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We study deep inelastic scattering at large ’t Hooft coupling and finite x from gauge/string duality
beyond single-hadron final states, which gives the leading large-Nc contribution. Within the supergravity
approximation, we calculate the subleading large-Nc contribution by introducing an extra hadron into the
final states. We find that the contribution from these double-hadron final states will dominate in the Bjorken
limit q2 → ∞ compared with the single-hadron states. We discuss the implications of our results.
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I. INTRODUCTION

The gauge/string correspondence, since first conjectured
[1–3], has been used widely in studying nonperturbative
aspects of QCD. As the first application to deep inelastic
scattering (DIS), Polchinski and Strassler [4] employed the
correspondence to calculate the structure functions for
hadrons in the large-’t Hooft coupling and large-Nc limits
by introducing an infrared cutoff in the fifth dimension to
mimic the confinement. Since then, there have been many
further investigations [5–23] in this direction. Compared to
QCD, these studies show that the hadron structures in the
strong-coupling limit bear very different features at finite x,
while sharing similar features at small x. It turns out that the
structure functions in the strong-coupling regime are all
power suppressed at finite x, implying that few of the
partons gain a finite amount of longitudinal momentum
from the target hadron, and that almost all of the partons are
squeezed into the small-x region. However, such conclu-
sions can be arrived at only in the large-Nc limit from the
contribution of single-hadron final states. It is valuable to
investigate the structure functions beyond this limit, which
is the major concern of the current work.
It is a nontrivial task to obtain complete contributions to

the structure functions at subleading order in large Nc from
gauge/string duality. For simplicity, we will restrict our-
selves to the supergravity approximation, considering
subleading contributions from the processes with only
two scalar hadrons involved in final states. Through the
specific calculation and power analysis, we find that in the

large-Nc expansion (compared with leading contribution)
the subleading contribution can be less suppressed in the
power expansion of 1=q. Thus the subleading contribution
will dominate in the Bjorken limit q → ∞, which implies
that the large-Nc limit and the Bjorken limit do not
commute with each other.
The paper is organized as follows. In Sec. II we formulate

the DIS on a scalar target in the gauge/string correspondence.
In Sec. III we evaluate successively the transition amplitudes,
the hadronic tensor, and the structure functions for the DIS
process under the supergravity approximation. In Sec. IV we
analyze the power dependence on 1=q for various channels
and phase spaces and extract the leading contribution for the
structure functions in the Bjorken limit q → ∞. In Sec. V we
discuss our results and give a summary.

II. DIS FROM THE GAUGE/STRING DUALITY

In the one-photon exchange approximation for DIS, the
initial lepton interacts with the hadron target by the exchange
of a virtual photon, and the hadron absorbs the photon and
decays into the final states. The cross section is determined
by the hadronic tensor Wμν which is defined as

Wμν ¼
X
X

ð2πÞ4δðpþ q − PXÞhHjJμð0ÞjXihXjJνð0Þ�jHi;

ð1Þ

where Jμ is the electromagnetic current, qμ is the momentum
of the virtual photon, pμ denotes the momentum of the initial
hadron H, and PX denotes the total momentum of the final
hadron states X. For the spinless or spin-averaged hadrons,
the hadronic tensor can be decomposed into
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Wμν ¼ F1ðx; q2Þ
�
ημν −

qμqν

q2

�

þ 2x
q2

F2ðx; q2Þ
�
pμ þ qμ

2x

��
pν þ qν

2x

�
: ð2Þ

All the information for the hadron structure is encoded in the
structure functions F1ðx; q2Þ and F2ðx; q2Þ.
In the gauge/string duality, scalar hadrons corres-

pond to normalizable supergravity modes of the dilaton
and the electromagnetic current corresponds to a non-
normalizable mode of a Kaluza-Klein gauge field at the
boundary of the anti–de Sitter (AdS) space, AdS5. The
mass gap of hadrons can be generated by breaking
the conformal invariance through introducing a sharp
cutoff 0 ≤ z ≤ z0 ≡ 1=Λ. The metric in AdS5 space can
be written as

ds2 ¼ 1

z2
ðημνdyμdyν þ dz2Þ; ð3Þ

where ημν ¼ ð−;þ;þ;þÞ is the flat-space metric at the
boundary. The initial/final dilaton wave function sat-
isfies the Klein-Gorden equation in AdS5 and the
corresponding normalizable solution with the boundary
condition Φðy; z0Þ ¼ 0 is given by

Φðy; zÞ ¼ cκ;neip·yz2JκðMκ;nzÞ; ð4Þ

where κ ¼ Δ − 2 with Δ being the conformal dimension
of the state, Mκ;nz0 denotes the nth zero point of the
Bessel function Jκ, and cκ;n is the normalization factor,

cκ;n ¼
ffiffiffi
2

p

z0jJκþ1ðMκ;nz0Þj
: ð5Þ

In order to calculate the subleading large-Nc contribu-
tion from the final multiple-hadron states, we need the
bulk-to-bulk propagator of dilatons in AdS5 space,
which is given by

Gðy; z; y0; z0Þ ¼ −
Z

d4k
ð2πÞ4 e

−ik·ðy−y0Þ

×
Z

∞

0

dω
ω

ω2 þ k2 − iϵ
z2JκðωzÞz02Jκðωz0Þ:

ð6Þ
When considering the boundary condition, the accurate
propagator should take the discrete form

Gðy; z; y0; z0Þ ¼ −
Z

d4k
ð2πÞ4 e

−ik·ðy−y0ÞX
Mκ;n

Mκ;nc2κ;n
M2

κ;n þ k2 − iϵ

× z2JκðMκ;nzÞz02JκðMκ;nz0Þ: ð7Þ

The gauge field corresponding to the current satisfies
the Maxwell equations in AdS5 space, and the non-
normalizable solution with the boundary condition
Aμðy;∞Þ ¼ nμeiq·y (where nμ is the virtual photon
polarization vector) and the Lorentz-like gauge fixing
∂μAμþz∂zðAz=zÞ¼0 is given by

Aμ ¼ nμeiq·yqzK1ðqzÞ; Az ¼ in · qeiq·yzK0ðqzÞ; ð8Þ

where K1 and K0 are both modified Bessel functions.
When we were working in the leading large-Nc

approximation, only a single hadron in the final states
was needed. The corresponding Witten diagram for the
hadronic tensor is represented in Fig. 1, in which the
dashed line denotes the final states. In our present
work, we will devote ourselves to calculating the
subleading large-Nc contribution and analyzing the
power dependence of 1=q. It should be mentioned that
the complete subleading contribution of large Nc can
come from different sources; however, in this paper we
will restrict ourselves to considering the contribution by
introducing an extra hadron into the final states. Doing
such a calculation is mainly inspired by the discussion
of Polchinski and Strassler in Ref. [4], while it should
be emphasized that it is possible that the ignored terms
could cancel the leading 1=q contribution or that they
may have even more important contributions in 1=q
than those found in the present work. For simplicity,
we will ignore these complexities in the following
discussion.
For further simplicity, we will only consider the

spinless hadron and the final states that include two
dilatons, in which the gauge propagator and gravity
propagator do not contribute. The relevant supergravity
interaction is

FIG. 1. Leading large-Nc contribution from the single-hadron
final states.
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S ¼ −
Z

d5x
ffiffiffiffiffiffi
−g

p �X3
i¼1

DmΦiDmΦ�
i þ

X3
i¼1

μ2iΦ
�
iΦi þ λΦ1Φ�

2Φ
�
3 þ λΦ�

1Φ2Φ3

�

¼ −
Z

d5x
ffiffiffiffiffiffi
−g

p �X3
i¼1

∂mΦi∂mΦ�
i þ

X3
i¼1

μ2iΦ
�
iΦi þ AmAm

X3
i¼1

Q2
iΦ

�
iΦi

þiAm
X3
i¼1

QiðΦi∂mΦ�
i − Φ�

i ∂mΦiÞ þ λΦ1Φ�
2Φ

�
3 þ λΦ�

1Φ2Φ3

�
; ð9Þ

where we have introduced three different dilatons
(i ¼ 1; 2; 3) which have different charges Qi (with
Q1 þQ2 þQ3 ¼ 0) and five-dimensional mass μ2i ¼
ΔiðΔi − 4Þ=R2, where Δi is the conformal dimension of
the states and R is the AdS radius. It should be explained
that the above action is mainly based on phenomenological
considerations, and we assign the parameters Qi and λ as
small, free coupling constants.
It follows that the subleading contributions of large Nc

1

with two dilatons in the final states come from the Witten

diagrams in Figs. 2, 3, and 4, and from the other six
crossed-channel diagrams which have not been displayed
here. The Witten diagrams with a cutline actually represent
the squared amplitudes: the transition amplitude is to the
left of the cut line, while the complex conjugate is to the
right. Therefore, in order to calculate the hadronic tensor
we first need to calculate the transition amplitudes. From
the action given in Eq. (9), it is straightforward to write
down all the transition amplitudes corresponding to differ-
ent channels: the s-channel amplitude,

Ms ¼ iQ1

Z
d5xd5x0

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p
Φ1ðxÞAMðxÞ½∂MGðx; x0Þ�Φ�

2ðx0ÞΦ�
3ðx0Þ

− iQ1

Z
d5xd5x0

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p
½∂MΦ1ðxÞ�AMðxÞGðx; x0ÞΦ�

2ðx0ÞΦ�
3ðx0Þ; ð10Þ

the t-channel amplitude,

FIG. 2. s-channel contribution from the double-hadron final
states.

FIG. 3. t-channel contribution from the double-hadron final
states.

1In supergravity, the loop corrections are always equivalent to 1=N-suppressed corrections. This is because the action of interest to us
[e.g., Eq. (9)] will have an overall coupling-constant factor which is proportional to N2 (for brevity, we have suppressed this overall
factor in this paper). Hence, similar to the argument in large-Nc QCD, we can find that the additional loops or external lines will result in
an additional suppression of 1=N.
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Mt ¼ −iQ2

Z
d5xd5x0

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p
Φ1ðxÞΦ�

3ðxÞ½∂ 0
MGðx; x0Þ�AMðx0ÞΦ�

2ðx0Þ

þ iQ2

Z
d5xd5x0

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p
Φ1ðxÞΦ�

3ðxÞGðx; x0ÞAMðx0Þ½∂ 0
MΦ

�
2ðx0Þ�; ð11Þ

and the u-channel amplitude,

Mu ¼ −iQ3

Z
d5xd5x0

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p
Φ1ðxÞΦ�

2ðxÞ½∂ 0
MGðx; x0Þ�AMðx0ÞΦ�

3ðx0Þ

þ iQ3

Z
d5xd5x0

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p
Φ1ðxÞΦ�

2ðxÞGðx; x0ÞAMðx0Þ½∂ 0
MΦ

�
3ðx0Þ�; ð12Þ

where x ¼ ðy; zÞ; x0 ¼ ðy0; x0Þ, and
AμðxÞ ¼ nμeiq·yqz3K1ðqzÞ; AzðxÞ ¼ in · qeiq·yz3K0ðqzÞ; Φ1ðxÞ ¼ c1z2Jκ1ðM1zÞeip·y;
Φ�

2ðxÞ ¼ c2z2Jκ2ðM2zÞe−iq0·y; Φ�
3ðxÞ ¼ c3z2Jκ3ðM3zÞe−ip0·y: ð13Þ

For brevity, we have used the shorthand ci;Miði ¼ 1; 2; 3Þ
for cðiÞn;k and MðiÞn;k, where k labels the conformal weight
and n labels the state.
The main task of the remaining parts of this work is to

calculate the above transition amplitudes, square them to
obtain the hadronic tensor, and finally extract the structure
functions.

III. CALCULATION OF THE
STRUCTURE FUNCTIONS

Substituting the wave functions of the initial or final
states in Eq. (13) into the transition amplitudes and
integrating out the boundary coordinates y and y0 yields

Ms ¼ Q1c1c2c3ð2πÞ4δ4ðpþ q − p0 − q0Þn ·

�
2pþ 1

x
q

�

×
Z

dzdz0
q
z0
Jκ1ðM1zÞK1ðqzÞGsðz; z0ÞJκ2ðM2z0Þ

× Jκ3ðM3z0Þ −Q1ð2πÞ4δ4ðpþ q − p0 − q0Þn · q

×
1

q

Z
dz0z02Jκ1ðM1z0ÞK1ðqz0ÞJκ2ðM2z0ÞJκ3ðM3z0Þ;

ð14Þ

Mt ¼ Q2c1c2c3ð2πÞ4δ4ðpþ q − p0 − q0Þn ·

�
2q0 þ 1

y0
q

�

×
Z

dzdz0
q
z
Jκ1ðM1zÞJκ3ðM0

3zÞGtðz; z0ÞK1ðqz0Þ

× Jκ2ðM2z0Þ þQ2ð2πÞ4δ4ðpþ q − p0 − q0Þn · q

×
1

q

Z
dzz2Jκ1ðM1zÞK1ðqzÞJκ2ðM2zÞJκ3ðM3zÞ;

ð15Þ

Mu ¼ Q3c1c2c3ð2πÞ4δ4ðpþ q − p0 − q0Þn ·

�
2p0 þ 1

x0
q

�

×
Z

dzdz0
q
z
Jκ1ðM1zÞJκ2ðM0

2zÞGuðz; z0ÞK1ðqz0Þ

× Jκ3ðM3z0Þ þQ3ð2πÞ4δ4ðpþ q − p0 − q0Þn · q

×
1

q

Z
dzz2Jκ1ðM1zÞK1ðqzÞJκ2ðM2zÞJκ3ðM3zÞ;

ð16Þ

where we have defined three scalar variables,

x ¼ −
q2

2p · q
; x0 ¼ −

q2

2p0 · q
; y0 ¼ −

q2

2q0 · q
; ð17ÞFIG. 4. u-channel contribution from the double-hadron final

states.
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and the reduced bulk-to-bulk propagators in the holo-
graphic radial coordinate, which are given by

Gsðz; z0Þ ¼ −
Z

∞

0

dω
ωc2s

ω2 þ ðpþ qÞ2 − iϵ

× z2Jκ1ðωzÞz02Jκ1ðωz0Þ; ð18Þ

Gtðz; z0Þ ¼ −
Z

∞

0

dω
ωc2t

ω2 þ ðp0 − pÞ2 − iϵ

× z2Jκ2ðωzÞz02Jκ2ðωz0Þ; ð19Þ

Guðz; z0Þ ¼ −
Z

∞

0

dω
ωc2u

ω2 þ ðp0 − qÞ2 − iϵ

× z2Jκ3ðωzÞz02Jκ3ðωz0Þ; ð20Þ

which correspond to the s-channel, t-channel, and u-
channel, respectively. It should be noted that for brevity
we will use the integral notation instead of the sum notation

in the propagator. In order to be consistent with the cutoff
in the AdS space, we have introduced the normalization
factors cs, ct, and cu which are given (respectively) by

cs ¼
ffiffiffi
2

p

z0ðjJκ1þ1ðωz0Þj þ jJκ1ðωz0ÞjÞ
; ð21Þ

ct ¼
ffiffiffi
2

p

z0ðjJκ2þ1ðωz0Þj þ jJκ2ðωz0ÞjÞ
; ð22Þ

cu ¼
ffiffiffi
2

p

z0ðjJκ3þ1ðωz0Þj þ jJκ3ðωz0ÞjÞ
: ð23Þ

The above normalization is very proper because it is always
finite and will reduce to the usual normalization (5) when
the propagator is on-shell.
The total transition amplitude is obtained by summing

over all the contributions from different channels,

M ¼ Ms þMu þMt

¼ c1c2c3ð2πÞ4δ4ðpþ q − p0 − q0Þ
h
n ·

�
2pþ 1

x
q
�
Cs þ n ·

�
2q0 þ 1

y0
q
�
Ct þ n ·

�
2p0 þ 1

x0
q
�
Cu

i
; ð24Þ

where we have defined

Cs ¼ Q1

Z
dzdz0

q
z0
Jκ1ðM1zÞK1ðqzÞGsðz; z0ÞJκ2ðM2z0ÞJκ3ðM3z0Þ; ð25Þ

Ct ¼ Q2

Z
dzdz0

q
z
Jκ1ðM1zÞJκ3ðM3zÞGtðz; z0ÞK1ðqz0ÞJκ2ðM2z0Þ; ð26Þ

Cu ¼ Q3

Z
dzdz0

q
z
Jκ1ðM1zÞJκ2ðM2zÞGuðz; z0ÞK1ðqz0ÞJκ3ðM3z0Þ: ð27Þ

From the relation between the hadronic tensor and the squared transition amplitude,

nμnνWμν ¼ MM�; ð28Þ
and the definitions of the structure functions in Eq. (2), we can extract the structure functions in the Bjorken limit q → ∞
with x fixed,

F1ðx; q2Þ ¼ c21
X
M2

X
M3

c22c
2
3

Z
d3p0

2Ep0 ð2πÞ3
d3q0

2Eq0 ð2πÞ3
ð2πÞ4δ4ðpþ q − p0 − q0Þ

× 2q2f½v2u þ 4x2ðvs · vuÞ2�CuC�
u þ ½v2t þ 4x2ðvs · vtÞ2�CtC�

tþ½vu · vt þ 4x2ðvs · vuÞðvs · vtÞ�ðCuC�
t þ CtC�

uÞg;
ð29Þ

F2ðx; q2Þ ¼ c21
X
M2

X
M3

c22c
2
3

Z
d3p0

2Ep0 ð2πÞ3
d3q0

2Eq0 ð2πÞ3
ð2πÞ4δ4ðpþ q − p0 − q0Þ

× 4xq2f½v2s þ 12x2v4s �CsC�
s þ ½v2u þ 12x2ðvu · vsÞ2�CuC�

u

þ ½v2t þ 12x2ðvt · vsÞ2�CtC�
t þ ½vs · vt þ 12x2ðvt · vsÞv2s �ðCsC�

t þ CtC�
sÞ

þ ½vs · vu þ 12x2ðvu · vsÞv2s �ðCsC�
u þ CuC�

sÞþ½vu · vt þ 12x2ðvt · vsÞðvu · vsÞ�ðCuC�
t þ CtC�

uÞg; ð30Þ
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where we have defined the three vectors

vμs ¼ 1

q

�
pμ þ qμ

2x

�
; vμu ¼ 1

q

�
p0μ þ qμ

2x0

�
; vμt ¼

1

q

�
q0μ þ qμ

2y0

�
: ð31Þ

In order to extract the leading contribution in the Bjorken limit q → ∞ with x fixed, it is convenient to define the following
scaled variables:

p̂0μ ¼ p0μ=q; q̂0μ ¼ q0μ=q; ω̂ ¼ ω=q; ẑ ¼ qz; ẑ0 ¼ qz0: ð32Þ

With these scaled variables, we can rewrite the structure functions as

F1ðx; q2Þ ¼ c21
X
M2

X
M3

c22c
2
3

Z
d3p̂0

2Êp0 ð2πÞ3
d3q̂0

2Êq0 ð2πÞ3
ð2πÞ4δ4ðp̂þ q̂ − p̂0 − q̂0Þ

×
2

q6
f½v2u þ 4x2ðvs · vuÞ2�ĈuĈ

�
u þ ½v2t þ 4x2ðvs · vtÞ2�ĈtĈ

�
tþ½vu · vt þ 4x2ðvs · vuÞðvs · vtÞ�ðĈuĈ

�
t þ ĈtĈ

�
uÞg;

ð33Þ

F2ðx; q2Þ ¼ c21
X
M2

X
M3

c22c
2
3

Z
d3p̂0

2Êp0 ð2πÞ3
d3q̂0

2Êq0 ð2πÞ3
ð2πÞ4δ4ðp̂þ q̂ − p̂0 − q̂0Þ

×
4x
q6

f½v2s þ 12x2v4s �ĈsĈ
�
s þ ½v2u þ 12x2ðvu · vsÞ2�ĈuĈ

�
u

þ ½v2t þ 12x2ðvt · vsÞ2�ĈtĈ
�
t þ ½vs · vt þ 12x2ðvt · vsÞv2s �ðĈsĈ

�
t þ ĈtĈ

�
sÞ

þ ½vs · vu þ 12x2ðvu · vsÞv2s �ðĈsĈ
�
u þ ĈuĈ

�
sÞþ½vu · vt þ 12x2ðvt · vsÞðvu · vsÞ�ðĈuĈ

�
t þ ĈtĈ

�
uÞg; ð34Þ

where

Ĉs ¼ Q1

Z
dẑdẑ0

1

ẑ0
Jκ1ðM̂1ẑÞK1ðẑÞĜsðẑ; ẑ0ÞJκ2ðM̂2ẑ0ÞJκ3ðM̂3ẑ0Þ; ð35Þ

Ĉu ¼ Q3

Z
dẑdẑ0

1

ẑ
Jκ1ðM̂1ẑÞJκ2ðM̂2ẑÞĜuðẑ; ẑ0ÞK1ðẑ0ÞJκ3ðM̂3ẑ0Þ; ð36Þ

Ĉt ¼ Q2

Z
dẑdẑ0

1

ẑ
Jκ1ðM̂1ẑÞJκ3ðM̂3ẑÞĜtðẑ; ẑ0ÞK1ðẑ0ÞJκ2ðM̂2ẑ0Þ; ð37Þ

with

Ĝsðẑ; ẑ0Þ ¼ −
Z

∞

0

dω̂
ω̂c2s

ω̂2 − ŝ − iϵ
ẑ2Jκ1ðω̂ ẑÞẑ02Jκ1ðω̂ẑ0Þ; ð38Þ

Ĝtðẑ; ẑ0Þ ¼ −
Z

∞

0

dω̂
ω̂c2t

ω̂2 − t̂ − iϵ
ẑ2Jκ2ðω̂ ẑÞẑ02Jκ2ðω̂ẑ0Þ; ð39Þ

Ĝuðẑ; ẑ0Þ ¼ −
Z

∞

0

dω̂
ω̂c2u

ω̂2 − û − iϵ
ẑ2Jκ3ðω̂ ẑÞẑ02Jκ3ðω̂ẑ0Þ: ð40Þ

It can be noticed that we need to deal with the integrals over triple Bessel functions, which in general cannot be calculated
analytically. However, we can choose some special cases, e.g., we can set κ1 ¼ 1, κ2 ¼ 0, and κ3 ¼ 1 and use the integral
formula [24],
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Z
∞

0

dẑẑ2J0ðaẑÞJ0ðbẑÞK1ðẑÞ ¼
2

ffiffiffi
2

p ða2 þ b2 þ 1Þ
½ðaþ bÞ2 þ 1�32½ða − bÞ2 þ 1�32 ; ð41Þ

Z
∞

0

dẑẑ2J1ðaẑÞJ1ðbẑÞK1ðẑÞ ¼
8

ffiffiffi
2

p
ab

½ðaþ bÞ2 þ 1�32½ða − bÞ2 þ 1�32 ; ð42Þ

Z
∞

0

dẑ ẑ J1ðaẑÞJ1ðbẑÞJ0ðcẑÞ ¼
ffiffiffi
2

p ða2 þ b2 − c2ÞΘðaþ b − cÞΘðc − ja − bjÞ
π2ab½ðaþ bÞ2 − c2�12½c2 − ða − bÞ2�12 ; ð43Þ

We then have

Ĉs ¼ −Q1

Z
M̂3þM̂2

jM̂3−M̂2j
dω̂

ω̂c2s
ω̂2 − ŝ − iϵ

8
ffiffiffi
2

p
M̂1ω̂

½ðM̂1 þ ω̂Þ2 þ 1�32½ðM̂1 − ω̂Þ2 þ 1�32

ffiffiffi
2

p ½M̂2
3 þ ω̂2 − M̂2

2�
M̂3ω̂½ðM̂3 þ M̂2Þ2 − ω̂2�12½ω̂2 − ðM̂3 − M̂2Þ2�12

;

ð44Þ

Ĉt ¼ −Q2

Z
M̂3þM̂1

jM̂3−M̂1j
dω̂

ω̂c2t
ω̂2 − t̂ − iϵ

ffiffiffi
2

p ½M̂2
1 þ M̂2

3 − ω̂2�
M̂1M̂3½ðM̂1 þ M̂3Þ2 − ω̂2�12jω̂2 − ðM̂1 − M̂3Þ2j12

2
ffiffiffi
2

p ðM̂2
2 þ ω̂2 þ 1Þ

½ðM̂2 þ ω̂Þ2 þ 1�32½ðM̂2 − ω̂Þ2 þ 1�32
;

ð45Þ

Ĉu ¼ −Q3

Z
M̂2þM̂1

jM̂2−M̂1j
dω̂

ω̂c2u
ω̂2 − û − iϵ

ffiffiffi
2

p ½M̂2
1 þ ω̂2 − M̂2

2�
M̂1ω̂½ðM̂2 þ M̂1Þ2 − ω̂2�12½ω̂2 − ðM̂2 − M̂1Þ2�12

8
ffiffiffi
2

p
M̂3ω̂

½ðM̂3 þ ω̂Þ2 þ 1�32½ðM̂3 − ω̂Þ2 þ 1�32 :
ð46Þ

Now let us choose the center-of-mass frame of the initial dilaton and virtual photon, where

pμ ¼
�

q

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞp ;

q

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞp ; 0; 0

�
; qμ ¼

� ð1 − 2xÞq
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞp ;−

q

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞp ; 0; 0

�
: ð47Þ

It follows that

F1ðx; q2Þ ¼
X
M2

X
M3

c21c
2
2c

2
3jp̂0j

4πq6

ffiffiffiffiffiffiffiffiffiffiffi
x

1 − x

r Z
dθ sin θf½v2u þ 4x2ðvs · vuÞ2�ĈuĈ

�
u þ ½v2t þ 4x2ðvs · vtÞ2�ĈtĈ

�
t

þ½vu · vt þ 4x2ðvs · vuÞðvs · vtÞ�ðĈuĈ
�
t þ ĈtĈ

�
uÞg; ð48Þ

F2ðx; q2Þ ¼
X
M2

X
M3

c21c
2
2c

2
3jp̂0jx

2πq6

ffiffiffiffiffiffiffiffiffiffiffi
x

1 − x

r Z
dθ sin θ

× f½v2s þ 12x2v4s �ĈsĈ
�
s þ ½v2u þ 12x2ðvu · vsÞ2�ĈuĈ

�
u þ ½v2t þ 12x2ðvt · vsÞ2�ĈtĈ

�
t

þ ½vu · vt þ 12x2ðvt · vsÞðvu · vsÞ�ðĈuĈ
�
t þ ĈtĈ

�
uÞ

þ ½vs · vt þ 12x2ðvt · vsÞv2s �ðĈsĈ
�
t þ ĈtĈ

�
sÞþ½vs · vu þ 12x2ðvu · vsÞv2s �ðĈsĈ

�
u þ ĈuĈ

�
sÞg; ð49Þ

where jp̂0j is determined by

ffiffiffiffiffiffiffiffiffiffiffi
1 − x
x

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p̂02 þ M̂2

3

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p̂02 þ M̂2

2

q
: ð50Þ
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IV. POWER ANALYSIS

In order to extract the leading contribution in the Bjorken
limit q → ∞, we need to analyze the power dependence of
the structure functions on 1=q in different kinetic ranges. In
this work, we will always assume M̂1 ≪ 1 for the initial
hadron. Hence, we can classify the kinetic ranges into four
different parts according to the masses of the final hadrons:
M̂2 ∼ 1 & M̂3 ∼ 1, M̂2 ≪ 1 & M̂3 ∼ 1, M̂2 ∼ 1 & M̂3 ≪ 1,
and M̂2 ≪ 1 & M̂3 ≪ 1. Now let us deal with them one
by one.

A. M̂2 ∼ 1 & M̂3 ∼ 1

In this region, we can reduce the integrals in Eqs. (44)–(46)
to

Ĉs ≈ −Q1c2s
16M̂1

M̂3

Z
M̂3þM̂2

jM̂3−M̂2j
dω̂

ω̂

ðω̂2 − ŝ − iϵÞðω̂2 þ 1Þ3

×
½M̂2

3 þ ω̂2 − M̂2
2�

½ðM̂3 þ M̂2Þ2 − ω̂2�12½ω̂2 − ðM̂3 − M̂2Þ2�12
; ð51Þ

Ĉt≈−Q2c2t
4πM̂1M̂3ðM̂2

2þM̂2
3þ1Þ

½ðM̂2þM̂3Þ2þ1�32½ðM̂2−M̂3Þ2þ1�32ðM̂2
3− t̂Þ2

;

ð52Þ

Ĉu≈Q3c2u
16πM̂1M̂3û

½ðM̂3þM̂2Þ2þ1�32½ðM̂3−M̂2Þ2þ1�32ðM̂2
2− ûÞ2 ;

ð53Þ
wherewe have simply extracted the normalization factors c2s ,
c2t , and c2u and assigned them the values that will give a
dominant contribution,

cs ¼
ffiffiffi
2

p

z0ðjJκ1þ1ð
ffiffiffi
s

p
z0Þj þ jJκ1ð

ffiffiffi
s

p
z0ÞjÞ

; ð54Þ

ct ¼
ffiffiffi
2

p

z0ðjJκ2þ1ð
ffiffiffiffiffijtjp
z0Þj þ jJκ2ð

ffiffiffiffiffijtjp
z0ÞjÞ

; ð55Þ

cu ¼
ffiffiffi
2

p

z0ðjJκ3þ1ð
ffiffiffiffiffiffijujp

z0Þj þ jJκ3ð
ffiffiffiffiffiffijujp

z0ÞjÞ
: ð56Þ

The normalization coefficient c1 for the initial hadron in
Eqs. (48) and (49) is always of order unity when M̂1 ≪ 1,
while the normalization coefficients c2 ∼ q

1
2; c3 ∼ q

1
2 for the

final hadron states by using the asymptotic behavior of the
Bessel function. Besides, the sum overM2 andM3 contributeP

M2

P
M3

∼1. In order to obtain the final power behavior,we
need to divide this kinetic region further according to the
momenta of the internal propagators, which are given in
Table I. A detailed analysis can be found in Appendix B. It
should be pointed out that the subscripts in the structure
functionsdenote thecontributionfromdifferentchannels, e.g.,
Fss means the contribution to the structure functions from the
term ĈsĈ

�
s , Fut means the contribution from ĈuĈ

�
t þ ĈtĈ

�
u,

and soon. Since the power dependencies forF1 andF2 are the
same,we have suppressed the subscript 1 or 2.When there are
no corresponding terms, e.g.,Fss,Fst, andFsu inF1, wewill
only denote the contribution in F2. It is easy to show that
t̂þ û ∼ 1, which implies that we do not need to consider the
case where t ≪ 1 and u ≪ 1 at the same time.

B. M̂2 ≪ 1 & M̂3 ∼ 1

In this region, we can have

Ĉs ≈ Q1c2s
16πM̂1M̂3ŝ

ðM̂2
3 þ 1Þ3ðŝ − M̂2

3Þ2
; ð57Þ

TABLE I. M̂2 ∼ 1 & M̂3 ∼ 1.

Kinetic region cs, cu, ct Ĉs, Ĉu, Ĉt Phase space Structure functions

jt̂j ∼ 1 cs ∼ q
1
2 Ĉs ∼ 1 Fss ∼ 1

q4, Fuu ∼ 1
q4

jûj ∼ 1 cu ∼ q
1
2 Ĉu ∼ 1

R
sin θdθ ∼ 1 Ftt ∼ 1

q4, Fsu ∼ 1
q4

ct ∼ q
1
2 Ĉt ∼ 1 Fst ∼ 1

q4, Fut ∼ 1
q4

jt̂j ≪ 1 cs ∼ q
1
2 Ĉs ∼ 1 Fss ∼ 1

q5
, Fuu ∼ 1

q5

jûj ∼ 1 cu ∼ q
1
2 Ĉu ∼ 1

R
sin θdθ ∼ 1

q Ftt ∼ 1
q7, Fsu ∼ 1

q5

ct ∼ 1 Ĉt ∼ 1
q Fst ∼ 1

q6
, Fut ∼ 1

q6

jt̂j ∼ 1 cs ∼ q
1
2 Ĉs ∼ 1 Fss ∼ 1

q5
, Fuu ∼ 1

q9

jûj ≪ 1 cu ∼ 1 Ĉu ∼ 1
q2

R
sin θdθ ∼ 1

q Ftt ∼ 1
q5
, Fsu ∼ 1

q7

ct ∼ q
1
2 Ĉt ∼ 1 Fst ∼ 1

q6
, Fut ∼ 1

q7
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Ĉu ≈ −Q3c2u
8πM̂3

M̂1ðM̂2
3 þ 1Þ3

×
M̂2

1 − M̂2
2 þ uþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM̂2

1 − M̂2
2 þ uÞ2 − 4uM̂2

1

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM̂2

1 − M̂2
2 þ uÞ2 − 4uM̂2

1

q ;

ð58Þ

Ĉt ≈ −Q2c2t
4πM̂1M̂3

ðM̂2
3 þ 1Þ2ðM̂2

3 − tÞ2 : ð59Þ

The normalization coefficients c2 ∼ 1, c3 ∼ q
1
2 and the

sum over M2 and M3 contribute
P

M2

P
M3

∼q. A detailed
power analysis in different kinetic intervals is given in
Table II.

C. M̂2 ∼ 1 & M̂3 ≪ 1

In this region, we can have

Ĉs ≈ Q1c2s
16πM̂1M̂3ŝ

ðM̂2
2 þ 1Þ3ðŝ − M̂2

2Þ2
; ð60Þ

Ĉu ≈ Q3c2u
16πM̂3M̂1u

ðM̂2
2 þ 1Þ3ðM̂2

2 − uÞ2 ; ð61Þ

Ĉt ¼ −Q2c2t
2π

M̂1M̂3ðM̂2
2 þ 1Þ2

×
M̂2

1 þ M̂2
3 − t −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM̂2

1 þ M̂2
3 − tÞ2 − 4M̂2

1M̂
2
3

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM̂2

1 þ M̂2
3 − tÞ2 − 4M̂2

1M̂
2
3

q :

ð62Þ

The normalization coefficients c2 ∼ q
1
2, c3 ∼ 1 and the

sum over M2 and M3 contribute
P

M2

P
M3

∼q. A detailed
power analysis in different kinetic intervals is given in
Table III.

D. M̂2 ≪ 1 & M̂3 ≪ 1

In this region, we can have

Ĉs ≈ Q1c2s
16πM̂1M̂3

ŝ
; ð63Þ

TABLE III. M̂2 ∼ 1 & M̂3 ≪ 1.

Kinetic region cs, cu, ct Ĉs, Ĉu, Ĉt Phase space Structure functions

jt̂j ∼ 1 cs ∼ q
1
2 Ĉs ∼ 1

q Fss ∼ 1
q6
, Fuu ∼ 1

q6

jûj ∼ 1 cu ∼ q
1
2 Ĉu ∼ 1

q

R
sin θdθ ∼ 1 Ftt ∼ 1

q6
, Fsu ∼ 1

q6

ct ∼ q
1
2 Ĉt ∼ 1

q Fst ∼ 1
q6
, Fut ∼ 1

q6

jt̂j ≪ 1 cs ∼ q
1
2 Ĉs ∼ 1

q Fss ∼ 1
q8, Fuu ∼ 1

q8

jûj ∼ 1 cu ∼ q
1
2 Ĉu ∼ 1

q

R
sin θdθ ∼ 1

q Ftt ∼ 1
q2, Fsu ∼ 1

q8

ct ∼ 1 Ĉt ∼ q2 Fst ∼ 1
q5
, Fut ∼ 1

q5

jtj ∼ 1 cs ∼ q
1
2 Ĉs ∼ 1

q Fss ∼ 1
q7, Fuu ∼ 1

q11

juj ≪ 1 cu ∼ 1 Ĉu ∼ 1
q3

R
sin θdθ ∼ 1

q Ftt ∼ 1
q7, Fsu ∼ 1

q9

ct ∼ q
1
2 Ĉt ∼ 1

q Fst ∼ 1
q7, Fut ∼ 1

q9

TABLE II. M̂2 ≪ 1 & M̂3 ∼ 1.

Kinetic region cs, cu, ct Ĉs, Ĉu, Ĉt Phase space Structure functions

jt̂j ∼ 1 cs ∼ q
1
2 Ĉs ∼ 1 Fss ∼ 1

q4, Fuu ∼ 1
q4

jûj ∼ 1 cu ∼ q
1
2 Ĉu ∼ 1

R
sin θdθ ∼ 1 Ftt ∼ 1

q4, Fsu ∼ 1
q4

ct ∼ q
1
2 Ĉt ∼ 1 Fst ∼ 1

q4, Fut ∼ 1
q4

jt̂j ≪ 1 cs ∼ q
1
2 Ĉs ∼ 1 Fss ∼ 1

q5
, Fuu ∼ 1

q5

jûj ∼ 1 cu ∼ q
1
2 Ĉu ∼ 1

R
sin θdθ ∼ 1

q Ftt ∼ 1
q7, Fsu ∼ 1

q5

ct ∼ 1 Ĉt ∼ 1
q Fst ∼ 1

q6
, Fut ∼ 1

q6

jt̂j ∼ 1 cs ∼ q
1
2 Ĉs ∼ 1 Fss ∼ 1

q5
, Fuu ∼ 1

q9

jûj ≪ 1 cu ∼ 1 Ĉu ∼ 1
q2

R
sin θdθ ∼ 1

q Ftt ∼ 1
q5
, Fsu ∼ 1

q7

ct ∼ q
1
2 Ĉt ∼ 1 Fst ∼ 1

q5
, Fut ∼ 1

q7
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Ĉu ≈ −Q3c2u
8πM̂3

M̂1

M̂2
1 − M̂2

2 þ uþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM̂2

1 − M̂2
2 þ uÞ2 − 4uM̂2

1

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM̂2

1 − M̂2
2 þ uÞ2 − 4uM̂2

1

q ; ð64Þ

Ĉt ¼ −Q2c2t
2π

M̂1M̂3

M̂2
1 þ M̂2

3 − t −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM̂2

1 þ M̂2
3 − tÞ2 − 4M̂2

1M̂
2
3

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM̂2

1 þ M̂2
3 − tÞ2 − 4M̂2

1M̂
2
3

q : ð65Þ

The normalization coefficients c2 ∼ 1, c3 ∼ 1 and the sum
over M2 and M3 contribute

P
M2

P
M3

∼1. A detailed
power analysis in different kinetic intervals is given in
Table IV.

E. The final dominant contribution

From the above analysis, we find that the dominant
contribution is from the t-channel, where M̂1 ≪ 1 M̂3 ≪ 1,
M̂2 ∼ 1 with jt̂j ≪ 1 and jûj ∼ 1. Hence, the leading
contribution is given by

F1ðx;q2Þ≈
�
Λ
q

�
2

f1ðxÞ; F2ðx;q2Þ≈
�
Λ
q

�
2

f2ðxÞ; ð66Þ

where we have extracted the power dependence and
lumped all the others into the functions f1ðxÞ and f2ðxÞ,
which are independent of q or at most dependent on q by
ln q. Since we are most interested in the power dependence
in this work, we will not present the specific forms of f1ðxÞ
and f2ðxÞ.

V. DISCUSSION AND CONCLUSION

Now let us compare the results in Eq. (66) from the
subleading large-Nc contribution with those obtained
before from the leading large-Nc contribution, which is
given by

F1ðx; q2Þ ¼ 0; F2ðx; q2Þ ≈
�
Λ
q

�
2κ1þ2

fðxÞ: ð67Þ

By setting κ1 ¼ 1 (to be consistent with our present specific
case), we have

F1ðx; q2Þ ¼ 0; F2ðx; q2Þ ≈
�
Λ
q

�
4

fðxÞ: ð68Þ

We notice two significant differences between them.
First, for the leading large-Nc contribution, the structure
function F1ðx; q2Þ always vanishes, but it will obtain a
nonzero contribution at the subleading large-Nc order. As
we all know, F1ðx; q2Þ is proportional to the Casimir of
the scattered hadron under the Lorentz transformation, so
it is natural that F1ðx; q2Þ vanishes when the virtual
photon hits the original scalar target hadron directly at
the leading large-Nc order. However, at the subleading
large-Nc order, the scalar target hadron can split into two
scalar hadrons, and each hadron can have orbital angular
momentum and can lead to a nonvanishing F1ðx; q2Þ
when they are hit by the virtual photon. Such arguments
can be verified by Eq. (29), in which only the t-channel
and u-channel contribute to F1ðx; q2Þ, and the s-channel
in which the target hadron interacts directly with the
virtual photon does not contribute at all. Second, the
subleading large-Nc contribution from the double-hadron

TABLE IV. M̂2 ≪ 1 & M̂3 ≪ 1.

Kinetic region cs, cu, ct Ĉs, Ĉu, Ĉt Phase space Structure functions

jt̂j ∼ 1 cs ∼ q
1
2 Ĉs ∼ 1

q Fss ∼ 1
q8, Fuu ∼ 1

q8

jûj ∼ 1 cu ∼ q
1
2 Ĉu ∼ 1

q

R
sin θdθ ∼ 1 Ftt ∼ 1

q8, Fsu ∼ 1
q8

ct ∼ q
1
2 Ĉt ∼ 1

q Fst ∼ 1
q8, Fut ∼ 1

q8

jt̂j ≪ 1 cs ∼ q
1
2 Ĉs ∼ 1

q Fss ∼ 1
q9, Fuu ∼ 1

q9

jûj ∼ 1 cu ∼ q
1
2 Ĉu ∼ 1

q

R
sin θdθ ∼ 1

q Ftt ∼ 1
q3, Fsu ∼ 1

q9

ct ∼ 1 Ĉt ∼ q2 Fst ∼ 1
q6
, Fut ∼ 1

q6

jtj ∼ 1 cs ∼ q
1
2 Ĉs ∼ 1

q Fss ∼ 1
q9, Fuu ∼ 1

q9

juj ≪ 1 cu ∼ 1 Ĉu ∼ 1
q

R
sin θdθ ∼ 1

q Ftt ∼ 1
q9, Fsu ∼ 1

q9

ct ∼ q
1
2 Ĉt ∼ 1

q Fst ∼ 1
q9, Fut ∼ 1

q9
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final states is less power-suppressed than the leading
large-Nc one. The power dependence of the structure
function is the same as that of the hadron 2 from the
leading large-Nc contribution. This conclusion makes
sense, because in the dominant contribution (as discussed
above) the incoming hadron 1 splits into two hadrons 2
and 3; hadron 2 has the minimum twist κ2 ¼ 0, which
propagates to the boundary of the AdS space z ¼ 0 and
interacts with the current. When t̂ ≪ 1, we can regard
hadron 2 as an almost on-shell hadron, and hence the
final power dependence should be controlled by the twist
of hadron 2. Our calculation and analysis verify this
argument, which was originally proposed in Ref. [4]. The
result that the subleading contribution in Nc will domi-
nate in the Bjorken limit q2 → ∞ implies that the large-
Nc limit and the Bjorken limit do not commute with each
other. Such a conclusion can lead to very important
consequences in DIS from gauge/gravity duality. When
we are calculating within supergravity, we a priori take
the large-Nc limit first, followed by the Bjorken limit;
however, when we are analyzing the process using
operator product expansion, we actually a priori take
the Bjorken limit first, followed by the large-Nc limit. If
the large-Nc limit and the Bjorken limit do not commute
with each other any more, this mutual comparison and

analysis would lose valuable meaning. There is no doubt
that we need further investigation in this direction. We
postpone such an investigation for a future work.
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APPENDIX A: DERIVATION OF THE
TRANSITION AMPLITUDE

In this appendix, we will derive the transition amplitudes
in Eqs. (10)–(12) from the action given in Eq. (9). As
opposed to the usual calculation of correlators for operators
in the conformal field theory that lives at the boundary of
the AdS space, here we are interested in the scattering
process of physical states. We will follow the ansatz made
by Polchinski and Strassler in Ref. [25] for the scattering of
gauge-invariant states. The equations of motion corre-
sponding to the action (9) read

1ffiffiffiffiffiffi−gp ∂mðgmn ffiffiffiffiffiffi
−g

p ∂nΦ1Þ − μ21Φ1 ¼
−iQ1ffiffiffiffiffiffi−gp ∂mð

ffiffiffiffiffiffi
−g

p
AmΦ1Þ − iQ1Am∂mΦ1 þ λΦ�

2Φ
�
3; ðA1Þ

1ffiffiffiffiffiffi−gp ∂mðgmn ffiffiffiffiffiffi
−g

p ∂nΦ2Þ − μ22Φ2 ¼
−iQ2ffiffiffiffiffiffi−gp ∂mð

ffiffiffiffiffiffi
−g

p
AmΦ2Þ − iQ2Am∂mΦ2 þ λΦ�

1Φ3; ðA2Þ

1ffiffiffiffiffiffi−gp ∂mðgmn ffiffiffiffiffiffi
−g

p ∂nΦ3Þ − μ23Φ3 ¼
−iQ3ffiffiffiffiffiffi−gp ∂mð

ffiffiffiffiffiffi
−g

p
AmΦ3Þ − iQ3Am∂mΦ3 þ λΦ�

1Φ2; ðA3Þ

where we have suppressed the terms iQ2
i A

mAmΦ�
i which are not relevant to the process we are considering. The solution up

to first order in the coupling of Qi or λ is

Φ1ðxÞ ¼ −iQ1

Z
d5x0Gðx; x0Þ∂m½

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p
Amðx0ÞΦ1ðx0Þ�

þ
Z

d5x0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p
Gðx; x0Þ½−iQ1Amðx0Þ∂mΦ1ðx0Þ þ λΦ�

2ðx0ÞΦ�
3ðx0Þ�: ðA4Þ

Integrating the first term by parts gives

Φ1ðxÞ ¼ iQ1

Z
d5x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p ∂ 0
mGðx; x0ÞAmðx0ÞΦ1ðx0Þ

þ
Z

d5x0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p
Gðx; x0Þ½−iQ1Amðx0Þ∂mΦ1ðx0Þ þ λΦ�

2ðx0ÞΦ�
3ðx0Þ�: ðA5Þ

The solution up to second order in the coupling of Qi or λ is
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Φ1ðxÞ ¼ iQ1λ

Z
d5x0d5x00

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx00Þ

p ∂ 0
mGðx; x0ÞAmðx0ÞGðx0; x00ÞΦ�

2ðx00ÞΦ�
3ðx00Þ

− iQ1λ

Z
d5x0d5x00

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx00Þ

p
Gðx; x0ÞAmðx0Þ∂ 0

mGðx0; x00ÞΦ�
2ðx00ÞΦ�

3ðx00Þ

− iQ2λ

Z
d5x0d5x00

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx00Þ

p
Gðx; x0ÞΦ�

3ðx0Þ∂ 0
mGðx0; x00ÞAmðx00ÞΦ�

2ðx00Þ

þ iQ2λ

Z
d5x0d5x00

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx00Þ

p
Gðx; x0ÞΦ�

3ðx0ÞGðx0; x00ÞAmðx00Þ∂ 00
mΦ�

2ðx00Þ

− iQ3λ

Z
d5x0d5x00

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx00Þ

p
Gðx; x0ÞΦ�

2ðx0Þ∂ 0
mGðx0; x00ÞAmðx00ÞΦ�

3ðx00Þ

þ iQ3λ

Z
d5x0d5x00

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx00Þ

p
Gðx; x0ÞΦ�

2ðx0ÞGðx0; x00ÞAmðx00Þ∂ 00
mΦ�

3ðx00Þ: ðA6Þ

It follows that the transition amplitudes (10)–(12) can be
obtained by contracting the above expression with the
initial wave function in Eq. (13). In order to obtain the final
result, it should be noted that when Φ1ðxÞ is given in
Eq. (13) the following identity holds:

Z
d5x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p
Gðx; x0ÞΦiðx0Þ ¼ ΦiðxÞ: ðA7Þ

The first and second terms correspond to the s-channel,
the third and fourth terms correspond to the t-channel,
and the last two terms are the u-channel. By using the
formalism proposed by Polchinski and Strssler in
Ref. [25] for the scattering process of gauge-invariant
states, we do not need to deal with the boundary value of
the fields. Hence we do not meet any UV issues in our
calculation. Besides, since what we are more interested
in is the power dependence rather than the overall
magnitude, UV issues are not very relevant in the present
work.

APPENDIX B: DETAILED ANALYSIS
OF THE POWER DEPENDENCE

In this appendix, we will take the first case where M̂2 ∼ 1

and M̂3 ∼ 1 as an example and give a detailed analysis of
the power dependence. As we mentioned above, we will
always assign M̂1 ≪ 1 for the initial hadron. Due to the
kinematic constraint, the Mandelstam variable ŝ is always
of order unity. First, let us consider the power dependence
from various of normalization factors: c1, c2, c3, cs, ct, and
cu. Recalling the definitions of these factors in Eqs. (5) and
(54), it is easy to see that M̂1 ≪ 1, jt̂j ≪ 1, and jûj ≪ 1,
i.e., M1 ≪ q, jtj ≪ q2, and juj ≪ q2 yield c1 ∼ 1, ct ∼ 1,
and cu ∼ 1, respectively. When we want to consider
M̂2 ∼ 1, M̂3 ∼ 1, ŝ ∼ 1, jt̂j ∼ 1, or jûj ∼ 1, i.e.,
M2 ∼ q → ∞, M3 ∼ q → ∞, s ∼ q2 → ∞, jtj ∼ q2 → ∞,

or juj ∼ q2 → ∞, we need the asymptotic behavior of the
Bessel function JνðzÞ in the limit jzj → ∞,

JνðzÞ ∼
ffiffiffiffiffi
2

πz

r
cos

�
z −

νπ

2
−
π

4

�
: ðB1Þ

When z → ∞, the nth zero point zn ∼ ð2nþ 1Þπ þ νπ
2
þ

π
4
� π

2
. With this asymptotic expression, M̂2 ∼ 1, M̂3 ∼ 1,

ŝ ∼ 1, jt̂j ∼ 1. and jûj ∼ 1 yield c2 ∼ q
1
2, c3 ∼ q

1
2, cs ∼ q

1
2,

ct ∼ q
1
2. andcu ∼ q

1
2. respectively. From the expressions for Ĉs

inEq. (51), ŝ ∼ 1yields Ĉs ∼ c2sM̂1 ∼ 1. Fromtheexpressions
for Ĉt in Eq. (52), we have Ĉt ∼ c2t M̂1. Then jt̂j ∼ 1 and jt̂j ≪
1 yield Ĉt ∼ 1 and Ĉt ∼ 1

q, respectively, and jt̂j ∼ 1 and jûj ∼ 1

yield Ĉu ∼ c2uM̂1 ∼ 1 and Ĉt ∼ c2t M̂1 ∼ 1, respectively. In a
similar way, from the expressions for Ĉu in Eq. (53) we have
Ĉu ∼ c2uM̂1. Then jûj ∼ 1 and jûj ≪ 1 yield Ĉu ∼ 1 and
Ĉu ∼ 1

q2, respectively. It is very straightforward (but tedious)

to verify that the factors involving v2s , v2t , v2u, vs · vu, vu · vt,
and vs · vt in Eqs. (48) and (49) can be of order unity. It is very
easy to show that jp̂0j can always be of order unity. Hence,
every term in F1ðx; q2Þ or F2ðx; q2Þ from different channels
behaves as

Fαβ ∼
1

q6
c21c

2
2c

2
3

X
M2

X
M3

Z
dθ sin θðĈαĈ

�
β þ ĈβĈ

�
αÞ; ðB2Þ

where bothα and β denote the different types of channels (s, t,
and u). Since the hadrons with M̂2 ∼ 1 and M̂3 ∼ 1 are very
limited, the sum overM2 andM3 contributes

P
M2

P
M3

∼1.
The integral over the phase space

R
dθ sin θ depends on the

interval of t̂ or û. jt̂j ∼ 1 and jûj ∼ 1 yield
R
dθ sin θ ∼ 1, and

jt̂j ∼ 1 and jûj ≪ 1or jûj ∼ 1 and jt̂j ≪ 1yield
R
dθ sin θ ∼ 1

q.
Puttingall of these together,we can finallyobtain the results in
Table I.
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