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We study the solutions of string fluid equations under the assumption of a local equilibrium which was
previously obtained in the context of the kinetic theory. We show that the fluid can be foliated into
noninteracting submanifolds whose equations of motion are exactly that of the wiggly strings considered
previously by Vilenkin and Carter. In a special case of negligible statistical variance in either the left- or
the right-moving directions of microscopic strings, the submanifolds are described by the action of a
null-current-carrying chiral string. When both variances vanish the submanifolds are described by the
Nambu-Goto action and the string fluid reduces to the string dust introduced by Stachel.

DOI: 10.1103/PhysRevD.90.083516 PACS numbers: 98.80.Cq, 11.25.-w, 11.27.+d

I. INTRODUCTION

A fluid-mechanical description of physical systems with
many degrees of freedom is often employed whenever local
interactions tend to quickly drive the local subsystems
towards equilibrium. Although the true local equilibrium is
never established, the perturbative expansion around equi-
librium states provides a useful insight into the behavior of
the systems as a whole. The key idea of the fluid description
is to impose the microscopic conservation laws, such as
conservation of energy and momentum, to derive macro-
scopic equations of motion, such as the continuity and
Navier-Stokes equations.
The fluid approach has proven to be useful for describing

many different systems on a wide range of scales in
which the “microscopic” degrees of freedom are “zero-
dimensional” particles (e.g. molecules, stars, galaxies), but
it remains unclear whether similar ideas can be applied to
study “one-dimensional” strings (e.g. cosmic strings [1],
fundamental strings [2], topological strings [3], polymer
molecules [4], etc.). This question goes back to the earlier
attempts to develop a kinetic theory [5,6] and fluid
mechanics [7–9] of strings. In what follows we briefly
review our contribution to the field. For more details the
reader is referred to the original publications [10–13].
To formulate a kinetic theory of strings we considered

the dynamics of a distribution function of the energy
density defined on a space of right- and left-moving null
directions Aμ and Bμ of the microscopic strings. Under the
so-called string chaos assumption it was possible to derive a
transport equation for strings similarly to how the molecu-
lar chaos assumption is used to derive the Boltzmann
transport equation for particles [10,11]. The homogeneous
transport equation enabled us to prove the H-theorem for
strings and to solve for the equilibrium distribution [11]. It
was shown that in the equilibrium the right- and left-
moving null directions Aμ and Bμ are statistically indepen-
dent. Although it was not immediately clear how to
consistently include spatial variations, the correct version

of the inhomogeneous transport equation for the Nambu-
Goto strings was eventually obtained in Ref. [12].
To develop a fluid description of strings we derived

conservation equations for a coarse-grained tensor current
hA ⊗ Biμν. The symmetric part of the equation represents
the microscopic conservation of energy and momentum
and the antisymmetric part of the equation represents the
continuity of individual strings [13]. Although the con-
servation equations are exact as no assumptions were made
to derive them, their solutions are not uniquely determined
unless additional constraints are imposed. In contrast, the
transport equation of the kinetic theory is only approxi-
mate, as it relies on the string chaos assumption, but one
can solve it starting from an arbitrary initial condition. This
shows that the two approaches are only useful in the ranges
of their respective validities, but under the assumption of
local equilibrium both approaches indeed lead to the same
set of fluid equations [12].
The paper is organized as follows. In Sec. II we review

some basic results for the individual Nambu-Goto strings.
In Sec. III we develop a fluid description of Nambu-Goto
strings and in Sec. IV we analyze different classes of
solutions of the fluid equations in the limit of local
equilibrium. The main results of the paper are summarized
and discussed in Sec. V.

II. NAMBU-GOTO STRINGS

We start by reviewing the basic properties of the
individual Nambu-Goto strings. Consider a world sheet
of a single string described by coordinates ηa, where
a ¼ 0; 1, embedded into the four-dimensional target space
XμðηaÞ, where μ ¼ 0; 1; 2; 3. Then we can define a pullback
of the target space metric (or the induced metric)

hab ≡ gμνX
μ
;aXν

;b: ð1Þ

For the Nambu-Goto strings the equations of motions are
obtained from the action
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S ¼ −
Z

d2η
ffiffiffiffiffiffi
−h

p
; ð2Þ

where the units are chosen to set the string tension
coefficient to one, and the corresponding (singular)
energy-momentum tensor as a function of the target space
coordinates xλ is given by

Tμν ffiffiffiffiffiffi
−g

p ¼
Z

d2η
ffiffiffiffiffiffi
−h

p
habXμ

;aXν
;bδ

ð4Þðxλ − XλÞ: ð3Þ

Due to the conservation of energy and momenta, the
energy-momentum tensor should also obey the conserva-
tion equation,

∇μTμν ¼ 0; ð4Þ

but because of the presence of the delta function in Eq. (3),
the interpretation of the expression (4) is somewhat
obscure.

A. Conservation equations

To clarify the conservation law (4) for a singular energy-
momentum tensor (3), consider first a general singular
current of the form

Jμ
ffiffiffiffiffiffi
−g

p ¼
Z

dη0 ∧ dη1 ~JμðηÞδð4Þðxλ − XλÞ: ð5Þ

Then the conserved current Jμ formally obeys the con-
servation condition in the target space

∇μJμ ¼
1ffiffiffiffiffiffi−gp ∂μðJμ

ffiffiffiffiffiffi
−g

p Þ ¼ 0 ð6Þ

or

∂μðJμ
ffiffiffiffiffiffi
−g

p Þ ¼ 0: ð7Þ

By integrating over a four-dimensional volume, this was
shown [13] to imply a conservation condition on the world
sheet

∂a
~Ja ¼ 0 ð8Þ

for a vector ~Ja which can be pushed forward to the
conserved current ~Jμ in the target space,

~Jμ ¼ ~JaXμ
;a: ð9Þ

(See Ref. [13] for details).
The same procedure can be applied directly to the

energy-momentum tensor (3) of a Nambu-Goto string in
flat space-time. Then the four conservation equations (4) in
the target space can be put in the same form as Eq. (7),

∂μðTμν ffiffiffiffiffiffi
−g

p Þ ¼ 0 ð10Þ

and by inspecting Eq. (3) we can identify the four
conserved currents on the world sheet as the four coef-
ficients of Xμ

;a leading to the four familiar equations of
motion for Nambu-Goto strings in flat space-time,

∂a

� ffiffiffiffiffiffi
−h

p
habXν

;b

�
¼ 0: ð11Þ

For a general space-time metric the equivalent of
Eq. (10) is not true for the second-rank tensor Tμν since
there is an additional term involving a connection coef-
ficient in the target space conservation equation (4),

∇μTμν ¼ 1ffiffiffiffiffiffi−gp ∂μð
ffiffiffiffiffiffi
−g

p
TμνÞ þ Γν

λμT
λμ ¼ 0: ð12Þ

But this simply leads to an additional term Γν
λμ
~Tλμ in the

singular current conservation equation, which can also be
pushed forward to become the Nambu-Goto equation of
motion in a general space-time,

Xμ
;a∇μ

� ffiffiffiffiffiffi
−h

p
habXν

;b

�
¼ 0: ð13Þ

Besides the world-sheet currents associated to the
energy-momentum tensor, we can consider a trivial current
conservation due to commutation of partial derivatives:

∂aðϵabXν
;bÞ ¼ 0; ð14Þ

where ϵab is the antisymmetric Levi-Civita symbol.
Following the above discussion, this leads to four more
conserved currents

∇μFμν ¼ 0 ð15Þ

described by a space-time tensor,

Fμν ffiffiffiffiffiffi
−g

p ≡
Z

dη0 ∧ dη1ϵabXν
;bX

μ
;aδð4Þðxλ − XλÞ: ð16Þ

The conservation of Fμν is related to the continuity of
closed or infinite strings at each point and does not depend
on a particular choice of the string action such as the
Nambu-Goto action [13]. More generally, in models with
open strings (which can have endpoints on monopoles or
higher-dimensional branes) the conservation equations (15)
may include a source term, but the basic form of the
equations would not be expected to change.

B. Right and left movers

In a particular choice of gauge, similarities between Tμν

and Fμν become apparent. We will denote the two-forms in
the integrands of the expressions (3) and (16) with a hat,
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T̂μν ≡ hab
ffiffiffiffiffiffi
−h

p
Xμ
;aXν

;bdη
0 ∧ dη1; ð17Þ

F̂μν ≡ ϵabXμ
;aXν

;bdη
0 ∧ dη1 ¼ dXμ ∧ dXν: ð18Þ

To simplify the factor
ffiffiffiffiffiffi
−h

p
hab in Eq. (17) we choose η0

and η1 to be (left-pointing and right-pointing) conformal
light-cone coordinates. In this gauge, Eqs. (17) and (18)
become

T̂μν ¼ 2AðμBνÞdη0 ∧ dη1; ð19Þ

F̂μν ¼ 2A½μBν�dη0 ∧ dη1; ð20Þ

where the two coordinate basis vectors are denoted as

Aμ ≡ ∂Xμ

∂η0 ; ð21Þ

Bμ ≡ ∂Xμ

∂η1 : ð22Þ

Besides pointing in the two null directions on the world
sheet, Aμ and Bμ are relevant as the two propagation
directions of extrinsic perturbations. But it is only the
direction which is physically relevant; there is still some
gauge freedom in the normalization. Wewill define the new
vectors Aμ and Bμ normalized to have a unit time
component, i.e.

Aμ ¼ Aμ

A0
;

Bμ ¼ Bμ

B0
; ð23Þ

and Eqs. (19) and (20) can be rewritten as

T̂μν ¼ AðμBνÞT̂00;

F̂μν ¼ A½μBν�T̂00: ð24Þ

We can also define the full space-time tensor,

ðA ⊗ BÞμνðxλÞ≡ TμνðxλÞ þ FμνðxλÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðxλÞ

p
Z

T̂00AμBνδðxλ − XλðηÞÞ;

ð25Þ

which must satisfy

∇μðA ⊗ BÞμν ¼ ∇νðA ⊗ BÞμν ¼ 0; ð26Þ

due to the conservation equations (4) and (15). The string
network can also be generalized to contain non-Nambu-
Goto strings, and in these cases Aμ and Bμ will be defined

as the physical propagation directions rather than the null
directions. In particular, the form of T̂μν and F̂μν for chiral
strings and wiggly strings is identical to the Nambu-Goto
case. The only distinction is that one or both of Aμ and Bμ

are timelike vectors rather than null vectors [14,15].
Although the quantities Aμ, Bμ, and T00 in Eq. (25) can

be defined independently of the choice of gauge, the price
we pay is the loss of manifest space-time covariance. But
since Tμν, Fμν and, thus, ðA ⊗ BÞμν all transform as second-
rank tensors, the null vectors Aμ and Bμ are uniquely
determined in each frame even if their transformation laws
are not those of four-vectors. Instead of T̂00 it may seem
more natural to consider a fully covariant measure such as
T̂μ

μ. According to Eq. (19), this is also proportional to the
world-sheet area

T̂μ
μ ¼ 2

ffiffiffiffiffiffi
−h

p
dη0 ∧ η1: ð27Þ

But this measure can be recovered from the quantities Aμ,
Bμ, and T̂00 through Eq. (24), and will not be as useful in
considering the coarse-grained dynamics.

III. FLUID EQUATIONS

To develop a fluid description of strings we consider the
singular tensor currents ðA ⊗ BÞμν of all strings in a local
neighborhood around each space-time point, xλ. The
coarse-grained currents are then determined by integrating
the singular currents over a space-time volume ΔV
about xλ,1

hA ⊗ BiμνðxλÞ≡ 1

ΔV

Z
ΔV

d4xðA ⊗ BÞμν: ð28Þ

Using Eq. (25) the integral in Eq. (28) can be calculated by
integrating over different pieces of world sheets enclosed in
the volume ΔV with the energy density T̂00 as a measure of
integration. Then expectation values of the Aμ and Bμ

vectors (denoted with a bar) are given by

Āμ ¼ 1

ρ
hA ⊗ Biμ0; ð29Þ

B̄ν ¼ 1

ρ
hA ⊗ Bi0ν; ð30Þ

where

ρ≡ hA ⊗ Bi00 ð31Þ

is the coarse-grained energy density.

1As usual, the fluid approximation relies on the assumption
that the coarse-grained fields do not depend significantly on the
choice of ΔV as long as it is from an appropriate range of scales.
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Since the spatial components of the string network
quantities Ai and Bi lie on a unit two-sphere (known as
the Kibble-Turok sphere), the variances of the averaged
fields Āμ and B̄ν satisfy simple expressions:

VarðĀÞ ¼ ðAiAiÞ − ĀiĀi ¼ ĀμĀμ; ð32Þ

VarðB̄Þ ¼ B̄μB̄μ: ð33Þ

Because of this we will refer to the squares of the four-
vector magnitudes of Āμ and B̄μ as the variances of Aμ

and Bμ.
We can now impose the microscopic conservation

equations (26) to derive macroscopic equations for the
coarse-grained field

∇μhA ⊗ BiðμνÞ ¼ 0 ð34Þ

and

∇μhA ⊗ Bi½μν� ¼ 0: ð35Þ

These equations are generically underdetermined which
can be seen by counting the degrees of freedom. A general
second-rank tensor hA ⊗ Biμν has 16 independent compo-
nents, but there are only four dynamical equations in
Eq. (34) and three dynamical equations (corresponding
to ν ¼ 1; 2; 3) and one constraint (corresponding to ν ¼ 0)
equation in Eq. (35). This means that the set of equations
can only be solved if we reduce the total number of
independent components in hA ⊗ Biμν to 4þ 3 − 1 ¼ 6.
To constrain the underdetermined conservation equa-

tions (34) and (35) we will use the further assumption that
Aμ and Bμ are statistically independent under the energy-
density measure of integration as in Eq. (28). Earlier work
on a kinetic theory for string networks indicates that under
certain conditions the measure will indeed converge to an
equilibrium distribution in which Aμ and Bμ are indepen-
dent random variables [11]. Throughout this paper we will
adopt this local equilibrium assumption under which

hA ⊗ Biμν ¼ ρĀμB̄ν ð36Þ

and in the last section we will comment on a possible
generalization of the string fluid to include the effects of
pressure and viscosity which are expected to be important
for the fluids of, for example, cosmic strings. In the
equilibrium fluid the coarse-grained tensors (24) become

hTiμν ¼ ρĀðμB̄νÞ; ð37Þ

hFiμν ¼ ρĀ½μB̄ν�; ð38Þ

and the conservation equations (34) and (35) are greatly
simplified [13],

∇μðρĀμB̄νÞ ¼ 0; ð39Þ

∇νðρĀμB̄νÞ ¼ 0: ð40Þ

Then the number of independent components is exactly six,
described by the components of the three-vectors Ai and Bi.
As we shall argue below the corresponding equations for Ai

and Bi are completely decoupled from the equations for the
energy density, ρ which is no longer an independent degree
of freedom. Once the space-time solutions for Ai and Bi are
obtained, the energy density ρ is uniquely determined from
certain boundary conditions.

A. Submanifold structure

As was already mentioned in the last section, the full
tensor ðA ⊗ BÞμν is a covariant second-rank tensor, but Aμ

and Bμ do not transform as four-vectors under general
coordinate transformations. Similarly, the coarse-grained
tensor hA ⊗ Biμν is covariant but the individual quantities
ρ, Āμ and B̄μ appear to depend on the coarse-graining
frame. It is valid to simply take these quantities to transform
covariantly, but then in a transformed frame they will no
longer have a simple interpretation as coarse-grained
quantities. For instance, if we take ρ to transform as a
scalar, in a new frame it will no longer be equal to the
energy density, which transforms as a component of a
tensor. For the moment, we will take this approach. Later
on we will renormalize these quantities in a more mani-
festly covariant way.
Given these considerations, it is valid to use the product

rule to expand Eq. (39),

∇μðρĀμB̄νÞ ¼ B̄ν∇μðρĀμÞ þ ρĀμ∂μB̄ν þ ρĀμΓν
μλB̄

λ ¼ 0;

ð41Þ

but since Ā0 ¼ B̄0 ¼ 1, the ν ¼ 0 component of Eq. (41)
leads to

∇μðρĀμÞ ¼ −ρΓ0
μλĀ

μB̄λ; ð42Þ

and by substituting Eq. (42) back into Eq. (41),

Āμ∂μB̄ν ¼ −Γν
μλĀ

μB̄λ þ Γ0
μλĀ

μB̄λB̄ν: ð43Þ

Similarly, beginning from Eq. (40) we get

∇μðρB̄μÞ ¼ −ρΓ0
μλB̄

μĀλ ð44Þ

and

B̄μ∂μĀν ¼ −Γν
μλB̄

μĀλ þ Γ0
μλB̄

μĀλĀν: ð45Þ

In total we get the four equations (42), (43), (44), and (45)
which can be written as
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∇μðρĀμÞ ¼ −ρΓ0
κλĀ

κB̄λ; ð46Þ

∇μðρB̄μÞ ¼ −ρΓ0
κλĀ

κB̄λ; ð47Þ

Āμ∇μB̄ν ¼ Γ0
κλĀ

κB̄λB̄ν; ð48Þ

B̄μ∇μĀν ¼ Γ0
κλĀ

κB̄λĀν: ð49Þ

In particular Eqs. (48) and (49) imply that the commutator

½Ā; B̄�ν ≡ Āμ∇μB̄ν − B̄μ∇μĀν

¼ Γ0
κλĀ

κB̄λðB̄ν − ĀνÞ ð50Þ

lies everywhere in the space spanned by Āμ and B̄μ. Thus by
Frobenius’ theorem, space-time can be foliated by a family
of two-dimensional submanifolds everywhere tangent to Āμ

and B̄μ. These submanifolds may be thought of as the world
sheets of the one-dimensional field lines of the spacelike
vector field B̄μ − Āμ, which is nothing but the vector field
describing the average local direction (or tangent vector) of
strings.
These submanifolds clarify the Cauchy problem for the

string fluid in local equilibrium. If Āμ and B̄μ are specified
on a field line at an initial time, Eqs. (48) and (49) can be
used to solve for the values of Āμ and B̄μ along the full
submanifold. The possibility of the intersection of sub-
manifolds physically indicates shock waves which are not
resolved in the equilibrium fluid [13]. But if Āμ and B̄μ are
given as initial conditions then the solution can be
propagated forward for at least some finite time. Notice
that the solution of Eqs. (48) and (49) for Āμ and B̄μ does
not depend on ρ, but by using the solution for Āμ and B̄μ,
Eqs. (46) and (47) determine the full ρ field given the
specification of an initial ρ at one point on each
submanifold.
This property of forming two-dimensional submanifolds

may also hold for a more general string fluid. If the tensor
hFiμν annihilates exactly two linearly independent direc-
tions, it can be shown that it is a simple bivector; that is,
there exist two vector fields ξμ and ζμ such that

hFiμν ¼ ξμζν − ζμξν: ð51Þ

On the other hand, the dual tensor

⋆hFiμν ≡ 1

2
ϵμνρσhFiρσ

¼ ϵμνρσξρζσ ð52Þ

annihilates vectors in the space spanned by ξμ and ζμ and,
thus, the Frobenius condition for ξμ and ζμ to form surfaces
can be expressed as

⋆hFiμν½ξ; ζ�ν ¼ 0: ð53Þ

Now if hFiμν is a simple bivector [Eq. (51)], then the
conservation law

∇μhFiμν ¼ ð∇λξ
λÞζν − ð∇λζ

λÞξν þ ½ξ; ζ�ν ¼ 0 ð54Þ

which holds for any string fluid can be used to obtain the
Frobenius condition (53),

⋆hFiμν½ξ; ζ�ν ¼ ⋆hFiμνð−ð∇λξ
λÞζν þ ð∇λζ

λÞξνÞ ¼ 0: ð55Þ

Once again we have used the fact that ⋆hFiμν annihilates
vectors ξμ and ζμ. So under the condition of local
equilibrium the fluid is foliated by a collection of sub-
manifolds, each of which independently acts like the world
sheet of a string.

B. Nambu-Goto string dust

A similar “string dust” model was introduced by Stachel
[7,16] in which each submanifold respects the Nambu-Goto
action. In fact, the local equilibrium model is exactly the
Stachel model when both Āμ and B̄μ are restricted to be
linearly independent null vectors. In that case the
equations (48) and (49) are just the equations for a
Nambu-Goto string expressed in terms of the vectors Aμ

and Bμ defined in Eq. (23) (see e.g. Ref. [12]). Of course if
there are no statistical variances, the mean Āμ and B̄μ are
just equal to the Aμ and Bμ for each individual Nambu-Goto
string in the coarse-grained network, so this result would be
expected.
The connection to the string dust model is more easily

seen in a normalized notation. We can always choose the
vectors ξ and ζ forming hFi in Eq. (51) to be orthogonal,
and we can also factor out any overall magnitude into a
scalar φ so that we are left with a pair of orthonormal
vectors: one timelike, vμ, and one spacelike, uμ, i.e.2

vμvμ ¼ −uμuμ ¼ 1; ð56Þ

uμvμ ¼ 0; ð57Þ

hFiμν ¼ φðuμvν − vμuνÞ: ð58Þ

The unit bivector in parentheses is denoted as

Σμν ≡ uμvν − vμuν; ð59Þ
and the quantity φ can be found from the contraction of hFi

φ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
1

2
hFiμνhFiμν

r
: ð60Þ

2Here the convention is that the letter vμ is taken to be the
timelike vector, and uμ the spacelike vector. This notation is the
opposite of the convention in certain papers, but is consistent with
the notation in Refs. [12,13].
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The projector onto the submanifold hμν can be also defined
in terms of the unit simple bivector,

hμν ¼ ΣμρΣρ
ν ¼ vμvν − uμuν: ð61Þ

Note that this is also the pushforward of the inverse metric
hab on the world sheet, and hence the same choice of
notation.
For the equilibrium string fluid the bivector magnitude is

given by

φ ¼ ρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
1

2
Ā½μB̄ν�Ā½μB̄ν�

r

¼ ρ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðĀλB̄λÞ2 − jĀj2jB̄j2

q
; ð62Þ

and if either of the variances of Āμ or B̄μ vanish Eqs. (32)
and (33) imply that the magnitude is proportional to the
trace of the energy-momentum tensor:

φ ¼ ρ

2
ĀλB̄λ ð63Þ

¼ 1

2
hTiλλ: ð64Þ

Then by Eq. (27) the magnitude φ can also be interpreted as
the coarse-grained world-sheet area in the underlying string
network (this will not be true when both Āμ and B̄μ have
statistical variance). Moreover, when both variances vanish,
the simple bivector hFiμν itself can be related to hTiμν,

1

φ
hFiμλhFiλν ¼

ρ2

4φ
ðĀμB̄λĀλB̄ν þ B̄μB̄λĀλĀνÞ

¼ ρ

2
ðĀμB̄ν þ B̄μĀνÞ ¼ hTiμν; ð65Þ

and using Eq. (61) the energy-momentum tensor may be
written in terms of the bivector magnitude, φ, and unit
bivector, Σμν,

hTiμν ¼ φΣμ
λΣλν ¼ φhμν ¼ φðvμvν − uμuνÞ: ð66Þ

This choice of energy-momentum tensor was the starting
point for the analysis in Stachel’s paper [7]. In our model it
is seen as a special case of a coarse-grained network of
strings in local equilibrium and under the condition that the
statistical variations in both vectors Aμ or Bμ are negligible.

IV. EQUILIBRIUM FLUIDS

The full local equilibrium model in which there may be
nonzero variances is more general than the Stachel model
[7]. First consider the degenerate case in which Ā ¼ B̄.
Then hFiμν vanishes and the energy-momentum tensor
becomes

hTiμν ¼ ρĀμĀν ð67Þ

which is formally equivalent to a dust of particles with four-
velocity in the direction of Āμ. In terms of the underlying
string network, this represents a dust of loops which are
smaller than the coarse-graining scale.
To clarify the general case when Āμ and B̄μ are linearly

independent, we will temporarily make use of a non-
coordinate basis in which Ā and B̄ are taken as basis
vectors. In this basis, Āμ ¼ ð1; 0; 0; 0Þ and B̄μ ¼ ð0; 1;
0; 0Þ, with the other two directions orthogonal. Now the
nontrivial components of hTiμν in Eq. (65) can be written as
the two-dimensional matrix T ,

T ¼ ρ

2

�
ĀνB̄ν jB̄j2
jĀj2 ĀνB̄ν

�
; ð68Þ

whose eigenvalues λ are solutions of the characteristic
equation,

�
ρ

2
ĀνB̄ν − λ

�
2

−
�
ρ

2

�
2

jĀj2jB̄j2 ¼ 0: ð69Þ

In a degenerate case when either jĀj2 or jB̄j2 vanishes the
only solution of Eq. (69) is

λ ¼ ρ

2
ĀνB̄ν ¼ φ: ð70Þ

If both variances vanish the eigenspace is indeed degen-
erate since T is just φ multiplied by the projector on the
space spanned by Āμ and B̄μ; this is just what Eq. (66)
indicates. But if for instance jĀj2 ¼ 0 but jB̄j2 ≠ 0, then the
null vector Ā is the only independent eigenvector. We will
return to this case in Sec. IV B, where it will be seen that the
submanifolds obey the equations of a chiral string with a
null current in the direction of Āμ.
For now consider the case in which both Āμ and B̄μ are

timelike vectors. Then it is easy to verify from Eq. (68) that
ð�jĀj−1; jB̄j−1Þ are two eigenvectors with eigenvalues
ρ=2ðĀνB̄ν � jĀjjB̄jÞ, respectively. This suggests to renorm-
alize Ā and B̄ to have unit magnitude,

αμ ≡ Āμ

jĀj ;

βμ ≡ B̄μ

jB̄j ; ð71Þ

so that the eigenvectors are a linear combination of αμ

and βμ,

Vμ ≡ 1

2
ðβμ þ αμÞ; ð72Þ

Uμ ≡ 1

2
ðβμ − αμÞ: ð73Þ
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By the reverse Cauchy-Schwartz inequality that holds for
timelike vectors, jανβνj ≥ 1. This implies that Vμ is time-
like and Uμ is spacelike. It is also straightforward to show
that Vμ and Uμ are orthogonal

VνUν ¼ 0 ð74Þ

and that their magnitudes satisfy a hyperbolic relationship,

jVj2 − jUj2 ¼ 1: ð75Þ

A. Wiggly string dust

One of the advantages of considering the normalized
fields αμ and βμ is that they have simple transformation
properties. Earlier we were faced with a noncovariant rule
of how to transform Āμ and B̄μ under coordinate trans-
formations. If these quantities are always defined as
average propagation directions in whichever coordinates
we are using then they do not transform as four-vectors.
This issue can be clarified by rewriting Eq. (36) in terms of
αμ and βμ defined in Eq. (71),

hA ⊗ Biμν ¼ ρĀμB̄ν ¼ ρ0αμβν; ð76Þ

where

ρ0 ≡ ρjĀjjB̄j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hA ⊗ BiμνhA ⊗ Biμν

q
ð77Þ

is a scalar quantity and αμ and βμ are the unit four-vectors
and thus transform covariantly under coordinate
transformations.
In terms of the newly defined quantities the fluid

equations (39) and (40) can be rewritten in a manifestly
covariant form,

∇μðρ0αμβνÞ ¼ 0; ð78Þ

∇νðρ0αμβνÞ ¼ 0: ð79Þ

As before, we can decouple the equations by contracting
Eqs. (78) and (79) with βν and αν, respectively. Using the
normalization conditions

αμα
μ ¼ βμβ

μ ¼ 1 ð80Þ
we recover two equations,

∇μðρ0αμÞ ¼ 0; ð81Þ

∇μðρ0βμÞ ¼ 0; ð82Þ
which can be substituted back into Eqs. (78) and (79) to
obtain two more equations

αμ∇μβ
ν ¼ 0; ð83Þ

βμ∇μα
ν ¼ 0: ð84Þ

Note that Eqs. (83) and (84) imply that αμ and βμ are the
basis vectors for some coordinates on the submanifolds
since the commutator vanishes,

½α; β�ν ≡ αμ∇μβ
ν − βμ∇μα

ν ¼ 0: ð85Þ

Moreover the scalar ρ0 completely decouples from these
equations and is determined by Eqs. (81) and (82).
The equations (83) and (84) may also be rewritten in

terms of the eigenvectors Uμ and Vμ related to αμ and βμ

through Eqs. (72) and (73),

Vμ∇μUν −Uμ∇μVν ¼ 0; ð86Þ

Vμ∇μVν −Uμ∇μUν ¼ 0: ð87Þ

The vanishing of the commutator of U and V in Eq. (86)
indicates that Uμ and Vμ are also coordinate basis vectors
for some coordinates σ and τ on a submanifold, i.e.

Vμ ¼ ∂Xμ

∂τ ;

Uμ ¼ ∂Xμ

∂σ : ð88Þ

Then Eq. (87) can be viewed as a wave equation for the
embedding of the submanifold coordinates in the target
space. For example, in flat space-time Eq. (87) reduces to

∂2Xμ

∂τ2 −
∂2Xμ

∂σ2 ¼ 0; ð89Þ

where in contrast to the Nambu-Goto case the coordinates σ
and τ are not necessarily conformal. Instead these equations
for the submanifold are equivalent to those of a wiggly
string. The wave equation (89) appears in terms of
timelike Āμ and B̄μ in a paper by Vilenkin [14], and the
equations (83) and (84) for αμ and βμ appear in a paper by
Carter [15].
To further see that the submanifold obeys the wiggly

string equation of state, notice that Eq. (87) can be
interpreted as the conservation of a tensor current on the
submanifold, much like the Nambu-Goto equation (13) was
related to the conservation of the energy-momentum tensor
(3). Similarly to Eq. (3) we can define a conserved but
singular energy-momentum tensor

Tμν ffiffiffiffiffiffi
−g

p ¼
Z

d2η ~TμνðηÞδðxλ − XλÞ ð90Þ

with support on the submanifold, which involves the
pushforward of a world-sheet current to the target space,
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~Tμν ¼ VμVν − UμUν: ð91Þ

The main difference now is that ~Tμν can be defined for quite
general models of strings in terms of the surface energy
density M and the surface tension T [8],

~Tμν ¼
ffiffiffiffiffiffi
−h

p
ðMvμvν − TuμuνÞ; ð92Þ

where as before vμ and uμ are the unit eigenvectors of the
energy-momentum tensor. But in the σ; τ coordinate system
the induced metric (1) is

hab ¼
�
VμVμ VμUμ

Uμ VμUμUμ

�
ð93Þ

and thus
ffiffiffiffiffiffi
−h

p
¼ jVjjUj: ð94Þ

Then equations (91) and (91) imply

M ¼ jVj
jUj ; ð95Þ

T ¼ jUj
jVj ; ð96Þ

and the submanifold indeed obeys the wiggly string
equation of state [15,17]:

MT ¼ 1: ð97Þ

B. Chiral string dust

Now we come back to the remaining case when the
statistical variance in only one of the propagating directions
vanishes. Without loss of generality we can assume that the
coarse-grained tensors

hA ⊗ Biμν ¼ ρĀμB̄ν ð98Þ
where Aμ is a null vector (or jĀj ¼ 0) and Bμ is a timelike
vector (or jB̄j > 0). In flat space-time the equations of
motion (48) and (49) reduce to the wave equation (89) with
the difference that the spatial part of B̄ lies inside of the
Kibble-Turok sphere. This is just the equation of motion for
a chiral string [18–20]. We will further show that the
submanifolds obey the equations of a chiral string in an
arbitrary background metric.
We can renormalize ρ to the scalar φ [defined by Eq. (60)

and given by Eq. (63)] and B̄μ to a unit vector βμ, and then
absorb all of the normalization factors into a new vector nμ

in the direction of Āμ,

φ ¼ ρ

2
ðĀλB̄λÞ; ð99Þ

βμ ¼ Bμ

jB̄j ; ð100Þ

nμ ≡ 2jB̄jĀμ

ĀλB̄λ
; ð101Þ

so that Eq. (98) can be written as

hA ⊗ Biμν ¼ φβμnν: ð102Þ
Following Carter and Peter’s paper on the chiral string
model [18] we can define the other linearly independent
null vector,

mμ ≡ βμ −
1

2
nμ; ð103Þ

then,

mμmμ ¼ βμβμ −
1

2
βμnμ þ

1

4
nμnμ ¼ 0; ð104Þ

mμnμ ¼ βμnμ −
1

2
βμnμ ¼ 1: ð105Þ

By considering the conservation equations for hA ⊗ Biμν
in the same manner as before we find

∇λðφnλÞ ¼ 0; ð106Þ

nλ∇λβ
μ ¼ 0; ð107Þ

and by contracting Eq. (107) with 2mμ we see that nμ is
indeed a conserved null current,

2mμnλ∇λβ
μ ¼ mμnλ∇λð2mμ þ nμÞ
¼ ðmμnλ þ nμmλÞ∇λnμ

¼ hλμ∇λnμ ¼ 0; ð108Þ

where h is a projector on the world sheet as in Eq. (61).
Taking the surface energy-momentum tensor Tμν as usual to
be hTiμν with φ factored out,

Tλμ ¼ nðλβμÞ ð109Þ

¼ nλnμ þ nðλmμÞ ¼ nλnμ þ hλμ; ð110Þ

which again agrees with the chiral string model in
Refs. [18–20].

V. DISCUSSION

In this paper we studied the solutions of the string fluid
equations under the assumption of local equilibrium.
Although the true equilibrium is never established the local
equilibrium assumption is often a starting point for analyzing
the behavior of the fluid equations. A distinguishing feature
of the equilibrium fluids is that the space-time can be foliated
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into noninteracting two-dimensional submanifolds. Then the
equations of motion describing the submanifolds can be used
to identify and classify the three different classes of string
fluids: Nambu-Goto string dust, chiral string dust and wiggly
string dust. These fluids are described, respectively by four,
five, and six degrees of freedom, where six is the largest
number of dynamical equations which can be obtained from
the conservation equations.3

The Nambu-Goto string dust corresponds to the least
generic case in which the statistical variance of both the
right- and left-moving null directions vanishes. This sol-
ution describes a dust of Nambu-Goto strings first studied
by Statchel [7] in a different context. In Sec. III B we
described an explicit connection to the Stachel model using
slightly different notations.
The second class corresponds to an equilibrium fluid of

strings with submanifolds described by the action of chiral
strings that was first proposed in Refs. [18–20] and based
on the fermionic “zero-mode” conductivity discussed in
Ref. [21]. In terms of string fluids it describes the
submanifolds of a chiral string dust discussed in
Sec. IV B where the known results about chiral strings
were derived from the fluid equations. In the model of
chiral string dust only one of the statistical variances either
in the left- or right-moving null directions is negligible.
The most general class of solutions of the equilibrium

fluids corresponds to the wiggly string dust described in
Sec. IVA. The submanifolds of these fluids are given by the
equations of motion of the wiggly strings considered

previously by Vilenkin [14] and Carter [15]. In the wiggly
string dust model the variances of both the left- and right-
moving directions do not vanish as one would generically
expect.
The equilibrium string fluid is quite general in the sense

that it can simultaneously describe the different types of
strings such as Nambu-Goto strings, chiral strings and
wiggly strings, but may not be general enough to describe
the networks of strings phenomenologically. For example,
it is known that the intersections of the submanifolds of the
equilibrium fluids would generically lead to shock waves
that can only be resolved by higher-order terms [13]. The
inclusion of such terms would be essential in order to
describe the networks of, for example, cosmic strings using
string fluids.
Consider the following phenomenological expansion of

the spatial components of the hA ⊗ Biμν tensor:

hA ⊗ Biij ¼ ρĀiB̄j þ w
2
ρgij −

α

4
ð∂ðiρĀjÞ þ ∂ðiρB̄jÞÞ

þ β

4
ð∂ ½iρĀj� þ ∂ ½jρB̄i�Þ þ � � � ; ð111Þ

where w and α are the equation-of-state parameter and
viscous coefficients of a Newtonian fluid, but β describes
non-Newtonian viscous effects in the string fluid. Then the
transport coefficients w, α and β can be extracted directly
from numerical simulations of the Nambu-Goto strings
[22–25] or obtained analytically from the kinetic theory of
strings [11,12]. The analytical and numerical analysis of the
nonequilibrium transport phenomena will be the subject of
an upcoming publication [26].
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