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In this paper, we firstly verify that the factorization hypothesis is valid for the exclusive process ργ⋆ → π
at the next-to-leading order (NLO) with the collinear factorization approach, and then extend this proof to
the case of the kT factorization approach. We particularly show that at the NLO level, the soft divergences in
the full quark level calculation could be canceled completely as for the πγ⋆ → π process where only the
pseudoscalar π meson is involved, and the remaining collinear divergences can be absorbed into the NLO
hadron wave functions. The full amplitudes can be factorized as the convolution of the NLOwave functions
and the infrared-finite hard kernels with these factorization approaches. We also write out the NLO meson
distribution amplitudes in the form of nonlocal matrix elements.
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I. INTRODUCTION

As the fundamental tool of the perturbative quantum
chromodynamics (QCD) [1] with a large momentum
translation, the factorization theorem [2] assumes that
the hard part of the relevant processes is infrared finite
and can be calculated, while the nonperturbative dynamics
of these high-energy QCD processes can be canceled at the
quark level or absorbed into the input universal hadron
wave functions. The physical quantities can be written as
the convolutions of the hard part kernels and the universal
processes-independent wave functions, and then the per-
turbative QCD has the prediction power. The collinear
factorization [3,4] and the kT factorization [5–7], with the
distinction whether to keep the transversal momenta in the
propergators, are the two popular factorization approaches
applied on the kard QCD processes.
We know that the theoretical study for the exclusive

processes are in general more difficult than that for the
inclusive processes [8] because in the exclusive processes,
the pQCD factorization in its standard form may be valid
only for the large momentum transfer processes; while in
the inclusive processes, like the deep-inelastic scattering,
the leading twist factorization approximation is adequate
already at Q ∼ 1 Gev. So the intensive investigation for the
factorization theorems or the factorization approaches for
the exclusive processes is unavoidable.
In recent years, based on the factorization hypothesis, the

collinear factorization and kT factorization for the exclusive
processes πγ⋆ → γðπÞ and B → γðπÞlν̄ have been testified
both at the leading order (LO) and the next-to-leading order
(NLO) level, and then these factorization proofs were

developed into all orders with the induction approach
[9–11]. The NLO hard kernels for these exclusive processes
have also been calculated for example in Refs. [12–16].
These NLO evaluations showed that the positive correc-
tions from the leading twist would be canceled partly by the
negative corrections from the NLO twist, resulting in a
small net NLO correction to the leading order hard kernels,
which further verified the feasibility of the perturbative
QCD to those considered exclusive processes. But all these
proofs and calculations are only relevant for the pseudo-
scalar mesons; the exclusive processes with vector mesons
have not been included at present. The study of the
electromagnetic form factor processes between the vector
meson and the pseudoscalar meson is an important way to
understand the internal structure of hadrons. There are
many works on this subject: (a) ρ meson transition and
electromagnetic form factors are predicted at the NLO level
in the QCD sum rule analysis [17]; (b) spacelike and
timelike pion-rho transition form factors were investigated
in Ref. [18] in the light-cone formalism; (c) the meson
transition form factors were studied within a model of QCD
based on the Dyson-Schwinger equations in [19]; and
(d) the transition form factor of ργ⋆ → π was also extracted
from the other processes in the extended hard-wall
AdS/QCD model [20] recently.
In this paper, we also consider the rho-pion transition

process. By inserting the Fierz identity into the relevant
expressions and employing the eikonal approximation, we
can factorize the fermion flow and the momentum flow
effectively. By summing over all the color factors, we can
express these irreducible convolutions into three parts: in
which the additional gluon momentum is flowing, not
flowing or partly flowing into the leading order hard kernel.
We will do the factorization proof for the exclusive process
ργ⋆ → π at the NLO level, from the collinear factorization
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to the kT factorization approach. With the light-cone
kinetics, we will obtain the gauge invariant nonlocal matrix
element for the pion meson and rho meson wave functions
along the light-cone direction in the collinear factorization,
and lightly deviate from the light-cone direction in the kT
factorization. At the NLO level, we clearly verified that the
soft divergences will be canceled in the quark level
diagrams, and the collinear divergences can be absorbed
into the NLO wave functions; then we can obtain an
infrared-finite next-to-leading order hard kernel in
principle.
The paper is organized as follows. The leading order

dynamical analysis is presented in the second section. In
Sec. III we prove that the collinear factorization approach is
valid for the ρ → π transition process at the next-to-leading
order. The collinear factorization approach is extended to
the kT factorization approach for this ρ → π transition
process in Sec. IV. The summary and some discussions will
appear at the final section.

II. COLLINEAR FACTORIZATION OF ργ⋆ → π

In this section we will prove the collinear factorization of
the transition ργ⋆ → π. We first consider the two sets of
leading order transition amplitudes, and then use the Fierz
identity and the eikonal approximation to factorize the
fermion currents and the momentum currents at the NLO
level, in order to obtain the NLO transition amplitudes for
each subdiagram in the convoluted forms of the LO hard
transition amplitudes and the gauge invariant nonlocal
NLO distribution amplitudes (DAs) along the light-core
direction. We finally sum up all the subdiagrams for each
set to collect all the color factors. The key point of the
factorization is to find and absorb the infrared divergences,
so we will not consider the self-energy corrections to the
internal quark lines because they do not generate infrared
divergences.

A. Leading order hard kernel

The LO quark diagrams for the ργ⋆ → π transition are
shown in Fig. 1, where the virtual photon vertex repre-
sented by the dark spot has been placed at the four different
positions, respectively. In the light-cone coordinator sys-
tem, the incoming ρ meson carries the momenta
p1 ¼ Qffiffi

2
p ð1; 0; 0TÞ, and the outgoing π carry the momenta

p2 ¼ Qffiffi
2

p ð0; 1; 0TÞ. Besides the momenta, the initial ρ

would carry the longitudinal polarization vector ϵ1μðLÞ ¼
1ffiffi
2

p
γρ
ð1;−γρ; 0TÞ and the transversal polarization vector

ϵ1μðTÞ ¼ ð0; 0; 1TÞ. The momenta carried by the antiquark
of the initial and final state meson are defined as k1 ¼
Qffiffi
2

p ðx1; 0; 0TÞ and k2 ¼ Qffiffi
2

p ð0; x2; 0TÞ with x1 and x2 being

the momentum fraction carried by the antipartons inside ρ
and π.

As the spin-1 particle, the wave functions for the ρ
meson should contain both longitudinal and transverse
components [21].

Φρðp1; ϵ1TÞ ¼
iffiffiffiffiffiffiffiffi
2Nc

p ½Mρϵ1Tϕ
v
ρðx1Þ þ ϵ1Tp1ϕ

T
ρ ðx1Þ

þMρiϵμ0νρσγ5γμ
0
ϵν1Tn

ρvσϕa
ρðx1Þ�;

Φρðp1; ϵ1LÞ ¼
iffiffiffiffiffiffiffiffi
2Nc

p ½Mρϵ1Lϕρðx1Þ þ ϵ1Lp1ϕ
t
ρðx1Þ

þMρϕ
s
ρðx1Þ�; ð1Þ

in which ϕρ and ϕT
ρ are twist-2 (T2) DAs, ϕt=s

ρ , ϕt=s
ρ are

twist-3 (T3) DAs, and the unit vector n=v is defined as
ð1; 0; 0Þ=ð0; 1; 0Þ. The pseudoscalar π meson wave func-
tion up to twist 3 is also given as in Refs. [22–24],

Φπðp2Þ ¼
−iffiffiffiffiffiffiffiffi
2Nc

p fγ5p2ϕ
a
πðx2Þ

þmπ
0γ5½ϕp

π ðx2Þ þ ðvn − 1Þϕt
πðx2Þ�g; ð2Þ

with the twist-2 DA ϕa
π and twist-3 DAs ϕp

π and ϕt
π . The

operator product expansion [25] states that amplitudes from
the twist-3 DAs are suppressed by the hierarchyMρ=Q and
mπ

0=Q at the large momenta transition region, when
compared with the twist-2 DAs of the ρ and π meson
wave functions, respectively. We can classify the LO
transition amplitudes into four sets by the twists’ analysis
of the initial and final meson wave functions: T2&T2,
T2&T3, T3&T2, and finally T3&T3. Fortunately, we just
need to consider Figs. 1(a)–1(b) directly, because the
amplitudes of Fig. 1(c) [Fig. 1(d)] can be obtained by
simple replacement xi → 1 − xiði ¼ 1; 2Þ from the ampli-
tudes of Fig. 1(a) [Fig. 1(b)]. The standard calculations
show that only the T3&T2 set (the twist-3 DAs of the rho
meson and the twist-2 DAs of the pion meson) contribute to
the LO transition amplitude of Fig. 1(a), which can be
written as the following form:

(a) (b)

(d)(c)

FIG. 1 (color online). The four leading order quark diagrams
for the ργ⋆ → π form factor with the closed circles representing
the virtual photon vertex.
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Gð0Þ
a;32ðx1; x2Þ ¼

ieg2sCF

2

½ϵ1TMρϕ
v
ρ þMρiϵμ0νρσγ5γμ

0
ϵν1Tn

ρvσϕa
ρ�γα½γ5p2ϕ

A
π �γμðp1 − k2Þγα

ðp1 − k2Þ2ðk1 − k2Þ2
; ð3Þ

where γα should be chosen as γ−. Similarly, only the crossed sets of T2&T3 (set I) and T3&T2 (set II) contribute to the LO
transition amplitudes of Fig. 1(b), which can be written as the form of

Gð0Þ
b;23ðx1; x2Þ ¼

ieg2sCF

2

½ϵ1Tp1ϕ
T
ρ �γα½γ5m0

πϕ
P
π �γαðp2 − k1Þγμ

ðp2 − k1Þ2ðk1 − k2Þ2
; ð4Þ

where the γα can be γ− or γα⊥;

Gð0Þ
b;32ðx1; x2Þ ¼

ieg2sCF

2

½ϵ1TMρϕ
v
ρ þMρiϵμ0νρσγ5γμ

0
ϵν1Tn

ρvσϕa
ρ�γα½γ5p2ϕ

A
π �γαðp2 − k1Þγμ

ðp2 − k1Þ2ðk1 − k2Þ2
; ð5Þ

where the γα ¼ γα⊥. The LO transition amplitudes as given
in Eqs. (3)–(5) are all transversal due to the γ5 from the final
pion meson wave function, the γμ from the virtual photon
vertex, and the polarization vector ϵ1 of the initial ρ meson.
From the expressions of the LO transition amplitudes

Gð0Þðx1; x2Þ as given in Eqs. (3)–(5), one can see that there
are clear qualitative differences between the ργ⋆ → π
studied in this paper and the πγ⋆ → π investigated pre-
viously in Refs. [9,11,13,15]:

(i) In the πγ⋆ → π transition, the initial and final
state meson are the same pion. Consequently,
only the contribution from Fig. 1(a) should be
calculated explicitly, while the contributions from
Figs. 1(b)–1(d) can be obtained from those of
Fig. 1(a) by direct kinetic transformations [13,15].
Furthermore, only the T2&T2 and T3&T3 terms
contribute to the LO transition amplitudes because
of the presence of matrix γ5 in both the initial and
final state pion meson.

(ii) For ργ⋆ → π transition, however, the initial and final
state meson are the vector ρ and pseudoscalar pion.
The possible contributions from Figs. 1(a)–1(b) are
rather different and should be calculated explicitly.
For ργ⋆ → π transition, in fact, only the transversal
component Φρðp1; ϵ1TÞ of initial rho meson in
Eq. (1) contributes to the LO rho-pion transition
amplitude, and this LO transition amplitude receives
the contributions from Gð0Þ

a;32ðx1; x2Þ in Eq. (3) (i.e.,
the crossed-set T3&T2) from Fig. 1(a), and from
Gð0Þ

b;23ðx1; x2Þ and Gð0Þ
b;32ðx1; x2Þ in Eqs. (4)–(5) (i.e.,

the crossed sets T2&T3 and T3&T2) from Fig. 1(b).

B. OðαsÞ corrections to Fig. 1(a)

A complete amplitude for a physical process in QCD is
usually defined in three spaces: the spin space, the
momenta space, and the color space. So the factorization
theorems need to deal with all these three spaces in the
QCD processes. We can factorize the fermion currents in
the spin space by using the Fierz identity,

IijIlk ¼
1

4
IikIlj þ

1

4
ðγ5Þikðγ5Þlj þ

1

4
ðγαÞikðγαÞlj

þ 1

4
ðγ5γαÞikðγαγ5Þlj þ

1

8
ðσαβγ5Þikðσαβγ5Þlj; ð6Þ

where I is the identity matrix and σαβ is defined by σαβ ¼
i½γα; γβ�=2; the different terms in Eq. (6) stand for different
twist contributions. The eikonal approximation is used to
factorize the momenta currents in the momentum space.
And at last we need to sum over all the color factors to
obtain the gauge-independent high order DAs. In this
section we will show the NLO factorization of the ρ → π
transition process, according to the LO transition amplitudes
expressed in Eqs. (3)–(5) for Figs. 1(a)–1(b). We try to
factorize these NLO transition amplitudes into the convolu-
tions of the LO hard amplitudes and the NLO meson DAs.
Here, we first testify that the collinear factorization is

valid at the NLO level for Fig. 1(a), where the LO transition
amplitude as given in Eq. (3) contains the T3&T2 con-
tribution only. So we just need to consider the twist-3 DAs
for the initial ρ meson and the twist-2 DA for the final state
π meson in this NLO factorization proof.
There are two types of infrared divergences from OðαsÞ

corrections to Fig. 1(a) induced by an additional gluon as
illustrated in Figs. 2 and 4, which are distinguished by the
direction of the additional gluon momentum. We first
identify these infrared divergences for theOðαsÞ correction
with the additional “blue” gluon emitted from the initial ρ
meson as shown in Fig. 2, where the gluon momenta may
be parallel to the rho meson momenta p1.
It is easy to find that the amplitudes in Eqs. (7)–(9) are

reducible for Figs. 2(a)–2(c) because we can factorize this
amplitude by simply inserting the Fierz identity. The
symmetry factor 1=2 in the self-energy diagrams Eq. (7)
and Eq. (9) represents the freedom to choose the most
outside vertex of the additional gluon. The soft divergences
from the l ∼ ðλ; λ; λÞ region are canceled in these reducible

amplitudes Gð1Þ
2a;32ðx1; x2Þ, Gð1Þ

2b;32ðx1; x2Þ, Gð1Þ
2c;32ðx1; x2Þ,

which are determined by the QCD dynamics that the soft
gluon does not resolve the color structure of the rho meson.
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Gð1Þ
2a;32 ¼

1

2

eg4sC2
F

2

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2Þ2ðk1 − k2Þ2ðp1 − k1Þ2ðp1 − k1 þ lÞ2l2

· γα½γ5p2ϕ
A
π �γμðp1 − k2Þγαðp1 − k1Þγρ0 ðp1 − k1 þ l Þγρ0

¼ 1

2
ϕð1Þ;v
ρ;a ⊗ Gð0Þ;v

a;32 ðx1; x2Þ þ
1

2
ϕð1Þ;a
ρ;a ⊗ Gð0Þ;a

a;32 ðx1; x2Þ; ð7Þ

Gð1Þ
2b;32 ¼

−eg4sC2
F

2

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2Þ2ðk1 − k2 − lÞ2ðp1 − k1 þ lÞ2ðk1 − lÞ2l2

· γρ
0 ðk1 − l Þγα½γ5p2ϕ

A
π �γμðp1 − k2Þγαðp1 − k1 þ l Þγρ0

¼ ϕð1Þ;v
ρ;b ⊗ Gð0Þ;v

a;32 ðξ1; x2Þ þ ϕð1Þ;a
ρ;b ⊗ Gð0Þ;a

a;32 ðξ1; x2Þ; ð8Þ

Gð1Þ
2c;32 ¼

1

2

eg4sC2
F

2

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2Þ2ðk1 − k2Þ2ðp1 − k1Þ2ðp1 − k1 þ lÞ2l2

· γρ
0 ðk1 − l Þγρ0k1γα½γ5p2ϕ

A
π �γμðp1 − k2Þγα

¼ 1

2
ϕð1Þ;v
ρ;c ⊗ Gð0Þ;v

a;32 ðx1; x2Þ þ
1

2
ϕð1Þ;a
ρ;c ⊗ Gð0Þ;a

a;32 ðx1; x2Þ; ð9Þ

where the LO hard amplitudes Gð0Þ;v
a;32 ðξ1; x2Þ and Gð0Þ;a

a;32 ðξ1; x2Þ in Eq. (8) with the gluon momenta flowing into the LO hard
kernel are of the following form:

Gð0Þ;v
a;32 ðξ1; x2Þ ¼

ieg2sCF

2

½ϵ1TMρϕ
v
ρ�γα½γ5p2ϕ

A
π �γμðp1 − k2Þγα

ðp1 − k2Þ2ðk1 − k2 − lÞ2 ; ð10Þ

Gð0Þ;a
a;32 ðξ1; x2Þ ¼

ieg2sCF

2

½Mρiϵμ0νρσγ5γ
μ0ϵν1Tn

ρvσ�γα½γ5p2ϕ
A
π �γμðp1 − k2Þγα

ðp1 − k2Þ2ðk1 − k2 − lÞ2 : ð11Þ

The NLO DAs ϕð1Þ
ρ in Eqs. (7)–(9), which absorbed all the infrared singularities from those reducible Figs. 2(a)–2(c),

can be written as the following form:

(a) (b)

(d) (g)

(c)

(e) (f)

(h) (i) (j) (k)

FIG. 2 (color online). OðαsÞ corrections to Fig. 1(a) with an additional gluon (blue curves) emitted from the initial ρ meson.
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ϕð1Þ;v
ρ;a ¼ −ig2sCF

4

γb⊥γ⊥bðp1 − k1Þγρ0 ðp1 − k1 þ l Þγρ0
ðp1 − k1Þ2ðp1 − k1 þ lÞ2l2 ;

ϕð1Þ;a
ρ;a ¼ −ig2sCF

4

γ5γ
μ0
⊥γ⊥μ0γ5ðp1 − k1Þγρ0 ðp1 − k1 þ l Þγρ0

ðp1 − k1Þ2ðp1 − k1 þ lÞ2l2 ;

ϕð1Þ;v
ρ;b ¼ ig2sCF

4

γb⊥γρ
0 ðk1 − l Þγ⊥bðp1 − k1 þ l Þγρ0
ðk1 − lÞ2ðp1 − k1 þ lÞ2l2 ;

ϕð1Þ;a
ρ;b ¼ ig2sCF

4

γ5γ
μ0
⊥γρ

0 ðk1 − l Þγ⊥μ0γ5ðp1 − k1 þ l Þγρ0
ðk1 − lÞ2ðp1 − k1 þ lÞ2l2 ;

ϕð1Þ;v
ρ;c ¼ −ig2sCF

4

γb⊥γρ
0 ðk1 − l Þγρ0k1γ⊥b

ðk1 − lÞ2ðk1Þ2l2
;

ϕð1Þ;a
ρ;c ¼ −ig2sCF

4

γ5γ
μ0
⊥γρ

0 ðk1 − l Þγρ0k1γ⊥μ0γ5
ðk1 − lÞ2ðk1Þ2l2

: ð12Þ

The additional gluons in Figs. 2(d)–2(g) generate the
collinear divergences only, because one vertex of the gluon
is attached to the LO hard part and then the soft region is
strongly suppressed by 1=Q2. For these amplitudes, we
choose the radiative gluon momenta to be parallel to the
initial rho meson momenta p1 to evaluate the collinear
divergences. All the amplitudes for Figs. 2(d)–2(g) are listed
in Eqs. (13), (15), (16), and (17). For Fig. 2(d) we find

Gð1Þ
2d;32 ¼

−ieg4sTr½TaTcTb�fabc
2Nc

×
½ϵ1TMρϕ

v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2Þ2ðk1− k2Þ2ðp1− k1þ lÞ2ðk1− k2− lÞ2l2

· γα½γ5p2ϕ
A
π �γμðp1− k2Þγβðp1− k1þ l ÞγγFαβγ

∼
9

16
ϕð1Þ;v
ρ;d ⊗ ½Gð0Þ;v

a;32 ðx1;x2Þ−Gð0Þ;v
a;32 ðξ1;x2Þ�

þ 9

16
ϕð1Þ;a
ρ;d ⊗ ½Gð0Þ;a

a;32 ðx1;x2Þ−Gð0Þ;a
a;32 ðξ1;x2Þ�; ð13Þ

with

ϕð1Þ;v
ρ;d ¼ −ig2sCF

4

γb⊥γ⊥bðp1 − k1 þ l Þγρvρ
ðp1 − k1 þ lÞ2l2ðv · lÞ ;

ϕð1Þ;a
ρ;d ¼ −ig2sCF

4

ðγ5γμ
0

⊥Þðγ⊥μ0γ5Þðp1 − k1 þ l Þγρvρ
ðp1 − k1 þ lÞ2l2ðv · lÞ : ð14Þ

In Eq. (13), we have Fαβρ0 ¼ gαβð2k1 − 2k2 − lÞρ0þ
gβρ0 ðk2 − k1 þ 2lÞα þ gρ0αðk2 − k1 − lÞβ, and we find that
only the terms proportional to gαβ and gρ0α contribute to the
LO hard kernel with γα ¼ γ−. Then we can factorize the

amplitude Gð1Þ
2d;32 into the NLO twist-3 transversal rho DAs

ϕð1Þ;v
ρ;d and ϕð1Þ;a

ρ;d in Eq. (14), convoluted with the LO hard

amplitudes Gð0Þ;v
a;32 ðx1; x2Þ and Gð0Þ;a

a;32 ðx1; x2Þ, to which the
gluon momenta flow or do not flow in.
For Fig. 2(e) we have

Gð1Þ
2e;32 ¼

ieg4sTr½TaTcTb�fabc
2Nc

×
½ϵ1TMρϕ

v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2Þ2ðk1 − k2Þ2ðk1 − lÞ2ðk1 − k2 − lÞ2l2

· γγðk1 − l Þγα½γ5p2ϕ
A
π �γμðp1 − k2ÞγβFαβγ

∼ 0; ð15Þ
where Fαβγ ¼ gαβð2k1 − 2k2 − lÞγ þ gβγðk2 − k1 − lÞαþ
gγαðk2 − k1 þ 2lÞβ. The possible contributions from the
three terms in the tensor Fαβγ are either suppressed by
the kinetics or excluded by the requirement that the gamma
matrix in the NLO amplitudes should hold the LO content
γα ¼ γ−. Then we can assume that the infrared contribution
from Fig. 2(e) can be neglected safely. The kinetic sup-
pression also happens for the amplitudes of Figs. 2(f)–2(g);
theses two subdiagrams also do not provide infrared
correction to the LO hand kernel Gð0Þ;v=a

a;32 , i.e.,

Gð1Þ
2f;32 ¼

eg4sTr½TcTaTcTa�
2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2Þ2ðk1 − k2Þ2ðp1 − k1 þ lÞ2ðp1 − k2 þ lÞ2l2

· γα½γ5p2ϕ
A
π �γμðp1 − k2Þγρ0 ðp1 − k2 þ l Þγαðp1 − k1 þ l Þγρ0

∼ 0; ð16Þ

Gð1Þ
2g;32 ¼

−eg4sTr½TcTaTcTa�
2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2Þ2ðk1 − k2 − lÞ2ðp1 − k2 − lÞ2ðk1 − lÞ2l2

· γρ0 ðk1 − l Þγα½γ5p2ϕ
A
π �γμðp1 − k2Þγρ0 ðp1 − k2 − l Þγα

∼ 0: ð17Þ

For Figs. 2(h)–2(k), however, the additional gluon generates the collinear divergences as well as the soft divergences,
because both ends of the gluon are attached to the external quark lines. As the partner with the soft divergences, the collinear
divergences are also evaluated by setting the radiative gluon momenta as parallel to the initial rho meson momenta p1. The
amplitudes for all these four subdiagrams are given in Eqs. (18)–(21).
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For Figs. 2(h)–2(i) we have

Gð1Þ
2h;32 ¼

eg4sTr½TcTaTcTa�
2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðk1 − k2Þ2ðp1 − k2 þ lÞ2ðp1 − k1 þ lÞ2ðp2 − k2 þ lÞ2l2

· γα½γ5p2ϕ
A
π �γρ0 ðp2 − k2 þ l Þγμðp1 − k2 þ lÞγαðp1 − k1 þ l Þγρ0

∼
�
−
1

8

�
ϕð1Þ;v
ρ;d ⊗ Gð0Þ;v

a;32 ðx1; x2Þ þ
�
−
1

8

�
ϕð1Þ;a
ρ;d ⊗ Gð0Þ;a

a;32 ðx1; x2Þ; ð18Þ

Gð1Þ
2i;32 ¼

−eg4sTr½TcTaTcTa�
2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðk1 − k2 − lÞ2ðp1 − k2Þ2ðp1 − k1 þ lÞ2ðk2 þ lÞ2l2

· γαðk2 þ l Þγρ0 ½γ5p2ϕ
A
π �γμðp1 − k2Þγαðp1 − k1 þ l Þγρ0

∼
�
1

8

�
ϕð1Þ;v
ρ;d ⊗ Gð0Þ;v

a;32 ðξ1; x2Þ þ
�
1

8

�
ϕð1Þ;a
ρ;d ⊗ Gð0Þ;a

a;32 ðξ1; x2Þ: ð19Þ

For Figs. 2(j)–2(k), we find that Gð1Þ
2j;32 and G

ð1Þ
2k;32 do not provide the NLO correction to the LO amplitude Gð0Þ

a;32, because
of the confine of the gamma matrices to extract the LO amplitude Gð0Þ

a;32; then the infrared contribution of these two
amplitudes can also be neglected safely.

Gð1Þ
2j;32 ¼

eg4sTr½TcTaTcTa�
2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðk1 − k2Þ2ðp1 − k2Þ2ðk1 − lÞ2ðk2 − lÞ2l2

· γρ0 ðk1 − l Þγα⊥ðk2 − l Þγρ0 ½γ5p2ϕ
A
π �γμðp1 − k2Þγ⊥α

∼ 0; ð20Þ

Gð1Þ
2k;32 ¼

−eg4sTr½TcTaTcTa�
2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðk1 − k2 − lÞ2ðp1 − k2 − lÞ2ðk1 − lÞ2ðp2 − k2 − lÞ2l2

· γρ0 ðk1 − l Þγα⊥½γ5p2ϕ
A
π �γρ0 ðp2 − k2 − l Þγμðp1 − k2 − l Þγ⊥α

∼ 0: ð21Þ
For the irreducible infrared amplitudes as shown in Eqs. (13) and (15)–(21), we have the following observations:
(i) We sum up the amplitudes for the irreducible Figs. 2(d), 2(f), and 2(h)–2(i) together, in which the additional gluon is

radiated from the initial up-line quark.

Gð1Þ
2up;32ðx1; x2Þ ¼ Gð1Þ

2d;32ðx1; x2Þ þ Gð1Þ
2f;32ðx1; x2Þ þ Gð1Þ

2h;32ðx1; x2Þ þGð1Þ
2i;32ðx1; x2Þ

¼ ϕð1Þ;v
ρ;d ⊗

�
7

16

�h
Gð0Þ;v

a;32 ðx1; x2Þ −Gð0Þ;v
a;32 ðξ1; x2Þ

i

þ ϕð1Þ;a
ρ;d ⊗

�
7

16

�h
Gð0Þ;a

a;32 ðx1; x2Þ −Gð0Þ;a
a;32 ðξ1; x2Þ

i
: ð22Þ

The summation of the amplitudes for Figs. 2(e), 2(g),
and 2(j)–2(k), in which the additional gluon is
radiated from the initial down-line quark, would give
the zero infrared contribution. The infrared divergen-
ces only come from the gluon radiated from the up-
line quark of rho meson as shown in Fig. 2, while the
infrared contributions from the down-line quark are
excluded either by the dynamics or the kinetics.

(ii) By comparing the amplitudes Gð1Þ
2h;32 with G

ð1Þ
2i;32, We

find that the soft divergences from the irreducible
Figs. 2(h)–2(i) will be canceled completely by the
simple replacement ξ1 → x1. Combining with the

cancellation of the soft divergences in Figs. 2(a)–2(c),
there is no soft divergence in the quark level for Fig. 2.

(iii) The NLO corrections to the LO subdiagram Fig. 1(a)
with the collinear gluon emitted from the initial state
do have the collinear divergences, but they can be
absorbed into the NLO rho meson DAs ϕð1Þ;v

ρ;d and
ϕð1Þ;a
ρ;d . From Eqs. (13), (16), and (18)–(19), one can

write out the Feynman rules for the perturbative
calculation of the NLO twist-3 transversal ρ meson
wave functions ϕð1Þ;v

ρ;d and ϕð1Þ;a
ρ;d as a nonlocal

hadronic matrix element with the structure γ⊥=2
and ðγ5γ⊥Þ=2 sandwiched respectively:
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ϕð1Þ;v
ρ;d ¼ 1

2NcP
þ
1

Z
dy−

2π
e−ixp

þ
1
y−
�
0jq̄ðy−Þ γ⊥

2
ð−igsÞ

Z
y−

0

dzv · AðzvÞqð0Þjρðp1Þ
�
; ð23Þ

ϕð1Þ;a
ρ;d ¼ 1

2NcP
þ
1

Z
dy−

2π
e−ixp

þ
1
y−
�
0jq̄ðy−Þ γ5γ⊥

2
ð−igsÞ

Z
y−

0

dzv · AðzvÞqð0Þjρðp1Þ
�
: ð24Þ

The integral variable z runs from 0 to ∞ for the
upper eikonal line as shown in Fig. 3(a), and runs
from ∞ back to y− for the lower eikonal line as
shown in Fig. 3(b). The choice of the light-cone
coordinate y− ≠ 0 represents the fact that the col-
linear divergences from the subdiagrams of Fig. 2 do
not cancel exactly.

(iv) The factor vρ=ðv · l) in Eq. (14) is the Feynman rule
associated with the Wilson line, which is required to
remain gauge invariant of the nonlocal matrix
element in the NLO rho wave functions and has
been included in Eqs. (23)–(24) of the NLO wave
functions. We can retrieve this factor by Fourier
transformation of the gauge field from AðzvÞ to AðlÞ
in these NLO wave functions:Z

∞

0

dzv · AðzvÞ →
Z

dleizðv·lþiϵÞ
Z

∞

0

dzv · ~AðlÞ

¼ i
Z

dl
vρ
v · l

~AρðlÞ; ð25Þ
Z

y−

0

dzv · AðzvÞ →
Z

dleizðv·lþiϵÞ
Z

y−

0

dzv · ~AðlÞ

¼ −i
Z

dl
vρ
v · l

eil
þy− ~AρðlÞ: ð26Þ

The Fourier factor eil
þy− in Eq. (26) will lead to the

function δðζ1 − x1 þ iþ=pþ
1 Þ, which means that the

gluon momentum l has flowed into the LO hard
kernel as described in Eqs. (10)–(11).

(v) The NLO irreducible amplitudes for Fig. 2 in the
collinear region can be written as the convolutions of

the NLO DAs and the LO hard amplitudes. The
collinear factorization is valid for the NLO correc-
tions for Fig. 1(a) with the additional gluon emitted
from the initial rho meson.

(vi) Figures 3(a)–3(b) and 3(e) are the effective diagrams
for the additional gluon radiated from the left-up
quark line, Figs. 3(c)–3(d) and 3(f) represent the
effective diagrams for the additional gluon radiated
from the left-down antiquark line. We can also sort
these six effective diagrams in Fig. 3 into three sets
by the flowing of the gluon momenta: (a) the first set
contains the effective diagram 3(a) and 3(c) with
no gluon momenta flow into the LO hard ampli-
tudes; (b) the second set is made of the effective
diagram 3(b) and 3(d) with the gluon momenta flow
into the LO hard amplitudes; and (c) the third set
includes the effective diagram 3(e)–3(f) with the
gluon momenta flow partly into the LO hard
amplitudes.

Now we consider the infrared divergences from OðαsÞ
radiative corrections to Fig. 1(a) with the additional
collinear gluon emitted from the final π meson as shown
in Fig. 4, where the gluon momenta may be collinear with
the pion meson momenta p2.
Since Figs. 4(a)–4(c) are reducible diagrams, we can

factorize them directly by inserting the Firez identity into
proper places as was done for Figs. 2(a)–2(c) previously.
The symmetry factor 1=2 also exists in Gð1Þ

4a;32 and Gð1Þ
4c;32.

And the soft divergences in these reducible amplitudes

Gð1Þ
4a;32, G

ð1Þ
4b;32, G

ð1Þ
4c;32 as given in Eqs. (27)–(29) will also

cancel each other exactly.

Gð1Þ
4a;32 ¼

1

2

eg4sC2
F

2

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�γα½γ5p2ϕ
A
π �γρ0

ðp1 − k2Þ2ðk1 − k2Þ2ðp2 − k2Þ2ðp2 − k2 þ lÞ2l2 · ðp2 − k2 þ l Þγρ0 ðp2 − k2Þγμðp1 − k2Þγα

¼ 1

2
Gð0Þ

a;32ðx1; x2Þ ⊗ ϕð1Þ;A
π;a ; ð27Þ

(a) (b) (c) (d) (e) (f)

FIG. 3 (color online). OðαsÞ effective diagrams for the initial transversal rho meson wave function, which collect all the collinear
divergences from the initial rho meson in the irreducible NLO quark diagrams. The vertical double line denotes the Wilson line along the
light cone, whose Feynman rule is vρ=ðv · lÞ as described in Eqs. (25)–(26).
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Gð1Þ
4b;32 ¼

−eg4sC2
F

2

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2 þ lÞ2ðk1 − k2 þ lÞ2ðp2 − k2 þ lÞ2ðk2 − lÞ2l2 · γ

ρ0 ½γ5p2ϕ
A
π �γρ0 ðp2 − k2 þ l Þγμðp1 − k2 þ l Þγα

¼ Gð0Þ
a;32ðx1; ξ2Þ ⊗ ϕð1Þ;A

π;b ; ð28Þ

Gð1Þ
4c;32 ¼

1

2

eg4sC2
F

2

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�γαk2γρ0 ðk2 − l Þ
ðp1 − k2Þ2ðk1 − k2Þ2ðk2 − lÞ2ðk2Þ2l2

· γρ0 ½γ5p2ϕ
A
π �γμðp1 − k2Þγα

¼ 1

2
Gð0Þ

a;32ðx1; x2Þ ⊗ ϕð1Þ;A
π;c ; ð29Þ

where ϕð1Þ;A
π;i with i ¼ ða; b; cÞ are the NLO DAs, which

absorbed all the infrared singularities from these reducible
Figs. 2(a)–2(c) and can be written in the following forms:

ϕð1Þ;A
π;a ¼ −ig2sCF

4

½γ5γþ�γρ0 ðp2 − k2 þ l Þγρ0 ðp2 − k2Þ½γ−γ5�
ðp2 − k2Þ2ðp2 − k2 þ lÞ2l2 ;

ϕð1Þ;A
π;b ¼ ig2sCF

4

ðk2 − l Þγρ0 ½γ5γþ�γρ0 ðp2 − k2 þ l Þ½γ−γ5�
ðp2 − k2 þ lÞ2ðk2 − lÞ2l2 ;

ϕð1Þ;A
π;c ¼ −ig2sCF

4

½γ−γ5�k2γρ0 ðk2 − l Þγρ0 ½γ5γþ�
ðk2 − lÞ2ðk2Þ2l2

: ð30Þ

The infrared singularity analysis for Fig. 2 is also valid
for Fig. 4. The subdiagrams in the second row of Fig. 4 also
contain the collinear singularity only, while the third row
sub-diagrams may contain both collinear and soft diver-
gences. Before discussing the infrared behavior of these
irreducible subdiagrams in Figs. 4(d)–4(k), we here first
define those LO hard amplitudes that either appeared in
Eq. (28) or will appear in the NLO irreducible amplitudes,

Gð0Þ
a;32ðx1; ξ2Þ ¼

ieg2sCF

2

½ϵ1TMρϕ
v
ρ þMρiϵμ0νρσγ5γμ

0
ϵν1Tn

ρvσ�
ðp1 − k2 þ lÞ2ðk1 − k2 þ lÞ2

· γα½γ5p2ϕ
A
π �γμðp1 − k2 þ l Þγα; ð31Þ

Gð0Þ
a;32ðx1;ξ2;x2Þ¼

ieg2s
2

½ϵ1TMρϕ
v
ρþiMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1−k2þlÞ2ðk1−k2Þ2

·γα½γ5p2ϕ
A
π �γμðp1−k2Þγα; ð32Þ

G0ð0Þ
a;32ðx1; ξ2; x2Þ

¼ ieg2s
2

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2Þ2ðk1 − k2 þ lÞ2

· γα½γ5p2ϕ
A
π �γμðp1 − k2Þγα: ð33Þ

In the collinear region l∥p2, we can find the equal

relation Gð0Þ
a;32ðx1; ξ2; x2Þ ¼ G0ð0Þ

a;32ðx1; ξ2; x2Þ for the newly
defined LO hard amplitudes as shown in Eqs. (32)–(33).
The transition amplitude for Fig. 4(d) can be written in

the form of

(b) (c)

(d) (e) (f) (g)

(h) (i) (j) (k)

(a)

FIG. 4 (color online). OðαsÞ corrections to Fig. 1(a) with an additional gluon (blue curves) emitted from the final π meson.
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Gð1Þ
4d;32 ¼

−ieg4sTr½TcTbTa�fabc
2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2 þ lÞ2ðk1 − k2Þ2ðk1 − k2 þ lÞ2ðp2 − k2 þ lÞ2l2

· γα½γ5p2ϕ
A
π �γβðp2 − k2 þ l Þγμðp1 − k2 þ l ÞγγFαβγ

¼ ½Gð0Þ
a;32ðx1; ξ2; x2Þ − Gð0Þ

a;32ðx1; ξ2Þ� ⊗
9

16
ϕð1Þ;A
π;d ; ð34Þ

with the tensor Fαβγ¼gαβðk1−k2−lÞγþgβγðk1−k2þ2lÞαþ
gγαð2k2−2k1−lÞβ, in which only terms proportional
to gβγ and gγα contribute to the LO hard kernel Gð0Þ

a;32.
The NLO twist-2 pion DA ϕð1Þ;A

π;d is defined in the following
form:

ϕð1Þ;A
π;d ¼ −ig2sCF

4

½γ5γþ�γρðp2 − k2 þ l Þ½γ−γ5�nρ0
ðp2 − k2 þ lÞ2l2ðn · lÞ : ð35Þ

Here, the eikonal approximation has been employed to obtain
the convolution forms for these irreducible amplitudes.
For Fig. 4(e), similarly, we have

Gð1Þ
4e;32 ¼

ieg4sTr½TcTbTa�fabc
2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2Þ2ðk1 − k2Þ2ðk1 − k2 þ lÞ2ðk2 − lÞ2l2 · γ

αðk2 − l Þγβ½γ5p2ϕ
A
π �γμðp1 − k2ÞγγFαβγ

¼ ½Gð0Þ
a;32ðx1; x2Þ − G0ð0Þ

a;32ðx1; ξ2; x2Þ� ⊗
9

16
ϕð1Þ;A
π;e ; ð36Þ

where Fαβγ ¼ gαβðk1 − k2 þ 2lÞγ þ gβγðk1 − k2 − lÞα þ gγαð2k2 − 2k1 − lÞβ, and only the terms proportional to gβγ and gγα
contribute to the LO hard kernel Gð0Þ

a;32. The NLO twist-2 pion DA ϕð1Þ;A
π;e is defined in the form of

ϕð1Þ;A
π;e ¼ ig2sCF

4

½γ5γþ�γρðk2 − l Þ½γ−γ5�nρ0
ðk2 − lÞ2l2ðn · lÞ ; ð37Þ

where the additional gluon is emitted from the right-down antiparton line. Then the amplitudes for the remaining irreducible
subdiagrams in Fig. 4 can be written with the definitions in Eqs. (31)–(33), (35), and (37):

Gð1Þ
4f;32¼

eg4sC2
FNc

2Nc

½ϵ1TMρϕ
v
ρþ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1−k2Þ2ðk1−k2Þ2ðp2−k2þ lÞ2l2ðp1−k2þ lÞ2 ·γ

α½γ5p2ϕ
A
π �γρ0 ðp2−k2þ l Þγμðp1−k2þ l Þγρ0 ðp1−k2Þγα

¼½Gð0Þ
a;32ðx1;x2Þ−Gð0Þ

a;32ðx1;ξ2;x2Þ�⊗ϕð1Þ;A
π;d ; ð38Þ

Gð1Þ
4g;32 ¼

−eg4sC2
FNc

2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2Þ2ðk1 − k2 þ lÞ2ðk2 − lÞ2l2ðp1 − k2 þ lÞ2 · γ

αðk2 − l Þγρ0 ½γ5p2ϕ
A
π �γμðp1 − k2Þγρ0 ðp1 − k2 þ l Þγα

¼ ½G0ð0Þ
a;32ðx1; ξ2; x2Þ−Gð0Þ

a;32ðx1; ξ2Þ�⊗ ϕð1Þ;A
π;e ; ð39Þ

Gð1Þ
4h;32 ¼

eg4sTr½TcTaTcTa�
2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2 þ lÞ2ðk1 − k2Þ2ðp2 − k2 þ lÞ2l2ðp1 − k1 þ lÞ2

· γα½γ5p2ϕ
A
π �γρ0 ðp2 − k2 þ l Þγμðp1 − k2 þ l Þγαðp1 − k1 þ l Þγρ0

¼ Gð0Þ
a;32ðx1; ξ2; x2Þ ⊗

�
−
1

8

�
ϕð1Þ;A
π;d ; ð40Þ

Gð1Þ
4i;32 ¼

−eg4sTr½TcTaTcTa�
2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2 þ lÞ2ðk1 − k2 þ lÞ2ðp2 − k2 þ lÞ2l2ðk1 þ lÞ2

· γρ0 ðk1 þ l Þγα½γ5p2ϕ
A
π �γρ0 ðp2 − k2 þ l Þγμðp1 − k2 þ l Þγα

¼ 0; ð41Þ
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Gð1Þ
4j;32¼

eg4sTr½TcTaTcTa�
2Nc

½ϵ1TMρϕ
v
ρþ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�γρ0 ðk1− l Þγα
ðp1−k2Þ2ðk1−k2Þ2ðk2− lÞ2l2ðk1− lÞ2 · ðk2− l Þγρ0 ½γ5p2ϕ

A
π �γμðp1−k2Þγα ¼ 0; ð42Þ

Gð1Þ
4k;32 ¼

−eg4sTr½TcTaTcTa�
2Nc

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp1 − k2Þ2ðk1 − k2 þ lÞ2ðk2 − lÞ2l2ðp1 − k1 − lÞ2

· γαðk2 − l Þγρ0 ½γ5p2ϕ
A
π �γμðp1 − k2Þγαðp1 − k1 − l Þγρ0

¼ G0ð0Þ
a;32ðx1; ξ2; x2Þ ⊗

�
1

8

�
ϕð1Þ;A
π;e : ð43Þ

The infrared contributions from the NLO amplitudes Gð1Þ
4j;32

and Gð1Þ
4j;32 are zero, since the gamma matrices in these two

amplitudes are γα ¼ γα⊥ instead of the γα ¼ γ− for the LO
amplitudes.
In order to investigate the NLO collinear factorization of

Fig. 4 and to extract the NLO twist-2 pion meson DA, we
make the summation over all the irreducible amplitudes in
Fig. 4 into two sets: the first set includes the subdiagrams

with the gluon radiated from the right-up quark line of the
final pion meson, while the second set contains the
subdiagrams with the gluon radiated from the right-down
quark line.
We first sum up the infrared amplitudes for the irreduc-

ible subdiagrams in Figs. 4(d), 4(f), and 4(h)–4(i) with the
gluon radiated from the right-up quark line:

Gð1Þ
4up;32ðx1; x2Þ ¼ Gð1Þ

4d;32ðx1; x2Þ þ Gð1Þ
4f;32ðx1; x2Þ þ Gð1Þ

4h;32ðx1; x2Þ þGð1Þ
4i;32ðx1; x2Þ

¼
�
Gð0Þ

a;32ðx1; x2Þ −
9

16
Gð0Þ

a;32ðx1; ξ2Þ −
9

16
Gð0Þ

a;32ðx1; x2; ξ2Þ
�
⊗ ϕð1Þ;A

π;d : ð44Þ

For the second set of the irreducible subdiagrams in Figs. 4(e), 4(g), and 4(j)–4(k) (where the gluon radiated from the
right-down antiquark line), similarly, we make the summation and then find the infrared amplitude:

Gð1Þ
4down;32ðx1; x2Þ ¼ Gð1Þ

4e;32ðx1; x2Þ þ Gð1Þ
4h;32ðx1; x2Þ þGð1Þ

4j;32ðx1; x2Þ þ Gð1Þ
4k;32ðx1; x2Þ

¼
�
−Gð0Þ

a;32ðx1; ξ2Þ þ
9

16
Gð0Þ

a;32ðx1; x2Þ þ
9

16
Gð0Þ

a;32ðx1; x2; ξ2Þ
�
⊗ ϕð1Þ;A

π;e : ð45Þ

Because the infrared singularities in Eqs. (41)–(42) are
suppressed, the soft divergences in Eqs. (40) and (43) from
the collinear region cannot be canceled by their counter-
parts described in Eqs. (41) and (42), respectively. But
these remaining soft divergences in Eqs. (40) and (43)
could cancel each other exactly, because the NLO DA
ϕð1Þ;A
π;d in Eq. (35) is equivalent to the DA ϕð1Þ;A

π;e in Eq. (37).
At the quark level, finally, no soft divergences are left after

summation of the NLO contributions from all the subdia-
grams as shown in Fig. 4.
All the remaining collinear divergences can be absorbed

into the NLO twist-2 pion meson DA ϕð1Þ;A
π . From the ex-

pressions given in Eqs. (34), (36), (38)–(40), and (43), we can
define the Feynman rules for the perturbative calculation
of the twist-2 pionwave functionϕð1Þ;A

π as a nonlocal hadronic
matrix element with the structure ðγ−γ5Þ=2 sandwiched:

ϕð1Þ;A
π ¼ 1

2NcP−
2

Z
dyþ

2π
e−ixp

−
2
yþ
�
πðp2Þ

			q̄ðyþÞð−igsÞ
Z

yþ

0

dzn · AðznÞ γ
−γ5
2

qð0Þ
			0
�
; ð46Þ

which has the same form as that in the πγ⋆ → π [9]. The relevant effective diagrams for the pion meson wave function are
also shown in Fig. 5, and here only the first four diagrams in Fig. 5 are useful to the sort of NLO corrections described in
Fig. 4 because the corrections with the gluon momentum partly flowing into LO hard kernel are canceled in Eqs. (44)–(45).
We can also derive the Feynman rule (nρ0=ðn · lÞ) for the Wilson line in Fig. 5 from the OðαsÞ component of the pion wave
function by the similar Fourier transformation as for Fig. 3. Then collinear factorization is therefore valid for the NLO
corrections for Fig. 1(a) when the additional gluon is emitted from the final pion meson.
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C. OðαsÞ correction to Fig. 1(b)

In this subsection, we study the feasibility of the
collinear factorization for the NLO corrections to
Fig. 1(b) with the same approach as we had for Fig. 1(a).
With the requirement to hold the LO contents as shown in

Eqs. (4)–(5) in theNLO factorization proof, wewill consider
both the T2&T3 and T3&T2 sets for the DAs of the initial
and final state meson in the NLO transition process as
illustrated in Figs. 6–7. We try to use the collinear factori-
zation approach to separate the infrared divergences of the

(d)(b) (c) (e) (f)(a)

FIG. 5 (color online). OðαsÞ effective diagrams for the final pion meson wave function, with vertical double lines denoting the Wilson
line along the light cone, whose Feynman rule is nρ0=ðn · lÞ.

(a) (b) (c)

(d) (f) (g)

(h) (i) (k)(j)

(e)

FIG. 6 (color online). OðαsÞ correction to Fig. 1(b) with the additional gluon (blue curves) emitted from the initial ρ meson.

(a) (b) (c)

(d) (e) (f) (g)

(k)(j)(i)(h)

FIG. 7 (color online). OðαsÞ corrections to Fig. 1(b) with the additional gluon (blue curves) emitted from the final π meson.
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amplitudes for Figs. 6–7 with the additional blue gluons
radiated from the initial rho meson and final pion meson,
respectively.
First, the reducible Figs. 6(a)–6(c) and Figs. 7(a)–7(c)

are factorized easily by simple insertion of the Fierz
identity defied in Eq. (6). And the soft divergences will
be canceled exactly in these reducible amplitudes similarly
as we verified for Figs. 2(a)–2(c) and Figs. 4(a)–4(c). We
can then extract out the NLO twist-2 transversal rho meson
DAs and the NLO twist-3 pion meson DAs in the following
forms:

ϕð1Þ;T
ρ;a ¼−ig2sCF

8

½γa⊥γ−�½γ⊥aγ
þ�ðp1−k1Þγρ0 ðp1−k1þ l Þγρ0

ðp1−k1Þ2ðp1−k1þ lÞ2l2 ;

ϕð1Þ;T
ρ;b ¼ ig2sCF

8

½γa⊥γ−�γρ0 ðk1− l Þ½γ⊥aγ
þ�ðp1−k1þ l Þγρ0

ðk1− lÞ2ðp1−k1þ lÞ2l2 ;

ϕð1Þ;T
ρ;c ¼−ig2sCF

8

½γa⊥γ−�γρ
0 ðk1− l Þγρ0k1½γ⊥aγ

þ�
ðk1Þ2ðk1− lÞ2l2 ; ð47Þ

ϕð1Þ;P
π;a ¼ −ig2sCF

4

γ5γ
ρ0 ðp2 − k2 þ lÞγρ0 ðp2 − k2Þγ5
ðp2 − k2Þ2ðp2 − k2 þ lÞ2l2 ;

ϕð1Þ;P
π;b ¼ ig2sCF

4

ðk2 − l Þγρ0γ5γρ0 ðp2 − k2 þ l Þγ5
ðk2 − lÞ2ðp2 − k2 þ lÞ2l2 ;

ϕð1Þ;P
π;c ¼ −ig2sCF

4

γ5k2γρ
0 ðk2 − l Þγρ0γ5

ðk1Þ2ðk1 − lÞ2l2 : ð48Þ

Second, the transversal NLO twist-2 rho meson DA
ϕð1Þ;T
ρ;d and the NLO twist-3 pion meson DAs ϕð1Þ;P

π;d can be
extracted from the irreducible Figs. 6(d)–6(g) and
Figs. 7(d)–7(g), respectively, and are of the following form:

ϕð1Þ;T
ρ;d ¼ −ig2sCF

8

½γa⊥γ−�½γ⊥aγ
þ�ðp1 − k1 þ l Þγρvρ

ðp1 − k1 þ lÞ2l2ðv · lÞ : ð49Þ

ϕð1Þ;P
π;d ¼ −ig2sCF

4

γ5γ
ρðp2 − k2 þ l Þγ5vρ

ðp2 − k2 þ lÞ2l2ðv · lÞ : ð50Þ

Third, the NLO transversal NLO rhomesonDAϕð1Þ;T=v=a
ρ;e

and the NLO twist-3 pion meson DAs ϕð1Þ;P
π;e can also be

extracted from the irreducible Figs. 6(h)–6(k) and
Figs. 7(h)–7(k), respectively, and can be written in the
following form:

ϕð1Þ;T
ρ;e ¼ ig2sCF

8

½γa⊥γ−�γρðk1−l Þ½γ⊥aγ
þ�vρ

ðk1−lÞ2l2ðv ·lÞ
�
1−

ðk1−k2Þ2
ðk1−k2−lÞ2

�
;

ϕð1Þ;v
ρ;e ¼ ig2sCF

4

γb⊥γρðk1−lÞγavρ
ðk1−lÞ2l2ðv ·lÞ

�
1−

ðk1−k2Þ2
ðk1−k2−lÞ2

�
;

ϕð1Þ;a
ρ;e ¼ ig2sCF

4

½γ5γμ
0

⊥�γρðk1−l Þ½γ⊥μ0γ5�vρ
ðk1−lÞ2l2ðv ·lÞ

�
1−

ðk1−k2Þ2
ðk1−k2−lÞ2

�
;

ð51Þ

ϕð1Þ;P
π;e ¼ ig2sCF

4

γ5ðk2 − l Þγργ5nρ
ðk2 − lÞ2l2ðn · lÞ : ð52Þ

The hard LO amplitudes Gð0Þ
b;23ðξ1; x2Þ, Gð0Þ;v=a

b;32 ðξ1; x2Þ,
and Gð0Þð0Þ

b;23 ðx1; ξ1; x2Þ, with the gluon momenta flowing or
partly flowing into the original LO hard amplitudes, are
defined in the collinear region l∥p1 for Fig. 6 in the
following form:

Gð0Þ
b;23ðξ1; x2Þ ¼

ieg2sCF

2

½ϵ1Tp1ϕ
T
ρ �γα½γ5m0

πϕ
P
π �γαðp2 − k1 þ l Þγμ

ðp2 − k1 þ lÞ2ðk1 − k2 − lÞ2 ; ð53Þ

Gð0Þ;v
b;32 ðξ1; x2Þ ¼

ieg2sCF

2

½ϵ1TMρϕ
v
ρ�γα½γ5p2ϕ

A
π �γαðp2 − k1 þ l Þγμ

ðp2 − k1 þ lÞ2ðk1 − k2 − lÞ2 ; ð54Þ

Gð0Þ;a
b;32 ðξ1; x2Þ ¼

ieg2sCF

2

½Mρiϵμ0νρσγ5γμ
0
ϵν1Tn

ρvσ�γα½γ5p2ϕ
A
π �γαðp2 − k1 þ l Þγμ

ðp2 − k1 þ lÞ2ðk1 − k2 − lÞ2 ; ð55Þ

Gð0Þ
b;23ðx1; ξ1; x2Þ ¼

ieg2sCF

2

½ϵ1Tp1ϕ
T
ρ �γα½γ5m0

πϕ
P
π �γαðp2 − k1 þ l Þγμ

ðp2 − k1 þ lÞ2ðk1 − k2Þ2
; ð56Þ

G0ð0Þ
b;23ðx1; ξ1; x2Þ ¼

ieg2sCF

2

½ϵ1Tp1ϕ
T
ρ �γα½γ5m0

πϕ
P
π �γαðp2 − k1Þγμ

ðp2 − k1Þ2ðk1 − k2 − lÞ2 ; ð57Þ

where the γα in Eqs. (56)–(57) could be γþ or γα⊥. When we set γα ¼ γþ, the amplitude Gð0Þ
b;23ðx1; ξ1; x2Þ becomes

Gð0Þ;L
b;23 ðx1; ξ1; x2Þ, while G0ð0Þ

b;23ðx1; ξ1; x2Þ becomes G0ð0Þ;L
b;23 ðx1; ξ1; x2Þ. When we choose γα ¼ γα⊥, the amplitude

Gð0Þ
b;23ðx1; ξ1; x2Þ becomes Gð0Þ;T

b;23 ðx1; ξ1; x2Þ, while G0ð0Þ
b;23ðx1; ξ1; x2Þ becomes G0ð0Þ;T

b;23 ðx1; ξ1; x2Þ. And we can find that in
the collinear region l∥p1, these two newly defined LO amplitudes in Eq. (56) should be equal.
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From the irreducible subdiagrams of Fig. 7 in the collinear region l∥p2, the LO hard amplitudes Gð0Þ
b;23=32ðx1; ξ2Þ and

Gð″Þð0Þ
b;32 ðx1; ξ2; x2Þ with the gluon momentum flowing or partly flowing into the original LO hard amplitudes can be defined

in the following form:

Gð0Þ
b;23ðx1; ξ2Þ ¼

ieg2sCF

2

½ϵ1Tp1ϕ
T
ρ �γα½γ5m0

πϕ
P
π �γαðp2 − k1Þγμ

ðp2 − k1Þ2ðk1 − k2 − lÞ2 ; ð58Þ

Gð0Þ
b;32ðx1; ξ2Þ ¼

ieg2sCF

2

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp2 − k1Þ2ðk1 − k2 − lÞ2 · γα½γ5p2ϕ

A
π �γαðp2 − k1Þγμ; ð59Þ

Gð0Þ
b;32ðx1; ξ2; x2Þ ¼

ieg2sCF

2

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp2 − k1 þ lÞ2ðk1 − k2Þ2

· γα½γ5p2ϕ
A
π �γαðp2 − k1Þγμ; ð60Þ

G″ð0Þ
b;32ðx1; ξ2; x2Þ ¼

ieg2sCF

2

½ϵ1TMρϕ
v
ρ þ iMρϵμ0νρσγ5γ

μ0ϵν1Tn
ρvσϕa

ρ�
ðp2 − k1 þ lÞ2ðk1 − k2 þ lÞ2 · γα½γ5p2ϕ

A
π �γαðp2 − k1Þγμ: ð61Þ

By summing up the amplitudes from those irreducible Figs. 6(d)–6(k), the total NLO amplitudes with the crossed-twist
DAs T2&T3 (i.e., the NLO set-I amplitude) can be written in a convolution of the NLO rho wave function and the LO hard
amplitudes, with the gluon momentum not flowing, flowing, or partly flowing into the LO hard kernels:

Gð1Þ
6;23ðx1; x2Þ ¼ ϕð1Þ;T

ρ;d ⊗


Gð0Þ;L

b;23 ðx1; x2Þ −
9

16
Gð0Þ;L

b;23 ðξ1; x2Þ −
9

16
Gð0Þ;L

b;23 ðx1; ξ1; x2Þ

þGð0Þ;T
b;23 ðx1; x2Þ −Gð0Þ;T

b;23 ðξ1; x2Þ þ
1

8
Gð0Þ;T

b;23 ðx1; ξ1; x2Þ
�

þ ϕð1Þ;T
ρ;e ⊗



−Gð0Þ;L

b;23 ðξ1; x2Þ þ
9

16
Gð0Þ;L

b;23 ðx1; x2Þ þ
9

16
Gð0Þ;L

b;23 ðx1; ξ1; x2Þ

þGð0Þ;T
b;23 ðx1; x2Þ −Gð0Þ;T

b;23 ðξ1; x2Þ −
1

8
Gð0Þ;T

b;23 ðx1; ξ1; x2Þ
�
: ð62Þ

It is easy to find that the soft divergences from the collinear region for these irreducible amplitudes are canceling each other.
At the quark level, consequently, there is no soft divergence left after the summation for the contributions from all
subdiagrams in Fig. 6 with the case of the T2&T3 DAs. The collinear divergences, generated from the gluon radiated from
the up-line quark and the down-line antiquark of the initial rho meson in Fig. 6, can be absorbed into the NLO twist-2 rho
meson DA ϕð1Þ;T

ρ;d=e, which is written in the following nonlocal hadronic matrix element in b space with the structure ðγb⊥γþÞ=4
sandwiched:

ϕð1Þ;T
ρ ¼ 1

2NcP
þ
1

Z
dy−

2π
e−ixp

þ
1
y−
�
0jq̄ðy−Þ γ

b⊥γþ
4

ð−igsÞ
Z

y−

0

dzv · AðzvÞqð0Þjρðp1Þ
�
: ð63Þ

We then give a short summary for the NLO set-II
amplitudes with the crossed-twist DAs T3&T2 for
Figs. 6(d)–6(k). After the summation, the total infrared
divergences from the NLO corrections to the LO hard
amplitude Gð0Þ

b;32ðx1; x2Þ in the l∥p1 region can be written in
the following form:

Gð1Þ
6;32ðx1; x2Þ ¼ ϕð1Þ;v

ρ;e ⊗ f2Gð0Þ;v
b;23 ðx1; x2Þ þ 2Gð0Þ;v

b;23 ðξ1; x2Þg:
ð64Þ

We find that the infrared divergences from the set-II
amplitudes for Figs. 6(d) and 6(g)–6(i), with the additional

gluon radiated from the right-up quark line, are suppressed
by the kinetic constraints; then only Figs. 6(e), 6(g), and
6(j)–6(k) generate infrared divergent corrections to the
set-II LO amplitudes Gð0Þ

b;32ðx1; x2Þ with T3&T2 DAs. The
soft divergences from the subdiagrams with the gluon
radiated from the left-down antiquark line were canceled
exactly. Only the collinear divergences, generated from the
gluon radiated from the left-down antiquark of the initial
rho meson in Fig. 6, will be absorbed into the NLO twist-3
rho meson DA ϕð1Þ;v

ρ . Then we can factorize the set-II
irreducible amplitudes for Fig. 6 in the collinear region as
the convolutions of the NLO twist-3 DA and LO hard
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amplitudes. The collinear factorization is therefore valid for
the NLO set-II corrections for the Fig. 1(b) with the
additional gluon emitted from the initial rho meson.
Now we elaborate the factorization for the infrared

divergences in the irreducible Figs. 7(d)–7(k), in which
the additional blue gluons are radiated from the final pion
meson. The total NLO corrections for the set-I amplitudes
of Figs. 7(d)–7(k) with the T2&T3 DAs from the l∥p2

region are also summed over and can be written in the
following convolution form:

Gð1Þ
7;23ðx1;x2Þ¼ϕð1Þ;P

π;d ⊗


7

16
½Gð0Þ;L

b;23 ðx1;x2Þ−Gð0Þ;L
b;23 ðx1;ξ2Þ�

−
9

16
½Gð0Þ;T

b;23 ðx1;x2Þ−Gð0Þ;T
b;23 ðx1;ξ2Þ�

�

þϕð1Þ;P
π;e ⊗

25

16
½Gð0Þ;T

b;23 ðx1;x2Þ−Gð0Þ;T
b;23 ðx1;ξ2Þ�:

ð65Þ

For the NLO set-I amplitudes in Eq. (65), the soft
divergences from Figs. 7(h)–7(i) can be canceled by their

counterparts from Figs. 7(j)–7(k); then only the collinear
divergences are left for the infrared absorbtion. The
collinear divergences can all be absorbed into the NLO
pion meson DAs of ϕð1Þ;P

π;d=e, which can be written as the
nonlocal hadronic matrix element with the structure as that
in Ref. [11]:

ϕð1Þ;P
π ¼ 1

2NcP−
2

Z
dyþ

2π
e−ixp

−
2
yþ

×

�
πðp2Þjq̄ðyþÞð−igsÞ

Z
yþ

0

dzn ·AðznÞγ5
2
qð0Þj0

�
:

ð66Þ

As shown in Eq. (65), all set-I infrared-relevant NLO
amplitudes can be written as the convolution of the LO hard

kernel and the NLO π meson DAs [Gð0Þ
b;23 ⊗ ϕð1Þ;P

π;d and

Gð0Þ
b;23 ⊗ ϕð1Þ;P

π;e ], with the integral momenta flowing or not
flowing into the LO hard amplitudes.
By making the summation for the set-II amplitudes for

Figs. 7(d)–7(k) with the T3&T2 DAs, we find

Gð1Þ
7;32ðx1; x2Þ ¼ ϕð1Þ;A

π;d ⊗


Gð0Þ

b;32ðx1; x2Þ − Gð0Þ
b;32ðx1; ξ2Þ þ

1

8
Gð0Þ

b;32ðx1; ξ2; x2Þ
�

þ ϕð1Þ;A
π;e ⊗



Gð0Þ

b;32ðx1; x2Þ −Gð0Þ
b;32ðx1; ξ2Þ −

1

8
G00ð0Þ

b;32ðx1; ξ2; x2Þ
�
: ð67Þ

For the infrared singularities in the set-II amplitudes in
Eq. (67), the soft divergences from Figs. 7(i)–7(j) cannot be
canceled by their counterparts in Figs. 7(h) and 7(k), but
these soft divergences are also diminished because
ϕð1Þ;A
π;e ¼ ϕð1Þ;A

π;d . The remaining collinear singularities in
Eq. (67) can be absorbed into the NLO DAs ϕð1Þ;A

π;d=e. All
these irreducible NLO amplitudes can be written as the
convolution of the LO hard kernel and the NLO π meson
DAs [Gð0Þ

b;23 ⊗ ϕð1Þ;A
π;e and Gð0Þ

b;32 ⊗ ϕð1Þ;A
π;e ], and the collinear

factorization approach is valid for Fig. 7.

III. kT FACTORIZATION OF ργ⋆ → π

In this section, the NLO proof of the factorization
theorem is demonstrated with the inclusion of the trans-
versal momentum kT . The kT factorization approach is
qualified to deal with the small-x physics [2,6,9], because
of its advantage to avoid the end point singularity without
introducing other nonphysics methods.
The hierarchy k2iT ≪ k1 · k2 is holding in the bound wave

functions, so the transversal contributions on the numer-
ators can be dropped safely and the transversal momentum
kT in the LO hard kernels can also be dropped; then
factorization proofs made in the above section with the
collinear factorization approach are valid here with the

inclusion of the transversal momentum [10,13]. When we
extend the proofs for the NLO ρ → π transition from
collinear factorization approach to kT factorization
approach, the only modification required is to include
the transversal integral lT with the NLO wave functions in
Eqs. (23)–(24), (46), (63), and (66), besides the longi-
tudinal integral along the light cone. This modification can
also be understood as the integral deviated from the light-
cone direction by b in the coordinate space, as illustrated
by Fig. 8.

(a) (b)

FIG. 8 (color online). The deviation of the integral (Wilson
link) from the light corn by b in the coordinate space for the
two-parton meson wave function.
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The OðαsÞ wave functions at twist-2 and twist-3 as defined in Eqs. (23)–(24), (46), (63), and (66) can be reproduced by
the following nonlocal matrix element in the b space.

ϕð1Þ;T
ρ ðx1; ξ1;b1Þ ¼

1

2NcP
þ
1

Z
dy−

2π

db1

ð2πÞ2 e
−ixpþ

1
yþþik1T·b1 ·

�
0jq̄ðy−Þ γ

b⊥γþ
4

ð−igsÞ
Z

y

0

dzv · AðzvÞqð0Þjρðp1Þ
�
; ð68Þ

ϕð1Þ;v
ρ ðx1; ξ1;b1Þ ¼

1

2NcP
þ
1

Z
dy−

2π

db1

ð2πÞ2 e
−ixpþ

1
yþþik1T·b1 ·

�
0jq̄ðy−Þ γ⊥

2
ð−igsÞ

Z
y

0

dzv · AðzvÞqð0Þjρðp1Þ
�
; ð69Þ

ϕð1Þ;a
ρ ðx1; ξ1;b1Þ ¼

1

2NcP
þ
1

Z
dy−

2π

db1

ð2πÞ2 e
−ixpþ

1
yþþik1T·b1 ·

�
0jq̄ðy−Þ γ5γ⊥

2
ð−igsÞ

Z
y

0

dzv · AðzvÞqð0Þjρðp1Þ
�
; ð70Þ

ϕð1Þ;A
π ðξ2; x2;b2Þ ¼

1

2NcP−
2

Z
dyþ

2π

db2

ð2πÞ2 e
−ixp−

2
yþþik2T·b2 ·

�
πðp2Þjq̄ðyþÞð−igsÞ

Z
y

0

dzn · AðznÞ γ
−γ5
2

qð0Þj0
�
; ð71Þ

ϕð1Þ;P
π ðξ2; x2;b2Þ ¼

1

2NcP−
2

Z
dyþ

2π

db2

ð2πÞ2 e
−ixp−

2
yþþik2T·b2 ·

�
πðp2Þjq̄ðyþÞð−igsÞ

Z
y

0

dzn · AðznÞ γ5
2
qð0Þj0

�
: ð72Þ

All these NLO wave functions would reproduce the Feynman rules of Wilson lines.

IV. SUMMARY

In this paper we first verified that the factorization
hypothesis is valid for the ρ → π transition process at
NLO level in the collinear factorization approach, and then
we extended this proof to the case of the kT factorization
approach. Because of the difference of the initial vector
meson ρ and the final pseudoscalar meson π, we considered
both Figs. 1(a)–1(b), with the virtual photon vertex posi-
tioned on the initial state quark line and on the final state
quark line, respectively.
For each LO subdiagram, Fig. 1(a) or 1(b), we first

evaluated the NLO corrections from the additional gluon
radiated from the initial rho meson as well as from the final
pion meson, and then we verified that all the infrared
singularities in those four NLO quark level diagrams
[Figs. 1(a)–1(d)] could be absorbed into the NLO meson
wave functions. Certainly, we made this proof both in the
collinear factorization approach and in the kT factorization
approach. And we showed explicitly that every NLO quark
level amplitude can be expressed as the convolution of the
NLO wave functions and the LO hard kernel, with the
gluon momenta, which would generate the infrared singu-
larities, flowing, not flowing, or partly flowing into the LO
hard amplitudes.
Particularly, we find that (a) only the T3&T2 set with the

twist-3 ρmeson DAs and twist-2 pion DAs contribute to the
LO amplitude of Fig. 1(a), as defined in Eq. (3); and
(b) only the collinear singularities would appear in the NLO
diagrams for the LO Fig. 1(a), because the soft singularities

in these NLO diagrams are either suppressed by the kinetics
or cancel each other.
For the NLO corrections to the LO Fig. 1(b), however,

there exist two kinds of the LO amplitudes as described in
Eqs. (4)–(5) with the T2&T3 and T3&T2 combinations of
the initial and final state meson wave functions and we
called them set I and set II, respectively. We further find that
the NLO corrections to the set-I and set-II LO amplitude
generate the collinear singularities only, since the soft
singularities in these two cases are either suppressed by
the kinetics or cancel each other. The underlying reason is
the fact that the soft gluon will not change the color
structure of the rho and pion mesons. All the remaining
infrared singularities from the collinear regions should be
absorbed into the NLO wave functions, and we have also
defined the NLO wave functions with different twists in the
nonlocal matrix elements, which would help us to under-
stand the fundamental meson wave functions and push us
to calculate the NLO hard kernels for this ρ → π transition
process.
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