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Vorticity and magnetic field production in relativistic ideal fluids
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In the framework of relativistic ideal hydrodynamics, we study the production mechanism for vorticity
and magnetic field in relativistic ideal fluids. It is demonstrated that in the uncharged fluids the thermal
vorticity will always satisfy the Kelvin’s theorem and the circulation must be conserved. However, in the
charged fluids, the vorticity and magnetic field can be produced by the interaction between the entropy
gradients and the fluid velocity gradients. Especially, in the multiple charged fluids, the vorticity and
magnetic field can be produced by the interaction between the inhomogeneous charge density ratio and the
fluid velocity gradients even if the entropy distribution is homogeneous, which provides another
mechanism for the production of vorticity and magnetic field in relativistic plasmas or in the early universe.
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I. INTRODUCTION

It is well known that the Universe is filled with vorticities
and magnetic fields on all scales [1-5]. However the origin
of these vorticities and magnetic fields is still one of the
most challenging open problems in theoretical physics
[5-8]. In the nonrelativistic ideal fluid, Kelvin’s circulation
theorem in hydrodynamics or generalized version in
magnetic hydrodynamics forbids the vorticity or magnetic
fields to emerge from a zero initial value when the fluid is
barotropic [9-11]. In order to produce seed vorticity or
magnetic field, we must resort to the baroclinic effects or go
beyond the ideal fluids by including diffusive terms [9—14].
The presence of large-scale magnetic fields in the Universe
[15-21], indicates the very possibility that the magnetic
fields should have been present in the early universe
[22-24], in which the temperature of the Universe is very
high and the velocities of the fluid and the particle
components are both relativistic. Hence we need relativistic
hydrodynamics to deal with these very hot fluid systems.
Besides, relativistic hydrodynamics is also a very important
theoretical tool in high- energy heavy-ion physics. The
ideal and dissipative hydrodynamics has succeeded greatly
in describing the collective flow from the data of RHIC and
LHC. The study of the vorticity and magnetic field
production in relativistic ideal fluids is very relevant to
the important chiral effects, called the chiral-magnetic
effects [25-29], chiral-vorticity effects [28,30], and local
polarization effects [31,32], which can be expected in the
noncentral heavy-ion collisions, because all these effects
depend on the production of the vorticity and magnetic
field in the quark-gluon plasma.
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In the relativistic ideal fluids, there exists a similar
covariant version of the Kelvin’s circulation theorem
[33-35]. It turns out that there are some subtleties when
we deal with the relativistic case, which have been pointed
out in Refs. [36,37] that vorticity and magnetic field can be
produced in relativistic purely ideal fluid due to space-time
distortion caused by the special relativity. However, all
these relativistic investigations up to date on the vorticity
and magnetic field, as far as we know, are only limited to
the systems with single conserved charge and the particle
components in the fluids are also specified with finite mass.

It is well known that there exist the systems without any
conserved charges theoretically or realistically, such as
neutral ¢* field theory or photon gas. In particular, the
hydrodynamic simulation used in relativistic heavy-ion
collisions at RHIC or LHC are all based on the ones
without charges and all the possible charge imbalance is
neglected [38—45]. Hence it is very valuable to investigate
both the neutral fluids and charged fluids all together and to
see what could be missed only from the neutral hydro-
dynamic equations and how the novel phenomenology
could appear in the single or multiple charged ones.

In this paper, we will extend these investigations to more
general cases by direct manipulation of the relativistic
hydrodynamic equations. We will not assume in advance
that the particle components are massive or not, and the
systems we will consider can have multiple conserving
charges or no conserving charge at all. We find that the
thermal vorticity will always satisfy the Kelvin’s circulation
theorem and be conserved in the uncharged fluids.
However, in the charged fluids, especially in the multiple
charged fluids, the vorticity and magnetic field can be
produced not only by the interaction between inhomo-
geneous entropy and inhomogeneous fluid velocity mag-
nitude but also by the interaction between inhomogeneous
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charge density ratio and inhomogeneous fluid velocity
magnitude. The latter provides another new mechanism
for the production of vorticity and magnetic field in the
early universe or in the quark gluon plasma produced in
heavy-ion collisions at RHIC or LHC.

II. VORTICITY IN RELATIVISTIC IDEAL
UNCHARGED FLUIDS

In this section, we consider relativistic fluids without any
conserving current, in which the hydrodynamical equations
are just the energy-momentum conservation

8,T" = 0, (1)

where T is the energy-momentum tensor. In the ideal
hydrodynamics, T#* can be decomposed into the following
form,

T = (e + P)u'u® — Pg, 2)

where ¢ is the energy density in the local frame, P is the
pressure of the fluid, the metric tensor ¢"* is chosen as
(1,—1,-1,-1), and the fluid 4-velocity u* = (y,yv) with
the relativistic kinematic factor y = 1/v'1 — v? and the
normalization u?> = 1. Substituting Eq. (2) into Eq. (1) and
contracting both sides with fluid velocity u#, we can have

u’0,e + (e + P)o,u* = 0. (3)
With the general equations from thermodynamics,
Tds = de, (4)

Ts=¢+ P, (5)

it is easy to verify that Eq. (3) is just the entropy current
conservation,
0,(su') = 0. (6)

Using Eq. (5), we can rewrite the energy-momentum
tensor as

™" = Tsu'u* — Pg". (7)

With the entropy conservation (6), the energy-momentum
conservation can be rewritten by

su0,(Tu") — P = 0. (8)

Using the Gibbs relation dp = sdT, we can have the
following identity,

ud,(Tu') —o'T = 0. 9)
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It is convenient to define the antisymmetric thermal
vorticity tensor' Z* by

= = o(Tut) — O (Tu), (10)

which is in complete analogy to the definition of electro-
magnetic field tensor and can be regarded as inertia and
thermal forces from the fluid. With such a definition, we
can rewrite Eq. (9) as

2y, = 0. (11)

The circulation of the 4-vector temperature current 7 u*
along the covariant loop L(s) where s denotes the proper
time is given by

d
— Tu"dx —j{ =u,dx, =0, 12
ds Jis) I g (12)

which is just the relativistic Kelvin circulation theorem.
For a specific observer, the vorticity is always defined in a
fixed frame; hence, we need to consider the circulation of
3-vector temperature current Tyv along the synchronic
loop L(t). We specify the components of thermal vorticity
tensor =¥ in the three-dimensional space as

0 -& &£ -&

g0 -B B

52 53 0 _Bl ’ (1 3)
& -B B 0

Uy
W =

with the 3-vector definition,

E=(E.6.8) = [V(Ty) = 9,(Tyv)],
B=(B'.B.B) =V x (Tp) (14)

With the above definition, we can express the space
components of Eq. (11) as

E+vxB=0, (15)
or
Tv Ty T
0| —— +<Vx7>xv:—v .
t(vl—vz) V1—v? V1—y?
(16)

It should be noted that all through our paper the spatial
hypersurfaces are always defined by the observer in the lab
frame instead of the comoving frame with velocity u*.
Using the above identity, we can immediately obtain the
conservation of the thermal current circulation in syn-
chronic space,

"t should be clarified that there exists in Refs. [46,47] another
definition of the thermal vorticity from »* /T instead of Tu* here.
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Tv

d
Y mae o
dt Jri 4 1o L \WT =2

-$, "=
L(1) 1 -2

which implies that the thermal vorticity cannot emerge
from a zero initial value. It should be noted that although
the circulation of the thermal current 7'yv is conserved, that
of the kinetic current yv can be not conserved generally
when the temperature is inhomogeneous. By applying the
Stokes theorem, the conservation of circulation can be
transformed into the conservation of the flux 5 through the
surface which moves along with the fluid,

il st
— B-dS=— Tyv-dx =0, 18
dt S(1) dt L(t) 4 ( )

which means that the vorticity field flux is conserved or the
vorticity lines are frozen in.

It should be noted that our result here cannot be naively
regarded as a particular case of Ref. [36,37] because all the
derivations in [36,37] are based on nonzero charge density.
Once we set the charge density to vanish, we need another
derivation from the beginning. This is actually what we are
devoted to do in this section.

III. VORTICITY AND MAGNETIC FIELDS
IN RELATIVISTIC IDEAL
MAGNETOHYDRODYNAMICS WITH
MULTIPLE CURRENTS

In this section, we are devoted to discussing the
relativistic fluids with multiple conserved currents. There
are good reasons to investigate the hydrodynamics with
multiple currents. For example, in the hot and dense QCD
matter produced in heavy-ion collisions at high energy, one
should be able to introduce electric charge, baryon number,
and strangeness into the system. Therefore multicharge
hydrodynamics is important in developing hydrodynamic
models in heavy-ion collisions. As we already mentioned in
the Introduction, the hydrodynamic simulations used in
heavy-ion collisions at RHIC or LHC are all based on the
ones without charges [38—45], and so it is very valuable to
go beyond the neutral fluids and investigate how the novel
phenomenology could appear in the single or multiple
charged ones. Besides, in the early universe, the quantum or
thermal fluctuations between different charges such as
leptonic charge, electric charge, baryonic charge, and so
on cannot coincide with each other; hence, it will be very
important to investigate if such incoincidence could con-
tribute to the production of vorticity or magnetic fields in
the early universe.
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)—l—(Vx\/lTi_vz)xv]-dx
]-dx:(), (17)

[

Now let us assign one of the currents to the electric
current J# from the local gauge symmetry, which can
interact with the fluids by the magnetohydrodynamic
equations. The other m currents J%(i =1,2,...,m) are
from the global symmetry, such as the baryonic current,
leptonic current, and so on. Then the magnetohydrody-
namic equations for such a system are given by

aDT/w — Flll/jw (19)
0" =0, (20)
Ot = 0. (i=1.2.com). 1)

where F* is the electromagnetic stress tensor and can be
written in terms of the electromagnetic 4-potential A¥
as F* = OQFAY — OV AH,

The constitutive equations for the ideal magnetohydro-
dynamics read

" = (e + P)u*u* — Pg"” (22)
JH = nut (23)
J = naut, (24)

where n is the electric charge density and n; is charge
density corresponding to other global symmetry. The
energy-momentum conservation (19) and current conser-
vation (20) can yield

P
nu’d, <€ i u”) — O"P =nF"u,. (25)
n

We can define the generalized thermal vorticity tensor
=" by

B = F 4 O (fut) — O (fub), (26)
with f = (e + P)/n. We can rewrite Eq. (25) as
no'f — O"P = nZ*u,,. (27)
Using the thermal equation

Tds = de —pdn = > pdn;, (28)

Ts=¢+P—un— Zyini, (29)
i

083001-3



JIAN-HUA GAO, BIN QI, AND SHOU-YU WANG

we can have the Gibbs relation corresponding to the
multiple charge components,

Td (%) - d(%) 4 Pd G) - Z,u,-d(%) . (30)

where p and y; denote the chemical potentials with respect
to different conserving charges. Now we can rewrite
Eq. (27) as

oy, — oS (M
=y, = TO (n +Zy,a L) (31)

It follows that the circulation of the 4-vector current
fu* + A# along the covariant loop L(s) is given by

4
ds L(s)

= =Fu,dx
fi(s) g

) 2o e

where fut + A* can be regarded as the canonical momen-
tum or minimal coupling prescription (for details see [48]).
It is obvious that the circulation of this 4-vector current is
conserved when T and y; are constant. Just like we did in
the last section, we need to consider the vorticity circulation
of the synchronic loop L(r). Let us define the 3-vector,

(fu" + A*)dx,

E=E+[V(fy)=0,(fr)l,
B=B+Vx(fy). (33)

Then the space components of Eq. (32) can be written as

y(E+vxB) =TV (%) + Z-:”’V (’%) . (34)

It follows that

d d
NGORG]
s 4 h
RIORIGIE
i S 14 n
(35)
where A is the spatial part of A#. The second line of the

above equation is the source term which can lead to the
vorticity or magnetic fields from the zero initial value. If we
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set u; = n; =0, we will recover the results obtained in
Ref. [36],

Lo [ 50) () o

As pointed out in Ref. [36], the source term can be
decomposed into the usual baroclinic term,

Sbs—/s |:71/VTXV<:I):| - dS, (37)

and the pure relativistic term,

e[ s)) s e

which is absent in the nonrelativistic limit. When the
velocity and entropy gradients are comparable, the bar-
oclinic term can be neglected in the highly relativistic
region due to the estimate [36]

N
1S, 1= 0?

(39)

Now when the multiple currents are involved, we notice
that an extra new term,

e o) () o

arises. This is the principal result of this paper. It is very
interesting that this term will generate the vorticity or
magnetic field even when the entropy is homogeneous
where the first term in the second line of Eq. (35) will
vanish. This new term can be broken into two terms too;
one is

S””E_Z,:/g Evﬂixv@ﬂ LdS, (41

and the other is

S, = _Z,»: L {M,.v G) x v<’%>} -dS.  (42)

Following the similar argument for S, and S, above, when
the velocity and chemical potential gradients are compa-
rable, §,, term can be neglected in the highly relativistic
region due to

[Surl ,_?°
|Sn;4| - 1 - 1)2 ‘

(43)
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Therefore, the dominant contribution will be from the
S, term.

Compared with the results obtained in Refs. [36,37], in
which only the single conserved current is included, we
have considered multiple currents in our work and obtained
new contributions when the ratio of the different charge
densities is inhomogeneous. This provides another possible
mechanism for the production of vorticity and magnetic
field in relativistic plasmas or in the early universe.

IV. DISCUSSION AND CONCLUSION

First, we emphasize that our result Eq. (17) for the ideal
fluid without conserving current cannot be derived from the
result Eq. (35) with conserving currents by naively taking
the limit of n — 0 and n; — 0 because there exists the 1/n
term. Take the neutral ¢* field or photon gas as examples.
In these systems there is no conserved charge at all, and we
cannot introduce the charge density from the beginning.
That is why we must consider the ideal fluid without
conserving currents separately. Although the result Eq. (36)
with single current can be found in the literature every-
where, we failed to find the result Eq. (17) in the literature.
Hence we have given the derivation of the result Eq. (17) in
our paper in Sec. II. The result reveals that the thermal
vorticity always satisfies the Kelvin’s circulation theorem
and cannot emerge from a zero initial value.

With respect to the result for the multiple currents in
Eg. (35), the contribution from the terms of S, or §,, and
S, 1s new. These terms, especially the S, term, are very
relevant to the production of vorticity or magnetic fields in
the early universe, where the particles can carry different
charges, such as leptonic charge, electric charge, baryonic
charge, and so on. Besides, it is very relevant to the quark
gluon plasma produced in heavy-ion collisions. If there is
any inhomogeneous local distribution for some different
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charges, the vorticity or magnetic fields will be induced
through the mechanism in Eq. (42). Then the chiral-
magnetic effects, chiral-vorticity effects, and local polari-
zation effects [26-32] will follow in the noncentral
heavy-ion collisions.

The above result is very relevant to the recent inves-
tigation on the chiral vortical effect at RHIC. The baryon-
number separation observed by STAR [49] can be
explained by the chiral vortical effect; however, such
interpretation to a great extent depends on the existence
of large vorticity. In the Bjorken scaling scenario [50],
which is widely used as the initial condition for the
hydrodynamic equations in the relativistic heavy-ion colli-
sions, the initial vorticity must be zero. The results in our
present paper show that the vorticity will always be zero
when we insist on using the ideal hydrodynamic equations
without any conserved currents and the chiral vortical effect
does not appear at all. If we still want to be in the regime of
ideal hydrodynamics, in order to estimate the possible
chiral vortical effect, we must resort to the hydrodynamic
equations with single or multiple conserved currents.

ACKNOWLEDGMENTS

The authors thank the referee for providing valuable
comments and help in improving the contents of this paper.
J.-H. G. thanks Zhang-Bu Xu for fruitful discussion.
J.-H. G. was supported in part by the Major State Basic
Research Development Program in China (Grant
No. 2014CB845406), the National Natural Science
Foundation of China under Grant No. 11105137, and
the CCNU-QLPL Innovation Fund (QLPL2014P01). B. Q.
was supported in part by the National Natural Science
Foundation of China under Grant No. 11005069, and
S.-Y. W. was supported in part by the National Natural
Science Foundation of China under Grant No. 11175108.

[1] E.N. Parker, Cosmical Magnetic Fields: Their Origin and
Their Activity (Clarendon, Oxford, 1979).

[2] C.L. Carilli and G. B. Taylor, Ann. Rev. Astron. Astrophys.
40, 319 (2002).

[3] A. A. Ruzmaikin, D.D. Sokoloff, and A.M. Shukurov,

Magnetic  Fields of Galaxies (Kluwer, Dordrecht,
1988).

[4] E. G. Zweibel and C. Heiles, Nature (London) 385, 131
(1997).

[5] B.J.T. Jones, Rev. Mod. Phys. 48, 107 (1976).

[6] L. M. Widrow, Rev. Mod. Phys. 74, 775 (2002).

[7] R.M. Kulsrud and E.G. Zweibel, Rep. Prog. Phys. 71,
046901 (2008).

[8] A.J. Christopherson, K. A. Malik, and D.R. Matravers,
Phys. Rev. D 79, 123523 (2009).

[9] L. D. Landau and E. M. Lifschitz, Fluid Mechanics, 2nd ed.
(Reed Educational and Professional Publishing, Oxford,
1987).

[10] G.K. Batchelor, An Introduction to Fluid Dynamics,
Cambridge Mathematical Library (Cambridge University
Press, Cambridge, England, 1967).

[11] P.H. Roberts, An Introduction to Magnetohydrodynmics
(Whitefriars Press, London, 1967).

[12] F. Del Sordo and A. Brandenburg, Astron. Astrophys. 528,
Al145 (2011).

[13] F. Dosopoulou, F. Del Sordo, C.G. Tsagas, and A.
Brandenburg, Phys. Rev. D 85, 063514 (2012).

[14] F. Dosopoulou and C. G. Tsagas, Phys. Rev. D 89, 103519
(2014).

[15] A. Kosowsky and A. Loeb, Astrophys. J. 469, 1 (1996).

083001-5


http://dx.doi.org/10.1146/annurev.astro.40.060401.093852
http://dx.doi.org/10.1146/annurev.astro.40.060401.093852
http://dx.doi.org/10.1038/385131a0
http://dx.doi.org/10.1038/385131a0
http://dx.doi.org/10.1103/RevModPhys.48.107
http://dx.doi.org/10.1103/RevModPhys.74.775
http://dx.doi.org/10.1088/0034-4885/71/4/046901
http://dx.doi.org/10.1088/0034-4885/71/4/046901
http://dx.doi.org/10.1103/PhysRevD.79.123523
http://dx.doi.org/10.1051/0004-6361/201015661
http://dx.doi.org/10.1051/0004-6361/201015661
http://dx.doi.org/10.1103/PhysRevD.85.063514
http://dx.doi.org/10.1103/PhysRevD.89.103519
http://dx.doi.org/10.1103/PhysRevD.89.103519
http://dx.doi.org/10.1086/177751

JIAN-HUA GAO, BIN QI, AND SHOU-YU WANG

[16] D.D. Harari, J. D. Hayward, and M. Zaldarriaga, Phys. Rev.
D 55, 1841 (1997).

[17] A. Kosowsky, T. Kahniashvili, G. Lavrelashvili, and B.
Ratra, Phys. Rev. D 71, 043006 (2005).

[18] T. Kahniashvili, Y. Maravin, and A. Kosowsky, Phys. Rev.
D 80, 023009 (2009).

[19] A. Neronov and I. Vovk, Science 328, 73 (2010).

[20] W. Essey, S.’i. Ando, and A. Kusenko, Astropart. Phys. 35,
135 (2011).

[21] L. Pogosian, A.P.S. Yadav, Y.-F. Ng, and T. Vachaspati,
Phys. Rev. D 84, 043530 (2011); 84, 089903(E) (2011).

[22] M. Giovannini, Int. J. Mod. Phys. D 13, 391 (2004).

[23] M. Giovannini, Lect. Notes Phys. 737, 863 (2008).

[24] A. Kandus, K. E. Kunze, and C. G. Tsagas, Phys. Rep. 505,
1 (2011).

[25] A. Vilenkin, Phys. Rev. D 22, 3080 (1980).

[26] D.E. Kharzeev, L. D. McLerran, and H.J. Warringa, Nucl.
Phys. A803, 227 (2008).

[27] K. Fukushima, D. E. Kharzeev, and H.J. Warringa, Phys.
Rev. D 78, 074033 (2008).

[28] A. Vilenkin, Phys. Rev. D 20, 1807 (1979).

[29] A.V. Sadofyev and M. V. Isachenkov, Phys. Lett. B 697,
404 (2011).

[30] D.E. Kharzeev and D. T. Son, Phys. Rev. Lett. 106, 062301
(2011).

[31] K. Landsteiner, E. Megias, and F. Pena-Benitez, Phys. Rev.
Lett. 107, 021601 (2011).

[32] J.-H. Gao, Z.-T. Liang, S. Pu, Q. Wang, and X.-N. Wang,
Phys. Rev. Lett. 109, 232301 (2012).

PHYSICAL REVIEW D 90, 083001 (2014)

[33] J.D. Bekenstein and A. Oron, Phys. Rev. D 18, 1809
(1978).

[34] J. D. Bekenstein and A. Oron, Phys. Rev. E 62, 5594 (2000).

[35] K. Elsasser, Phys. Rev. D 62, 044007 (2000).

[36] S.M. Mahajan and Z. Yoshida, Phys. Rev. Lett. 105,
095005 (2010).

[37] S.M. Mahajan and Z. Yoshida, Phys. Plasmas 18, 055701
(2011).

[38] U. Heinz and R. Snellings, Annu. Rev. Nucl. Part. Sci. 63,
123 (2013).

[39] C. Gale, S. Jeon, and B. Schenke, Int. J. Mod. Phys. A 28,
1340011 (2013).

[40] D. A. Teaney, arXiv:0905.2433.

[41] P. Romatschke and U. Romatschke, Phys. Rev. Lett. 99,
172301 (2007).

[42] H. Song and U. Heinz, Phys. Lett. B 658, 279 (2008); Phys.
Rev. C 77, 064901 (2008); 78, 024902 (2008).

[43] K. Dusling and D. Teaney, Phys. Rev. C 77, 034905
(2008).

[44] D. Molnar and P. Huovinen, J. Phys. G 35, 104125 (2008).

[45] B. Schenke, S. Jeon, and C. Gale, Phys. Rev. Lett. 106,
042301 (2011); Phys. Rev. C 85, 024901 (2012).

[46] F. Becattini, L. Csernai, and D.J. Wang, Phys. Rev. C 88,
034905 (2013).

[47] F. Becattini, V. Chandra, L. Del Zanna, and E. Grossi, Ann.
Phys. (Amsterdam) 338, 32 (2013).

[48] S.M. Mahajan, Phys. Rev. Lett. 90, 035001 (2003).

[49] N. Xu (STAR Collaboration), arXiv:1408.3555.

[50] J.D. Bjorken, Phys. Rev. D 27, 140 (1983).

083001-6


http://dx.doi.org/10.1103/PhysRevD.55.1841
http://dx.doi.org/10.1103/PhysRevD.55.1841
http://dx.doi.org/10.1103/PhysRevD.71.043006
http://dx.doi.org/10.1103/PhysRevD.80.023009
http://dx.doi.org/10.1103/PhysRevD.80.023009
http://dx.doi.org/10.1126/science.1184192
http://dx.doi.org/10.1016/j.astropartphys.2011.06.010
http://dx.doi.org/10.1016/j.astropartphys.2011.06.010
http://dx.doi.org/10.1103/PhysRevD.84.043530
http://dx.doi.org/10.1103/PhysRevD.84.089903
http://dx.doi.org/10.1142/S0218271804004530
http://dx.doi.org/10.1007/978-3-540-74233-3
http://dx.doi.org/10.1016/j.physrep.2011.03.001
http://dx.doi.org/10.1016/j.physrep.2011.03.001
http://dx.doi.org/10.1103/PhysRevD.22.3080
http://dx.doi.org/10.1016/j.nuclphysa.2008.02.298
http://dx.doi.org/10.1016/j.nuclphysa.2008.02.298
http://dx.doi.org/10.1103/PhysRevD.78.074033
http://dx.doi.org/10.1103/PhysRevD.78.074033
http://dx.doi.org/10.1103/PhysRevD.20.1807
http://dx.doi.org/10.1016/j.physletb.2011.02.041
http://dx.doi.org/10.1016/j.physletb.2011.02.041
http://dx.doi.org/10.1103/PhysRevLett.106.062301
http://dx.doi.org/10.1103/PhysRevLett.106.062301
http://dx.doi.org/10.1103/PhysRevLett.107.021601
http://dx.doi.org/10.1103/PhysRevLett.107.021601
http://dx.doi.org/10.1103/PhysRevLett.109.232301
http://dx.doi.org/10.1103/PhysRevD.18.1809
http://dx.doi.org/10.1103/PhysRevD.18.1809
http://dx.doi.org/10.1103/PhysRevE.62.5594
http://dx.doi.org/10.1103/PhysRevD.62.044007
http://dx.doi.org/10.1103/PhysRevLett.105.095005
http://dx.doi.org/10.1103/PhysRevLett.105.095005
http://dx.doi.org/10.1063/1.3566081
http://dx.doi.org/10.1063/1.3566081
http://dx.doi.org/10.1146/annurev-nucl-102212-170540
http://dx.doi.org/10.1146/annurev-nucl-102212-170540
http://dx.doi.org/10.1142/S0217751X13400113
http://dx.doi.org/10.1142/S0217751X13400113
http://arXiv.org/abs/0905.2433
http://dx.doi.org/10.1103/PhysRevLett.99.172301
http://dx.doi.org/10.1103/PhysRevLett.99.172301
http://dx.doi.org/10.1016/j.physletb.2007.11.019
http://dx.doi.org/10.1103/PhysRevC.77.064901
http://dx.doi.org/10.1103/PhysRevC.77.064901
http://dx.doi.org/10.1103/PhysRevC.78.024902
http://dx.doi.org/10.1103/PhysRevC.77.034905
http://dx.doi.org/10.1103/PhysRevC.77.034905
http://dx.doi.org/10.1088/0954-3899/35/10/104125
http://dx.doi.org/10.1103/PhysRevLett.106.042301
http://dx.doi.org/10.1103/PhysRevLett.106.042301
http://dx.doi.org/10.1103/PhysRevC.85.024901
http://dx.doi.org/10.1103/PhysRevC.88.034905
http://dx.doi.org/10.1103/PhysRevC.88.034905
http://dx.doi.org/10.1016/j.aop.2013.07.004
http://dx.doi.org/10.1016/j.aop.2013.07.004
http://dx.doi.org/10.1103/PhysRevLett.90.035001
http://arXiv.org/abs/1408.3555
http://dx.doi.org/10.1103/PhysRevD.27.140

