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Light propagation in the field of a moving axisymmetric body:
Theory and applications to the Juno mission
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Given the extreme accuracy of modern space science, a precise relativistic modeling of observations is
required. We use the time transfer function formalism to study light propagation in the field of uniformly
moving axisymmetric bodies, which extends the field of application of previous works. We first present a
space-time metric adapted to describe the geometry of an ensemble of uniformly moving bodies. Then, we
show that the expression of the time transfer functions in the field of a uniformly moving body can be easily
derived from its well-known expression in a stationary field by using a change of variables. We also give a
general expression of the time transfer function in the case of an ensemble of arbitrarily moving point
masses. This result is given in the form of an integral that is easily computable numerically. We also provide
the derivatives of the time transfer function in this case, which are mandatory to compute Doppler and
astrometric observables. We particularize our results in the case of moving axisymmetric bodies. Finally,
we apply our results to study the different relativistic contributions to the range and Doppler tracking for the

Juno mission in the Jovian system.
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I. INTRODUCTION

In modern times, the accuracy of spacecraft tracking
requires a very detailed modeling of the light propagation
in order to compute range and Doppler observables. For
example, the Cassini spacecraft reaches the level of few
meters accuracy for the range and 3 x 107% m/s for the
Doppler [1-3], while the future BepiColombo mission
should reach an accuracy of 10cm on the range and
10 m/s on the Doppler [4,5]. Similar accuracies are
expected for the Juno mission [6], which will reach the
Jovian system by mid-2016.

The computation of radioscience observables, as well as
the determination of astrometric observables (very large
baseline interferometry tracking [7]) requires determining
the propagation of light in a curved space-time. In this
context, several approaches exist. Assuming that the metric
is known, solving the null geodesic equations [8] or the
eikonal equation [9] is the standard method allowing one to
get all the information about light propagation between two
point events. Many solutions have been proposed in the
post-Newtonian (PN) and in the post-Minkowskian (PM)
approximations when dealing with the bending effects due
to the mass multipole moments of the bodies in the Solar
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System [10—17]. On the other hand, the effects of the motion
of monopoles on the light propagation have also been
studied [10,18-21]. A different approach is also available,
initially based on the Synge world function [22—-24] and then
on the time transfer functions (TTFs) [25,26]. In this
formalism, the computation of the coordinate light time,
the frequency shift and the light deflection can be computed
as integrals of functions of the components of the metric
tensor over a straight line joining the emitter and the receiver
of the signal [25,26]. This method has already been
successfully used to compute the propagation of light in
different configurations. For example, the TTF in the field of
a stationary axisymmetric body has been determined at the
first post-Newtonian (1PN) approximation [22,27]. The light
propagation in the field of moving monopoles at 1.5 post-
Newtonian order has also been treated [28]. Finally, the
TTFs in the field of a static monopole up to the second and
third post-Minkowskian (3PM) approximation have also
been determined [26,29-31].

In this paper, we use the time transfer function formalism
to compute the coordinate propagation time, the frequency
shift and the deflection of light in the field of uniformly
moving axisymmetric bodies and in the field of arbitrarily
moving point masses. In Sec. III, we briefly review how
the radioscience and astrometric observables can be deter-
mined from the TTF and its derivatives. Then, in Sec. IV,
we determine the space-time metric describing the geom-
etry in the field of a uniformly moving axisymmetric body,
and we note the metric describing the field of arbitrarily
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moving point masses. In Sec. V, we use these metrics to
develop a general expression of the TTF. A general result is
given in the form of an integral that is computable
numerically. Moreover, an analytical result is developed
in the case of a uniform motion. The derivatives of the TTF
are also determined. In Sec. VI, we particularize our results
in the case of a uniformly moving axisymmetric body by
analytically determining the contribution of each multipole
to the TTF. Finally, in Sec. VII, we apply our results to
determine the different relativistic contributions to the
radioscience tracking of the Juno spacecraft in the
Jovian system. The contributions of the Sun and Jupiter
moving monopoles and of the Jupiter moving J, are
identified. Finally, we give our conclusions and general
remarks in Sec. VIIL

II. NOTATION AND CONVENTIONS

In this paper, c is the speed of light in a vacuum and G is
the Newtonian gravitational constant. The Lorentzian
metric of space-time V, is denoted by g. The signature
adopted for g is (+ — ——). We suppose that space-time is
covered by some global quasi-Galilean coordinate system
(x*) = (x%,x), where x* = ct, with ¢ being a time coor-
dinate, and x = (x'). We assume that the curves of
equations x’ = const are timelike, which means that gy, >
0 anywhere. We employ the vector notation a in order to
denote (a', a®, a*) = (a'). Considering two such quantities
a and b, we use @ - b to denote a'b’ (Einstein convention on
repeated indices is used). The quantity |a| stands for the
ordinary Euclidean norm of a. For any quantity f(x*), f,
denotes the partial derivative of f with respect to x*.

III. TIME TRANSFER FUNCTION AND
OBSERVABLES

Let x4 = (ct4,x4) and xz = (ctp,xp) be two events of
space-time that are supposed to be connected by a unique
light ray. They denote the emission and reception point
of the electromagnetic signal. The coordinate light time
of a photon connecting x, and xp is given by the TTF
[23,25,32,33] as

R 1
ﬁdl_ A(xAvtB’xB)i (1)

tg—ty =T (xs,1p.Xp) =
where 7 (x4, 15, x3) is the TTE,' and R,5 = |xp
A(xy, tg,xp) is the so-called “delay function.”
As developed in detail in [26], the range, Doppler and
astrometric observables can all be computed from the TTF.
The range is directly related to the coordinate time of flight

—x4| and

'In this paper, we used the reception TTF. Similar results can
be obtained using the emission TTF, which depends on 7, instead
of tp [25].

In this paper, we call for simplicity A(xy,,73,xz) a “delay
function” even though it has the dimension of a distance.
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of the photon through a coordinate transformation (see
also [34]).
The frequency shift is given by [24,34,35]

Vg _ 900 + 2908 + 9;;'F Ll;/z

o i i gj11/2

va g0 + 290" + 9i;8' Iy
I_NIiL‘Bﬁ%_ﬁz OA 10A

L= NigbBy +Ba e

Boxi, ¢ oty

; (2)

where 8}, = dx} p/cdt is the coordinate velocity.
The astrometric observables are directly related to the
TTF through the use of [23]

n k; oT o711
k)g=(2L) =—c=|1-22
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where k, are the covariant components of the tangent vector
to the photon trajectory (k*)g = dx" /dA|g (A being an
affine parameter) at xz and Nyp = RA” =24,

Finally, the angular distance between two light rays
coming from two different sources can also be related to
(k;)p [26,36].

Therefore, the computation of the TTF (or equivalently
of the delay function) and its derivatives is crucial in order
to analyze different effects on observations that are done

using light propagation.

IV. METRIC AT FIRST POST-MINKOWSKIAN
APPROXIMATION

A. Uniformly moving axisymmetric body

Let us suppose that the gravitational field is generated by
an ensemble of axisymmetric bodies. We are interested in
calculating the contributions of the mass multipoles and of
the motion of the bodies on light propagation. The first step
is to consider the metric describing such a space-time. The
metric for each of the bodies at 1PM order in its own local
reference system is given by G,, =n,, + H,,, where H,,
is given by [37]

HOO =2 Wi)zfa) + O(Gz) (421)
—0 (4b)
H,, — 25, W(Xa) +O(GY), (4c)

with the spin multipoles being neglected. Let us stress
that the potential W depends on the local coordinate
X* = (cT,X).

084020-2



LIGHT PROPAGATION IN THE FIELD OF A MOVING ...

We can now perform a Poincaré transformation in order
to obtain the metric in the case of a uniformly moving body.
The procedure is similar to what is developed in [38]. The
coordinate transformation is given by

X = b+ ALXE, (5)

where x* = (ct,x) are the coordinates of the global
reference system and A4 is given by

AN=vp AN =A=1,P,
AN=¢5.4+1P pi 7 6
F= 8y B (6)

where f!, = v}, /¢, v}, is the coordinate velocity of the body
1 —p% with g, = |B,|. Note that b* is a

constant four-vector that specifies the origin of the coor-
dinate system: it points from the origin of the global
reference system to the origin of the comoving frame at
T = 0 [38]. We have

b' = xi, (1)

and y, =1/

and b° = ct,, (7)

and the trajectory of the moving body in the global frame is
given by

x,(1) = x, (1) + cp (= 10). (8)

The inverse coordinate transformation is given by
Aa
= Ay (x* = bt), 9)
where 1~\z is the inverse of A, and is given by

A= R0 —
2

~0 .
A0 =7p> _}/pﬁ;)’

A =6+

1

T B (10)

The metric transformation is given by
g ="+ b = NeNSGP = NeAy(n™ + HYP), (1)
which leads to

h = Aﬁ.‘,A’;}H“ﬁ. (12)
From Eq. (4), we have’ H* =

this expression and the expression of A% given by Eq. (6)
into Eq. (12) leads to

2% 5. The introduction of

*Notice that we define H¥ = G* — y*, which at the linear
order is given by H” = —y™y*H,,,.
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2W(X9)

Xy proe). O
i — 4w(X“)ﬂ;’ 2+ 0O(GY), (13b)
T TR

It is worth mentioning that this metric is a generalization of
the international astronomical union (IAU) metric [37]
which can be recovered in the limit of small £,. This limit
is explicitly developed in Appendix B 1. Let us also stress
that W still depends on the local coordinates X“. Therefore,
we still need to use the coordinate transformation (9) to
express the potential W as a function of the global
coordinates x*. More precisely, we get

W= W(X%) = WAL (x* — b#)). (14)
The metric (13) describes the geometry generated by a
uniformly moving body at 1PM. The metric describing the
geometry due to an ensemble of N uniformly moving bodies
is then given by

N
Z (1+4) +0(G?), (15a)
ho! = ZN:%/}" 72+ O(G?) (15b)
= C2 pirp ’
o Law, i o >
W= =56+ 28Pr) + OGY). (15¢)
p=1

In the case of an axisymmetric body, the Newtonian potential
can be decomposed in a multipolar expansion

el () O]

(16)

W,(X7) =

where k,, denotes the unit vector along the symmetry axis of
the body p, M, is the mass of the body p, J,,, are its mass
multipole moments, P, are the Legendre polynomials, r,, is
the equatorial radius of body p and R = |X|. In this paper,
we assume that the symmetry axis of the body k, is time
independent, which means we neglect the precession and
nutation of the body.

B. Arbitrarily moving point masses

The determination of the metric describing the geometry
around an arbitrarily moving extended body at the

084020-3



A. HEES, S. BERTONE, AND C. LE PONCIN-LAFITTE

post-Minkowskian approximation is very complex. In
particular, one cannot simply use an instantaneous
Lorentz transformation, but a local accelerated reference
system has to be defined (see the discussion in the
conclusion of [38]). This is beyond the scope of this paper.
Nevertheless, the metric for arbitrarily moving point
masses at the post-Minkowskian approximation has already
been determined using the Liénard-Wiechert potentials
[18,19,38]. In Appendix A, we briefly note how to compute
this metric.

The space-time metric describing the geometry around
an arbitrarily moving point mass can be written as
[18,19,38] (see also Appendix A)

2W (X!
700 — c<2 )}’%r(l + B5,) + O(G?), (17a)
AW (XY
hol _ c(z ) ;r}/%;r‘F O(Gz), (17b)
L 2W(X! i)
hil = %) (85 + 2By, Bprra) + O(GY).  (17¢)

with W(X') = GM/R (since this metric is only valid for
point masses),

X' = _ﬂ;ryprrpr + ri)r +

2
Yor o
1+pyprﬂpr(ﬁpr'rpr)v (18)

and where the index r denotes quantities that have to be
evaluated at the retarded time ¢, defined by

x —x,(t r
tr:t—| P(r)|:t_ﬂ’ (19)
c c
where r,, = [x —x,(t,)| and x,(z,) is the position of the

body p at the retarded time. The expression of the potential
W(X') can then be explicitly written as

. GM GM
W(X) :m:ypr(rpr_ (rpr'ﬂpr))‘ (20)

In the limit of small velocities, the expression of the IAU
metric is recovered (see Appendix B 2). Finally, the metric
for an ensemble of masses is the sum of the metrics
generated by each body.

V. TIME TRANSFER FUNCTION AT
GENERALIZED 1PM APPROXIMATION

In [24], a PM expansion of the TTF is presented. It
develops the TTF in terms of integrals of functions of the
metric components over a straight line between the emitter
and the receiver of a light signal. At 1PM order, the delay
function is given by Ref. [35] as
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A (xA ) tB ) xB)

Z

R 1 . . . .
= ﬁ/ [hoo - 2NlABhOZ + N,lL\BNjABhU]
0

5 «ydA+0(G),

(1)

where the integral is taken along a straight line para-
metrized by

7°(1) = ct = cty — ARyp, (22a)

Z(l):xB—ﬂRAB =xB(1—/1)+/1xA (22b)

A. General expression in the case of uniform motion

As can be seen from the expression of the metric (15),
A can be written as a sum of delay functions generated
by each individual body A = Zf,’:l A,. Replacing the
expression of the metric (15) in (21) gives

A, (xa,t5,Xp)

=20 [ 1 N8, () -
C 0

(23)

It is useful to express the argument appearing in the
expression of the potential W, in the right-hand side of
(23) as

Ay (2#(2) = b#) = =By et — tg) + 21(A) — xb
2

7p ;
iB . (z(}) —
+1_|_ypﬁp P (Z() xp())
]/2
i P i
*xB+1+ypﬁp p'(xB_xpO)]

- x;O - vaﬁa(fB — 1) = ARpp

2

Y i
= ﬁp(ﬂp 'NAB)]’
Yp

X[NfAB_yPﬁlI’+l+

(24)
by using Egs. (8), (10) and (22) and by denoting

X,0 =X,(t). It is also possible to rewrite Eq. (24) in a
more compact form as

Al((4) = b") = Ri 5 — 4Gl (25)

by setting

2
4
R,x =xx +ﬁﬂpr “(xx —xp0)]

—Xp0 T ypvp(tB - t0>’ (268')
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Gup = Rap|Nuap — 7pﬂp ﬁpwp )
= RaB&pan (26b)
and
z
8pag = Nup — 7,8, + ﬂp(ﬂp Nyg). (26¢)

Let us denote by I the integral appearing in the TTF
expression (23) in the case where the body p is static.
Therefore, I is given by

- 1
I(prvxpB) = I(RABvxpB) = A Wp(xpB — AR p)dA,
(27)

wher.e Xpa =X =X anq Xpp = Xp —X). Usually, the
solution of this integral is given in terms of x,, and
X, but formally, the integral depends on R 5 and x 5. The

transition between the two expressions of I and I in the
static case is trivial because x,4, = x,5 — Rp. However,
this transition no longer applies in the moving case, and it
has to be replaced in Eq. (23) by

~ 1
1(Gap. Ryp) = /0 Wo(R,s

with the two variables defined by Eqs. (26) and similarly to
what was proposed in [28].

Therefore, all the results in the moving case can be
derived from the expressions used in the static case by
replacing x5 by R,z (26a) and R, by G4 (26b). We can
use the conversions given below, where for each “static
case” quantity on the left we give the “moving case”
equivalent on the right. We get

—JGup)dh  (28)

2

Xpp = RpB Xp ﬁp[ﬂp ( xpO)]
1—|— Yp
_xpO - ypvp( B — t())’ (29&)
rpp = |xpB| - RpB = |R (29b)
R
ny,p = Npp = 22 (29¢)
R,p
Ryp — Gy = RAngAB
= Rup|Nup — }’pﬂp ﬂp(ﬂp ) )
(29d)
Rup — RAB}’p(l _ﬂp “Nagp), (29e)
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8 pAB 4 PAB

Nin > = , 29f
A8 9pAB 7p(1 —ﬂp 'NAB) ( )
X0 =X, —Rpyp > Ryp—Gup = Ryp +7,,Rp,
(29¢)
rpA = |pr| - RpA = |RpA|’ (29]’1)
R, ,+ R
np PA ypﬂp AB (291)
|RpA + ypﬂpRAB|
with
9pAB = |gpAB| = Vp(l —ﬂp “Nag), (30)

and R,y given by Eq. (26a). Therefore, we can rewrite
Eq. (23) as

2R
AP(xA’tB7xB): AB 2(

NAB ﬂp)

1
XA WP(RPB

Then, using the definition of / from Eqgs. (27) and (28)
and the correspondences (29), we are able to express
the exact form of the TTF in the field of moving bodies
as

—AGi)dA. (31)

2R
?B Y%( —Nyp ‘ﬂp)z

X I<RpA +7pﬂpRABvaB>’ (32)

AP(xA’ tB’xB)

with R, x given by (26a). The last expression can also be
written as

7?)(1 _NAB 'ﬂp)z
gpAB
X Ap (RpA + ypﬂpRAB7RpB> (33)

Ap(xAv thxB) =

= 7p( —Nyp ﬂp)

X Ap(lsz +7pﬂpRAB’RpB)v (34)

where &(pr,xpB) is the expression of the static TTF.
This particularly simple equation is very useful since it
allows one to determine the TTF of a uniformly moving
body from the corresponding static TTF.

The derivatives of the TTF, needed to compute the
frequency shift (2) and the astrometric direction (3), can
be computed from (34), keeping in mind Eq. (26). In the
case of a uniformly moving body, their expressions are
given by

084020-5



A. HEES, S. BERTONE, AND C. LE PONCIN-LAFITTE

OA (xA’ thxB)
oxiy

ﬂ;) _NABﬂp 'NAB
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(l_NAB ﬂp)Aij( pA+7pﬂpRABv pB)|: ypﬁp( AB — 1+ ﬂp>:|
P

+ yp R Ap(RpA +7/pﬂpRAB’R]7B)9 (353)
AB
8Ap(xAﬂ[B7xB)
D'y
P, iR
(1 _NAB ﬂp){ p]B(RpA +YpﬂpRAB’RpB) |:5l] + 1 +Py ﬂ;ﬂ;’] +y1)ﬁ§’ ABAP»]'A(RPA +ypﬂpRABaRpB)}
p
By = NigB, - Nup «

_Vp L ?ein Ap(RpA +7pﬂpRABvaB)’ (35b)

OA (x4, t5,Xp) o~ ~

% = —CV%(l — Nyp 'ﬁp)ﬂlp [Ap.iA(RpA + YpﬂpRABvaB) + Ap.iB(RpA + ypﬂpRABvaB)]v (350)

where A p.ix(X4.xp) is the expression of the derivative of
the static TTF with respect to xy,

aAP (xA ’ xB)
oxt,

&p.iX (X4.Xp5) = (36)

It is worth mentioning that in the static case, we have the
relation

Ap(xA,xB) = Ap(wa‘fA) (37)
and consequently
Ap tB(xAva) p zA(vaxA> (38)

Therefore, the expression of the derivatives of the TTF in
the moving case is also obtained by inserting into Eqgs. (35)
the static TTF and its derivatives. We present an application
in the field of moving axisymmetric bodies in Sec. VI.

B. Case of a nonuniform motion

The previous section gives the exact solution of the TTF
in the field of uniformly moving bodies. If the bodies
undergo acceleration, it is still possible to use the previous
formula, which corresponds to neglecting higher order
terms related to the acceleration of the body. In this case,
the choice of the parameter 7, introduced in Eq. (24)
becomes critical. It has been shown [10,12,21] that a good
choice of ¢ (i.e. which minimizes the approximation error)
is given by the time of closest approach of the photon with
respect to the body, which is given by

fp = max (tA, g — max <0,‘W>> (39)

with g = NAB _ﬂp(tB)'

In the case of arbitrarily moving point masses, it is
possible to numerically integrate the TTF (21) using the
metric (17). This approach has the convenience to be
strictly valid at the 1PM order, whatever the motion of
the bodies. Inserting (17) in the expression (21) gives

2R 1
AP(xAvtBaxB) = C?BA YEﬂ(l _NAB.ﬂpr)z
i i Vpr
X Wp (Z (’1) - xp(tr) 1 ﬁprﬂpr
+Ypr

@)~ (1,)) — Py i~ m)fm,
(40)

where y . and 3, depend on the retarded time coordinate 7,
that is related to ¢ through (19). The integral in Eq. (40) can
then be evaluated numerically, whatever the motion of the
body x,(1).

C. Moving emitter

In the previous sections, we handle the case where the
source of the gravitational field is moving. In general, the
emitter and the receiver of the electromagnetic signal are
also moving. In this case, the determination of the time
transfer requires solving Eq. (1), which is now implicit,

tg—ta =T (x5(ta). 15.Xp)

_ o = %alta)l +1A(xA(tA)’thxB)'
c c
In practice, the solution of this implicit equation can be
determined by an iterative procedure to find 7, [for
example, see Eq. (7) of [26]]. Another solution consists
in a post-Newtonian expansion of ¢4 from the TTF [for
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example, see Eq. (6) of [26]]. Let us denote by 7, the
Minkowskian coordinate time of the emission solution of

- —x4(%
tB_tA: |xB ‘:A( A)|’ (41)

and then we can write, at first order in 8, = v,(74)/c,

Rap
Ip—1Ia :%+A(xA(tA) tp.Xg)

Rup 7 OA(x4(T4), 5, Xp)
—— P i
c oxy

. (42)

where the “bar” denotes quantities evaluated at 7, like
R,p = |x5 — x,(74)|. The contribution proportional to B, is
also known as a Sagnac term. It has the same form as the
contribution from the velocity of the source of the gravi-
tational field at first post-Newtonian order as can be seen
from Eq. (50). The order of magnitude of this contribution
can reach a few meters for a Juno-Earth signal, as can be
seen from Fig. 4. Therefore, when iteratively solving the
light-time equation, one needs to include the relativistic
perturbations or take into account the Sagnac terms to avoid
the risk of significant errors.

GM

IR,a +7pBpRagl + Ryp +7,Rap(1

PHYSICAL REVIEW D 90, 084020 (2014)

VI. CASE OF UNIFORMLY MOVING
AXISYMMETRIC BODIES

We can now use the general procedure presented in the
previous section in the case of uniformly moving
axisymmetric bodies whose potential is given by the
multipole expansion (16). The TTF in the case of a static
axisymmetric body has been computed in [27] and is
given by

Ap(pr’xpB) = AMp(pr’xpB) + AJpn(prvxpB)v (43)

where Ay, represents the mass monopole contribution
and Aj,, represents the mass multipole contribution.

The TTF corresponding to a static monopole is well
known [22] and is given by

~ GM, r,+r,g+R
AMp (pr’xpB) -2 - P In PA pB AB
c Tpa + Tpp — Rap

(44)

By inserting (44) into (34) and using the substitutions (29),
we obtain the TTF in the field of monopoles in uniform
motion as

_ﬂp 'NAB>

Ay(xa,tp.x5) = 27[77,;(1 ~Nap-B,)In

|RpA + ypﬁpRABl + RpB

(45)

- J’pRAB(l —ﬁp 'NAB) ’

with R, x given by (26a). On the other hand, the mass multipole contribution A, has been computed in [27] as

n

~ 1
AJW(pr’xpB) N K]m Z Lr A+ o — RAB)n_m+1 -
p p

m=1

with K, =2GM ,J,,,r",/c* and

where the sum )7} . denotes the summation over the
sets of non- negatlve 1ntegers I1y09yny
of equations

1
® , , 46
(rpA+rpB+RAB)n_m+1:| oo ¥p) (462)
! )| m
O (XpaXpp) = (=1)"7" Z l1'lz ¥ ,Hsl par*pe)]", (46b)
i m* =]
L (12 <kp 'pr)
. e . Si(xp4,x,5) =——C L
i,, satisfying the pair I\t pAs*pB ri)_Al ! For
1 k,-x
o O (”B) (46d)
i "'pB

+mi, =n

i\ 20y + 3y 4
(o2 s

11+12+—|—1m:n—m—|—1

and where S;(x,4,x,5) is defined by

with Cg_l/ 2) (x) the Gegenbauer polynomial of degree / and
of parameter —1/2.

Therefore, the multipole term of the TTF for the case of
moving axisymmetric bodies is given by inserting (46) into
the relation (34) and using the substitutions (29),
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2GM 1"

AJW, (xa.15.Xx5) = #71)(1 ~Nag - Bp)

- 1

" mz::l [(|RPA +7pBpRasl + Rys = Rapyp(1 =B, Nag))" """
1

- (IR,a +7,BpRag| + Ryp + Ragy,(1 =B, Nyg)) T

®nm(RpA +ﬂpRABvaB)’ (47)

with R,y given by (26a).

In order to compute the derivatives of the TTF in the case of moving bodies from Eq. (35), one also needs the derivatives
of the TTF in the static case. The derivative of the TTF in the case of a static monopole is known (see, for example, [39]),
and it is given by

4GM , Niyg(rpa + 1pp) + Rapn',

A N (x As X ) = - ) (48a)
Mpddipio el c (rpa+rp8)* — Rip
~ 4GM NZB(FPA—I—rpB)—RABn"B ~
Ay in(Xo0.X,5) = + P P2 — A, ia(X,8.X,4). 48b
Mp.iB(XpaXpp) 2 (r,,A‘f'rpB)z—RiB pid(XpB:Xp4) (48b)
Also, the derivatives of Eq. (46) can be computed as
- & n,u + Nyp n,s —Nyp
Ay n,iA(x A Xpp) = K, {—(n—m—ﬁ—l){ L - - . - ]@(x A:X,B)
P P, P P mz::] (rpA + rpB _ RAB)n m+2 (rpA + rpB + RAB>n m+2 P P
1 1
+ |: n—m+1 n—m+1:| YA‘"m (xI’A’xI’B)}’ (498.)
(rpa + 7ps — Rap) (rpa +7pp + Rap)
~ - n,p —Nap n,p+ Nagp
Ajpnin(Xpa.X,8) = Kpy, {—(”—m+1)[ . - - . P }(’9(35 4 Xpp)
P P 4 14 r; (rpA + rpB _ RAB)n m+2 (rpA + rpB +RAB)1 m—+2 P )2
1 1 }
+ n— - _ YBnm(x AsX B)}9 (49b)
|:(rpA + rpp — Rap)"™ ™ (rpa+ rpp + Rag)" ™! | P
where
n—m (n —m)! - : i—1
Y xum (XparXpp) = (1) Z mzlz[sz(xpmxpﬁeﬂ’
sl m: =]
n Pk, n,x)k,—P)k, n,)n
% H [Sq(pr’xpB)]lq[ 1 1( p pX) pl l( 14 pX) pX] ] (490)
g=1.q%# "px

The derivatives of the TTF function in the case of a moving axisymmetric body are then given by combining Egs. (44) and
(49) with Eq. (43) and by using it together with the combination of Eqs. (48) and (49) with Egs. (35) [using the
correspondences (29)].

A. Particular case: Post-Newtonian expansion

Section V A gives a way to compute the TTF in the field of uniformly moving bodies. The obtained expressions are exact
at any order in f8,,. Nevertheless, a post-Newtonian expression can sometimes be more practical to use in the case of slowly
moving bodies. Therefore, we present here an expansion of the previous results in terms of the small parameter f,. An
expansion of (32) gives

A,(xy.tg.xp) = (1-8, 'NAB)Ap(pr’xpB) + (Ryp —c(tp — tO))ﬁ;Ap.iA(pr?xpB) —c(tg— tO)ﬁ;Ap,iB(pr’xpB>? (50)

with x,x = xy —x,(t). For example, the use of this formula in the case of the moving monopoles leads to
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Ap(xA’tB7xB)
GMP (l_ﬂ 'NAB)lnrpA+rpB+RAB
r I'pa + 'pp — RAB

C2
4GMpRAB (rpA + rpB)NAB 'ﬁp +RABnpA 'ﬂp
c? (rpa +18)° = Rip

=2

GM ,R (0 +n
+ 4728 (1) By (mp 5 ”BZ +O(c™),
¢ (rpa+7rpp)” = Rip
(51)
with n,x = f:—i = % This expression is equivalent to the

one given by Eq. (20) of [28]. Obtaining this result in such a
straightforward way illustrates the effectiveness of the TTF
approach.

B. Particular case: The quadrupolar term

An explicit calculation for each of the multipoles is
straightforward given the above formulas. As an example,
|

2
Jpzrpe

PHYSICAL REVIEW D 90, 084020 (2014)

let us explicitly develop the expression for the quadrupolar
term J,. The only sets of integer solutions to Eqs. (46¢) are
iij=2 for m=1 and {i; =0,i, =1} for m=2. As
shown in [27], we obtain

- GM, J 17 Rug
AJpz(pr7xpB): PP P

C2 rpArpB 1 +npA 'an
2 2
8 [1—(kp-npA) +1—(k,,-n1,3)
rpA rpB

(L) Bt

rpA rpB 1+npA‘an

(52)

Therefore, inserting (52) into (34) and using the substitu-
tions (29), we obtain

Rup

GM
AJ,)z(xPA’xpB> = TPV%O —Nap 'ﬂp)z

|RpA + VpﬂpRAB|RpB 1 +NA 'NpB

1= (k,-Np?*  1=(k,-Nyp)?® ( 1 L ) k- (Na+N,p)]° (53)
|RpA + ypﬂpRAB| RpB |RpA + 7pﬂpRAB| RpB 1 +NA 'NpB
and o RPA + 7pﬂpRAB (54)
A — .
IRy + 7B pRas|
The derivative of (52) with respect to x,4 can be computed using Eq. (49a) and is given by
~ GM n + NAB n,s— NAB
Ay ialxpu.x,5) =2—5LJ rze{k'n +n 2[ PA - £
J],Z,A( PA pB) C2 p2'p [ )4 ( pA pB)] (rpA + rpB _RAB)3 (rpA + r[)B +RAB)3
1 1—(kp-npA)2 1—(kp-np3)2 npA +NAB npA—NAB
T + 27 2
2 Tpa TpB (rpa + 7,8 —Rap)”  (rpa +7pp+ Rap)
1 Rap(rpa+rpp)k, - (nps+n,p)
T3 p2 . 11) . . 2 [kp - (kp 'npA)npA]
oA "B (14+n,4-nyp)
1 Rup2(k, -npa)k, +[1-3(k, npp )N, (55)
erjA rpB 1+npA'an ’
while the derivatives with respect to x,; can be obtained by symmetry as
AJI,Z,iB(pr’xpB) = AJ,,Z.iA(xpB’pr)' (55b)

In order to evaluate the contribution of the moving quadrupole to the derivatives of the time transfer, it is then sufficient to

combine Egs. (55) and (52) as shown in Egs. (35).

084020-9



A. HEES, S. BERTONE, AND C. LE PONCIN-LAFITTE

Range Juno-Earth
[108 km]

Shapiro Sun

0 50 100 150 200 250 300 350
Time from 10 oct. 2016 [day]

FIG. 1 (color online).
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Representation of different contributions on the range (left panels) and range rate (right panels) between Juno

and Earth over one year. The contributions represented are the lower order contribution (the actual value of the observables) and the
corrections produced by the Shapiro due to the monopole of the Sun.

VII. APPLICATION TO JUNO

As an example, we use the equations presented in
previous sections to give estimates of the relativistic
corrections on the observables for the Juno mission.
Juno is currently on its way to Jupiter, which it will reach
in 2016. The spacecraft will orbit Jupiter during one year.
Some of the relativistic perturbations on the Juno orbit have
been studied in [40,41]. The main goal of this section is to
assess the order of magnitude produced by different effects
due to the Sun and Jupiter on the time transfer. We shall use
the nominal orbit of the mission around Jupiter obtained
using the Naif SPICE toolkit [42] and kernels, as well as the
DEA430 planetary ephemeris [43]. The expected accuracy
for Juno is of the order of 10 cm on the range and 10° m/s

Shapiro Jupiter
Static [m]

of Jup. [107*m]

Effect due to the motion

0 50 100 150 200 250 300 350
Time from 10 oct. 2016 [day]

FIG. 2 (color online).

on the Doppler [6]. In the following, we present different
relativistic contributions to the two-way coordinate light
time between Earth and Juno and the corresponding range
rate. The range rate has been computed with an integration
time of 10 seconds.

In the following figures, all the time scales are given in
terms of the coordinate time, which is similar to the
barycentric coordinate time introduced in the IAU conven-
tions (see [37]). The observations, done in terms of local time,
can be derived by a relativistic coordinate transformation,
which is conventional [37,44]. Nevertheless, this transforma-
tion will not significantly change the figures presented below.

Figure 1 represents the lower order time transfer and
range rate between Juno and Earth, as well as the relativistic

O

Shapiro Jupiter
Static [10~*m/s]
I
H N o N S
Lo
___
\__
\__
\___
.
\__
—
L
-
RS W
— 1 -
RN W
\__
\

] ||||i|||
0 50 100 150 200 250 300 350
Time from 10 oct. 2016 [day]

of Jup. [108m/s]

Effect due to the motion

Representation of different contributions on the range (left panels) and range rate (right panels) between Juno

and Earth over one year. The contributions represented are the corrections produced by the Shapiro due to the monopole of Jupiter (top
panels) and the contributions due to the velocity of Jupiter (bottom panels).
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and Earth over one year. The contributions represented are the corrections produced by the J, of Jupiter (top panels) and the
contributions produced by the fact that the J, is moving (bottom panels).

Shapiro correction from the Sun. These corrections are
standard.

Figure 2 represents the contributions of the mass
monopole of Jupiter on the range and on the range rate.
These contributions have been split into two parts: a part
related to the case where Jupiter is static and a contribution
proportional to Jupiter’s velocity fy,,. The static part is
computed using (44) with the position of Jupiter taken at
the critical time ¢, given by Eq. (39). The contribution
relative to the velocity is computed by taking the difference
between the relations (45) and (44). As one can see, the
contributions relative to the motion of Jupiter are 2 orders
of magnitude below the expected accuracy of Juno and can
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FIG. 4 (color online).

safely be neglected in the modeling of the time transfer. A
similar conclusion holds for the motion of the Sun around
the Solar System barycenter, which is even smaller. Note
that the analytical results presented in these graphs have
been checked by numerically integrating the TTF (40).
Figure 3 represents the contributions of the quadrupole
of Jupiter (J,) on the range and on the range rate of Juno.
As above, we have split these contributions into two parts:
one related to the case where Jupiter is static and one
proportional to Jupiter’s velocity fy,,. The static part is
computed using (52) with the position of Jupiter taken at
the critical time 7, given by Eq. (39). The contribution
relative to the velocity is computed by taking the difference

1.0
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0.0
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LY
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Jupiter [m]
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Representation of different contributions on the range between Juno and Earth over one year. Top left panel: The

2PN contribution from the monopole of Jupiter (contribution proportional to ﬂfup). Bottom left panel: The contribution proportional to
the acceleration of Jupiter. Right panels: The Sagnac contributions (proportional to the Sun mass and to Jupiter mass) due to the motion

of Juno.

084020-11



A. HEES, S. BERTONE, AND C. LE PONCIN-LAFITTE

between the relations (53) and (52). As one can see, the
contributions relative to the J, of Jupiter are of the same
order as the Juno’s expected accuracy. Therefore, the effect
of the J, should be taken into account in the reduction of
the tracking data. The contribution related to the velocity of
the J, is far beyond the current tracking accuracy. Once
again, the analytical results presented in these graphs have
been checked by numerically integrating the TTF (40). It is
important to notice that the curves highly depend on the
geometry of the probe orbit. Since Juno has a polar orbit
and is never in conjunction with Jupiter; the velocity effects
are not detectable. Therefore, the situation can be different
for another space mission like JUICE [45].

Figure 4 is given for illustrative purposes, and it shows
more effects on the range of Juno. First of all, the effects of
the second order in fy,, are represented. They are computed
by making the difference between the formula valid at all
orders in fy,, (45) and the 1PN expansion (50). This shows
that one can safely use the PN expansion presented in
Sec. VI A within the Solar System. The effect of the
acceleration of Jupiter on the range is also presented.
This is computed by making the difference between the
numerical integration of the TTF in which we are using the
real Jupiter trajectory (40) and the result valid at all orders
in the velocity (45). The small rapid oscillations come from
oscillations in Jupiter’s acceleration, which results from the
perturbations due to the Galilean satellites.

Finally, on the right of Fig. 4 the Sagnac effects due
to the motion of Juno are represented. The contributions
represented are due to the Shapiro of the Sun and Jupiter,
which has been computed using (42). These contributions
should be included in the analysis of Juno data either as a
perturbation or when solving the light-time iterations.

VIII. CONCLUSIONS

In this paper, we computed the TTF and its derivatives in
the field of uniformly moving axisymmetric bodies and in
the field of arbitrarily moving point masses, which is useful
in order to evaluate range, Doppler and astrometric observ-
ables. First, in Sec. IV, we computed a metric adapted to
describe the space-time geometry due to N bodies in a
global reference system by using a Poincaré transformation.

Then, we presented a general method to compute the
TTF and its derivatives in the case where the bodies
generating the gravitational field are in uniform motion.
We showed that the TTF in the case of uniform motion can
be directly derived from the static TTF, as can be seen from
Eqs. (34) and (35). This result is very powerful and valid for
any velocities. Moreover, in Sec. VB, we developed a
general expression of the TTF in the case where the
gravitational field is generated by arbitrarily moving point
masses. The result is given as an integral over a straight line
between the emitter and the receiver (40), which can be
computed numerically. This general formulation has been
used to numerically check our analytical derivations but is

PHYSICAL REVIEW D 90, 084020 (2014)

also useful to assess the effects due to the acceleration of
the body on the light propagation.

Then, in Sec. VI, we showed how our method can be
easily applied to the metric presented in Sec. IV to
analytically compute the TTF and its derivatives (and thus
the range, frequency shift and astrometric direction) for a
light signal propagating in the field of one or more
axisymmetric bodies in uniform motion. The results of
this paper complete the work of [27,28] and, in general,
extend the field of applicability of the TTF formalism [25].

Finally, as an example of our method, we computed the
range and Doppler for the Juno mission during its orbit
around Jupiter and studied in detail the different perturba-
tions due to the Sun and Jupiter on light propagation. In
particular, we showed that in addition to the standard
Shapiro contributions due to the mass monopole of Jupiter
and of the Sun, the contribution of Jupiter J, is also relevant
at the level of accuracy expected for Juno. The motion of
the Sun and of Jupiter produces effects that are too small
compared to Juno accuracy. Nevertheless, this conclusion
highly depends on the geometry of Juno orbit and it should
be assessed carefully for other space missions (JUICE, for
example [45]).
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APPENDIX A: METRIC OF ARBITRARILY
MOVING POINT MASSES

The standard way to compute the metric for an arbitrarily
moving point mass is to use the Liénard-Wiechert poten-
tials as in [18,19,38]. Based on the analogy between the
Maxwell equations and the linearized Einstein field equa-
tions [46], the guidelines of classical electromagnetism (see
Chapter 8 of [47]) follow. This procedure is described in
detail in [38]. According to the formulas for the retarded
potentials, the field at the point of observation at time ¢ is
determined by the state of motion of the body at the earlier
time ¢, which is determined by (19) (in the following, the
index r denotes quantities evaluated at the retarded time ¢,.).

We can introduce a reference system comoving with the
body at the retarded time, whose temporal origin coincides
with the retarded time. The coordinates with respect to this
frame will be denoted by X¢, and they can be derived by the
instantaneous Lorentz transformation

X = R, (v = ), (A1)
where x¥, = ¢z, andx,, = x,,(1,) are the coordinates of the
body at the retarded time. It is important to notice that the
Lorentz transformation is done at the retarded time [i.e.
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Afﬂ = AZ(I,)]. The four-vector X* is a null four-vector
[na/}XaXﬂ:nwx(xﬂ _ﬁ) (xzz_xr;) :Cz(t_tr)2 - |x_xp(tr)| =
0]. In this frame, the space-time metric is known,
HY = ZW( )5aﬁ, Wthh can be written in a manifestly
VXD (Us, U, = L) with US,
the four-velocity of the body at the retarded time (in the
comoving frame U%, =§&™). Since the expression of

the metric is manifestly covariant, we can express it in
the global frame by using the local transformation (A1),

1
_ _ap
2 >

where the X' are given by the transformation (A1) and
where uy, is now given by u}, = y,,(1.p,,) with y,, =
vp(t,) and v, =dx,/di], .

We can write the space-time metric as (17) with X’ given
by (A1), which can be explicitly written as (18). For
example, in the case of a point mass (W = GM/R), one
gets

covariant way as H% =

(A2)

,_AWX (s
h = 2 < pripr

R = |Xl| = ypr(rpr - (rpr 'ﬂpr))

and the metric can be written as

2GM

RO = L1+ B2,) +0(G?), (A3

cz(rpr_(rpr’ﬂpr))yp ( +ﬂl’ )+ ( ) ( a)
. 4GM .

R = iy +O(G?), (A3b

cz(rpr_(rpr‘ﬂpr))ﬁp T - ( ) ( )
. 2GM o

il = 8ii 4281 Bhr,) + O(G?).
Cz(rﬁr - (rpr 'ﬁpr))ypr< ! * ﬂp ﬂp v ) * ( )

(A3c¢)

This expression is exactly the same as the one found in
[18,19,38]. In the limit of small velocities, the expressions
of the TAU metric are recovered (see Appendix B 2).

APPENDIX B: CORRESPONDENCE WITH
THE IAU METRIC

1. Case of uniformly moving bodies

In Sec. IVA, we derive the post-Minkowskian metric
related to uniformly moving bodies (13). It is interesting to
show that the post-Minkowskian limit of the IAU metric
[37] is recovered in the limit of the small velocities. In order
to show this, we first need to develop the argument
appearing in the potential W from Eq. (14) as

PHYSICAL REVIEW D 90, 084020 (2014)

/~\L(x” — b)) = =y, phe(t — 1) + x' — xh(19)
2

L =y 1)

(B1)

Using the fact that the motion of the body is uniform, this
expression can also be written as

At — by = xf — b (1) + i”y Bif- (x —x,(1)).
(B2)

In the limit of the small velocities (5, < 1), we have

Ay (o = b) = xf = x (1) + 5 ﬁpﬂp (x —x,(1)) + OB;).
(B3)
Using this expansion in the limit of small velocities, the

expression of the potential W appearing in the metric (13)
becomes

WA, (¢ = b)) = Wlx' = xi, (1) +2W ' = x, (D]FB,

H(x = x,(1) + OB;).

where W ; = OW/9X/. Introducing this expression in the
metric (13) leads to

(B4)

2W i 1% i _
R0 — (xcz xp) 14 (XCQ xp)ﬂ%)
P E %) vy - xh) + 06?)
+ OB}/ c?), (B5a)
AW (Xt =xh)
wi = W20 g 0(6) + 0y/et).  (BSb)
L 2W (X -
hil = Méu +O(G?*) +O(p3/c*).  (B5c)
For example, in the case of a point mass (W = GTM), the
last expression becomes
GM GM GM
00 _ 2 _ WRY 2
h _27',,C2+4}’p€2ﬁp 2,,;(" By)” +0O(GY)
+ OB}/ ). (B6a)
o = 4—ﬂp +0(G?) + OB/ ). (B6b)
p€
M
hii — 2G—a LOG) + O/, (B6e)
Fp€

084020-13



A. HEES, S. BERTONE, AND C. LE PONCIN-LAFITTE

with r, = |r,| and r, =x —x,(¢). This expression is
exactly the one recommended in the IAU conventions
[see Egs. (8) and (51-55) from [37] or Resolutions B1.5. in
the Appendix of the same paper].

2. Case of arbitrarily moving point masses

The metric (17) or (A3) describes the space-time
geometry around an arbitrarily moving point mass at the
first post-Minkowskian approximation. It is interesting to
show that the post-Minkowskian limit of the IAU metric
[37] is recovered in the limit of the small velocities.

We need to express the quantities at the retarded time z,
as a function of the quantities at the time ¢. Since

-
t,—t:—%, (B7)

we have

r,(t)=r,=x—x,(t)

—x =y (1) = (= 1wy (0) =S )
+0O((r=1,)% (B8)
—rp,—%v,,,—%am—i—(’)(c‘3). (B9)

It is useful to notice that in the last term of this expression,
we can replace ¢, by ¢ (this will introduce a higher order
correction). A simple calculation leads to

’%"'(ﬂp 'rp)2 = (rpr_(ﬂpr'rpr))2+r§rﬁ%r
2
—%ap -r, +O0(c7). (B10)

This leads to

PHYSICAL REVIEW D 90, 084020 (2014)

2 (B, r,)? a,-r
_ pr PpTp pTp
] L I TR Ve

+0O(c73). (B11)

Since

2

for =1, +0() =1+ 240, (B12)

we have

1 1 : B,-r,)? a,-r,
ypr(rpr - (ﬂpr : rpr)) rp 21’% 2C2

(B13)

Introducing Eq. (B13) in the space-time metric (A3) leads
to

2GM  GM , GM
400 — 4 2 _ B2
c’r, e pﬂp c*r; ML
GM
Gy @) 0@+ (/). (Bl4)
. GM
. GM
W=2756,+ 0(GH) + O(1/). (Blde)

p

The only additional term with respect to the metric (B6) is
the term proportional to the acceleration in gq. This term is
exactly the one appearing in the IAU metric [see Eq. (54) of
[37]] as already noticed in [48].
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