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We determine the complete set of axial and vector form factors for the Ds → ϕlν decay from full lattice
QCD for the first time. The valence quarks are implemented using the highly improved staggered quark
action and we normalize the appropriate axial and vector currents fully nonperturbatively. The q2 and
angular distributions we obtain for the differential rate agree well with those from the BABAR experiment
and, from the total branching fraction, we obtain Vcs ¼ 1.017ð63Þ, in good agreement with that from
D → Klν semileptonic decay. We also find the mass and decay constant of the ϕmeson in good agreement
with experiment, showing that its decay to KK̄ (which we do not include here) has at most a small effect.
We include an Appendix on nonperturbative renormalization of the complete set of staggered vector and
axial vector bilinears needed for this calculation.
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I. INTRODUCTION

The analysis of weak semileptonic decays in which one
meson changes into another and emits a W boson provides
a strong test of QCD. The test is complementary to that of
comparing QCD predictions to experiment for the meson
mass and leptonic decay constants, and in principle more
stringent because, instead of just one number, the com-
parison involves the shape of a differential rate as a function
of q2, the square of the 4-momentum transfer from initial to
final meson. The QCD information that appears in the
differential rate, and the functions of q2 that are calculated
in lattice QCD, are known as form factors. Lattice QCD
calculations have largely focused on pseudoscalar to
pseudoscalar decays where only one form factor contrib-
utes to the experimental rate. Accurate tests against experi-
ment have been carried out for, for example, D → Klν
decay [1]. Here we study the pseudoscalar to vector decay,
Ds → ϕlν, in which 3 form factors contribute to the
experimental results. This allows us to compare angular
distributions as well as differential rates in q2, providing a
more complete test of how QCD interactions that bind a
quark inside a meson affect the quark weak decay process.
This is the first time this calculation has been done in full
lattice QCD including the effect of sea quarks.
The fundamental quark weak decay in Ds → ϕlν is a

c → s transition and so comparison with experiment allows
us to determine Vcs. This is then a direct determination of

this Cabbibo-Maskawa-Kobayashi (CKM) element which
is independent of other methods such as D → Klν semi-
leptonic decay or Ds leptonic annihilation. Although our
result is currently not as accurate as these other methods, it
nevertheless contributes to improving our confidence in the
determination of Vcs and the second row and column CKM
unitarity tests in which it plays a key role.
The Ds → ϕ decay has initial and final mesons with no

light valence quarks. This is useful for a lattice QCD
calculation which includes light quarks with masses that are
heavier than the physical values since it means that the
extrapolation in the light quark mass to the physical point
only affects sea quark contributions and so is relatively
benign. The ϕ meson is likely to be more sensitive to light
quark masses than the Ds because it has a strong decay
mode to KK̄. The ϕ is below threshold for this decay in a
lattice QCD calculation with heavier-than-physical light
quark masses; it is only just above threshold when the light
quarks have their physical masses. We will treat the ϕ as
stable in our lattice QCD calculation. By comparing the ϕ
decay constant we calculate on the lattice to the exper-
imental rate, we can estimate the systematic error on matrix
elements that can arise from ignoring the strong decay.
The q2 range for Ds → ϕ decay is not large, running

from q2max ¼ ðMDs
−MϕÞ2 ¼ 0.898 GeV2 to q2 ¼ 0. We

can easily cover the entire range in a lattice QCD
calculation, needing only pϕ ¼ 0.719 GeV in the Ds rest
frame to reach q2 ¼ 0. Discretization errors are then small
in a good discretization such as the highly improved
staggered quark formalism [2] that we use here. Since
the entire range in q2 is covered we can make a detailed
comparison to experimental distributions as a function of
q2 and we can integrate over q2 to extract Vcs from a
comparison to experiment of the total branching fraction.
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The paper is laid out as follows: Sec. II describes the
theoretical background and then Sec. III gives a general
description of the lattice calculation. Section IV gives the
details of the results, first for the ϕmeson and then for each
of the form factors forDs → ϕ in turn, describing how they
were calculated. A comparison to BABAR’s experimental
results is then made for the form factors and for the
differential distributions as a function of q2 and decay
product angles and finally Vcs is determined from the total
rate. In Sec. V we discuss the comparison between our form
factors for Ds → ϕ with those extracted by CLEO from
experiment for D → K�. Section VI gives our conclusions.
In Appendix A we describe how to normalize all the form
factors nonperturbatively and in Appendix B we give more
details for the specific case of the 1-link axial current
operator.

II. THEORETICAL BACKGROUND

The matrix element of the hadronic weak V − A current
between the pseudoscalarDs and the vector ϕmeson can be
expressed in terms of form factors as [3]

hϕðp0; εÞjVμ − AμjDsðpÞi

¼ 2iϵμναβ

MDs
þMϕ

ε�νp0
αpβVðq2Þ − ðMDs

þMϕÞε�μA1ðq2Þ

þ ε� · q
MDs

þMϕ
ðpþ p0ÞμA2ðq2Þ þ 2Mϕ

ε� · q
q2

qμA3ðq2Þ

− 2Mϕ
ε� · q
q2

qμA0ðq2Þ: ð1Þ

Here ε is the polarization vector of the ϕ meson and
qμ ¼ pμ − p0μ. The vector and axial vector currents are
given in this case by c̄γμs and c̄γμγ5s. A3 is not an
independent form factor since

A3ðq2Þ ¼
MDs

þMϕ

2Mϕ
A1ðq2Þ −MDs

−Mϕ

2Mϕ
A2ðq2Þ: ð2Þ

We also have the kinematic constraint that A3ð0Þ ¼ A0ð0Þ.
The form factors that appear with factors of qμ do not
contribute significantly to the experimental rate when theW
boson decays to eþνe or μþνμ. The reason is that the
expression in Eq. (1) is dotted into the leptonic current,
Lμ ¼ ul̄γμð1 − γ5Þuν, when forming the rate and qμLμ → 0
as ml → 0. Thus the form factors that we need to calculate
to compare to experiment are Vðq2Þ, A1ðq2Þ and A2ðq2Þ.
In the lattice QCD calculation, to be described in Sec. III,

all of the form factors will appear in the matrix elements of
the vector and axial vector currents that we calculate [as in
Eq. (1)], and we have to choose particular kinematic
configurations to isolate each one. We will also use the
matrix element of the pseudoscalar current, P ¼ c̄γ5s, to
access some of the form factors. From the partially
conserved axial current (PCAC), ∂μAμ ¼ ðm1 þm2ÞP,
which is exact for staggered quarks we have

hϕðp0; εÞjPjDsðpÞi ¼
2Mϕε

� · q
ðmc þmsÞ

A0ðq2Þ: ð3Þ

As well as comparing the shape of the extracted form
factors to experiment we can also compare the differential
cross-section in bins of q2 or of the important angular
variables for this decay. These angles are shown in Fig. 1
for results corresponding to the case where the ϕ is seen
through its decay to KþK−. θl is the angle between the
momentum of the charged lepton and that of the W boson
(= center of momentum of the charged lepton and the
neutrino) in the rest frame of the Ds. θK is the angle
between the momentum of one of the K mesons (Kþ for
Dþ

s and K− for D−
s ) and the ϕ (¼ center of momentum for

both K mesons). χ is the angle between the two planes, one
defined by the K meson pair and the other defined by the
lepton pair.
The differential rate for the decay is then given in terms

of helicity amplitudes as [3]

dΓðDs → ϕlν;ϕ → KþK−Þ
dq2d cos θKd cos θldχ

¼ 3

8ð4πÞ4G
2
FjVcsj2

pϕq2

M2
Ds

Bðϕ → KþK−Þ × fð1þ cos θlÞ2sin2θKjHþðq2Þj2

þ ð1 − cos θlÞ2sin2θKjH−ðq2Þj2 þ 4sin2θlcos2θKjH0ðq2Þj2 þ 4 sin θlð1þ cos θlÞ sin θK cos θK cos χHþðq2ÞH0ðq2Þ
− 4 sin θlð1 − cos θlÞ sin θK cos θK cos χH−ðq2ÞH0ðq2Þ−2sin2θlsin2θK cos 2χHþðq2ÞH−ðq2Þg: ð4Þ

pϕ is the momentum of the ϕ in theDs rest frame, in which
we work. H�; H0 correspond to contributions from differ-
ent W helicities, and the W and ϕ helicities are constrained
to be the same because the parent meson has zero spin.
Helicity information on the quark produced in the weak
decay is lost in a pseudoscalar to pseudoscalar transition,
because the final meson has no helicity. Here, in a

pseudoscalar to vector transition it is not lost, and thus
the distributions give more information about the V − A
nature of the weak interaction. For a c → s decay we expect
a predominantly λ ¼ −1=2 s quark to be produced, which
can then form a helicity 0 or helicity −1 meson by
combining with the spectator s̄ to form a ϕ. Thus we
expectH− to dominate overHþ. TheW in a c → s decay is
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a Wþ and therefore decays to lþν. A fast-moving lþ will
be predominantly λ ¼ þ1=2 and therefore preferentially
thrown backwards in theDs rest frame to balance helicities.
This explains the cos θl distributions for the term propor-
tional to jH−ðq2Þj2 [3]. At low q2, where the dominant
configuration has the lþ and ν in parallel, balancing the ϕ,
H0 will dominate because the spins of l and ν will cancel.
The helicity functions are related to the form factors as

H�ðq2Þ ¼ ðMDs
þMϕÞA1ðq2Þ∓ 2MDs

pϕ

MDs
þMϕ

Vðq2Þ ð5Þ

and

H0ðq2Þ ¼
1

2Mϕ

ffiffiffiffiffi
q2

p
×

�
ðM2

Ds
−M2

ϕ − q2ÞðMDs
þMϕÞA1ðq2Þ

− 4
M2

Ds
p2
ϕ

MDs
þMϕ

A2ðq2Þ
�
: ð6Þ

The pϕq2 factor in the differential cross-section [Eq. (4)]
means that the contribution of H0ðq2Þ does not diverge as
q2 → 0. Note that A1 contributes to all helicities, A2 only to
H0 and V only to H�. At high q2 where pϕ → 0, A1

dominates all of the helicities.
In the differential decay rate given in Eq. (4), the lepton

mass is neglected. This is a good approximation for
Ds → ϕ semileptonic decays where l ¼ e; μ and one
which we make for our comparison with BABAR results
[4], in which the final state lepton is an electron.
However, we can calculate in lattice QCD the contribu-

tions to the decay rate that are suppressed by factors of m2
l

and study their relative size. If we do not neglect the lepton
mass, the decay rate also includes [5]

3

8ð4πÞ4G
2
FjVcsj2

pϕm2
l

M2
Ds

Bðϕ → KþK−Þ × fsin2θKsin2θljHþðq2Þj2 þ sin2θKsin2θljH−ðq2Þj2 þ 4cos2θKcos2θljH0ðq2Þj2

þ 4cos2θKjHtðq2Þj2 þ sin2θKsin2θl cos 2χHþðq2ÞH−ðq2Þ þ sin 2θK sin 2θl cos 2χHþðq2ÞH0ðq2Þ
þ sin 2θK sin 2θl cos 2χH−ðq2ÞH0ðq2Þ þ 2 sin 2θK sin θl cos χHþðq2ÞHtðq2Þ þ 2 sin 2θK sin θl cos χH−ðq2ÞHtðq2Þ
þ 8cos2θK cos θlH0ðq2ÞHtðq2Þg: ð7Þ

All of the cross terms in Eq. (7) vanish on integration over
χ, apart fromH0ðq2ÞHtðq2Þ, which vanishes if we integrate
over cos θl.
The helicity amplitude Htðq2Þ is given by

Htðq2Þ ¼
2MDs

pϕffiffiffiffiffi
q2

p A0ðq2Þ: ð8Þ

At q2 ¼ 0, Htð0Þ ¼ H0ð0Þ because, for these kinematics,
M2

Ds
−M2

ϕ ¼ 2MDs
pϕ and we also have A0ð0Þ ¼ A3ð0Þ.

We can calculate A0ðq2Þ using a pseudoscalar current [see
Eq. (3)], so it is straightforward to calculate Htðq2Þ in
lattice QCD.
As Ht is proportional to 1=

ffiffiffiffiffi
q2

p
, it is most important at

low q2. The effect of this helicity amplitude could be
detected as a difference in the semileptonic decay rate with
electrons or muons in the final state. It has been observed in
the measurements of D → K�lν made by CLEO [6].

III. LATTICE CALCULATION

For the lattice QCD calculation we use the highly
improved staggered quark action [2] for all the valence
quarks. This action has very small discretization errors,
making it an excellent action for c [2,7–9] as well as for the
lighter s quarks we need here. We calculate HISQ propa-
gators on gluon field configurations generated by the MILC
collaboration that include u, d and s sea quarks using the
asqtad formalism [10]. Table I gives the parameters of the
ensembles of configurations we use, with two different
lattice spacing values and two different u=d sea quark
masses.
To tune the s and c quark masses to their correct physical

values we use the pseudoscalar ηs and ηc meson masses [8].
The ηs is a fictitious ss̄ pseudoscalar that is not allowed to
decay in lattice QCD. Although this meson does not occur
in the real world its mass can be accurately determined in
lattice QCD because it does not contain valence u=d

FIG. 1 (color online). Diagram to show the angles used for the
differential rate forDs → ϕlν. lν are drawn in the virtualW� rest
frame andKþK− in the ϕ rest frame. The angles are defined in the
Ds rest frame, however [3].
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quarks, and a “physical” value for its mass can be
determined in the continuum and chiral limits. We find
Mηs ¼ 0.6858ð40Þ GeV [11], and use this to tune the s
quark mass [8]. In tuning the c quark mass here we must
use the value of the ηc mass [8] in a world without
electromagnetism or c quarks in the sea. We take this to
be Mηc ¼ 2.985ð3Þ GeV [12]. Discretization errors from
using the HISQ action are reduced for c quarks by
modifying the coefficient of the “Naik” term [13], which
corrects for a2 errors in the covariant derivative, to include
the tree-level correction which is a function of the bare
quark mass, mca [8]. A measure of the smallness of the
resulting discretization errors comes from a study of the
“speed of light” for the ηc [9]. This differs from 1 by less
than 3% on both the coarse and fine lattices.
The quark propagators are made from a “random wall”

source—a color-vector of random numbers in U(1) on a
source time slice—to reduce the statistical noise. We use
four evenly spaced time sources on each configuration,
choosing the first time source randomly to reduce corre-
lations between configurations.
The lattice spacing is determined for each ensemble

using the calculation of static quark potential by MILC and
the extraction of a parameter associated with that potential
called r1 [10]. The value for this parameter in units of the
lattice spacing, r1=a, is given in Table I. Using a physical
value for r1, r1 ¼ 0.3133ð23Þ fm [11], allows us to convert
these numbers to a value for the lattice spacing, a, on each
ensemble. This allows us in turn to convert all dimensionful
quantities calculated on the lattice into GeV units.
The HISQ s and c quark propagators calculated on these

gluon field configurations are combined to make meson
correlators (2-point functions) for Ds and ϕ and 3-point
functions that allow us to calculate the Ds to ϕ transition
matrix element. Explicit expressions for the correlation
functions are given in Sec. IV B.
Correlators for mesons with specific spin-parity quantum

numbers are made using staggered quarks (which have no
spin degree of freedom) by including space-time-dependent
phases of�1 at source and sink. This can be combined with
a point-splitting of the source/sink operator. Because of
fermion doubling there are 16 “tastes” of every meson. We
will use the spin-taste notation γn ⊗ γs to denote a

staggered bilinear with spin γn and taste γs. The masses
of the different tastes differ by discretization errors [at
Oða2Þ] and we are free to use whichever taste is the most
convenient for each calculation. We will make use of that
freedom here. However, because point-split source and sink
operators typically give noisier results than local operators,
we will restrict ourselves to at most a 1-link point-splitting.
We will use two different local operators to create/

destroy Ds mesons. One is the local γ5 “Goldstone”
operator (i.e. γ5 ⊗ γ5) and the other is the local γtγ5
operator. The pattern of taste-splittings for pseudoscalar
mesons is well mapped out and significantly reduced for
HISQ quarks [2] over those in the asqtad formalism [14].
We expect splittings in the squared-mass of the different
pseudoscalar tastes to be proportional to a2. The lightest
pseudoscalar is the Goldstone meson and the next lightest is
that of the local γtγ5 operator. Since the a2 taste-splitting
effect is in the square of the mass, the mass splitting
between pseudoscalars actually falls as the mass increases
(as long as the mass does not become too large) [2]. So in
fact the difference in mass between the two tastes of Ds
used here is very small, as we will see in Sec. IV.
For vector mesons taste-splittings are significantly

smaller [9]. Here we will use both a local and a 1-link
point-split operator for the ϕ and discuss results from those
and the comparison between them in IVA. In principle the
ϕ meson is a flavor-singlet. However, we expect the effect
of “disconnected” diagrams (two s quark loops connected
only by gluon exchange) to be small for vector mesons [15]
and we do not include them here. In the real world the ϕ
decays strongly to KK̄ but not in our lattice QCD
simulations. We consider the effect of that on our ϕmesons
in Sec. IVA.
A schematic diagram for the 3-point function forDs to ϕ

decay is shown in Fig. 2. Quark propagators 1 and 3
correspond to s quarks and propagator 2 is for a c quark.
Propagators 1 and 3 are tied together with appropriate
phases to make a ϕ meson at the origin. Propagator 2 is
calculated from a source made from propagator 1 at time
slice T, using appropriate phases for a pseudoscalar Ds
meson. Finally propagators 2 and 3 are combined at time
slice t with appropriate phases to correspond to a vector,
axial vector or pseudoscalar current, so that we can

TABLE I. Ensembles (sets) of MILC configurations used here. Sea (asqtad) quark masses masq
l (l ¼ u=d) and masq

s use the MILC
convention where u0 is the plaquette tadpole parameter. The lattice spacing is given in units of r1 after “smoothing” [10]. We use
r1 ¼ 0.3133ð23Þ fm [11]. Sets 1 and 2 are “coarse” (a ≈ 0.12 fm) and set 3, “fine” (a ≈ 0.09 fm). The lattice size is given by L3

s × Lt.
Column 5 gives the sea light quark mass in units of the physical strange mass, as determined in [8]. Columns 7 and 8 give the valence s
and c HISQ quark masses, tuned to the physical values [8]. We use 4 time sources on each of the ncfg configurations. The final column
lists the T values used in the 3-pt correlators (see Fig. 2).

Set r1=a au0m
asq
l au0m

asq
s ml=ms;phys Ls=a × Lt=a amHISQ

s amHISQ
c ncfg T

1 2.647(3) 0.005 0.05 0.14 24 × 64 0.0489 0.622 2088 12, 15, 18
2 2.618(3) 0.01 0.05 0.29 20 × 64 0.0496 0.63 2259 12, 15, 18
3 3.699(3) 0.0062 0.031 0.24 28 × 96 0.0337 0.413 1911 16, 19, 20, 23
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determine the vector and axial vector form factors dis-
cussed in Sec. II.
To cover the range of squared 4-momentum transfer, q2,

available in the decay we keep the Ds meson at rest and
give spatial momentum to the ϕ meson varying from zero
up to an appropriate value to set q2 ¼ 0. We do this by
calculating s quark propagators for propagator 3 that carry
spatial momentum through the use of a “twisted boundary
condition” [16,17]. If propagator 3 is calculated with
boundary condition

χðxþ êjLÞ ¼ eiθjχðxÞ; ð9Þ

then the momentum of the ϕ meson made by combining
propagators 1 and 3 with our random wall sources and
summing over spatial sites at the sink is

pj ¼
θj
Ls

: ð10Þ

The boundary condition in Eq. (9) is actually implemented
by multiplying the gluon links in the j direction by
phase expðiθj=LsÞ.
The 3-point function for Ds → ϕ is calculated for all t

values from 0 to T and for several values of T (which
include both even and odd values as given in Table I) so that
the dependence of the function on t and T can be fully
mapped out. The 3-point function is fit simultaneously with
the 2-point function using fit forms

CðPÞ
2pt ¼

X
in;io

fdðPÞin
g2fnðEðPÞ

in
; t0Þ − f ~dðPÞio

g2foð ~EðPÞ
io

; t0Þ

CP→Q
3pt ¼

X
in;jn

dðPÞin
fnðEðPÞ

in
; tÞJnnin;jnd

ðQÞ
jn

fnðEðQÞ
jn

; T − tÞ

−
X
in;jo

dðPÞin
fnðEðPÞ

in
; tÞJnoin;jo ~d

ðQÞ
jo

foð ~EðQÞ
jo

; T − tÞ

þ ðn ↔ oÞ ð11Þ

with

fnðE; tÞ ¼ e−Et þ e−EðLt−tÞ

foðE; tÞ ¼ ð−1Þt=afnðE; tÞ: ð12Þ

We use Bayesian methods [18] that allow us to include the
effect of excited states, both “radial” excitations (n) and,
because we are using staggered quarks, opposite parity
mesons that give oscillating terms (o). We fit all the 2-point
and 3-point correlators on a given ensemble at multiple
momenta simultaneously to take account of correlations.
The Bayesian approach requires the constraint of prior
values and widths on the parameters. The energy param-
eters used in the fit are the log of the ground-state energy,
the log of the lowest oscillating state energy and the log of
energy differences between excitations. This latter param-
eter is important in keeping the energies ordered (as they
are, by definition). The priors on the energy parameters are
taken as: ground-state energy, 2% width (this energy is
known well simply from plots of the effective mass in the
correlator); splitting between ground-state and lowest
oscillating state, 400 MeV with 50% width; splitting
between adjacent excitations in both the normal and
oscillating channels, 600 MeV with 50% width. The latter
two priors are in keeping with the size of mass differences
seen in the Particle Data Tables [19]. For amplitudes we
take priors: 0.01(1.0) for normal states and 0.01(0.5) for
oscillating states; matrix elements, 0.01(1.0). The prior
widths here are between 3 and 10 times the typical values
we obtain in the fits, so these represent very unrestrictive
priors.
In Eq. (11), din are the amplitudes for creation/annihilation

of the Ds or ϕ mesons. The amplitude can be converted into
the decay constant and this will be discussed for the ϕ in
Sec. IVA. Results for the Ds mass and decay constant on
these gauge configurations were presented in [8]. Jin;jn is
related to the matrix element of the vector, axial vector or
pseudoscalar current between Ds and ϕ. By matching to a
continuum correlator with a relativistic normalization of
states and allowing for a renormalization of the lattice current
we see that the matrix elements between the ground state
mesons that we want to determine are given by

hDsjJjϕi ¼ Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4EðDsÞ

0 EðϕÞ
0

q
Jnn0;0: ð13Þ

The vector current we use for the Ds → ϕ transition is a
local spatial current. We use both a local and a point-split
axial vector current. The point-split current does not
include gauge links because we work in the Coulomb
gauge. The local pseudoscalar current we use is absolutely
normalized when multiplied by the lattice quark mass. The
vector and axial vector currents are nonperturbatively
normalized, as described in Appendix A, and the Z factors
we obtain on each of our ensembles are given in Table V.

FIG. 2 (color online). A schematic diagram of the 3-point
function for Ds → ϕlν decay. Different currents, J, are inserted
at the vertex, as described in the text, to obtain specific form
factors.
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IV. RESULTS

A. The ϕ meson

When handling the ϕ meson in our lattice QCD
calculations we have treated it as a pure ss̄ vector meson
and not included quark-line disconnected diagrams that
could mix in light-quark components. These effects are
expected to be very small from phenomenology. For
example the width for ϕ to decay to π0γ, which would
be zero for a pure ss̄ ϕ, is 5.5 keV [19] (branching fraction
0.13%). This compares to a width to π0γ for the light vector
ω of 700 keV [19] (branching fraction 8%). In lattice QCD
calculations where quark-line disconnected diagrams have
been included they are indeed found to have tiny effect for
vectors. Reference [20] gives a mixing angle between ϕ and
ω of 1.7ð2Þ° for relatively heavy light quarks. We conclude
that quark-line disconnected diagrams are a negligible issue
here. There would be no impact on Ds → ϕlν in any case
since the rate forDs → ωlν is known to be very small [19].
The ϕ meson in the real world decays strongly to KK̄

and hence is not “gold-plated.” The ϕ meson mass is close
to threshold for this decay, however, and so the ϕ width is
small (4 MeV [19]). It may then be true that the impact of
the decay channel is not large and it may effectively be
possible to treat the ϕ as being close to gold-plated within
lattice QCD.
A simple model by which we can analyze the effect of

the KK̄ channel on the ϕ is to treat both ϕ and K as
elementary particles and couple them with a P-wave vertex,
gε · p. Here ε is the polarization vector of the ϕ and p is the
momentum of the K in the ϕ rest frame. Then, from
perturbation theory treating the K as nonrelativistic

ΔEϕ ¼ g2
Z

Λ d3p
ð2πÞ3

jε · pj2
ΔM − p2=MK þ iϵ

ð14Þ

where ΔM ≡Mϕ − 2MK . Spin-averaging, and absorbing
factors into the coupling constant, gives

ΔEϕ ¼ ~g2
Z

Λ

0

dp
p4

γ2 − p2 þ iϵ

¼ ~g2
�
−Λ3

3
− γ2Λ − iπ

2
γ3
�

ð15Þ

dropping higher order terms in γ where γ2 ¼
ðMϕ − 2MKÞMK. The imaginary part is the width,
Γϕ ¼ ~g2πγ3, and we can use this to estimate ~g. Using
the physical width and physical masses [19] gives ~g2 ≈ 0.35
for both charged K and neutral K decay modes. The shift in
the mass expected from coupling to the K decay mode is
then −~g2γ2Λ, giving a result of ≈ −5 MeV. This is a very
small effect, less than 0.5% of the mass, so that the ϕmeson
behaves as a gold-plated particle to a good approximation.

On the lattice, the coupling to the KK̄ decay mode is
distorted by the fact that the K meson will typically have a
higher mass than its physical value because the sea u=d
quarks will be too heavy. ThenMϕ − 2MK will be negative
and the expected shift in the ϕ meson mass resulting from
coupling to KK̄ will be positive. Thus we expect the ϕ
meson mass on the lattice to have more dependence on the
sea u=d quark masses than a typical gold-plated meson
would have, and for its mass to be too high for unphysically
heavy u=d quark masses.
Both of these effects are borne out in our results. Table II

gives results for the ϕ mass obtained from the combined fit
to 2-point and 3-point functions described in Eq. (11),
along with values of the ηs meson mass for the same
valence s quarks. Notice that the statistical error on the ϕ
mass is much larger than that for the ηs. This is a
consequence of the exponentially falling signal-to-noise
ratio for particles like the ϕ where the noise amplitude is
governed by a lighter mass (in this case the ηs) than the
signal. Figure 3 shows the difference in mass between the ϕ
and the ηs plotted as a function of the sea light quark mass
in units of the physical strange quark mass (which is given
in Table I). The figure shows results for the 1-link ϕ
operator but results for the local ϕ are similar [explicit
expressions for the correlators are given in Eqs. (21) and
(23)]. The shaded band gives the result at the physical value
of ml=ms (1=27.5 [19]) from a simple fit. This allows for a
linear term in ml=ms and quadratic and quartic terms in a.
We obtain the result 0.346(15) GeV at the physical point,
which agrees within errors with the value obtained from the
experimental result for the ϕ mass and the lattice result for
the ηs mass in the continuum and chiral limits [11] [0.3337
(40) GeV]. Hence it seems that light quark mass effects
from the coupling to KK̄ are relatively benign compared to
the significant statistical errors that we have in the ϕ mass.
A similar result is seen for the ϕ meson decay constant,

fϕ. Table II gives results for the ϕ decay constant obtained
from the combined fit to 2-point and 3-point functions
described in Eq. (11). The decay constant is extracted from
the amplitude of the ground-state ϕ in the 2-point function,
dϕ0 , using

fϕ ¼ Zdϕ0

ffiffiffiffiffiffi
2

Eϕ
0

s
ð16Þ

where Z is the renormalization factor required to match the
lattice vector current used to create or destroy the ϕ to the
continuum. We give results for both the local vector current
and the 1-link vector current in Table II and they can both
be renormalized fully nonperturbatively. How this is done
is described in Appendix A and the appropriate renorm-
alization constants are given in Table V.
We plot fϕ in Fig. 3 for the 1-link ϕ. Results for the local

ϕ are similar. A simple extrapolation, as for the mass, gives
a physical result of fϕ ¼ 241ð18Þ MeV, which agrees

DONALD et al. PHYSICAL REVIEW D 90, 074506 (2014)

074506-6



within errors with the experimental value of fϕ ¼
229ð4Þ MeV obtained from Γðϕ → eþe−Þ (1.27(4) keV
[19]). The decay constant is related to the leptonic decay
rate by

Γðϕ → eþe−Þ ¼ 4π

3
α2QEDe

2
s

f2ϕ
mϕ

; ð17Þ

where es is the electric charge of the s quarks in units of e,
i.e.−1=3. We show for comparison the results for the decay
constant of the ηs which was studied on the lattice in [11].
There is some sign that the ϕ meson has enhanced
dependence on ml=ms compared to that of the gold-plated
ηs. This might be expected to be a result of coupling to KK̄
but it causes no problem in the extrapolation to the physical
point of the decay constant within the lattice errors of 7%.
For a phenomenological comparison that could shed

light on how large an effect we might expect on meson
properties from coupling to decay channels, we can
compare the ω and the ρ. They are both made of light
u=d valence quarks but the ρ has a strong two-body decay
mode to ππ which is not allowed for the ω by G-parity
(which instead decays to three π). The ω and ρ masses
nevertheless agree to within 10 MeV so little effect of the ρ
decay mode is seen there. We expect the leptonic width of
the ω to be one-ninth that of the ρ simply from isospin [21].
In fact this expectation is violated by about 30%, which
might indicate a 15% effect in the ρ decay constant from
coupling to decay channels. This should be compared
to a 7(7)% possible effect in the ϕ from our results, as
described above.
For possible effects on a meson to meson transition rate

where one of the mesons in the process is gold-plated and
the other is not, we can compare the decay of ρ and ω to
π0γ. Here we expect the rate for the ρ to be one-ninth that of
the ω [21]. This expectation is violated by 12%, indicating
a possible 6% effect in the matrix element. Following the
discussion of the decay constant above, this would mean
that a reasonable error to take on a transition matrix element
involving the ϕ (i.e.Ds → ϕlν) as a result of ϕ coupling to
KK̄ might be half this, i.e. 3%.

B. Results for form factors

As discussed in Sec. III we calculate 3-point functions
for Ds to ϕ decay by inserting either a vector, axial vector
or pseudoscalar current between the Ds and the ϕ. By
choosing appropriate kinematic conditions we can isolate
the individual form factors from Eq. (1). We keep the Ds
meson at rest but can give the ϕ spatial momentum in
different directions and choose its spin polarization.

TABLE II. For each ensemble we give the s valence quark masses and ηs meson mass in lattice units. These are followed by: (columns
4 and 5) the mass and bare (unrenormalized) decay constant for the local ϕ and (columns 6 and 7) the mass and bare decay constant for
the 1-link ϕ.

Set ams aMηs aMϕðγμ ⊗ γμÞ afϕ=Zðγμ ⊗ γμÞ aMϕðγμ ⊗ 1Þ afϕ=Zðγμ ⊗ 1Þ
1 0.0489 0.4111(1) 0.6386(26) 0.1504(36) 0.6365(44) 0.1341(59)
2 0.0496 0.4163(1) 0.6549(31) 0.1571(41) 0.6569(28) 0.1401(30)
3 0.0337 0.2937(1) 0.4550(35) 0.1100(30) 0.4570(21) 0.1026(34)
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FIG. 3 (color online). Upper plot: The difference in mass
between the ss̄ vector ϕ and pseudoscalar ηs as a function of
sea light quark mass in units of the physical strange quark mass
for coarse lattices (red open triangles) and fine (green open
circle). The “experimental” result is plotted with a black burst.
This is obtained from the experimental result for Mϕ and the
lattice QCD result forMηs in the continuum and chiral limits [11].
The gray shaded band gives the lattice result in the continuum and
chiral limits from a simple fit described in the text. Lower plot: A
similar plot for the ϕ and ηs decay constants. The black bursts
denote the experimental result for the ϕ obtained from its leptonic
width [19] and the result from lattice QCD for the ηs [11].
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For a 3-point function made of staggered quarks all the
tastes must “cancel”.1 Therefore only certain tastes of
current can be used with certain tastes of mesons. Below
we discuss each of the form factors we extract, explaining
the method used. The Z factors for all of the different
currents are determined fully nonperturbatively and we
describe how that is done in Appendix A. Table III collects
all of the form factor results.

1. Determining A1ðq2Þ
From Eq. (1) we see that A1ðq2Þ is the only form factor

that appears in the matrix element of the axial vector current
when ε� · q ¼ 0, i.e. when the ϕ polarization is orthogonal
to the momentum transfer. This is the only contribution to
the matrix element at q2max when the final state ϕmeson is at
rest. To calculate A1ðq2Þ away from q2max, we give the ϕ
meson momentum in an orthogonal spatial direction to its
polarization.
When the kinematics are set up such that ε� · q ¼ 0, the

transition matrix element becomes

hϕðp0; εÞjAμjDsðpÞi ¼ ðmDs
þmϕÞε�μA1ðq2Þ: ð18Þ

TABLE III. The form factor results for Ds → ϕ on each ensemble at all values of q2 calculated. Column 2 denotes the form factor for
the result in column 8. The axial form factors are fitted simultaneously so the (Goldstone) Ds mass is the same for all of them on the
same ensemble. The vector form factor Vðq2Þ instead is calculated using the non-Goldstone Ds. Columns 5 and 6 give the value of θ
used to give momentum to the ϕ and the fitted ϕ energy at this momentum.

Set Form factor T values amDs
θ aEϕ a2q2 Fðq2Þ

1 Local A1ðq2Þ 12,15,18 1.1889(1) 0.0 0.6386(26) 0.303(3) 0.685(8)
1 Local A1ðq2Þ 12,15,18 1.1889(1) 7.0 0.7108(40) 0.143(4) 0.657(12)
1 Local A1ðq2Þ 12,15,18 1.1889(1) 10.18 0.7817(62) −0.014ð5Þ 0.624(22)
1 1-link A1ðq2Þ 12,15,18 1.1889(1) 0.0 0.6365(44) 0.305(6) 0.694(17)
1 1-link A1ðq2Þ 12,15,18 1.1889(1) 7.0 0.7056(51) 0.148(5) 0.648(25)
1 1-link A1ðq2Þ 12,15,18 1.1889(1) 10.18 0.7815(82) −0.014ð6Þ 0.642(34)
1 A0ðq2Þ 12,15,18 1.1889(1) 7.0 0.7090(35) 0.145(3) 0.808(24)
1 A0ðq2Þ 12,15,18 1.1889(1) 10.18 0.7784(51) −0.011ð4Þ 0.707(23)
1 A2ðq2Þ 12,15,18 1.1889(1) 7.0 0.7090(35) 0.145(3) 0.529(106)
1 A2ðq2Þ 12,15,18 1.1889(1) 10.18 0.7784(51) −0.011ð4Þ 0.430(90)
1 Vðq2Þ 12,15,18 1.1909(5) 7.0 0.7121(41) 0.144(3) 1.141(72)
1 Vðq2Þ 12,15,18 1.1909(5) 10.18 0.7853(61) −0.015ð5Þ 1.055(69)
2 Local A1ðq2Þ 12,15,18 1.2015(1) 0.0 0.6549(31) 0.298(3) 0.689(13)
2 Local A1ðq2Þ 12,15,18 1.2015(1) 6.0 0.7195(56) 0.142(5) 0.627(26)
2 Local A1ðq2Þ 12,15,18 1.2015(1) 8.39 0.7769(72) 0.004(6) 0.596(28)
2 1-link A1ðq2Þ 12,15,18 1.2015(1) 0.0 0.6569(28) 0.296(3) 0.684(11)
2 1-link A1ðq2Þ 12,15,18 1.2015(1) 6.0 0.7246(54) 0.137(5) 0.627(23)
2 1-link A1ðq2Þ 12,15,18 1.2015(1) 8.39 0.7713(100) 0.009(9) 0.582(42)
2 A0ðq2Þ 12,15,18 1.2015(1) 6.0 0.7151(49) 0.146(5) 0.787(29)
2 A0ðq2Þ 12,15,18 1.2015(1) 8.39 0.7825(48) −0.001ð4Þ 0.701(22)
2 A2ðq2Þ 12,15,18 1.2015(1) 6.0 0.7151(49) 0.146(5) 0.475(183)
2 A2ðq2Þ 12,15,18 1.2015(1) 8.39 0.7825(48) −0.001ð4Þ 0.345(107)
2 Vðq2Þ 12,15,18 1.2040(3) 6.0 0.7176(67) 0.146(6) 1.116(87)
2 Vðq2Þ 12,15,18 1.2040(3) 8.39 0.7738(82) 0.009(7) 1.057(180)
3 Local A1ðq2Þ 16,19,20,23 0.8460(1) 0.0 0.4550(35) 0.153(3) 0.717(23)
3 Local A1ðq2Þ 16,19,20,23 0.8460(1) 6.0 0.5007(34) 0.073(2) 0.635(12)
3 Local A1ðq2Þ 16,19,20,23 0.8460(1) 8.39 0.5563(54) 0.000(3) 0.648(23)
3 1-link A1ðq2Þ 16,19,20,23 0.8460(1) 0.0 0.4570(21) 0.151(2) 0.716(11)
3 1-link A1ðq2Þ 16,19,20,23 0.8460(1) 6.0 0.5038(33) 0.071(2) 0.658(14)
3 1-link A1ðq2Þ 16,19,20,23 0.8460(1) 8.39 0.5463(43) 0.000(6) 0.638(18)
3 A0ðq2Þ 16,19,20,23 0.8460(1) 6.0 0.4960(54) 0.076(4) 0.783(51)
3 A0ðq2Þ 16,19,20,23 0.8460(1) 8.39 0.5523(20) −0.003ð1Þ 0.689(12)
3 A2ðq2Þ 16,19,20,23 0.8460(1) 6.0 0.4960(54) 0.076(4) 0.499(181)
3 A2ðq2Þ 16,19,20,23 0.8460(1) 8.39 0.5523(20) −0.003ð1Þ 0.553(80)
3 Vðq2Þ 16,19,20,23 0.8464(5) 6.0 0.5072(35) 0.069(2) 1.101(123)
3 Vðq2Þ 16,19,20,23 0.8464(5) 8.39 0.5468(55) 0.000(3) 1.128(104)

1This is simply a requirement that the γ matrix algebra for
quarks with spin, before the transformation to staggered quarks,
gives a nonzero result, returning the phases to be used in the
staggered quark correlation functions.
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The ϕ polarization vector and the axial vector current must
then be in the same spatial direction so that the matrix
element in Eq. (18) is nonvanishing.
There is a choice of operators that can be used to extract

A1ðq2Þ: either using a local vector operator for the ϕ
and local axial vector for the current or a 1-link vector and
1-link axial vector.
If we use the 1-link ϕ with spin-taste γμ ⊗ 1 at time 0,

we also use the 1-link axial vector with spin-taste γ5γμ ⊗ γ5
at t and the local pseudoscalar (γ5 ⊗ γ5) for theDs at T (see
Fig. 2). With staggered quarks there is a normalization
factor of the inverse of the number of tastes (i.e. 1=4) for
every closed loop [2,22], which we make explicit in the
expressions to follow. The staggered 3-point correlator is
then

C3ptð0; t; TÞ ¼
1

4

X
x;y;z

ð−1Þx<μ þy<μ εðxÞεðzÞ

× Tr½gsðx; zÞgcðz; yÞgθ†s ðx� μ̂; y� μ̂Þ�;
ð19Þ

where the sites x; y and z are at times 0, t and T and the sum
is over the time slice. The “�” given for the 1-link point-
splitting at x and y indicates that we average over links in
the forward and backward directions. As the propagators
are for staggered quarks, the trace is only over colour
indices.
We write the staggered phase factors using εðxÞ¼Q
νð−1Þxν , x<μ ¼P

ν<μxν, x
>
μ ¼

P
ν>μxν and x̄μ¼

P
ν≠μxν.

We fit the 3-point correlator simultaneously with the
appropriate 2-point correlators. In this case, these are the
correlators for the Goldstone Ds and 1-link ϕ, given by

C2pt;Ds
ð0; tÞ ¼ 1

4

X
x;y

Tr½gcðx; yÞg†sðx; yÞ� ð20Þ

and

C2pt;ϕð0; tÞ ¼
1

4

X
x;y

εðxÞεðyÞð−1Þx<μ þy<μ

× Tr½gsðx; yÞgθ†s ðx� μ̂; y� μ̂Þ�: ð21Þ

The sites x and y are again at times 0 and t. The results
using these correlators are called “1-link A1ðq2Þ” in
Table III.
If we use local operators, we have a γμ ⊗ γμ operator at 0

for the ϕ, a γμγ5 ⊗ γμγ5 axial vector at t and the local
pseudoscalar at T. This gives the staggered 3-point corre-
lation function

C3ptð0; t; TÞ ¼
1

4

X
x;y;z

ð−1ÞxμþȳμεðzÞ

× Tr½gsðx; zÞgcðz; yÞgθ†s ðx; yÞ�: ð22Þ

The corresponding Ds 2-point correlator is that given by
Eq. (20) and the local ϕ correlator is

C2pt;ϕð0; tÞ ¼
1

4

X
x;y

ð−1Þxμþyμ

× Tr½gsðx; yÞgθ†s ðx; yÞ�: ð23Þ

The determination of A1ðq2Þ using a local axial current is
called “Local A1ðq2Þ” in Table III. The two determinations
of A1ðq2Þ should agree with one another, as the current
operators and ϕ mesons only differ by taste. Doing the
calculation in two different ways allows us to test the
differences between different tastes of staggered mesons in
meson transitions. Agreement is seen in the results for
A1ðq2Þ given in Table III within our statistical errors. We
find smaller statistical errors for Local A1ðq2Þ on the coarse
lattices (sets 1 and 2), so it is used for the final results.

2. Determining A0ðq2Þ
The A0ðq2Þ form factor can be related to the pseudoscalar

density using the PCAC relation so can be extracted from
the pseudoscalar matrix element using Eq. (3).
The staggered 3-point correlator calculated on the lattice

then has γ5 ⊗ γ5 at both t and T and a 1-link ϕ with spin-
taste γμ ⊗ 1 at 0. The correlator is

C3ptð0; t; TÞ ¼
i
4

X
x;y;z

ð−1Þx<μ εðxÞεðyÞεðzÞ

× Tr½gsðx; zÞgcðz; yÞgθ†s ðx� μ̂; yÞ�: ð24Þ

It cannot be calculated at rest because ε� · q must be
nonzero for the matrix element to be nonzero. The ϕ
meson therefore carries momentum in the same direction as
its polarization. We fit the 3-point correlators generated
using Eq. (24) simultaneously with Ds and ϕ 2-point
correlators as given in Eqs. (20) and (21). The results
are given in Table III.

3. Determining A2ðq2Þ
The form factor A2ðq2Þ is difficult to calculate as it only

contributes to the matrix element when ε� · q ≠ 0. This
requires the ϕmeson’s polarization, ε�, and momentum, p0,
to be in the same direction. In this case, all of the axial form
factors, A1ðq2Þ, A2ðq2Þ and A0ðq2Þ, appear and we calcu-
late A2ðq2Þ given A1ðq2Þ and A0ðq2Þ.
At q2 ¼ 0, we have a relationship between A0, A1 and A2

because A3 is given in terms of A1 and A2 by Eq. (2) and
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A3ð0Þ ¼ A0ð0Þ. This means we can extract A2ð0Þ from the
values of A1ð0Þ and A0ð0Þ.
Away from q2 ¼ 0, we no longer have the relation

between A0ðq2Þ and A3ðq2Þ so extracting A2ðq2Þ is more
complicated. If we calculate the 3-point correlation func-
tion given by Eq. (19), but with the ϕ polarization, ε�,
parallel to its momentum, p0, the result depends of all the
axial form factors, and is given by Eq. (1). Using the values
of A1ðq2Þ and A0ðq2Þ determined as described in Secs. IV
B 1 and IV B 2, A2ðq2Þ can be extracted. The results given
in Table III use the local determination of A1ðq2Þ to extract
A2ðq2Þ, but agree with using 1-link A1ðq2Þ.

4. Determining Vðq2Þ
The vector form factor, Vðq2Þ, is the same form factor

that appears in electromagnetic vector to pseudoscalar
meson transitions, such as J=ψ → ηcγ [9]. The form factor
can be calculated with staggered quarks using the same
3-point correlator setup we used for J=ψ → ηcγ.
We calculate Vðq2Þ using the non-Goldstone Ds and a

1-link vector operator for the ϕ where the point-splitting is
in a different spatial direction to the polarization. In spin-
taste notation, this operator is γμ ⊗ γμγν and it is placed at
time 0. As theDs meson is at rest, the ϕmust carry nonzero
momentum. The non-Goldstone Ds at time T is simulated
using a γ5γt ⊗ γ5γt operator and there is a local γα ⊗ γα
vector operator at t. The 3-point correlation function is

C3ptð0; t; TÞ ¼
i
4

X
x;y;z

ð−1Þx>ν þxμþyαþzt

× Tr½gsðx; zÞgcðz; yÞgθ†s ðx� ν̂; yÞ�: ð25Þ

The corresponding non-Goldstone Ds 2-point function is
given by

C2pt;Ds
ð0;tÞ¼1

4

X
x;y

ð−1Þx̄tþȳt ×Tr½gcðx;yÞg†sðx;yÞ� ð26Þ

and the ϕ 2-point correlator by

C2pt;ϕð0; tÞ ¼
1

4

X
x;y

ð−1Þx>ν þxμþy>ν þyμ

× Tr½gsðx; yÞgθ†s ðx� ν̂; y� ν̂Þ�: ð27Þ

As the 3-point correlator must be a taste-singlet overall,
μ; ν and α must be three different spatial directions. The ϕ
meson polarization vector, vector current and ϕmomentum
must also all be orthogonal to one another due to the ϵμναβ

in Eq. (1). Therefore the momentum of the ϕmust be in the
ν direction. For the vector form factor, Eq. (1) reduces to

hϕðp0; εÞjVαjDsðpÞi ¼
2iϵαμνt

MDs
þMϕ

ε�μp0νptVðq2Þ: ð28Þ

As the Ds meson is at rest, only the time component of its
4-momentum is nonzero so Eq. (28) must include pt, the
Ds energy (in this case, mass). We give our results for
Vðq2Þ in Table III.

5. Comparing form factors to experiment

We fit the correlators for all the axial form factors at all
values of q2 simultaneously on each ensemble. This allows
us to use the correlation matrix between them in our
physical extrapolation. The results in Table III are taken
from fits with 5 exponentials for Sets 1 and 2 and 4
exponentials for Set 3.
The extrapolation of the form factors to zero lattice

spacing and physical light quark masses is more compli-
cated than for meson masses and decay constants since we
want to determine the functional form as a function of q2. It
is convenient to parametrize the form factors using the
z-expansion [23–25]. The conversion from q2 to z is made
using the transformation

zðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p − ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p ; ð29Þ

where tþ ¼ ðmDs
þmϕÞ2. We will use t0 ¼ 0 here which

means that z ¼ 0 corresponds to q2 ¼ 0. The z-expansion
maps the line above the real axis from q2 ¼ ∞ to
q2 ¼ tþ and then back below the real axis to ∞ onto the
unit circle. The semileptonic region 0 < q2 < q2max ¼ t− ¼
ðmDs

−mϕÞ2 is then mapped to a line inside this circle. The
shape of the form factor can be described by a power series
in z. As z is small, the series can be truncated and the form
factor described with only a few terms.
Physical particles of cs̄ quark content that have appro-

priate quantum numbers for that form factor and masses
between tþ and t− will appear as poles inside the unit circle.
We therefore remove those before we transform to z-space:

~Aiðq2Þ ¼
�
1 − q2

M2
Ds1

�
Aiðq2Þ ð30Þ

and

~Vðq2Þ ¼
�
1 − q2

M2
D�

s

�
Vðq2Þ: ð31Þ

The pole masses are MD�
s
¼ 2112 MeV for the vector and

MDs1
¼ 2459 MeV for the axial vector [19]. The pole

factors here are relatively benign because
ffiffiffiffiffiffiffiffiffi
q2max

p
for Ds →

ϕ decay is much smaller than either of these masses. This is
also the reason why we only divide out one pole in each
case, and do not consider higher mass particles. The
z-expansion can then be used to extrapolate the lattice
QCD form factors to the physical limit by making the
coefficients of the terms in z-space depend on the lattice
spacing and sea quark masses [1,26].
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For each of the form factors, ~FðzÞ, we use the fit function

~FðzÞ ¼
X3
n¼0

BF
n

×

�
1þ CF

n

�
a
r1

�
2

þDF
n

�
a
r1

�
4

þ EF
n xl

�
zn: ð32Þ

The fit parameter BF
0 is the form factor at z ¼ q2 ¼ 0 and

chiral parameter xl ¼ ml=ms;phys is given in Table I. We
include up to n ¼ 3 in our fit as we find that all higher terms
make no difference to the results.
All the form factors are fitted together to this form, but

the coefficients are independent for each one. The priors are
taken as 0.0(2.0) for BF

n ðn > 0Þ and 0.0(1.0) for CF
n , DF

n

and EF
n . For CF

n and DF
n this prior width corresponds to

allowing for discretization errors that have a scale set by the
inverse of r1, i.e. 600MeV (see Table I). The EF

n parameters
allow for dependence on the light quark mass in the sea. In
chiral perturbation theory this dependence would normally
be expressed in terms of M2

π=ð4πfπÞ2. Instead we use
ml=ms which is approximately a factor of 2 larger, because
it is a convenient way to define a physical light quark mass
variable, in which mass renormalization effects cancel.
Since the light quark mass dependence only enters through
the sea here, a prior width of 1.0 is conservative on the
EF
n coefficients. The priors for the form factors at z ¼ 0 are

BA1

0 ¼ 0.6ð0.2Þ, BA2

0 ¼ 0.4ð0.2Þ, BV
0 ¼ 1.0ð0.2Þ and BA0

0 ¼
0.7ð0.2Þ. The central values are taken from looking at Fig. 4
and we take a prior width of 0.2 for each (we have checked
that the fit results are not sensitive to this width). As the
values of the form factors at q2 ¼ 0 are given by fit
parameters, we can enforce the kinematic constraint
A3ð0Þ ¼ A0ð0Þ by making the replacement

BA0

0 →
MDs

þMϕ

2Mϕ
BA1

0 −
MDs

−Mϕ

2Mϕ
BA2

0 :

This does not significantly alter the results obtained from
our fit, since they are consistent with the constraint without
imposing it. The physical z-expansion of the form factor is
obtained by setting a ¼ 0 and xl ¼ 1=27.5 [19].
After the extrapolation, the form factors in the physical

limit are converted back to q2 space. We plot the A1ðq2Þ,
A0ðq2Þ, A2ðq2Þ and Vðq2Þ form factors against q2 for the
full physical range of q2 values in Fig. 4. The solid lines are
the central values of the form factors after the extrapolation
and the shaded bands show the errors. The raw lattice
results for each of these form factors are also plotted with
symbols in Fig. 4. We see that the form factors agree well
on each set of gauge configurations and do not vary
significantly with lattice spacing or sea quark masses, so
the extrapolation to the physical point changes the results
very little.

Our results are most accurate for the A1 form factor. In
Table IV we give our values for each form factor at q2 ¼ 0
and its ratio to the A1 form factor at that point. The ratios
can be compared to experimental results from BABAR [4]
who quote rV ¼ Vð0Þ=A1ð0Þ ¼ 1.849ð60Þð95Þ and r2 ¼
A2ð0Þ=A1ð0Þ ¼ 0.763ð71Þð65Þ. We find rV ¼ 1.72ð21Þ
and r2 ¼ 0.74ð12Þ, in agreement with experiment. We
can also take the ratio r0 ¼ A0ð0Þ=A1ð0Þ on the lattice
and we find r0 ¼ 1.14ð6Þ. The error in the lattice QCD
results is dominated in all cases by the statistical error in the
raw lattice results.
To extract the differential decay rate from Eq. (4), we

need to combine the form factors into the helicity ampli-
tudes given in Eqs. (5) and (6). The helicity amplitudes
appear in Eq. (4) as pϕq2jHiðq2Þj2, so we plot this
combination as a function of q2 in Fig. 5 for H�ðq2Þ
and H0ðq2Þ. In Fig. 5, we include a multiplying factor of 32

9

from the angular integration; the factor is the same for each
helicity. This means we are plotting the contribution to the
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FIG. 4 (color online). Lines and bands show the form factors
from our lattice QCD calculation extrapolated to the physical
point as a function of q2 for q2 ¼ 0 to q2max. The form factor
A1ðq2Þ is shown in black, A2ðq2Þ in blue, Vðq2Þ in red and A0ðq2Þ
in green. We also plot the raw lattice results from Table III for
each form factor. The bursts are the lattice data from Set 1,
squares from Set 2 and circles Set 3. At q2max, the ϕ meson is at
rest and only A1ðq2Þ contributes to the decay. We plot the lattice
data for both the local and 1-link determinations of A1ðq2Þ.

TABLE IV. The form factors calculated on the lattice at
maximum recoil. For all the form factors other than A1, we also
give the ratio of the form factor at q2 ¼ 0 to A1ð0Þ.
Form factor Ratio

A1ð0Þ ¼ 0.615ð24Þ –
A2ð0Þ ¼ 0.457ð78Þ r2 ¼ 0.74ð12Þ
A0ð0Þ ¼ 0.706ð37Þ r0 ¼ 1.14ð6Þ
Vð0Þ ¼ 1.059ð124Þ rV ¼ 1.72ð21Þ
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differential decay rate as a function of q2 for each helicity.
The cross terms between different helicity amplitudes in
Eq. (4) vanish when we integrate over the angle χ so these
only affect the distribution in χ, and not in q2. At low q2, the
decay rate is dominated by H0ðq2Þ. Throughout the range
of q2, both H0ðq2Þ and H−ðq2Þ contribute more than
Hþðq2Þ, as expected from the V − A nature of the weak
interaction. As we plot the combination pϕq2jHiðq2Þj2, all
the helicity amplitudes go to zero at q2max because pϕ ¼ 0 in
this limit.

The terms which are suppressed by the lepton mass appear
in the differential decay rate as m2

lpϕjHiðq2Þj2 and the
largest contributions come from Htðq2Þ and H0ðq2Þ which
are enhanced at low values of q2. In Fig. 6, we plot these
contributions as m2

μpϕjHiðq2Þj2, again including factors
from the angular integrals, so that these can be compared
directly with Fig. 5. The scale is the same and shows that
these contributions are only large at small values of q2. The
decayDs → ϕμν has been studied by FOCUS [27]. Here we
compare our results in most detail to those of BABAR [4]
who measured the rate for Ds → ϕeν. For electrons in the
final state, the contributions shown in Fig, 6 are smaller by a
factor of m2

e=m2
μ (¼ 2 × 10−5) and will not be visible.

6. Determining Vcs

The differential decay rate for Ds → ϕlν is given by
Eq. (4) and we can plot it as a function of each of q2, cos θK ,
cos θl and χ by integrating over the other three. The angular
integrals are straightforward and we integrate over q2

numerically. The distributions we obtain from our form
factors are plotted in Fig. 7, where we take the value of Vcs
from unitarity and use Brðϕ → KþK−Þ ¼ 0.489ð6Þ [19].
Our lattice results are plotted as red data points with errors
and the experimental results from BABAR [4] are plotted as
the blue histogram. To avoid the effects of experimental
cuts on the distributions (particularly on the lepton momen-
tum), we reconstruct the decay rate in each bin from the
results quoted by BABAR for the ratios of form factors at
q2 ¼ 0 and the pole masses for the q2 distributions they
obtain from fits to their data. The experimental errors are
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FIG. 5 (color online). The Ds → ϕlν helicity amplitudes
constructed from our extrapolated form factors. They are shown
as pϕq2jH�ðq2Þj2 and pϕq2jH0ðq2Þj2, including the kinematic
factors that appear in the differential decay rate. At the q2 ¼ q2max
end of the distribution, pϕ → 0 and each of the helicity
amplitudes vanishes.
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FIG. 6 (color online). Helicity amplitude contributions toDs →
ϕlν which are suppressed by the lepton mass. Here we plot the
contributions from H0ðq2Þ and Htðq2Þ which are enhanced at
small values of q2. They are plotted as they appear in the
differential decay rate for muons, i.e.m2

μpϕjHiðq2Þj2. The scale is
the same as in Fig. 5. For semileptonic decay with electrons in the
final state, these contributions are further suppressed.
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FIG. 7 (color online). Decay distributions for Ds → ϕlν with
ϕ → KþK− for each of the kinematic variables in the decay. The
decay angles are shown in Fig. 1 and described in the text. The
lattice results are shown with the red points with error bars and
the experimental results by blue blocks. The experimental errors
are not plotted, but are of similar size to the lattice errors.
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not plotted, but they are of a similar size to our lattice
errors. There is good agreement between the lattice results
and experiment both in magnitude and shape for each of the
differential distributions. We discuss the different distribu-
tions one by one below.
After performing the angular integrals, all of the helicity

factors, jHþðq2Þj2, jH−ðq2Þj2 and jH0ðq2Þj2 have the same
coefficient in the q2 distribution. The relative contribution
of each one as a function of q2 is then as shown by Fig. 5.
The cos θl distribution is dominated by H0 at

cos θl ¼ 0. jH0j2 appears with a factor of ð1 − cos2 θlÞ
so makes no contribution at the cos θl ¼ �1 ends of the
distribution. At cos θl ¼ 1, the only helicity that contrib-
utes is Hþ and at cos θl ¼ −1, only H− contributes as
these helicity amplitudes appear with factors ð1� cos θlÞ2.
We see that the distribution is larger at cos θl ¼ −1 than
þ1, which is a result of the dominance of H− over Hþ
coming from the V − A weak interation.
The helicities H� both contribute to the cos θK distri-

bution as 1 − cos2 θK and dominate at cos θK ¼ 0. At
cos θK ¼ �1, the only contribution is from H0, which
contributes as cos2 θK. The coefficients from the integrals
over cos θl and χ are 16

3
for jH0j2 and 8

3
for jHþj2 þ jH−j2.

The χ distribution is a constant with an oscillation of
− cos 2χHþðq2ÞH−ðq2Þ as the H0ðq2ÞH�ðq2Þ terms in
Eq. (4) vanish when we integrate over the other angles.
By integrating over all of the kinematic variables, we can

calculate the total decay rate. We can then extract Vcs by
comparing the total decay rate to that measured by BABAR
in [4]. We take BABAR’s branching ratio for Ds → ϕeþνe
of 2.61ð17Þ × 10−2 and τDs

¼ 500ð7Þ × 10−15 s [19].
The experimental measurements and lattice calculation
differ by a factor of jVcsj2 so we obtain Vcs ¼
1.017ð44Þlattð35Þexptð30ÞKK̄. The error from lattice QCD
includes statistical errors from the lattice data (which
dominate), uncertainty in the determination of the weak
current Z factors and the extrapolation to the physical point.
The final error takes into account the fact that the ϕ meson
has a strong decay mode to KK̄. As discussed in Sec. IVA,
we estimate this error to be 3%. This gives us a final result
of Vcs ¼ 1.017ð63Þ.
This value is in agreement with unitarity [19] and other

lattice measurements of Vcs fromDs leptonic [8] decay and
D → Klν semileptonic [1] decay.

V. DISCUSSION

For pseudoscalar to pseudoscalar meson transitions, we
have found that the form factors agree for D → K and
Ds → ηs to within 2% [1]. These decays differ only by
whether the spectator quark in the decay is a light or
strange quark. To test whether the same is true for the
pseudoscalar to vector transitions, we can compare the
form factors we extract for Ds → ϕ with experimental
results for D → K�.

BABAR [28] give results for D → K�lν form factors:
rV ¼ 1.463ð35Þ, r2 ¼ 0.801ð28Þ and A1ð0Þ ¼ 0.620ð11Þ.
Our numbers in Table IV agree well with these results.
CLEO [6] give their reconstructed values of q2jHiðq2Þj2

for i ¼ �; 0 in q2 bins. We construct the D → K� helicity
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FIG. 8 (color online). Comparison of lattice QCD with CLEO’s
determination [6] of the helicity amplitudes for D → K�. We
assume that the form factors are insensitive to the spectator quark
mass, so we can construct the D → K� helicity amplitudes using
the same form factors as Ds → ϕ. The data plotted is normalized
such that q2jH0ðq2Þj2 → 1 as q2 → 0.
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amplitudes from Eqs. (5) and (6), using the same form
factors as Ds → ϕ and replacing the meson masses and
kinematic factors with those appropriate for D → K�.
In Fig. 8, we plot q2H2

i ðq2Þ for H� and H0. The lattice
data is plotted in red and CLEO’s results are in black. The
final red point is offset slightly from experiment–it is at
q2max ¼ 0.954 GeV2. The CLEO data is normalized by
q2jH0ðq2Þj2 → 1 as q2 → 0, so we apply the same nor-
malization condition to the lattice results.
There is reasonable agreement between lattice and

experiment, which indicates that the semileptonic form
factors for Ds → ϕ and D → K� also show little depend-
ence on the spectator quark mass. However, the comparison
between the Ds → ϕ and D → K� decays may be further
complicated by the vector particles’ widths. We have
treated the ϕ meson as stable in our calculation of the
semileptonic form factors and take a systematic error, as
described in Sec. IVA, to account for this. The width of the
K� is considerably larger than that of the ϕ and this may
have a larger effect on the D → K�lν decay, limiting the
extent to which we can expect it to be well described by the
Ds → ϕlν form factors we have calculated. This strong
decay mode also makes it difficult to calculate D → K�
form factors directly to high accuracy in lattice QCD.
We do not compare the results for Htðq2Þ because the

experimental errors are too large. However, CLEO are able
to use the ratio of semileptonic decays to electrons and
muons to extract information about the lepton-mass-
suppressed helicity functions. This is encouraging for a
future comparison of these helicity functions between
lattice QCD and experiment.

VI. CONCLUSIONS

We have calculated the complete set of axial vector and
vector form factors for a pseudoscalar to vector weak
semileptonic decay from full lattice QCD for the first time.
We chose the process Ds → ϕlν because the initial and
final mesons contain no valence light quarks and so we can
do a relatively accurate calculation. We are also able to
cover the full range of q2 available to the decay. Calculating
all of the form factors allows us to construct the angular
decay distributions which contain information about the
helicity of the W boson because the final state particle is a
vector. The distributions we obtain are in good agreement
with those observed by experiment.
Comparison of the total rate, integrated over all kin-

ematic variables, with the experimentally measured
branching fraction allows us to extract a value for the
CKM element Vcs. Our final result for Vcs is
1.017ð44Þlattð35Þexptð30ÞKK̄. In Fig. 9, we compare this
value with those from the lattice determination of the Ds
decay constant and its comparison toDs leptonic decay and
from the D → K form factor and its comparison to D
semileptonic decay. The value from CKM unitarity is also
shown. We see that the result fromDs → ϕ decay is in good

agreement with the other results but has larger errors. This
is a combination of both larger lattice QCD and exper-
imental errors. The lattice QCD error is dominated by the
statistical error in the determination of the form factors.
Although the current calculation did use a large sample of
configurations, reducing the statistical error is certainly
feasible at these values of the lattice spacing. This would
make an improved experimental error, for example from
BESIII, highly desirable.
The fact the ϕ has a strong decay to KK̄ and so is not

gold-plated is an additional source of uncertainty. Here we
have estimated this at 3% based on studies of the ϕ mass
and decay constant as well as phenomenological argu-
ments. For the ϕ meson, we find Mϕ ¼ 1.032ð16Þ GeV
and fϕ ¼ 241ð18Þ MeV, leading to Γðϕ → eþe−Þ ¼
1.41ð21Þ keV, in agreement with experiment (1.27(4)
keV [19]). Further studies are underway of the ϕ with
improved statistical accuracy and on gluon field configu-
rations that include lighter u=d quarks going down to
physical masses [29]. These should establish to higher
accuracy the effect of the strong decay on the ϕ properties.
Several elements of our calculation point the way toward

future work. We have been able to determine the pseudo-
scalar form factor here which contributes to a lepton-mass-
suppressed helicity contribution to the decay rate. This
could be observed experimentally in theDs → ϕμν channel
and would give an additional handle to test weak inter-
actions. We have also tested further the fact that heavy
meson form factors at a given q2 value seem to be
insensitive to the spectator quark mass (between light
and strange masses). Direct tests of this experimentally
(for example between Ds → ϕ and D → K�) would be
interesting.
As we have seen here and in other calculations, for

example [2,9], the HISQ action gives very small discreti-
zation errors for c quarks. This points the way to its use for
heavier quark masses. Extrapolations to the b can be done
accurately if results at multiple lattice spacings are avail-
able, including very fine lattices [30–32]. The results here
demonstrate that we can calculate pseudoscalar to vector
meson transitions using HISQ valence quarks with non-
perturbative normalization of the vector and axial vector
currents. Working at heavier masses and finer lattices and
extrapolating then gives us a new method for determining
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FIG. 9 (color online). Comparison of the values of Vcs obtained
here from Ds → ϕ decay and those from Ds leptonic decay [8]
andD → K semileptonic decay [1]. We also show the result from
CKM unitarity [19].
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vector and axial vector form factors for, for example, B →
D�lν decays (for determination of Vcb) and Bs → ϕlþl−
decays (to search for new physics).
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APPENDIX A: NONPERTURBATIVE
RENORMALIZATION FACTORS FOR

STAGGERED BILINEARS

For the staggered currents in the correlation functions
needed to extract the Ds → ϕ form factors and the ϕ decay
constant, we have used a number of staggered axial vector
and vector operators. We used both a one-link vector with
spin-taste γμ ⊗ 1 and a local vector with spin-taste γμ ⊗ γμ
for the ϕ meson 2-point correlators. The Ds → ϕ vector
form factor was extracted using a local vector current
(γμ ⊗ γμ) for the charm to strange transition. The axial
vector form factors were extracted using both a one-link
point split operator (γ5γμ ⊗ γ5) and a local axial vector
operator (γ5γμ ⊗ γ5γμ). We have calculated renormaliza-
tion factors for each of these operators nonperturbatively.
The renormalization factors, Z, on each of the ensembles
used are given in Table V. The methods used to extract the
Z factors are described in the following sections.
Note that the local scalar (1 ⊗ 1) and pseudoscalar

(γ5 ⊗ γ5) operators that we use here are absolutely nor-
malized through the partially conserved vector or axial
vector current relation. This requires them to be multiplied
by, respectively, the difference and sum of the lattice quark
masses for the quarks appearing in the current. No Z factor
is then needed for these operators.

1. 1-link vector

The matrix element for a general pseudoscalar to
pseudoscalar meson transition can be written as

hPðpÞjVμjP0ðp0Þi ¼ fþðq2Þ
�
pμ þ p0μ −M2

P −M2
P0

q2
qμ
�

þ f0ðq2Þ
M2

P −M2
P0

q2
qμ; ðA1Þ

where P and P0 are pseudoscalar mesons with momenta
p and p0 and masses MP and MP0 , respectively and
qμ ¼ p0μ − pμ.
When q2 ¼ 0, the form factors fþð0Þ and f0ð0Þ are

equal. This can be used to normalize the vector current by
making a 3-point function with identical mesons at the
source and sink. Eq. (A1) reduces to

hPðpÞjVμjPðpÞi ¼ 2pμfþð0Þ: ðA2Þ

We normalize the Vμ operator by insisting that fþð0Þ ¼ 1,
so we have

ZhPðpÞjVμjPðpÞi ¼ 2pμ: ðA3Þ

Here we work with a spatial vector current so this
calculation must be done with mesons with the same
nonzero momentum.
It is particularly easy to normalize the taste-singlet vector

operator (γμ ⊗ 1) in this way because a staggered propa-
gator can be used as the spectator quark in the 3-point
correlator. The identical mesons at each end of the 3-point
function must be created with operators of the same taste so
we get an overall taste-singlet 3-point correlator only if we
use the taste-singlet vector operator, which is a 1-link point-
split current. To obtain the same nonzero momentum for the
source and sink mesons we calculate the spectator quark
propagator with a phased boundary condition as in Eq. (9)
[17]. The 3-point correlator for an ηs → ηs 3-point function
with this vector current inserted between strange propa-
gators is then

C3ptð0; t; TÞ ¼
1

4

X
x;y;z

ð−1Þy<μ εðyÞεðzÞ

× Tr½gθsðx; zÞgsðz; yÞg†sðx; y� μ̂Þ�: ðA4Þ

TABLE V. The Z factors on each ensemble for the staggered bilinears used. In columns 2 and 3 are the Z factors for the ss̄ vector
currents used for fϕ. For Zγμ⊗1 we use the same result, calculated on set 2, for both coarse lattices, sets 1 and 2, since we do not expect
the result to depend significantly on the sea quark masses. In column 4 is the renormalization factor for the local axial vector ss̄ current.
In columns 5, 6 and 7, the Z factors for the local vector, the 1-link axial vector and the local axial vector for the cs̄ weak currents in the
Ds → ϕlν calculations. For completeness we give in the final two columns the results for cc̄ local and 1-link vector currents [1,9] for
comparison to ss̄.

Set Zss̄
γμ⊗1 Zss̄

γμ⊗γμ
Zss̄
γ5γμ⊗γ5γμ

Zcs̄
γμ⊗γμ

Zcs̄
γ5γμ⊗γ5

Zcs̄
γ5γμ⊗γ5γμ

Zcc̄
γμ⊗1 Zcc̄

γμ⊗γμ

1 1.104(15) 1.007(12) 0.990(2) 1.027(3) 1.065(7) 1.038(3) 1.094(9) 0.9896(11)
2 1.104(15) 1.003(9) 0.994(2) 1.020(10) 1.065(5) 1.036(4) 1.094(9) 0.9894(8)
3 1.047(6) 1.009(11) 0.992(3) 1.009(2) 1.017(5) 1.020(6) 1.064(11) 1.0049(10)
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As before, the sites x, y and z are at times 0, t and T,
respectively and we sum over lattice sites on the same time
slice. Note that our 1-link vector current is defined here
with no gluon field factors on the links. This is a choice that
we can make because our gluon fields are fixed to Coulomb
gauge and we are working with spatial vector currents. The
method described here would be the same for a 1-link
vector current that includes the gluon field but the Z factor
obtained would be different.
To obtain the Z factors the 3-point correlators are fitted,

along with the appropriate 2-point correlators, according to
the fit form given in Eq. (11). For the ηs we use the
Goldstone pseudoscalar operator so that the 2-point corre-
lator is simply the modulus squared of the strange quark
propagator. Since the 3-point function is symmetric in
this case, with identical mesons at 0 and T, we can impose
on the fit that Vnn and Voo are symmetric matrices and
Von ¼ Vno.
The Z factors obtained for the 1-link taste-singlet vector

current are given in Table V [33] and are labeled as Zss̄
γμ⊗1.

Note that the Z factors in this case are significantly different
from 1. The Z factor was shown in [33] to be independent
of the spatial momentum used for the spectator quark and
of whether the spectator was a charm or strange quark (i.e.
comparing ηs → ηs with Ds → Ds). We also found that the
Z factor did not change significantly between a cc̄ and ss̄
current [1,33]. The results for the 1-link cc̄ current between
two Ds mesons is also given in Table V for completeness.

2. Local vector

We use a local vector current for fϕ with equal mass
(both strange) quarks. We also use the same operator with
unequal quark masses for the charm to strange transition in
Ds → ϕ. The Z factors for these two cases are calculated
with different methods. In both cases, it is simplest to
normalize the temporal vector; for the relativistic HISQ
action the renormalization factors for the spatial and
temporal components will differ only by discretization
effects which vanish in the continuum limit. For a temporal
vector current renormalization we can work with mesons
at rest.

a. Equal quark mass case

As the local vector operator is not a taste-singlet, it
cannot simply be inserted into a pseudoscalar to pseudo-
scalar symmetric 3-point function where staggered quarks
are used for each of the propagators. However, it can be
normalized using a 3-point function where the spectator
quark retains 4 spin components. Here it is convenient to
use NRQCD for the spectator quark, as we did for the local
charm-charm vector operator in [9]. The staggered-
staggered current renormalization factor should not depend
(up to discretization effects) on the details of the spectator
quark, so there is no need for the NRQCD quark mass to
correspond to a physical quark.

To combine a staggered propagator with one carrying
spin indices, we convert the staggered propagator to a
4-spin naive propagator using the products of γ matrices
(here denoted Ω) which diagonalize the naive quark action
in spin space [2]. A staggered-NRQCD 2-point correlator is
given by

C2ptð0; tÞ ¼
X
x;y

TrfGNRQCDðx; yÞΩðyÞg†ðx; yÞΩ†ðxÞg;

ðA5Þ
where sites x and y are at times 0 and t, the sum is over time
slices and the trace is over both spin and color. The
staggered propagator gðx; yÞ contains no spin dependence
and the Ωmatrices contain no color, so that the traces in the
correlator can be separated:

C2ptð0; tÞ¼
X
x;y

TrcfTrs½Ω†ðxÞGNRQCDðx;yÞΩðyÞ�g†ðx;yÞg:

ðA6Þ

This shows that we can take the spin trace after multiplying
the NRQCD propagator by the Ω matrices and we can do
this before combining it with the staggered propagator.
We can extend this to 3-point functions and take the

spin trace of the NRQCD propagator and γ matrices in
the middle of the calculation. The 3-point correlation
function is

C3ptð0; t; TÞ ¼
X
x;y;z

εðzÞð−1Þyt

× TrcfTrs½γtΩ†ðxÞGNRQCDðx; zÞΩðzÞ�gðz; yÞg†ðx; yÞg;
ðA7Þ

where sites x, y and z are at times 0, t and T. The NRQCD
propagator is the spectator (propagator 1 in Fig. 2). We useP

xεðzÞTrs½γtΩ†ðxÞGNRQCDðx; zÞΩðzÞ� as the source for
the inversion of extended propagator 2.
We calculate the NRQCD-HISQ 2-point and 3-point

functions for different T values. Details of the parameters
used and results are given in Table VI. Up to discretization

TABLE VI. Further details for the calculation of the Z factors
on each ensemble for the local s̄ðγμ ⊗ γμÞs operator. 4 time
sources were used per configuration. The NRQCD masses used
are given in column 2. For ensemble 2, two masses were used for
the NRQCD spectator quark. Column 3 gives the values of T used
for the 3-point correlators and column 4 gives the Z factor.

Set amh T values Z

1 2.0 15,16,20,21 1.007(12)
2 2.0 15,16,20,21 1.003(9)

2.8 15,16,20,21 0.996(13)
3 1.5 24,25,30,31 1.009(11)
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effects, Z should not depend on the mass of the spectator
quark. On ensemble 2, the Z factor was calculated using
two values of the heavy NRQCD quark mass, amh, and the
results agree within the statistical errors. The Z factors used
to normalize the current for fϕ are the ones obtained with
amh ¼ 2.0 for the coarse ensembles 1 and 2 and amh ¼ 1.5
for the fine ensemble 3. These NRQCD masses correspond
to approximately the same physical quark mass.
We summarize our results for Zss̄

γμ⊗γμ
in Table V. Values

are close to 1 for this vector operator. For completeness we
also give results for the local cc̄ current from [9].

b. Unequal quark mass case

The local temporal cs̄ vector can be normalized using a
local non-Goldstone Ds (made with a γtγ5 ⊗ γtγ5 operator)
in a Ds → ηs 3-point correlator with both the Ds and ηs at
rest. From Eq. (A1) we see that the matrix element is then
given by f0ðq2maxÞðMP þMP0 Þ, up to a Z factor for the
vector current. By comparing this to the result from
the absolutely normalized local scalar current between
the Goldstone Ds and ηs we can extract Z [1,26]. The
scalar current matrix element is given by:

hPðpÞjSjP0ðp0Þi ¼ f0ðq2Þ
M2

P0 −M2
P

m01 −m02

ðA8Þ

where P0 is a Ds meson, P, an ηs, m01 is the lattice charm
quark mass and m02, the lattice strange quark mass.
The difference in mass between the Goldstone and non-

GoldstoneDs is a small lattice artefact which will mean that
q2max is not quite the same in the two cases. These two
masses appear in Table III; we use a Goldstone Ds in our
extraction of the axial vector form factors and the non-
Goldstone Ds is used when calculating the vector form
factor. We see that the difference between them is very
small even on the coarse lattices, and is clearly vanishing
rapidly as the lattice spacing goes to zero.
The renormalization factors that we obtain from this

method are given in Table V as Zcs̄
γμ⊗γμ

. Similarly to the
equal mass case, they have values close to 1.

3. 1-link axial vector

The 1-link axial vector operator (γμγ5 ⊗ γ5) that we use
includes a point-splitting in the same spatial direction as the
polarization of the axial vector. It therefore has the same
taste as local pseudoscalar operator and the partially
conserved axial current, and we can use this to normalize
it. For the HISQ action, the partially conserved axial current
relation gives

pμh0jAμjP0i ¼ ðm01 þm02Þh0jγ5jP0i ðA9Þ

for a pseudoscalar meson P0 with valence quarks of lattice
quark masses m01 and m02.

We can then normalize the 1-link axial vector operator
using a correlation function where P0 is created using a
local pseudoscalar and destroyed with a 1-link axial vector.
The correlator is

CPS→AVð0; tÞ ¼
i
4

X
x;y

ð−1Þy<μ × Tr½g1ðx; yÞg†2ðx; y� μ̂Þ�

ðA10Þ

where x is at time 0 and y at t. The point-splitting at y is
implemented by averaging over links in the forward and
backward directions. We fit simultaneously with the
pseudoscalar 2-point correlator where P0 is created
and destroyed by the same local pseudoscalar operator,
given by

CPS→PSð0; tÞ ¼
1

4

X
x;y

Tr½g1ðx; yÞg†2ðx; yÞ�: ðA11Þ

The form of the fit used is given for the 2-point function
in Eq. (11). Since we have different operators at the source
and sink for theCPS→AV correlators, the amplitudes for each
state in that case are the product of a source operator
amplitude and a sink operator amplitude. Thus, for the
ground state, the amplitude in CPS→PS is d2PS and for
CPS→AV it is dPSdAV .
Including the Z factor for the operator, the axial vector fit

amplitude dAV is then related to the pseudoscalar amplitude
dPS through Eq. (A9) by

ZdAV ¼ m01 þm02

M2
P0

pμdPS: ðA12Þ

Because the μ direction is spatial here, we need to include
momentum in the meson to normalize the axial vector
operator in this way.
The ratio dAV=dPS is plotted against the meson momen-

tum for pseudoscalar mesons containing charm and strange
quarks for coarse set 2 in Fig. 10. From Eq. (A12), the
ratio should be proportional to pμ, where the μ is the
direction of the axial vector, and we see that the results
indeed do give straight lines through the origin. The Z
factor can then be extracted from the gradient, which is
ðm01 þm02Þ=ðM2

P0
ZÞ.

If the quark masses are unequal and we use the 1-link
operator in Eq. (A10), then we find a dependence on which
quark propagator carries the meson’s momentum. For the
cs̄ current that we use, the operator is normalized with the s
quark carrying the momentum. This is the same situation as
appears in the Ds → ϕ 3-point functions. The effects of
including momentum in point-split operators are discussed
further in Appendix B. We find that the dependence on
which quark carries the momentum is a lattice spacing
artefact.
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The values we obtain for Zcs̄
γ5γμ⊗γ5

for each ensemble are
given in Table V.

4. Local axial vector

The temporal component of the local axial vector
(γ5γt ⊗ γ5γt) can be normalized by comparing amplitudes
for Goldstone and local non-Goldstone pseudoscalar
meson correlators. To normalize the cs̄ current which
appears in the charm to strange decay, we simply demand
that the matrix element for the temporal axial current be the
same for Goldstone and non-Goldstone Ds mesons.
From fits to the separate Goldstone and non-Goldstone

correlators we obtain amplitudes for the ground-state of dPS
and dLTAV , respectively. And then, from Eq. (A12) but for
the temporal case at zero momentum, we have normaliza-
tion condition

ZdLTAV ¼ ðm0c þm0sÞ
MDs

dPS: ðA13Þ

As before, a small discretization effect arises from the fact
that the masses of the Goldstone and non-Goldstone Ds are
not exactly the same at nonzero lattice spacing. The
renormalization factor, Zcs̄

γ5γμ⊗γ5γμ
, is easily extracted and

given in Table V. We also give the result there for the ss̄
current applying the same method to the ηs meson. In that
case the meson mass difference between goldstone and
non-Goldstone mesons is more significant and we use the
Goldstone meson mass (see Table II) in Eq. (A13).
We can compare renormalization factors for the local

vector and local axial vector currents in Table V. We expect
the factors to be very similar from perturbation theory for

currents with the same amount of point-splitting [34]. This
is approximately borne out by our results.

APPENDIX B: POINT-SPLIT OPERATORS
WITH MOMENTUM

Here we consider an issue with momentum and point
split operators, which arises for the pseudoscalar to axial
vector correlators we consider in Appendix A 3.2 For quark
propagators carrying momentum, we use boundary con-
ditions that incorporate a phase as in Eq. (9) [16,17]. A
propagator gθa1 ðx; yÞ for a quark with mass m1 carrying
momentum pa is related to propagator calculated without
twisted boundary conditions by

gθa1 ðx; yÞ ¼ g1ðx; yÞe−iθaðx−yÞ ðB1Þ

where pa ¼ θa=Ls for a lattice of spatial size Ls.
For the 1-link spatial axial vector current, we implement

a symmetric point-splitting at the sink in, say, the μ
direction and write the correlator as

i
2
gθ1†1 ðx; yÞfgθ22 ðx; yþ μ̂Þ þ gθ22 ðx; y − μ̂Þg ðB2Þ

omitting the sum over time slices, staggered phase and
color trace. Note that the staggered phase in Eq. (A10) does
not contain ð−1Þyμ which means that the phase factor is the
same at y and y� μ̂.
The meson made of quarks 1 and 2 has total momentum

θtotal ¼ θ2 − θ1 so the twisted boundary condition only
needs to be applied in one of the inversions. Also different
combinations of θ1 and θ2 should give the same result for
the same θtotal. When the two quarks have equal mass it
makes no difference, but in the unequal mass case the
simple operator in Eq. (B2) shows results that depend on
which quark carries which momentum.
The simplest case to study is that in which the total

momentum given by θ is zero. Then the amplitude of the
spatial axial vector current between the vacuum and a
pseudoscalar meson (i.e. dAV in Appendix A 3) should be
zero. Putting momentum θ2 ¼ θ1 ¼ θ and writing Eq. (B2)
in terms of propagators with no twist gives

i
2
g†1ðx; yÞfg2ðx; yþ μ̂Þeiθ þ g2ðx; y − μ̂Þe−iθg: ðB3Þ

This should give zero for all values of θ when summed over
y. In the equal mass case this is true because the two pieces
are complex conjugates of each other so the real part of the
correlator is zero (configuration by configuration).
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FIG. 10 (color online). The ratio of axial vector and pseudo-
scalar amplitudes plotted against meson momentum in lattice
units for pseudoscalar mesons made from c and s valence quarks.
The results come from coarse lattices, set 2. This ratio is
proportional to the momentum and the renormalization factor
for the axial vector operator can be extracted from the gradient of
the line, given by m01þm02

M2
P0

1
Z.

2The issues raised here are not specific to the staggered
formalism but would occur in any lattice formalism. We are
using small spatial momenta here; for large momenta close to
π=a, taste-changing can occur for staggered quarks as discussed
in [2].
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In the unequal mass case the amplitude is not zero and
depends on θ. In Fig. 11, we plot the ratio for Ds mesons
created this way on both fine and coarse gauge configu-
rations. The data is from Sets 2 and 3 with approximately
the same lattice length in physical units (aLs) so the same θ
on each corresponds to the same physical momentum. We
see that the difference of the ratio from zero depends
linearly on the momentum carried by each quark, denoted
by θ. We also see, however, that the difference is less on the
fine lattices than on the coarse. A similar situation holds for

nonzero meson momentum in that the amplitude ratio
shows a spread which depends on how that momentum is
made up from the quark momenta.
In Fig. 12, we plot the same zero momentum meson data

as in Fig. 11, but now against a2. For each value of θ, we
see that the discrepancy depends on a2. This demonstrates
that the ambiguity in which quark carries the meson’s
momentum is a discretization error. In our results (as
discussed in Appendix A 3) we have determined Z using
twisted boundary conditions for the s quark. The results
above show that the same results would be obtained in the
continuum limit if instead we had used twisted boundary
conditions for the c quarks.
Another possibility would be to use a definition of the

point-split operator that is more symmetric and therefore
less affected by the way in which the momentum is split
between the propagators. One example would be to
combine propagators gθ11 ðx; yÞ carrying momentum θ1
and gθ22 ðx; yÞ carrying θ2 in the following way:

i
4

n
gθ1†1 ðx; yÞgθ22 ðx; yþ μ̂Þe−iθ2

þ gθ1†1 ðx; yþ μ̂Þgθ22 ðx; yÞeiθ1
þ gθ1†1 ðx; yÞgθ22 ðx; y − μ̂Þeiθ2

þ gθ1†1 ðx; y − μ̂Þgθ22 ðx; yÞe−iθ1
o

ðB4Þ

which has meson momentum θtotal ¼ θ2 − θ1. If the meson
is to carry momentum θ using only a phase in the quark
propagator g2ðx; yÞ, then we have θ1 ¼ 0; θ2 ¼ θ and if the
momentum is carried only by g1ðx; yÞ then θ1 ¼ −θ;
θ2 ¼ 0. In either case, writing Eq. (B4) in terms of
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FIG. 11 (color online). The ratio of the axial vector to
pseudoscalar amplitudes in the case where the charm and strange
propagators carry the same phase at the boundary, θ. In this case,
the total meson momentum is zero and we expect this ratio to be
zero. The ratio is plotted against the momentum carried (in
opposite directions) by each propagator. The blue squares are for
the coarse Set 2 and the red circles for fine Set 3. These gauge
configurations have approximately the same physical size, so the
same θ corresponds to the same physical momentum on each.
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FIG. 12 (color online). The ratio of the axial vector to
pseudoscalar amplitudes in the case where the charm and strange
propagators carry the same twist. In this case, the total meson
momentum is zero and we expect this ratio to be zero. The ratio is
plotted against a2. Sets 2 and 3 have different lattice spacing, but
the same physical size so the same twist θ on each corresponds to
the same physical momentum. The red and blue data points are
for the cases in which both the strange and charm propagators
carry θ ¼ 4; 7.
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FIG. 13 (color online). The ratio of axial vector to pseudoscalar
fit amplitudes plotted against Ds total momentum (given by the
difference of phases carried by the c and s quarks), where the
1-link axial vector operator is given by Eq. (B4). The different
symbols indicate the momentum (phase at the boundary) carried
by the charm quark. Results are for the coarse lattices, set 2. Now
the amplitude ratio agrees for points where the meson total
momentum is same.
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propagators calculated without twisted boundary condi-
tions gives

ie−iθðx−yÞ
4

fg†1ðx; yÞg2ðx; yþ μ̂Þ þ g†1ðx; yþ μ̂Þg2ðx; yÞ
þ g†1ðx; yÞg2ðx; y − μ̂Þ þ g†1ðx; y − μ̂Þg2ðx; yÞg: ðB5Þ

This is also true for all θ1 and θ2 that satisfy θ2 − θ1 ¼ θ.

Using this form of the 1-link axial vector operator gives
the axial vector to pseudoscalar amplitude ratios for the Ds

shown in Fig. 13. Now we see that the amplitude is zero at
zero meson momentum and we have good agreement
between amplitude ratios for a given meson momentum
that correspond to a different distribution of momentum
between s and c quarks.
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