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We consider the perturbatively modified tribimaximal (or bimaximal) mixing to estimate the (Dirac-type)
CP phase in the neutrino mixing matrix. The expressions for the CP phase are derived from the equivalence
between the standard parametrization of the neutrino mixing matrix for the Majorana neutrino and modified
tribimaximal or bimaximal mixing matrices with appropriate CP phases. Carrying out numerical analysis
based on the current experimental results for neutrino mixing angles, we can predict the values of the CP

phase for several possible cases.
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I. INTRODUCTION

Recent measurements of not-so-small values of the
reactor neutrino mixing angle have opened up new windows
to probe leptonic CP violation (LCPV) [1]. Establishing
LCPV s one of the most challenging tasks in future neutrino
experiments [2]. The Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino mixing matrix [3] is presented by 3 x 3
unitary matrix which contains, in addition to the three
angles, a Dirac type CP violating phase in general as it
exists in the quark sector, and two extra phases if neutrinos
are Majorana particles. Although we do not yet have
compelling evidence for LCPYV, the current fit to neutrino
data indicates nontrivial values of the Dirac-type CP phase
[4,5]. Several experiments have been proposed or are being
scheduled to establish CP violation in neutrino oscillations
[6]. In this situation, it must be worthwhile to investigate
possible size of LCPV detectable through neutrino oscil-
lations. From the point of view of calculability, it is
conceivable that a Dirac type LCPV phase may be calculable
with regards to some observables [7]. In this brief report, we
propose possible forms of neutrino mixing matrix that lead
us to estimate the size of LCPV phase, particularly, in terms
of two neutrino mixing angles only, in the PDG-type
standard parametrization [8]. The estimation of LCPV phase
is carried out by the following procedure:

(i) Constructing the neutrino mixing matrix with ap-
propriate CP phases so as to accommodate the
current neutrino oscillation data in such a way to
perturb conventional (tri)bimaximal matrix.

(i1) Deriving the master formulas linking the Dirac-type
CP phase with neutrino mixing angles from the
equivalence principle that any forms of neutrino
mixing matrix should be equivalent to the standard
parametrization of the PMNS mixing matrix.

As will be shown later, the neutrino mixing matrices we
adopt at the first step contain a maximal mixing angle which
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plays a crucial role in deriving the relations among neutrino
mixing angles and Dirac-type CP phase in the standard
parametrization. Substituting values of neutrino mixing
angles into those equations obtained at the second step,
we perform numerical analysis on observables for the LCPV
and present the results.

II. NEUTRINO MIXING MATRICES

In the leading order approximation, the conventional
neutrino mixing matrices in the flavor basis can be given by

1 0 O

cosf —sind O
yhMns — | 0 \%2 —% sin@ cos® 0 |. (1)
0o L L 0 0 1

Taking sin® to be either 1/4/3 or 1/v/2 leads to the
so-called tribimaximal mixing U{BM or bimaximal mixing
USM, respectively [9,10]. Although the tribimaximal
and/or bimaximal ones are theoretically well-motivated
patterns of the neutrino mixing matrix, they are challenged
by the current experimental results for three neutrino
mixing angles. While the bimaximal mixing has already
been ruled out by the nonmaximal mixing for the solar
angle, the current measurements of nonzero 6,5 definitely
disfavor the exact tribimaximal mixing either. Since
the measured values of 8,5 have been turned out to be
of the order of required deviation of 6, from maximal, the
tribimaximal mixing can be treated on the same footing
with the bimaximal mixing as leading order approximation
of the neutrino mixing matrix.

The simplest (i.e., minimally modified) possible forms of
the neutrino mixing matrix without CP phases deviated from
the (tri)bimaximal mixing patterns are given by [11,12]
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where U;;(6) represents the unitary matrix corresponding to

the rotation with the angle @ in (i, j) plane. Please note that

U(()T)BM can be achieved in a neutrino model with a flavor

symmetry by breaking it down to two different residual
symmetries preserved in the neutrino and the charged lepton
sector, respectively [13]. In suchamodel, U;;(#) in the upper
(lower) form of Eq. (2) is arisen from an appropriate
breaking of the residual symmetry of the mass matrix in
the neutrino (charged lepton) sector by adding a breaking
term in (7, j) and (J, i) entries of the mass matrix. Once the
mixing angle 6 can be perturbatively treated [11], then
Eq. (2) possibly gives rise to nonzero value of the reactor
angle as well as deviation from the maximal for the solar
angle. As will be explained shortly, eight forms among
twelve possible ones in Eq. (2) are consistent with present
neutrino data within 3¢ C.L. In this respect, we call those
eight forms of the neutrino mixing matrix minimally-
modified (tri)bimaximal (M(T)BM) parametrizations. It is
worthwhile to notice that those forms of the neutrino mixing
matrix keep a column or a row in (tri)bimaximal mixing
matrix unchanged, which may be regarded as a remnant of a
possible horizontal symmetry leading to (tri)bimaximal
mixing. The column vectors orthogonal to the ith and jth
. /(T)BM (T)BM

ones in U, are unchanged for U, """ U;;(6), whereas
the row vectors orthogonal to the ith and jth ones
are unchanged for Ujj(é’) UéDBM. The multiplication of
U;;(0) represents unitary transformation of the symmetry
operator which corresponds to the rotation of two column
vectors in the mixing matrix. Thus, a symmetry argument’
can still be applied to the origin of the neutrino mixing
matrices in the M(T)BM parametrizations.

Since the Dirac-type CP phase 6p is accompanied
by 63 in the standard parametrization, it is natural to
involve CP phases when construct neutrino mixing matrix
S0 as to generate nonzero 63. Interesting points in this
work based on the simplest forms of neutrino mixing
matrix aforementioned are that 6,5 is related with either 8,
or 6,3, and 5 can be related in the standard parametrization
with two neutrino mixing angles as long as we identify the

|
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M(T)BM parameterizations with the standard one.
Therefore, it is highly desirable to predict the Dirac-type
CP phase with complex perturbations U;;(6, ) containing a
phase £. Among the above twelve forms of the mixing

matrix given in Eq. (2), the forms UE)T)BMU 12(0,&) and

Ui, (0,¢) UST)BM still lead to vanishing reactor mixing
angle, and thus predict no CP violation. We do not consider
these cases any longer. Therefore, all the possible forms of
the MT(B)M mixing matrix eligible for our aim are
presented as follows;

UP™MU»(0,8)  (
UP™MU3(0,8)  (
UL (0.8 UEM
Ul4(0,6)UEM - (
U, (0,6)UBM  (Case-E),
Ul5(0. UM (
UMU»;(0.¢)  (
UgMU5(0.8)  (

While the cases (A), (C), and (E) have been studied in [12],
the other cases have not been considered yet. For the
completeness of possibility, we here propose a general way
to extract Dirac-type CP phase from all possible forms
given in Eq. (3), and show that not only the cases (A), (C),
(E) but also the other cases (B), (D), (F) are still viable from
the recent fit of neutrino mixing angles up to 3¢ C.L. [5].

III. CALCULATION OF LEPTONIC
CP VIOLATION

Now we demonstrate how to derive 6, in terms of
neutrino mixing angles in the standard parametrization.
This can be done from the equivalence between one of the
parametrizations in Eq. (3) and the standard parametriza-
tion, shown in Eq. (4).

Assuming that neutrinos are Majorana particles, we begin
by explicitly presenting the PMNS neutrino mixing matrix
in the PDG-type standard parametrization as follows [8],

$12€13 s13€7"P
is
C12Co3 — S12823513€"°P  sp3¢13 | Py, (4)
s
—C12823 — S12€23813€"°?  €23C3

'C.S. Lam has shown [14] that the column vectors of the lepton mixing matrix can be eigenvectors of certain horizontal flavor
symmetry. Keeping the symmetry point of view, we can construct the M(T)BM parametrizations of the neutrino mixing matrix by
appropriately multiplying either tribimaximal or bimaximal mixing matrix by a unitary matrix while keeping a column or a row vector

characterizing the horizontal symmetry unchanged.
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where P, = Diag(e/1, ez /%) is a 3 x 3 phase matrix.
Note that one of three phases in P, is redundant. Incor-
porating phase matrices P defined above, the neutrino
mixing matrices in Eq. (3) are given by

UST=P,-V-P;

Without those two phase matrices P, and Py, in general, we
cannot equate the M(T)BM parametrizations with the
standard parametrization given in Eq. (4). Please note that
such biunitary transformation is regarded as a general basis
change of leptonic fields [15]. The equivalence between
both parametrizations dictates the following relation,

Vijei((li+/}j) = Ul-SjT = UBMNSeit/)/, (5)
Applying |Vi3| = [U33| and [Vy,/Vyo| = [US]/ U] to
Cases A, B, G, and H, we obtain the relations between
the solar and reactor mixing angles,

Those relations indicate that nonzero values of s7; lead to
51, < 1/3 for Case A and s?, > 1/3 for Case B. While the
results for Case A are consistent with the current exper-
imental values of s3, at 16 C.L., those for Case B are so at
20 C.L. It turns out that the above relations for Cases G and
H are not consistent with experimental results up to 3¢
C.L., and thus ruled out.

Similarly, we get the relations between the atmospheric
and reactor mixing angles from |V 3| =|U3I| and
[Vas/ V3| = [US5 /U35 .

1- ﬁ (Cases CandE),
2 S13
§23 = { 1
2(1-s1,)

(CasesDandF).
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We see that nonzero values of s?; lead to the values of
53, < 1/2 for Cases C and E and s3; > 1/2 for Cases D
and F. They turned out to be consistent with experimental
values of 53, at 26 C.L.

Now, let us derive the relations among &, and neutrino
mixing angles in the standard parametrization. Since the
same method can be applied to all the cases, we only
present how to derive the relation only for Case A. From the
components of the neutrino mixing matrix for Case A, we
see that

Vaist+ Vs Vis

= . 8
Vo + Vs Vi ®)

Applying the relation (5) and V,; = V3 to Eq. (8), we can
get the relation
S USIUSt + Ustust
0~ USTOST+ OO

©)

Presenting U,-SjT in terms of the neutrino mixing angles as
well as dp, and taking the real part in Eq. (9), we get the
equation for &, as

-1 1 - 552,

2tan20y; s5,5,/2 — 652,

Notice that the imaginary part in Eq. (9) is automatically
canceled. Using the above formulas, we can easily derive
the leptonic Jarlskog invariant as follows;

cosop = (10)

Jep = (Im[UZ UZ UG UR7])?
1

= gsin(zelz) sin(26,3) sin(26,3) sin 6 (11)

1
=1 [8575(1 = 351;) — cos? 20,3¢15], (12)
where Eq. (11) is obtained [2] by just inserting the entries of
UST given in Eq. (4).

1

TABLEI. Formulas for cos 6, and J%P for Cases B-F. The second column corresponds to the relation (8) for Case

_ 1 RN 4 E (2002 _A) 22 2
A 1ij = 5inago Kij = €087 20;; - ¢, £ =sin20),, and 0 = (s35(9s7, —4) =351, + 1)
2
Cases cos dp Jep
B VotVa _ Vi 2452 172 _ 22 ) _
V4V Vis 7132’723 6 [SB(Z 3513) K23]
$134/2-3575
C Vi+vaVy Vi s1y=(1=3s1,)(1-3s7,) 22 [9¢t,stys15(1 = 25%5) — o]
Vo +V2Vy Vs 35134/ 1-283,¢
2
D Vitv2aVp _ Vi (1=3s7) (135, )51, 22[9¢t,stys15(1 = 25%;) — o]
Vi+v2Vyn - Vas 3s134/1-28%,¢
E VotV _ Vi 1-3s2 11442 — 242 —
Vor Vo Vs _ 13 — 112 32 [45‘13(1 2S]3) K12]
s134/1-2s75
F VitV _ Vis 1-3s2 1 2 _n¢2 ) _
VptVs Vi ———=13 g [4s13(1 = 2573) — K1)
s134/ 1=2s75
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FIG. 1 (color online). Predictions of §; in terms of s§3 [(a): Cases A and B] and s%z [(b): Cases C and D] [(c):Cases E and F] based
on the experimental data at 3¢ and 1o (for Cases A-D) C.L. Regions surrounded by blue (red) lines correspond to Cases A, C, and

E (B, D, and F).

By taking the same procedure described above, we can
obtain the formulas for 5, and J%, for Cases B-F as
presented in in Table I. Note that the Cases G and H are
experimentally ruled out as previously mentioned.

A. Numerical results

For our numerical analysis, we take the current exper-
imental data for three neutrino mixing angles as inputs,
which are given at 16 — 36 C.L., as presented in Ref. [5].
Here, we perform numerical analysis and present results
only for normal hierarchical neutrino mass spectrum. It is
straightforward to get numerical results for the inverted
hierarchical case. Using experimental results for three
neutrino mixing angles, we estimate the values of 6, and
Jcp in terms of neutrino mixing angles through Eqs. (10) and
(12), respectively, and the formulas presented in Table 1.

Figure 1 shows the predictions of 55, in terms of s3; [(a):
Cases A and B] and s%z [(b): Cases C and D] [(c): Cases E
and F] based on the corresponding experimental data given
at 30 C.L. Regions surrounded by blue (red) lines corre-
spond to Cases A, C, and E (B, D, and F). In particular, the
small dark regions in Fig. 1-(a) and (b) correspond to the
results obtained by using the experimental data at 16 C.L.
for Cases A-D which apparently indicate CP violation. The
width of each bands implies the variation of the other
mixing angles, 57, (Cases A and B) and 53, (Cases C-F).
We see that almost maximal 6, ~ 7/2,37/2 can be
achieved by s3; ~ 0.5 for Cases A, B and by s?, ~0.325
for Cases C,D. It turns out that the magnitude of CP
violation is not large for Cases E and F.

In Figs. 2, 3, and 4, we display contour plots for each
value of |Jcp| in the planes of (s3;, s2;) (a-d) and (s2,, s3;)
(e,f). The panels (a) [(c)] and (b) [(d)] correspond to the
results for Case A(B) obtained by using the experimental
data at 1o and 30 C.L., respectively. The results for Cases C
(D) and E (F) based on the experimental data at 30 C.L. are
displayed in the panels (e) and (f), respectively. We note

that the sizes of |Jcp| in the lepton sector for Cases A and B
can be as large as 0.03—-0.04 which are much larger than the
values of the quark sector as order of 107>, and expected to
be measurable in foreseeable future. Such a large value of
|Jcp| can be anticipated from Eq. (11) by imposing the
experimental values of neutrino mixing angles for large CP
phase 6, ~ /2, since we are led from Eq. (11) to Jep ~
0.035 sin 0y for the central values of experimental data for
the neutrino mixing angles. For Cases C, D, and F, most
parameter space predicts the values |Jcp| less than 0.03, as
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FIG. 2 (color online). Contour plots for each values of Jcp in
the plane (s%3, s%3) for (a) Case A (lo), (b) A (30).
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FIG. 3 (color online). Contour plots for each values of Jqp in
the plane (s3;, s7;) for (c) Case B (1o) and (d) B (30).
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FIG. 4 (color online). Contour plots for each values of Jcp in
the plane (s3,, s2;) for Cases (e) C, D and (f) E, F.
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shown in Fig. 4 (e) and (f). We see from Fig. 4 (f) that the
region of 57, < 0.32 for Cases E and F is excluded because
it leads to |cosdp| > 1 for the experimentally allowed
region of s%,.
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