review the lowest-order
results for Higgs plus jet production in the dimension-7
effective field theory (EFT). The renormalization of the
dimension-7 effective Lagrangian coefficients is discussed in
Sec. IV. Sections Vand VI contain analytic results for Higgs
plus jet production at NLO using the dimension-5 and
dimension-7 contributions to the EFT, with the real emission
corrections presented as helicity amplitudes using the
conventions in Refs. [55,56]. The behavior of tree ampli-
tudes in the massless Higgs limit, m2

h < ðp2
T; s;−t;−uÞ, is

discussed. As a byproduct of our calculation, we obtain the
Oð1=m2

t Þ contributions to the SM rate, modulo the non-
logarithmic terms in the NLO matching coefficients in
Eqs. (11) and (13) which will be derived in a forthcoming
work. Numerical results for the LHC are presented in
Sec. VII, and some conclusions given in Sec. VIII.

II. EFFECTIVE LAGRANGIAN

A. Higgs-gluon-quark interaction

The calculations of Higgs production from gluon fusion
are greatly simplified by using an effective Lagrangian
where heavy particles, such as the top quark, are integrated
out. The SUð3Þ invariant effective Lagrangian which
parametrizes the CP-conserving Higgs-gluon-light-quark
strong interactions is

Leff ¼ Ĉ1O1 þ
1

Λ2
Σi¼2;3;4;5ĈiOi þO

�
1

Λ4

�
: ð2Þ

For SM Higgs production, Λ ¼ mt is either the MS running
mass or the pole mass, depending on whether the MS
scheme or the pole scheme is used to calculate the matching
coefficients, Ĉi. For BSM scenarios, Λ is the scale at which
BSM physics generates contributions to Ĉi.
At dimension-5, the unique operator is

O1 ¼ GA
μνGμν;Ah; ð3Þ

where GA
μν is the gluon field strength tensor. We consider

only models with a single scalar Higgs boson, although our
results can be trivially generalized to the case with multiple
scalars. In the SM, the coefficient, Ĉ1, is, to Oðα2sÞ [6,7],

Ĉ1ðμRÞSM;MS ¼ αsðμRÞ
12πv

�
1þ αsðμRÞ

4π
½5CA − 3CF�

�
; ð4Þ

where CA ¼ Nc ¼ 3, CF ¼ N2
c−1
2Nc

¼ 4
3
, v ¼ 246 GeV, and

μR is an arbitrary renormalization scale of OðmhÞ.
The dimension-7 operators, needed for gluon fusion

production of Higgs, are [23,24,57]

O2 ¼ DσGA
μνDσGA;μνh ð5Þ

O3 ¼ fABCG
A;μ
ν GB;ν

σ GC;σ
μ h ð6Þ

O4 ¼ g2sΣ
nlf
i;j¼1ψ̄ iγμTAψ iψ̄ jγ

μTAψ jh ð7Þ

O5 ¼ gsΣ
nlf
i¼1G

A
μνDμψ̄ iγ

νTAψ ih; ð8Þ

where our convention for the covariant derivative is
Dσ ¼ ∂σ − igsTAGA;σ, TrðTATBÞ ¼ 1

2
δAB and nlf ¼ 5 is

the number of light fermions. The operators O1, O2, and
O3 are theonlyones that are needed inpureQCD(nlf ¼ 0). In
thepresenceof lightquarks,wealsoneedO4 andO5whichare
related by the equations of motion (eom) to gluon-Higgs
operators1

O4∣eom → DσGA
σνDρGA;ρνh≡O0

4

O5∣eom → GA
σνDνDρGA;σ

ρ h≡O0
5: ð9Þ

SinceO4 involves four light fermions, theoperatorcontributes
to Higgs plus jet production only starting at NLO, in the real-
emission processes involving two incoming fermions and two
outgoing fermions.
The SM coefficient, ĈSM

2 , can be found from the leading
1
m2

t
terms in the NLO calculation of gg → h [58], in the MS

scheme,

ĈSM;MS
2 ðμRÞ ¼ −

7αsðμRÞ
720πv

�
1þ αsðμRÞ

π

�
29

84
CA þ 19

21
CF

þ 3

2
CF ln

�
m2

t

μ2R

���
: ð10Þ

For the remaining SM coefficients, we present only the
lowest-order (LO) contributions along with the
αs lnðm2

t =μ2RÞ contributions which can be deduced from
the renormalization group equations in Sec. IV,2

1In our study, only gluons directly interact with the Higgs via a
top quark loop or some BSM heavy particle, while quark-Higgs
coupling is mediated by gluons.

2TheSMmatchingcoefficients aregiven inRef. [23], butwe found
discrepanciesatNLO.TheCA lnðm2

t =μ2RÞ terms inour resultsareone-
half the values in Ref. [23]. Our results are consistent with the O3

anomalous dimension found in Ref. [59] and the O5 anomalous
dimension we calculate in Sec. IV. The nonlogarithmic terms in the
NLO matching coefficients, Ĉð1Þ

3 and Ĉð1Þ
5 , will be discussed in a

forthcomingwork. In thisstudy,wewill set Ĉð1Þ
3 and Ĉð1Þ

5 tozero.Also,
inRef. [23], thematching isdoneoff shell, so theoperator equivalence
relation of Eq. (9) cannot be used. As a result, in our convention, the
NLO value for Ĉ5 is different. The LO coefficients are in agreement
with Refs. [23,24], once the differing sign conventions are accounted
for.
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ĈSM;MS
3 ðμRÞ ¼

gsðμRÞαsðμRÞ
60πv

�
1þ αsðμRÞ

π

�
Ĉð1Þ
3 þ

�
1

4
CA þ 3

2
CF

�
ln

�
m2

t

μ2R

���
ð11Þ

ĈSM;MS
4 ðμRÞ ¼

αsðμRÞ
360πv

þOðα2sðμRÞÞ ð12Þ

ĈSM;MS
5 ðμRÞ ¼

αsðμRÞ
20πv

�
1þ αsðμRÞ

π

�
Ĉð1Þ
5 þ

�
−
121

216
CA þ 59

54
CF

�
ln

�
m2

t

μ2R

���
: ð13Þ

Because theO4 contribution starts at NLO for Higgs plus jet production, we have only presented the LO value for Ĉ4. Since
the above matching coefficients are presented in the MS scheme, the top mass mt in Eqs. (11)–(13), as well as in Eq. (2),
should be taken as the MS running top mass evaluated at the renormalization scale μR.
To use the μR-independent constant parameter 1=ðmpole

t Þ2 as the EFT power expansion parameter in Eq. (2), in line with
the usual language for EFTs, we substitute into Eq. (2) the relation [60]

mMS
t ðμRÞ ¼ mpole

t

�
1 −

CFαsðμRÞ
π

�
1 −

3

4
ln

�
m2

t

μ2R

��
þOðα2sÞ

�
; ð14Þ

which gives

ĈSM;pole
1 ðμRÞ ¼ ĈSM;MS

1 ðμRÞ; ð15Þ

ĈSM;pole
2 ðμRÞ ¼ −

7αsðμRÞ
720πv

�
1þ αsðμRÞ

π

�
29

84
CA þ 61

21
CF

��
; ð16Þ

ĈSM;pole
3 ðμRÞ ¼

gsðμRÞαsðμRÞ
60πv

�
1þ αsðμRÞ

π

�
Ĉð1Þ
3 þ 2CF þ 1

4
CAln

�
m2

t

μ2R

���
ð17Þ

ĈSM;pole
4 ðμRÞ ¼

αsðμRÞ
360πv

þOðα2sðμRÞÞ ð18Þ

ĈSM;pole
5 ðμRÞ ¼

αsðμRÞ
20πv

�
1þ αsðμRÞ

π

�
Ĉð1Þ
5 þ 2CF þ

�
−
121

216
CA −

11

27
CF

�
ln

�
m2

t

μ2R

���
: ð19Þ

The Feynman rules corresponding to Eq. (2) can be found
in a straightforwardmanner. Formost of our calculations,we
will use thepure-gluonoperatorsO0

4 andO
0
5 inEq. (9) instead

of O4 and O5 in Eqs. (7) and (8), so that the Feynman
diagrams forHiggs plus jet production from the dimension-7
operators are identical to those from the dimension-5
operator O1. The O3 vertices involve at least three gluons,
while two gluons suffice for the other operators.
There are two possible tensor structures [61] for the off-

shell gA;μðp1ÞgB;νðp2Þhðp3Þ vertex,

Tμν
1 ≡ gμνp1 · p2 − pν

1p
μ
2

Tμν
2 ≡ pμ

1p
ν
2 − pμ

2p
ν
2

p2
1

p1 · p2

− pμ
1p

ν
1

p2
2

p1 · p2

þ pν
1p

μ
2

p2
1p

2
2

ðp1 · p2Þ2
: ð20Þ

The Lagrangian of Eq. (2) has the off-shell Feynman rule,

ggh∶ − iδAB½Tμν
1 X1ðp1; p2Þ þ Tμν

2 X2ðp1; p2Þ�

X1ðp1; p2Þ ¼
�
4Ĉ1 −

Ĉ2

Λ2
4p1 · p2 −

Ĉ4

Λ2

�
2p2

1p
2
2

p1 · p2

�

þ Ĉ5

Λ2
ðp2

1 þ p2
2Þ
�

X2ðp1; p2Þ ¼ −2p1 · p2

Ĉ4

Λ2
: ð21Þ

The Feynman rules for the off-shell gðpA;μ
1 Þgðpν;B

2 Þ
gðpρ;C

3 Þhðp4Þ vertex (with all momenta outgoing) are3

3We omit the Ĉ4 gggh vertex because this vertex does not
contribute to Higgsþ jet at NLO.
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O1∶ − 4Ĉ1gsfABCf−gμνðp1 − p2Þρ þ gμρðp1 − p3Þν þ gνρðp3 − p2Þμg

O2∶ − 4
Ĉ2

Λ2
gsfABCfAμνρðp1; p2; p3Þ þAνρμðp2; p3; p1Þ þAρμνðp3; p1; p2Þg

O3∶ − 6
Ĉ3

Λ2
fABCY

μνρ
0 ðp1; p2; p3Þ

O5∶ − gs
Ĉ5

Λ2
ffABC½−gμνpρ

1ðp2
1 þ p2

2 þ p2
3 − 2p1 · p2 − 4p2 · p3Þ

þ 2pν
1p

ρ
2p

μ
3 þ pν

1p
ρ
1p

μ
3 − pμ

2p
ρ
2p

ν
3� þ 5 permutationsg; ð22Þ

where

Yμνρ
0 ðp1; p2; p3Þ ¼ ðpν

1g
ρμ − pρ

1g
μνÞp2 · p3 þ ðpρ

2g
μν − pμ

2g
νρÞp1 · p3 þ ðpμ

3g
νρ − pν

3g
ρμÞp1 · p2 þ pμ

2p
ν
3p

ρ
1 − pμ

3p
ν
1p

ρ
2

Aμνρðp1; p2; p3Þ ¼ ðp1 − p2ÞρTμν
1 ðp1; p2Þ þ p1 · p2½Xμνρ

0 ðp1Þ − Xνμρ
0 ðp2Þ�

Xμνρ
0 ðpÞ ¼ gμνpρ − gμρpν: ð23Þ

B. Alternative operator basis

In the previous section, we used the basis of Eqs. (5)–(8)
to describe the dimension-7 operators. Here, we define
another dimension-7 operator,

O6 ¼ −DρDρðGA
μνGμν;AÞh ¼ m2

hO1; ð24Þ

where the last equal sign is only valid for on-shell Higgs
production, which will be assumed for the rest of this
section. Using the Jacobi identities, without using the
equations of motion, we have the operator identity

O6 ¼ m2
hO1 ¼ −2O2 þ 4gsO3 þ 4O5: ð25Þ

Therefore, we can chooseO6 ¼ m2
hO1,O3,O4, andO5 as a

complete basis for the dimension-7 Higgs-gluon-light-
quark operators. We can rewrite Eq. (2) as

Leff ¼ C1O1 þ
1

Λ2
ðC3O3 þ C4O4 þ C5O5Þ; ð26Þ

where the redefined matching coefficients are related to
those in Eqs. (4), (10)–(13), and (15)–(19) by

C1 ≡ Ĉ1 −
m2

h

2Λ2
Ĉ2; ð27Þ

C3 ≡ 2gsĈ2 þ Ĉ3; ð28Þ

C4 ≡ Ĉ4; ð29Þ

C5 ≡ 2Ĉ2 þ Ĉ5: ð30Þ

We will use the basis of Eq. (26) for our phenomenological
studies.
In particular, for SM Higgs production, usingmt ¼ mpole

t
in Eq. (26), we have

CSM;pole
1 ðμRÞ ¼

αsðμRÞ
12πv

�
1þ αsðμRÞ

4π
½5CA − 3CF�

�
þ 7αsðμRÞm2

h

1440πvm2
t

�
1þ αsðμRÞ

π

�
29

84
CA þ 19

21
CF þ 3

2
CF ln

�
m2

t

μ2R

���
; ð31Þ

CSM;pole
3 ðμRÞ ¼ −

gsðμRÞαsðμRÞ
360πv

�
1þ αsðμRÞ

π

�
29

12
CA þ 25

3
CF − 6Ĉð1Þ

3 −
3

2
CA ln

�
m2

t

μ2R

���
; ð32Þ

CSM;pole
4 ðμRÞ ¼

αsðμRÞ
360πv

þOðα2sðμRÞÞ; ð33Þ

CSM;pole
5 ðμRÞ ¼

11αsðμRÞ
360πv

�
1þ αsðμRÞ

π

�
−

29

132
CA þ 47

33
CF þ 18

11
Ĉð1Þ
5 þ

�
−
11

12
CA −

2

3
CF

�
ln

�
m2

t

μ2R

���
: ð34Þ
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For the gg → h amplitude, O3, O4, and O5 give vanish-
ing contributions at both tree level and the one-loop level,
due either to the lack of quark propagator lines or to the
lack of a scale in the diagrams. This leaves us with the
operator O1 multiplied by the matching coefficient C1 in
Eq. (31) which is defined to includeOðm2

h=m
2
t Þ terms. This

is essentially equivalent to calculating in the mt → ∞ limit
and applying a rescaling factor. For Higgs plus jet pro-
duction, though, the other operators will come into play and
impact differential distributions.

C. Gluon self-interaction

At Oð1=m2
t Þ in the SM, we also need the dimension-6

gluon self-interaction Lagrangian which arises from inte-
grating out the top quark and performing Collins–Wilczek–
Zee zero-momentum subtraction to obtain decoupling of
the heavy top [62],

LSM;self
eff ¼ 1

m2
t

�
gsαs
720π

fABCG
A;μ
ν GB;ν

σ GC;σ
μ

−
αs
60π

DσGA
σνDρGA;ρν

�
;

≡ 1

m2
t

�
gsαs
720π

~O3 −
αs
60π

~O4

�
; ð35Þ

where the ~Oi’s are defined to be identical to the Oi’s in
Eqs. (5)–(8), but with the Higgs field, h, stripped from the
operator definition. Here, the matching coefficients are only
given at leading order because this is sufficient for NLO
Higgs plus jet production.
There is a neat way to obtain the above effective

Lagrangian. Using the Higgs low-energy theorems [5], it
is easy to see that at leading-order matching the Oð1=m2

t Þ
terms in Eqs. (2) and (35) can be packaged together in the
expression

LSMjOð1=m2
t Þ ¼ −

v

2m2
t ð1þ h

vÞ2
X

i¼2;3;4;5

Ĉi
~Oi: ð36Þ

Starting from Eq. (36), we use the operator relation of
Eq. (25) (which can be applied to ~Oi’s instead of Oi ’s by
setting mh ¼ 0) to eliminate ~O2 and further use the relation
~O4 ¼ ~O5, valid only at zero momentum, to eliminate ~O5, to
reach Eq. (35) which only involves ~O3 and ~O4. In a BSM
model, the coefficients of the gluon self-interactions
depend on the nature of the heavy physics which is
integrated out.

III. LOWEST ORDER

The lowest-order amplitudes for Higgsþ jet production
including all fermion mass dependence (bottom and top)
are given in Refs. [37,38]. The effective Lagrangian can be
used to obtain the contributions from the top quark in the

infinite mass approximation, along with the SM results
including terms of Oð1=m2

t Þ. At the lowest order in αs, O3

is the only dimension-7 operator which contributes to the
gg → gh channel, while O5 is the only dimension-7
operator which contributes to channels with initial state
quarks.

A. Lowest-order EFT qq̄gh amplitude

There are two independent gauge invariant tensor struc-
tures for the process 0 → qq̄hg (where we consider all
momenta outgoing) [63,64],

T μ
1 ≡ i

�
pμ
q̄ūðpqÞpgvðpq̄Þ −

Sgq̄
2

ūðpqÞγμvðpq̄Þ
�

ð37Þ

T μ
2 ¼ i

�
pμ
qūðpqÞpgvðpq̄Þ −

Sgq
2

ūðpqÞγμvðpq̄Þ
�
; ð38Þ

where Sqq̄ ¼ ðpq þ pq̄Þ2, Sgq ¼ ðpg þ pqÞ2, and Sgq̄ ¼
ðpg þ pq̄Þ2. The 0 → qq̄gh amplitude is given in general
by

Mα;μ
qqgh ¼ Σi¼1;3−5TAðBα;i

1 T μ
1 þ Bα;i

2 T μ
2Þ; ð39Þ

where α ¼ 0; 1 denotes the order of the calculation
(LO, NLO) and the sum is over the contributions of
the different operators. The tree-level amplitude to
Oð1=Λ2Þ is

M0;μ
qqgh ¼ TAðT μ

1 þ T μ
2Þ
�
C1

�
−4gs
Sqq̄

�
þ C5

Λ2
ð−gsÞ

�
; ð40Þ

i.e., the nonvanishing coefficients in Eq. (39) are

B0;1
1 ¼ B0;1

2 ¼ C1

�
−4gs
Sqq̄

�

B0;5
1 ¼ B0;5

2 ¼ C5

Λ2
ð−gsÞ: ð41Þ

B. Lowest-order EFT gggh amplitude

There are four independent gauge invariant tensor
structures for the 0 → gðpμ

1Þgðpν
2Þgðpρ

3Þh amplitude
[37,63,64], assuming all momenta outgoing and
Sij ¼ 2pi · pj,

Yμνρ
0 ðp1; p2; p3Þ

¼ ðpν
1g

ρμ − pρ
1g

μνÞ S23
2

þ ðpρ
2g

μν − pμ
2g

νρÞ S31
2

þ ðpμ
3g

νρ − pν
3g

ρμÞ S12
2

þ pμ
2p

ν
3p

ρ
1 − pμ

3p
ν
1p

ρ
2 ð42Þ

EFFECTIVE FIELD THEORY FOR HIGGS BOSON PLUS … PHYSICAL REVIEW D 90, 093007 (2014)

093007-5



Yμνρ
1 ðp1; p2; p3Þ ¼ pμ

2p
ν
1p

ρ
1 − pμ

2p
ν
1p

ρ
2

S31
S23

−
1

2
pρ
1g

μνS12

þ 1

2
pρ
2g

μν S31S12
S23

Yμνρ
2 ðp1; p2; p3Þ ¼ Yρμν

1 ðp3; p1; p2Þ
Yμνρ

3 ðp1; p2; p3Þ ¼ Yνρ;μ
1 ðp2; p3; p1Þ: ð43Þ

An arbitrary gggh amplitude is written as

Mα;μνρ
gggh ¼fABCΣi

�
Aα;i
0 ðp1;p2;p3ÞYμνρ

0 ðp1;p2;p3Þ

þ
X

m¼1;2;3

Aα;i
m ðp1;p2;p3ÞYμνρ

m ðp1;p2;p3Þ
�
; ð44Þ

where again α ¼ 0; 1 for the LO and NLO contributions, i
is the contribution corresponding to Oi, and

Aα;i
2 ðp1; p2; p3Þ ¼ Aα;i

1 ðp3; p1; p2Þ
Aα;i
3 ðp1; p2; p3Þ ¼ Aα;i

1 ðp2; p3; p1Þ: ð45Þ

The LO contributions from O1 and O3 are

A0;1
0 ðp1; p2; p3Þ ¼ 8gsC1

�
1

S12
þ 1

S23
þ 1

S31

�

A0;1
1 ðp1; p2; p3Þ ¼

8gsC1

S31

A0;3
0 ðp1; p2; p3Þ ¼

C3

Λ2
6

A0;3
1 ðp1; p2; p3Þ ¼ 0; ð46Þ

while the O5 contribution vanishes.

C. Squared amplitudes

To obtain squared amplitudes, we need the interference
between the Lorentz/Dirac tensor structures and the inter-
ference between the color structures. For the qg → qh
squared amplitude, the interferences between the tensor
structures are (omitting the ones which can be obtained
from q↔q̄ crossing symmetry between T 1 and T 2)

X
A

trðTATAÞ ¼ N2
c − 1

2
; ð47Þ

−
X
spins

T μ
1T

†
1;μ ¼ −ð1 − ϵÞSqq̄S2gq; ð48Þ

−
X
spins

T μ
1T

†
2;u ¼ −ϵSqq̄SgqSgq̄; ð49Þ

where external fermion spinors are implicit and we work in
N ¼ 4 − 2ϵ dimensions. The qq̄ → gh squared amplitude
can be obtained from crossing the qg → qh squared

amplitude. For the gg → gh squared amplitude, the inter-
ferences between the tensor structures areX

ABC

fABCfABC ¼ NcðN2
c − 1Þ; ð50Þ

−
X
spins

Yμνρ
0 Y†

0;μνρ ¼
�
1 −

3

2
ϵ

�
S12S23S31; ð51Þ

−
X
spins

Yμνρ
1 Y†

0;μνρ ¼
1

2
ð1 − ϵÞS212S31; ð52Þ

−
X
spins

Yμνρ
1 Y†

1;μνρ ¼
1

2
ð1 − ϵÞ S

3
12S31
S23

; ð53Þ

−
X
spins

Yμνρ
1 Y†

2;μνρ ¼
1

4
S12S231; ð54Þ

where we have omitted terms which can be obtained from
cyclic permutations.
Here, we present squared amplitudes, summed (but not

averaged) over initial and final state spins, with OðϵÞ terms
omitted. For gg → gh, the squared amplitude from the O1

operator is [37]

X
spins

jMð0Þ
gg→gh;O1

j2 ¼ 384C2
1

m8
h þ s4 þ t4 þ u4

stu
; ð55Þ

while the O1-O3 interference contribution is

X
spins

Mð0Þ
gg→gh;O1

·Mð0Þ;†
gg→gh;O3

þ c:c: ¼ 1152C1C3

m4
h

Λ2
: ð56Þ

Interestingly, the O1 contribution, Eq. (55), corresponding
to a rescaled mt → ∞ approximation, grows as p2

T for high
pT Higgs production, while the O1-O3 interference con-
tribution, Eq. (56), remains constant and therefore dimin-
ishes in relative importance, contrary to the generic behavior
of higher-dimensional operators. This results in suppressed
top mass dependence in Higgs differential distributions in
the gluon channel and will be explained by the helicity
structure of the amplitudes in the soft Higgs limit, i.e., the
limit m2

h < ðp2
T; s;−t;−uÞ, discussed in Sec. VI.

For qg → qh, the squared amplitude from the O1

operator is [37]

X
spins

jMð0Þ
qg→qh;O1

j2 ¼ 64C2
1

s2 þ u2

−t
; ð57Þ

while the O1-O5 interference contribution is

X
spins

Mð0Þ
qg→qh;O1

·Mð0Þ;†
qg→qh;O5

þ c:c: ¼ −32C1C5

s2 þ u2

Λ2
:

ð58Þ
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The results, crossed into the qq̄ → gh channel, are

X
spins

jMð0Þ
qg→qh;O1

j2 ¼ 64C2
1

t2 þ u2

s
; ð59Þ

X
spins

Mð0Þ
qg→qh;O1

·Mð0Þ;†
qg→qh;O5

þ c:c: ¼ 32C1C5

t2 þ u2

Λ2
: ð60Þ

IV. RENORMALIZATION OF DIMENSION-7
OPERATORS

In this section, we use the basisO6 ≅ m2
hO1,O3,O4, and

O5, described in Sec. II B, for the dimension-7 operators. In
addition to the renormalization of the QCD coupling
constant and self energies in both QCD vertices and the
Oi operators, we need to renormalize the Ci matching
coefficients. The renormalization of C1 is well known
[65–67] and is identical to the renormalization of αs at one
loop. The renormalization of C3 and C5 are different, and
they will be presented as the sum of αs renormalization and
an extra piece. The renormalization of C3 was found in
Ref. [59]. The renormalization of C5 is a new result.
The unrenormalized effective Lagrangian coupling the

Standard Model Higgs boson to gluons is

Leff ¼ Cbare
1 Obare

1 þ Σi¼3−5
Cbare
i

Λ2
Obare

i ; ð61Þ

where Λ is a constant power expansion parameter that
should not depend on μR, so in this section, we will allow Λ
to be equal to the top quark pole mass in the case of SM
Higgs production, but not the running MS mass. The
operators Obare

i are defined in the same way as Oi, but
with all the fields and couplings replaced by bare quantities.
O4 is needed only at LO, so we will not discuss its one-loop
renormalization. In our operator basis, the one-loop mixing
matrix is diagonal, so we can write

Cbare
i ¼ Ci þ δCi ¼ ZiCi ¼ ð1þ δZiÞCi: ð62Þ

The renormalization constants Zi are found using two differ-
ent methods. The first one is to calculate one-loop ggh, gggh,
and qq̄gh amplitudes on shell and impose transverse gluon
polarizations to eliminate spurious mixing into gauge non-
invariant operators. The second method is to calculate these
one-loop amplitudes off shell to reduce the number of
diagrams needed and use the background field method
[68] to preserve gauge invariance. In either method, the
divergences are matched to the tensor structures arising from
thevarious operators in order to extract the renormalization of
the Ci. The renormalization counterterms are given by

δZ1 ¼ δZαs ; ð63Þ

δZ3 ¼
3

2
δZαs þ

αs
2πϵ

ð4πÞϵrΓ3CA; ð64Þ

δZ5 ¼ δZαs þ
αs
2πϵ

ð4πÞϵrΓ
�
11

6
CA þ 4

3
CF

�
; ð65Þ

where rΓ is given in Eq. (76), and

δZαs ¼
αs
πϵ

ð4πÞϵrΓb0; ð66Þ

b0 ¼
�
11

12
CA −

1

6
nlf

�
ð67Þ

is the one-loop renormalization factor for the strong coupling
αs in an nlf ¼ 5 flavor theory, proportional to the beta
function.
By using

d lnCi

d ln μR
¼ −

d lnZi

d ln μR
; ð68Þ

we have the following renormalization group running
equations:

d
d ln μR

ln

�
C1

g2s

�
¼ Oðα2sðμRÞÞ; ð69Þ

d
d ln μR

ln

�
C3

g2s

�
¼ αsðμRÞ

π
3CA; ð70Þ

d
d ln μR

ln

�
C5

g2s

�
¼ αsðμRÞ

π

�
11

6
CA þ 4

3
CF

�
: ð71Þ

The leading-logarithmic solutions to the renormalization
group running of Eqs. (69)–(71) are

C1ðμRÞ=g2sðμRÞ ¼ C1ðμ0Þ=g2sðμ0Þ; ð72Þ

C3ðμRÞ=g3sðμRÞ ¼
�
αsðμRÞ
αsðμ0Þ

�
−3CA

2b0 · C3ðμ0Þ=g3sðμ0Þ; ð73Þ

C5ðμRÞ=g2sðμRÞ ¼
�
αsðμRÞ
αsðμ0Þ

�
− 1
2b0

ð11
6
CAþ4

3
CFÞ

· C5ðμ0Þ=g2sðμ0Þ;

ð74Þ

which in principle allows us to perform matching at the new
physics scale Λ and use renormalization group running to
obtain Ci at μR ∼mh, hence resumming large logarithms
of Λ=mh.

V. NLO VIRTUAL CORRECTIONS

A. Methods

All our NLO calculations are done usingO1,O3, andO5

as a basis of operators, as described in Sec. II B, with
Oðm2

h=m
2
t Þ terms included in the C1 matching coefficient to

absorb the dimension-7 O6 operator in Eq. (24). When
calculating NLO virtual amplitudes for O5, we exploit
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equations of motions to use the O0
5 operator in Eq. (9)

instead. The NLO virtual diagrams needed for O1 are also
the only ones needed for O3 and O0

5. Our amplitude-level
results, given as coefficients for the tensor structures in
Eqs. (37), (38), and (42)–(44), are valid in both the
conventional dimensional regularization scheme in D
dimensions and the t’Hooft–Veltman scheme which has
loop momenta in D dimensions and external leg momenta
in four dimensions.
The one-loop virtual calculation is done as follows. The

softwareFeynRules [69] isused togenerateFeynman rules for
each of the operators. FeynArts [70] is used to generate
Feynman diagrams and produce expressions for the ampli-
tudes by using the Feynman rules, with loop integrations
unperformed.FormCalc [71] is used to perform thenumerator
algebraandloop integration,producingresults in termsofone-
loop tensor integrals (up to rank-5 box integrals). The tensor
integrals are subsequently reduced to scalar integrals in D
dimensions using FeynCalc [72] and combined with the
explicit results for the scalar integrals [73] to produce our
final analytic results for the one-loop virtual amplitudes.
Alternatively, thetensor integralscanbeevaluatednumerically
using LoopTools [71] without analytic reduction to scalar
integrals, and we have checked that the results agree numeri-
cally with our analytic formulas for the one-loop amplitudes.4

B. One-loop qq̄gh amplitudes

The one-loop virtual amplitudes for 0 → qq̄gh and the
real emission amplitudes for 0 → qq̄ggh are responsible for
both qg → hþ jþ X and the qq̄ → hþ jþ X, where j ¼
g; q or q̄.
We list only the B2 contributions for the virtual one-loop

diagrams from each of the operators since B1 can be
obtained by exchanging Sgq and Sgq̄. The virtual contri-
bution proportional to C4 vanishes.
The nonvanishing one-loop coefficients, B1;i

2 , defined in
Eq. (39), from the operators Oi are

B1;1
2 ¼ αsðμRÞ

4π
rΓ

�
4πμ2R
m2

h

�
ϵ

B0;1
2

�
NcV1 þ

1

Nc
V2 þ nlfV3

�

B1;3
2 ¼ C3

m2
t

αsðμRÞ
8π

Nc

B1;5
2 ¼ αsðμRÞ

4π
rΓ

�
4πμ2

m2
h

�
ϵ

B0;5
2

�
NcW1 þ

1

Nc
W2 þ nlfW3

�
;

ð75Þ

where

rΓ ≡ Γ2ð1 − ϵÞΓð1þ ϵÞ
Γð1 − 2ϵÞ : ð76Þ

Analytic expressions for the functions Vi and Wi are given
in Appendix A.
The 0 → qq̄gh amplitude involves one ordinary QCD

coupling and one EFT coupling, both of which need
counterterms. The sum of the counterterms is

MCT;μ
qq̄gh ¼ 3

2
δZαsM

0;μ
qq̄gh − gsðμRÞTAðT 1 þ T 2Þμ

×
αsðμRÞ
2πϵ

�
11

6
CA þ 4

3
CF

�
C5

Λ2
; ð77Þ

where the renormalization for the O1 amplitude is simply
proportional to three times the gs renormalization [30,74],
whereas there is an extra term for the O5 amplitude because
theC5 renormalization in Eq. (65) is not proportional to δZαs .
The renormalized one-loop virtual amplitude is then

MVþCT;μ
qq̄gh ¼

�
4πμ2R
m2

h

�
ϵ

rΓ

��
AV2

ϵ2
þ AV1

ϵ

�
Mμ

qq̄gh

þ ðT 1 þ T 2ÞμTAAV0

�
; ð78Þ

where

AV2 ¼
αsðμRÞ
4π

�
−2Nc þ

1

Nc

�

AV1 ¼
αsðμRÞ
4π

�
Nc ln

�
−Sgq
m2

h

�
þ Nc ln

�
−Sgq̄
m2

h

�

−
1

Nc
ln

�
−Sqq̄
m2

h

��
: ð79Þ

Note that the finite contribution to the virtual amplitude,
AV0, is not proportional to the LO result. AV0 is just the
contribution from the finite terms in defined in Eq. (75) and
Appendix A.

C. One-loop gggh amplitudes

The one-loop virtual results are

A1;1
0 ¼ αsðμRÞ

4π
rΓ

�
4πμ2

m2
h

�
ϵ

NcU1A
0;1
0

A1;1
1 ¼ αsðμRÞ

4π
rΓ

�
4πμ2

m2
h

�
ϵ
�
NcU1A

0;1
1 þ 8gsðNc − NlfÞS23

3S212

�

A1;3
0 ¼ αsðμRÞ

4π
rΓ

�
4πμ2

m2
h

�
ϵ

NcU3A
0;3
0

A1;3
1 ¼ 0

A1;5
0 ¼ 0

A1;5
1 ¼ −

gsαsðμRÞ
4π

·
2S23
3S12

: ð80Þ

4We find that there are some special tensor integrals which
cannot be reduced to scalar integrals correctly by FeynCalc in D
dimensions, but this problem has not affected our calculation,
since the end results are in agreement with LoopTools.
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Analytic expressions for the functions U1 and U3 are given in Appendix A.
The counterterm from renormalization for the QCD coupling and the EFT matching coefficients is

MCT;μνρ
gggh ¼ fABC

��
δZ1 þ

1

2
δZαs

��
A0;1
0 ðp1; p2; p3ÞYμνρ

0 ðp1; p2; p3Þ þ
X

m¼1;2;3

A0;1
m ðp1; p2; p3ÞYμνρ

m ðp1; p2; p3Þ
�

þ δZ3

�
A0;3
0 ðp1; p2; p3ÞYμνρ

0 ðp1; p2; p3Þ þ
X

m¼1;2;3

A0;3
m ðp1; p2; p3ÞYμνρ

m ðp1; p2; p3Þ
��

: ð81Þ

D. Soft and collinear real contributions

1. Soft—qg channel

We combine the virtual and real amplitudes using the
two cutoff phase space slicing method to regulate the soft
and collinear singularities in D dimensions [75] for the
qg → hþ jþ X and gg → hþ jþ X channels. The results
for qq̄ → hþ jþ X can be obtained in a similar manner
and are included in our numerical results.
To find the NLO cross section, we integrate the LO, NLO

virtual, soft, and collinear contributions over the two-body
final state phase space and integrate the hard noncollinear
contribution over the three-body final phase space. The
total answer is finite and independent of δc and δs.

The soft contribution is defined as the contribution from
real gluon emission, qg → qgh, where the outgoing gluon
has an energy less than a small cutoff [75],

Eg < δs

ffiffiffi
s

p
2

; ð82Þ

where δs is an arbitrary small number. For the qg initial
state, s ¼ Sgq̄, t ¼ Sqq̄, and u ¼ Sgq.
The soft contribution is found by integrating the eikonal

approximation to the qg → qhþ gsoft amplitude squared
and integrating over the soft gluon phase space following
exactly the procedure of Ref. [75]. The required integrals
are found in Ref. [76]. The soft result is

∣Msoft
qg→qh∣2 ¼ −

αsðμRÞ
4π

rΓ

�
4πμ2R
m2

h

�
ϵ∣Mð0Þ

qg→qh∣2
�
A2S

1

ϵ2
þ A1S

1

ϵ
þ A0S

�
; ð83Þ

where
AS2 ¼ −

34

3
;

AS1 ¼
68

3
ln δs − 6 ln

�
m2

hβH
−u

�
− 6 ln

�
m2

h

s

�
þ 2

3
ln

�
m2

hβH
−t

�
− ln

�
s
m2

h

�
AS2

AS0 ¼ −
68

3
ln2 δs þ 12

�
ln
m2

hβh
−u

�
ln δs þ 12 ln

�
m2

h

s

�
ln δs −

4

3
ln

�
m2

hβh
−t

�
ln δs

− 3 ln2
�
m2

h

s

�
− 3 ln2

�
m2

hβh
−u

�
þ 1

3
ln2

�
m2

hβh
−t

�
þ
�
ln2

�
s
m2

h

�
−
π2

3

�
AS2

2
; ð84Þ

and βH ¼ 1 −m2
h=s.

The hard contribution to the real gluon emission process
qg → qgh contains collinear singularities,

σreal ¼ σhard=collinear þ σhard=non-collinear: ð85Þ
The hard/noncollinear terms arising from i → j parton
splitting are finite and satisfy

Eg > δs

ffiffiffi
s

p
2

∣Sij∣ > δcs; ð86Þ

where δc is an arbitrary collinear cutoff and is typically
≪ δs. These terms can be integrated numerically using the
amplitudes given in Appendix B.

2. Final state collinear—qg channel

The hard collinear contribution to the partonic
cross section from q → qg splitting in the final state
is [75]

σ̂HC;f
qg→qgh ¼ σ̂LOqg

αsðμRÞ
2π

rΓ

�
4πμ2R
s

�
ϵ
��

1

ϵ
− ln δc

�

× CF

�
2 ln

�
δs
βH

�
þ 3

2

�

−
π2

3
− ln2

�
δs
βH

�
þ 7

2

�
: ð87Þ
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3. Soft—gg channel

The contribution from soft gluon emission results from
integrating the eikonal approximation to the gg → ghþ
gsoft matrix-element squared over the soft gluon phase
space and yields

∣Msoft
gg→gh∣2 ¼ αsðμRÞ

π
rΓ

�
4πμ2R
m2

h

�
ϵ
�
Ag2

ϵ2
þ Ag1

ϵ
þ Ag0

�

× ∣Mð0Þ
gg→gh∣2; ð88Þ

with

Ag2 ¼
3

2
Nc ¼

9

2
;

Ag1 ¼
Nc

2

�
−6 logðδsÞ þ ln

�
m2

h

S12

�
þ ln

�
m2

hβH
−S13

�

þ ln

�
m2

hβH
−S23

��
− ln

�
S12
m2

h

�
Ag2;

Ag0 ¼
Nc

4

�
12ln2ðδsÞ þ ln2

�
m2

h

S12

�
þ ln2

�
m2

hβH
−S13

�

þ ln2
�
m2

hβH
−S23

�
− 4 ln δs

�
ln

�
m2

h

S12

�
þ ln

�
m2

hβH
−S13

�

þ ln

�
m2

hβH
−S23

��
þ 2Li2

�
−S23
S12βH

�
þ 2Li2

�
−S13
S12βH

��

þ
�
ln2

�
S12
m2

h

�
−
π2

3

�
Ag2

2
: ð89Þ

4. Final state collinear—gg channel

The hard collinear contributions from gluon splitting in
the final state are [75]

σ̂HC;f
gg→ggh ¼ σ̂LOgg→gh

αsðμRÞ
2π

rΓ

�
4πμ2R
s

�
ϵ

Nc

��
1

ϵ
− ln δc

�

×

�
2 ln

�
δs
βH

�
þ 11

6

�
−
π2

3
− ln2

�
δs
βH

�
þ 67

18

�
;

ð90Þ

σ̂HC;f
gg→qq̄h ¼ σ̂LOgg→gh

αsðμRÞ
2π

rΓ

�
4πμ2R
s

�
ϵ

nlf

��
1

ϵ
− ln δc

�

×

�
−
1

3

�
−
5

9

�
: ð91Þ

5. Initial state collinear—all channels

The contribution from collinear splitting in the initial
state is combined with the renormalization of the PDFs to
obtain the result given in Ref. [75], applicable to all
channels,

dσ̂initialþPDF
1þB→3þ4þ5

¼ dσ̂LO
1þ20→3þ4

αsðμRÞ
2π

Γð1 − ϵÞ
Γð1 − 2ϵÞ

��
4πμ2R
s

�
ϵ
~f20=Bðz; μFÞ

þ 1

ϵ

�
4πμ2R
μ2F

�
ϵ

Asc
1 ð2 → 20 þ 5Þf2=Bðz; μFÞ

�
; ð92Þ

where the initial state hadron B splits into a parton 20 which
scatters with the initial state parton 1 and a parton 5 which
goes into the final state. The redefined parton distribution
function ~f is given by [75]

~fc=Bðx; μfÞ ¼
X
c0

Z
1−δsδcc0

x

dy
y
fc0=Bðx=y; μfÞ ~Pcc0 ðyÞ; ð93Þ

~PijðyÞ ¼ PijðyÞ ln
�
δc

1 − y
y

s
μ2f

�
− Pij

0ðyÞ; ð94Þ

where Pij and P0
ij are the Oðϵ0Þ and OðϵÞ parts of the

D-dimensional splitting function. The soft-collinear term
Asc
1 , from the soft cutoff on initial state gluon emission, is

given by [75]

Asc
1 ðq → qgÞ ¼ CFð2 ln δs þ 3=2Þ; ð95Þ

Asc
1 ðg → ggÞ ¼ 2CA ln δs þ ð11CA − 2nlfÞ=6; ð96Þ

Asc
1 ðg → qq̄Þ ¼ 0: ð97Þ

E. Higher-dimensional gluon self-interaction
contribution

In Fig. 1 we give an example Feynman diagram which
involves Higgs coupling in the mt → ∞ limit but contains
an Oð1=m2

t Þ gluon-self coupling EFT vertex. Other dia-
grams of this type involve top quark loops as self-energy
corrections of internal gluon propagators. These diagrams
can be trivially calculated exactly, but we choose to use the
EFT Lagrangian in Eq. (35) which gives the expansion to
Oð1=m2

t Þ. The contributions of these diagrams are of NLO
in αs counting and Oð1=m2

t Þ in EFT power counting.
The contribution to the 0 → qq̄gh amplitude is

−8g3s
1

m2
t

~C4ðT 1 þ T 2ÞTA ¼ g5s
30π2m2

t
ðT1 þ T2ÞTA; ð98Þ

while the contribution to the 0 → gggh amplitude is

24g2sfABC ~C3

�
S23
S12

Yμνρ
1 þ S12

S31
Yμνρ

2 þ S31
S23

Yμνρ
3

�
ð99Þ

¼ 1

120π2
g5sfABC

�
S23
S12

Yμνρ
1 þ S12

S31
Yμνρ

2 þ S31
S23

Yμνρ
3

�
;

ð100Þ
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where the Ti and Yi tensor structures are given in Eqs. (37),
(38), and (42)–(44).

VI. NLO REAL EMISSION HELICITY
AMPLITUDES

The helicity amplitudes for the production of Higgs plus
two jets in the mt → ∞ limit, i.e., the O1 contribution, was
worked out long ago [77,78]. We will calculate the
amplitudes for dimension-7 operators. The all-gluon ampli-
tudes will be given in this section, while amplitudes
involving quarks will be given in Appendix B. The O4

and O5 operators, which involve quark bilinears, do not
contribute to tree amplitudes without external quark legs, so
only O1 and O3 will appear here.
Amplitudes for the G3 operator without the Higgs, as a

model for higher-dimensional modifications of the SM QCD
sector, were studied in Refs. [79,80]. These references found
that the G3 and G2 amplitudes do not interfere with each
other unless there are at least three jets in the final states. Our
amplitudes for O3 must reproduce these amplitudes in the
limit of zero Higgs momentum, resulting in vanishingO1-O3

interference. The above references also proposed maximally
helicity violating (MHV) formulas for n-gluon G3 ampli-
tudes involving three minus helicities and n − 3 plus
helicities. We will verify that these MHV formulas hold
for theO3 gggh and ggggh amplitudes, i.e.,G3 amplitudes at
nonzero (and nonlightlike) momentum insertion. This is
expected, as Ref. [79,80] already found MHV formulas for
the G2 operator to be valid at finite momentum, for Higgs
production in the mt → ∞ limit.
For convenience, we will first give the lowest-order gggh

amplitude for Higgs plus jet production again, in helicity

amplitude notation rather than tensor structure notation.
The O1 contributions, proportional to C1, are

imO1ð1þ; 2þ; 3þ; hÞ ¼ 2gsm4
h

h12ih23ih31i ; ð101Þ

imO1ð1−; 2þ; 3þ; hÞ ¼ −
2gs½23�4

½12�½23�½31� : ð102Þ

The O3 contributions, proportional to C3, are

imO3ð1þ; 2þ; 3þ; hÞ ¼ −3½12�½23�½31�
Λ2

; ð103Þ

imO3ð1−; 2þ; 3þ; hÞ ¼ 0; ð104Þ

in agreement with Ref. [81]. As pT becomes large, in the
Higgs rest frame, the initial and final state jets become
much more energetic than the Higgs, so themh → 0 limit of
the above amplitudes, Eqs. (101)–(104), is particularly
interesting. In this limit, the −þþ amplitude is nonzero
for O1 but vanishes for O3, so there is no interference
between O1 and O3 for this helicity configuration.
Meanwhile, the þþþ amplitude is nonzero as mh → 0
for O3 but vanishes as a quartic power in the mh → 0 limit
for O1, as seen in Eq. (101). Therefore, we expect the gggh
amplitude to not receive large enhancements from the
dimension-7 O3 operator at large pT , which means the
mt → ∞ approximation should work well for Higgs differ-
ential distribution even at moderately large pT .
Now we will give the ggggh tree amplitudes for O3.

They are

imO3ð1þ; 2þ; 3þ; 4þ; hÞ ¼ gs
h12ih23ih34ih41i

�
3iS12S23S34 −

3

2
iS12½31�h1pH2�h23i−

3

2
iS12½42�h2pH1�h14i

�

þ 3 cyclic permutations of ð1 → 2 → 3 → 4 → 1Þ; ð105Þ

imO3ð1−; 2−; 3−; 4þ; hÞ ¼ 3igsh12i2h23i2h34i2
h12ih23ih34ih41i ; ð106Þ

imO3ð1−; 2−; 3þ; 4þ; hÞ ¼ 0: ð107Þ

FIG. 1. An example diagram showing the Oð1=m2
t Þ gluon self-interaction vertex from integrating out the top quark. The Higgs is

produced through theO1 operator in themt → ∞ limit, but the overall power of this Feynman diagram is still ofOð1=m2
t Þ and should be

considered on the same footing as diagrams producing the Higgs through 1=m2
t -suppressed dimension-7 operators.
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We comment on the massless Higgs limit again. For the
− −þþ helicity configuration, the O3 contribution van-
ishes, while for the þþþþ helicity configuration, the O1

contribution [77,78] vanishes like a quartic power in the
massless Higgs limit. However, for the − − −þ helicity
configuration, neither the O3 nor O1 contribution vanishes
in the limit mh → 0 (though the latter vanishes in the limit
ph → 0), so the O1-O3 noninterference at high pT is no
longer true at NLO.
Theamplitudes inEqs. (103)and (106) areunchanged from

theMHVformulas forG3 at zeromomentum inRefs. [79,80].
Furthermore, Refs. [80,82] explored the use of Cachazo-
Svrcek-Witten (CSW) rules [83] to build non-MHV ampli-
tudes from MHV subamplitudes for the G3 operator. We
confirm that theþþþþ amplitude in Eq. (106) agrees with
the CSW construction with G3 inserted at nonzero momen-
tum. The vanishing of the − −þþ amplitude in Eq. (107) is
explained by the fact that this helicity configuration cannot be
built from MHV subamplitudes [80,82].
We have checked that the squared matrix elements from

the helicity amplitudes, presented in this section and
Appendix B, agree with the automated tree-level calcu-
lation by MadGraph5_aMC@NLO [84], using a Universal
FeynRules Output (UFO) model file [85] for the dimen-
sion-7 operators which we created using FeynRules [69].

VII. PHENOMENOLOGY

In this section, we present LO, Oðα3sÞ, and NLO, Oðα4sÞ,
results for the Higgs transverse momentum distributions
resulting from the effective operators, using the basis of
Eq. (26). All curves use NLO CJ12 PDFs [86] with
μF ¼ μR ¼ mh ¼ 126 GeV, mt ¼ 173 GeV, and the
two-loop evolution of αs, with αsð126GeVÞ¼0.112497.
TheO1 contribution, with C1 defined in Eq. (31) to include
Oðm2

h=m
2
t Þ corrections, is equivalent to the mt → ∞ result

rescaled by an overall correction factor. The sum of all
contributions, from O1, O3, O5, and the gluon self-
interaction operators in Sec. V E, gives the full result up
to Oðm4

h=m
4
t Þ corrections in the SM limit. We use the SM

values for the Ci in our plots, but the individual results can
be trivially rescaled for BSM coefficients.

A. LO results

At LO,O3 does not contribute to quark channels, andO5

does not contribute to the gg channel. In Fig. 2, we plot the
LO pT distribution resulting from the individual operators,
and in Fig. 3, the same plot is broken up into different
partonic channels. The curves labeled as Oi-Oj are propor-
tional to CiCj, where in this section we use the OðαsÞ
results for the SM CSM;pole

i . We can see that the O1-O1

result declines as pT increases due to the decrease of the gg
parton luminosity function, while the O1-O5 interference
term (which is negative) grows in relative significance at
large pT due to the effects of terms of Oðp2

T=m
2
t Þ in the

quark-gluon channel. TheO1-O3 interference term declines
even more rapidly than the O1 result at high pT , due to the
noninterference of the tree-level amplitudes from O1 and
O3 in the soft Higgs limit. As seen in the real emission
section, at tree level, the two operators cannot interfere in
the soft Higgs limit unless there are three or more jets in the
final state. Also shown is the exact LO result of Ref. [37],
including the effects of the top loop exactly. As made clear
also in Ref. [24], the exact and the EFT results diverge
for pT > 150 GeV.5

Since for LO diagrams without external quark linesO3 is
the only needed operator that is not from a rescaling of the
mt → ∞ limit, we have an explanation for the excellent
agreement between the O1 result and the exact result in the
gg channel shown in Fig. 2, even at rather large pT . For the
qg channel, on the other hand, the growing importance of
O5 explains the much worse agreement between the EFT
result and the exact result at large pT . At small pT , though,
the tree-level qg → qh amplitude factorizes into the col-
linear splitting q → qg and the on-shell gg → h amplitude,
which explains the good agreement between the O1 result
and the exact result in the qg channel. For the qq channel
which neither enjoys the special properties of the O3

helicity amplitudes nor factorizes into gluon subampli-
tudes, we see that the mt → ∞ approximation with scaling

FIG. 2 (color online). Leading-order Higgs transverse momen-
tum distributions from the dimension-5 and dimension-7 EFT
operators for Higgs plus jet production at LO using CJ12 NLO
PDFs with μR ¼ μF ¼ mh. The curves use the OðαsÞ SM values
of the Ci and include terms to Oð1=m2

t Þ.

5After accounting for differing input parameters and basis for
the dimension-7 operators, our results are in agreement with
Ref. [87].
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breaks down even at low pT ∼ 50 GeV. In Figs. 4 and 5, we
plot the deviation of the O1 result and the total result from
the exact result. We again see the remarkably tame
deviation in the gg channel from the exact result, while
observing that including all dimension-7 operators gives a
better approximation to the exact pT distribution than
including the effects of O1 alone, especially for pT < mh.

B. Numerical accuracy at NLO

Our NLO results are derived using phase space slicing
with two cutoffs, δc and δs. To show the accuracy of our
implementation of phase space slicing, in Fig. 6, we show
the deviation of our NLO result for the mt → ∞ limit from
the result produced by HqT 2.0 [87]. (The errors are

statistical.) We find agreement at the percent level. The
variation of dσ=dpT with δs for the O3 and O5 operators
individually [using the SM Oðα2sÞ values for the CSM;pole

i
coefficients] is plotted in Fig. 7 for fixed δc ¼ 5 × 10−6 and
for pT ¼ 100 GeV. We see that at the percent level our
results are independent of the choice of soft cutoff.
Similarly, we have verified that there is no dependence
on the collinear cutoff when δc ≪ δs. Our results in the
following sections use δc ¼ 5 × 10−6 (except for the O1

result at pT ¼ 50.0 GeV, for which we use one-half this
value) and δs ¼ 10−3. All the plots are made by computing
at δpT ¼ 25 GeV intervals, joined together by smooth
curves, and it should kept in mind that an error of ∼1–2% is
present.

FIG. 3 (color online). Leading-order Higgs transverse momentum distributions from the dimension-5 and dimension-7 EFT operators
for Higgs plus jet production at LO using CJ12 NLO PDFs with μR ¼ μF ¼ mh. The curves use the OðαsÞ SM values of the Ci and
include terms to Oð1=m2

t Þ. Contributions from gg, qg, and qq partonic channels are shown separately.

FIG. 5 (color online). Deviations of the EFT predictions from
the exact results (dotted curves), broken up into partonic
channels, for Higgs plus jet production at LO using CJ12
NLO PDFs with μR ¼ μF ¼ mh. The curves use the OðαsÞ
SM values of the Ci and include terms to Oð1=m2

t Þ. The solid
curves include only the contribution fromO1. The red dashed and
red solid curves are indistinguishable.

FIG. 4 (color online). Deviations of the EFT predictions
including all dimension-5 and dimension-7 operators (solid
curve) from the exact result for Higgs plus jet production at
LO using CJ12 NLO PDFs with μR ¼ μF ¼ mh. The curves use
the OðαsÞ SM values of the Ci and include terms to Oð1=m2

t Þ.
The dotted curve includes only the contribution from O1.

EFFECTIVE FIELD THEORY FOR HIGGS BOSON PLUS … PHYSICAL REVIEW D 90, 093007 (2014)

093007-13



C. NLO results

In Fig. 8, we plot the contributions of the dimension-5
and dimension-7 EFT operators to the NLO pT distribu-
tions. The NLO plots use the Oðα2sÞ expressions for the
CSM;pole
i and include terms only to Oð1=m2

t Þ. Compared
with the LO plot in Fig. 2, an important change is that the
dimension-7 O3 contribution no longer shows the property
of declining faster than the dimension-5 O1 contribution
(because interference betweenO3 andO1 amplitudes in the
soft Higgs limit starts at NLO), although O5 is still
dominant at large pT . The curve labeled “self” is the small
contribution from the Oð1=m2

t Þ gluon self-couplings of
Eq. (35). The dimension-7 contributions to the gg and qg
individual channels are shown in Fig. 9. In the gg channel,
the O5 operator starts to have nonvanishing contribution at

NLO, but the contribution remains small compared with
O3, partly because O5 only affects diagrams involving
external quark legs or internal quark loops. In the qg
channel, the O3 operator starts to have nonvanishing
contribution at NLO, but the contribution remains small
compared with O5. Therefore, we should still associate O3

primarily with the gg channel and O5 primarily with
channels involving initial state quarks.
To quantify the size of our results, we define a pT-

dependent K factor,

KðpTÞ ¼
dσ
dpT

ðNLOÞ
dσ
dpT

ðLOÞ ; ð108Þ

where in our plots both the NLO and LO curves use
CJ12 PDFs with the two-loop evolution of αs. We plot
the K factor separately for the contributions from O1
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FIG. 6 (color online). Deviation of our NLO result for the Higgs
pT distribution in the large mt limit from the results of the HqT
2.0 program [87] using δs ¼ 10−3, and δc ¼ δs=200 for pT ≥
75 GeV and δc ¼ δs=400 for pT ¼ 50 GeV.
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FIG. 7 (color online). Dependence of the NLO result for the Higgs pT distribution on the soft cutoff, δs, including only the interference
ofO1 withO3 (lhs) andO1 withO5 (rhs). The collinear cutoff is taken to be δc ¼ 5 × 10−6. The result with δs ¼ 10−3 is normalized to 1.

FIG. 8 (color online). Next-to-leading-order Higgs transverse
momentum distributions from the EFT dimension-5 and dimen-
sion-7 operators, using the SM values of CSM;pole

i to Oðα2sÞ and
including terms only to Oð1=m2

t Þ.
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and for the contributions from the interference of O1

with O3 and O5. The results use the SM values of
CSM;pole
i but can be rescaled appropriately for BSM

models. In Fig. 10, we see that the NLO K factors for
O1 and O5 are always of order unity, while the O3 K
factor reaches huge values at large pT , reflecting the fact
that the vanishing interference between the O1 and O3

helicity amplitudes in the soft Higgs limit no longer
holds at one-loop level.
In Fig. 11, we show the NLO pT-dependent K factors

for each partonic channel. We can see that in going from
the contribution of only O1 to the sum of the contribu-
tions from all operators the K factor hardly changes in
the gg channel, while there are significant changes in
the qg and qq channels. This is not surprising given the
high pT suppression of the O3 contribution and the lack
of an O5 contribution in the all-gluon channel at LO,
while the NLO effects are not large enough to destroy the

agreement with the contribution of O1 alone. In Fig. 12,
we observe that when all partonic channels are summed
up the K factor only shows modest changes [41,42] due
to the dominance of the gg channel.
OurK-factor plots are for SM Higgs production, with the

nonlogarithmic terms Ĉð1Þ
3 and Ĉð1Þ

5 in Eqs. (11) and (13) set
to zero. It is straightforward to scale the K factors to reflect
the effects of BSM physics. Define the K factors corre-
sponding toOi asKi, and define the expansion in αs for SM
and BSM coefficients,

CSM
i ¼ αsC

ð0;SMÞ
i þ α2sC

ð1;SMÞ
i ;

CBSM
i ¼ αsC

ð0;BSMÞ
i þ α2sC

ð1;BSMÞ
i : ð109Þ

The K factor for a BSM model can be derived to OðαsÞ by
the rescaling,

FIG. 10 (color online). The NLO pT -dependent K factor for
each of the operators, as defined in Eq. (108).

FIG. 9 (color online). Comparison of the sizes of O3 and O5 contributions in the gg and qg channels at NLO.

FIG. 11 (color online). The NLO pT -dependent K factor,
broken up into partonic channels.
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K1;BSM

K1;SM ¼ 1þ 2αs

�
Cð1;BSMÞ
1

Cð0;BSMÞ
1

−
Cð1;SMÞ
1

Cð0;SMÞ
1

�
;

K1;BSM

K1;SM ¼ 1þαs

�
Cð1;BSMÞ
1

Cð0;BSMÞ
1

−
Cð1;SMÞ
1

Cð0;SMÞ
1

þCð1;BSMÞ
5

Cð0;BSMÞ
5

−
Cð1;SMÞ
5

Cð0;SMÞ
5

�
;

K1;BSM

K1;SM ¼ 1þαs

�
Cð1;BSMÞ
1

Cð0;BSMÞ
1

−
Cð1;SMÞ
1

Cð0;SMÞ
1

þCð1;BSMÞ
3

Cð0;BSMÞ
3

−
Cð1;SMÞ
3

Cð0;SMÞ
3

�
:

ð110Þ

VIII. CONCLUSION

We used an effective field theory containing strong
gluon-Higgs-quark operators to dimension 7 to para-
metrize either non-SM couplings or the effect of a finite
top mass within the SM. We calculated the NLO,
Oðα4sÞ, contribution to the pT spectrum for Higgs plus
jet production, including effects of Oð1=Λ2Þ, for arbi-
trary values of the coefficients, Ci, of the effective
Lagrangian. There are three dimension-7 operators
which contribute to Higgs plus jet production: O6 ≅
m2

hO1, O3, and O5. The operator O6 rescales the overall
gluon fusion rate for Higgs production and is con-
strained to be close to the SM value. The contribution
from O3, mainly in the gg channel, is suppressed at LO
for large pT since it vanishes in the soft Higgs limit, and
remains numerically small at NLO, making it difficult to
observe new physics in this channel and also sup-
pressing the dependence on the top quark mass. The
contribution from O5, which is mainly in the qg
channel, is significant at large pT . Hence, BSM physics
will be most readily accessible if it contains a significant
enhancement of C5 over the SM value. We studied the
renormalization of the dimension-7 operators, which
makes it possible to regulate the UV divergence of

the one-loop amplitudes and to use renormalization
group running, from the BSM scale down to the
Higgs mass scale, to resum large logarithms.
When the operator coefficients are set to their SM

values, we obtain the Oð1=m2
t Þ corrections to the NLO

rate for Higgs plus jet production, modulo the non-
logarithmic terms in the NLO matching coefficients in
Eqs. (11) and (13) to be presented shortly in a forth-
coming work. These corrections are well behaved in the
gg channel but become increasingly large in the qg
channel as pT is increased above mh. This observation
is in agreement with Ref. [41]. We present pT-dependent
K factors which can be easily rescaled to include BSM
physics.
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APPENDIX A: VIRTUAL CONTRIBUTIONS

Defining Vi, along with the logarithms and dilogarithms,
as complex numbers, the one-loop qg virtual contributions
proportional to C1 are [74]

V1 ¼ −
1

ϵ2

��
m2

H

−Sgq

�
ϵ

þ
�

m2
H

−Sgq̄

�
ϵ
�
þ 13

6ϵ

�
m2
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−Sqq̄

�
ϵ
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�
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H
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�
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�
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H

�
þ 4 −

π2

6
−
Sqq̄
Sgq̄

V3 ¼ −
2

3ϵ

�
m2

H

−Sqq̄

�
ϵ

−
10

9
: ðA1Þ

These results are in agreement with Ref. [74]. The results
must be analytically continued for timelike momentum
invariants: logðSijÞ → logð∣Sij∣Þ þ iπθð−SijÞ and ð−1Þϵ →
1þ iπϵ − ϵ2π2

2
.

The one-loop qg virtual contributions proportional to C5

are (with Wi complex)

FIG. 12 (color online). The NLO pT -dependent K factor,
broken up into partonic channels, summed over all partonic
channels.
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This result is in disagreement with that of Ref. [81].
The one-loop gg contribution proportional to C1 is

U1 ¼ −
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which agrees with Eq. (11) of Ref. [74].
The one-loop gg contribution proportional to C3 is

U3 ¼ −
3
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APPENDIX B: NLO REAL EMISSION—QUARK
AMPLITUDES

1. qq̄ggh amplitudes

The contribution from O3, to be multiplied by C3, is

imO3ðq−ð1Þ; g−ð2Þ; g−ð3Þ; q̄þð4Þ; hÞ

¼ −3igs
h12ih23ih31i

h14i ; ðB1Þ

imO3ðq−ð1Þ; g−ð2Þ; gþð3Þ; q̄þð4Þ; hÞ ¼ 0; ðB2Þ

imO3ðq−ð1Þ; gþð2Þ; g−ð3Þ; q̄þð4Þ; hÞ ¼ 0; ðB3Þ

Just like the ggggh amplitudes in Sec. VI, Eq. (B1) demon-
strates noninterferencewith theO1 amplitude in the softHiggs
limit. TheO4 operator contains twopairsofquarkbilinears, so
it does not contribute to the qq̄ggh tree amplitude. The O5

operator is easily shown to satisfy the operator relation

O5 ¼ O4 þ ∂αhGA
ανDβGAν

β ; ðB4Þ

up to total derivatives, which leads to the following
contributions proportional to pH, to be multiplied
by C5:

imO5ðq−ð1Þ; gþð2Þ; g−ð3Þ; q̄þð4Þ; hÞ

¼ g2s

�
ih13ih3pH2�h1pH4�

2h12iS23
−
i½24�h1pH2�h1pH4�

2h12i½23�½34�

þ i½24�h13i2
h12iS23

pH · ðp2 þ p3Þ
�
; ðB5Þ

imO5ðq−ð1Þ; g−ð2Þ; gþð3Þ; q̄þð4Þ; hÞ

¼ g2s

�
ih12i½34�
S23½12�h34i

ð½13�h34ipH · p3 − ½12�h24ipH · p2Þ

−
i
2

h2pH3�
h34i½12�S23

ðS13S34 − S24S12 þ S23S34 − S23S12Þ
�
;

ðB6Þ

imO5ðq−ð1Þ; g−ð2Þ; g−ð3Þ; q̄þð4Þ; hÞ

¼ g2s

�
−
i
2

ðS12 þ S13 þ S23Þh3pH4�
2½12�½23� −

ih1pH4�h2pH4�
2½23�½34�

�
:

ðB7Þ

2. qq̄qq̄ and qq̄QQ̄ amplitudes

The O3 amplitude vanishes at tree level due to the
absence of the ggh vertex. For O4 and O5, we define

f4ðp1; p2; p3; p4Þ ¼ 2ih14i½32�; ðB8Þ

f5ðp1; p2; p3; p4Þ ¼
i
2

�
1

S12
þ 1

S34

�
½h1pH2�h4pH3�

þ h14i½23�ðp1 þ p2Þ · ðp3 þ p4Þ�:
ðB9Þ

The amplitudes for Oi, i ¼ 4; 5, are

imOiðqc1− ð1Þ; q̄c2þ ð2Þ; Qc3þ ð3Þ; Q̄c4− ; hÞ
¼ imOiðqc1− ð1Þ; q̄c2þ ð2Þ; qc3þ ð3Þ; q̄c4− ; hÞ
¼ g2sfiðp1; p2; p3; p4Þ

X
A

TA
c1c2T

A
c3c4 ; ðB10Þ

imOiðqc1− ð1Þ; q̄c2þ ð2Þ; qc3− ð3Þ; q̄c4þ ; hÞ
¼ g2sfiðp1; p2; p4; p3Þ

X
A

TA
c1c2T

A
c3c4 ;

þ fiðp3; p2; p4; p1Þ
X
A

TA
c3c2T

A
c1c4 ; ðB11Þ

where q and Q represent different flavor quarks.
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