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We study the process e−eþ → ZH where H represents the standard model (SM) Higgs particle HSM, or
the minimal supersymmetric standard model (MSSM) ones h0 and H0. In each case, we compute the one-
loop effects and establish very simple expressions, called supersimple (sim), for the helicity-conserving
(dominant) and the helicity-violating (suppressed) amplitudes. Such expressions are then used to construct
various cross sections and asymmetries, involving polarized or unpolarized beams and Z-polarization
measurements. We examine the adequacy of such expressions to distinguish SM from MSSM effects or
from other types of beyond the standard model contributions.
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I. INTRODUCTION

Our basic motivation for this study is that after the Higgs
boson [1] discovery [2], precise analyses of Higgs proper-
ties are necessary in order to confirm its origin and nature:
standard model (SM), SUSY, other extensions, compos-
iteness, etc. Such searches will be done in several places
and with various processes [3], in particular at the future
ILC [4].
Our aim here is to look for simple tests, using exper-

imental measurements at high energies, which could
immediately distinguish SM or minimal supersymmetric
standard model (MSSM) contributions, from possible
additional (small) anomalous beyond the standard model
(BSM) effects.
For various processes observable at LHC or ILC, we

have already shown that one-loop effects can be described,
at sufficiently high energies, by simple expressions which
reflect in a clear way the nature of the underlying dynamics.
We have called these expressions “supersimple” (sim) and
we have already derived them for e−eþ → tt̄, e−eþ →
W−Wþ and other processes [5–9]. In all cases, these simple
expressions can help distinguish SM or MSSM from other
BSM (beyond the standard model) dynamics.
In this paper we concentrate on e−eþ → ZH. This

process has been considered as the most important one
for studying the Higgs boson at e−eþ colliders [10]. As we
point out below, there are several points that may be added
to the previous analyses of this process, even in the SM
case [10].
In the next sections we examine the contents of the Born

and one-loop amplitudes for this process. At the Born level,
we verify that the helicity-conserving (HC) amplitudes
(those involving longitudinal Z states) are the dominant
ones at high energies, behaving like constants; while the

helicity-violating (HV) amplitudes (those involving trans-
verse Z states) are high energy suppressed, but only like
mZ=

ffiffiffi
s

p
. This is in agreement with the asymptotic helicity

conservation rule, which claims (to all orders), that the HC
amplitudes are the only ones that may be asymptotically
nonvanishing [5,6].
At the one-loop level, the aforementioned high energy

behavior of the various amplitudes is only modified by
ln and ln2 terms accompanied by constant terms. The
coefficients of these terms possibly involve ratios of
Mandelstam variables. This way, we establish the afore-
mentioned “sim” expressions. Such expressions clearly
emphasize the dynamics behind the high energy values of
the various helicity amplitudes.
We first work in the SM case. Particularly for the HC

amplitudes, it is instructive to see how the sim expressions
are realized through cancellations among various contri-
butions, and how their various logarithmic terms combine
to produce the Sudakov forms expected by the general rules
[11]. For achieving this, it is advantageous to use the
equivalence theorem relating the longitudinal Z amplitudes
to the Goldstone eþe− → G0H ones, not only at tree level
[12], but also to all orders in SM or MSSM [13].
For the HV eþe− → ZH amplitudes, the rather weak

mZ=
ffiffiffi
s

p
Born suppression is considerably modified by ln

and ln2 one-loop corrections. Therefore, at intermediately
high energies, we cannot completely neglect the one-loop
corrections for them, as we have done for e−eþ → tt̄,
W−Wþ [8,9]. Therefore, sim expressions for them are also
needed. It turns out that these one-loop corrections are more
complicated than those for the HC ones, reflecting the fact
that there is no Sudakov rule for the HV amplitudes [11].
In a second step we consider the MSSM cases e−eþ →

Zh0 and e−eþ → ZH0. Apart from a simple mixing factor
for the Higgs coupling (which strongly suppresses the H0
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amplitudes) the corresponding Born terms are similar to
those of the SM case. At one-loop level though, there are
specific supersymmetric contributions, involving sfer-
mions, charginos and neutralinos and additional Higgs
bosons. We establish the corresponding MSSM sim expres-
sions for the HC and HVamplitudes and we compare them
with those of the SM case.
Finally, as the HV amplitudes always give only small

contributions to the various observables, it is sufficient
to use simple fits for them, which we present in
Appendix B. 1.
In a final step we compare the SM and MSSM effects,

based on either the exact one-loop or sim expressions for
the various amplitudes. In addition the SM effects are
compared to those of a tree-level BSM contribution created
by some anomalous HZZ and HZγ couplings [14].
To this aim, we study whether the sim expressions may

be sufficient for a good description of various e−eþ → ZH
observables, in either SM or MSSM. As such, we consider
cross sections involving unpolarized e∓ beams, as well as
forward-backward and polarization asymmetries con-
structed by using polarized e− beams and/or measuring
the final Z polarization. It turns out that some of these
observables may be useful, not only for distinguishing SM
from a BSM model like the one mentioned above, but they
may also be sensitive to SM-MSSM differences.
The contents of the paper are the following. In Sec. II we

give the expressions for the Born helicity amplitudes for
HSM, h0, andH0 production. In Sec. III we present the one-
loop effects in the on-shell renormalization scheme. Their
sim expressions are introduced in Sec. IV for all HC and
HV amplitudes, while the complete results are given in
Appendixes A and B. In Sec. V we give an example of an
effective BSM contribution created by some anomalous
couplings of the Standard Model Higgs particle. The
possibility of a complete amplitude analysis using various
unpolarized and polarized observables is described in
Sec. VI, while the corresponding numerical analysis,
including illustrations, is given in Sec. VII. Section VIII
contains the conclusions on the possibility of discriminat-
ing SM or MSSM from some types of BSM corrections.
The accuracy of the sim expressions in SM and MSSM is
also discussed.

II. KINEMATICS, BORN
HELICITY AMPLITUDES

We consider the process

e−λ ðlÞeþλ0 ðl0Þ → ZτðpÞHðp0Þ; ð1Þ

where (λ, λ0) denote the helicities of the incoming (e−, eþ)
states, and τ the helicity of the outgoing Z with its
polarization vector being ϵ. H represents either HSM, h0

or H0. As shown in (1), (l, l0, p, p0) are the various particle
momenta satisfying lþ l0 ¼ pþ p0. We also use

s ¼ ðlþ l0Þ2; t ¼ ðl − pÞ2;
u ¼ ðl − pÞ2; pZ ¼ βZ

s
2
; ð2Þ

where pZ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
Z −m2

Z

p
denotes the Z-three-momentum in

the ZH-rest frame. Finally, the angle between the incoming
e− momentum l and the outgoing Z momentum p, in the
center of mass frame, is denoted as θ.
In the SM and its extension MSSM, the Born amplitude

ABorn ¼ −
e2fZZH
ðs −m2

ZÞ
I1½gZeLPL þ gZeRPR�; ð3Þ

is only due to s-channel Z exchange. Since the electron
mass is neglected, the only possible invariant form it can
contain is

I1 ¼ v̄ðeþλ0 Þϵuðe−λ Þ: ð4Þ

The relevant couplings in (3) are

gZeL ¼ −1þ 2s2W
2sWcW

; gZeR ¼ sW
cW

; ð5Þ

fZZHSM
¼ mZ

sWcW
; fZZh0 ¼

mZ

sWcW
sinðβ − αÞ;

fZZH0 ¼ mZ

sWcW
cosðβ − αÞ; ð6Þ

where the first term in (6) applies to SM, while the rest
to MSSM.
Since the neglect of the electron mass implies

λ ¼ −λ0 ¼ ∓ 1

2
; ð7Þ

and ðτ ¼ �1; 0Þ, there exist six independent helicity
amplitudes, denoted as FλτðθÞ, in the usual Jacob-Wick
convention [15]. In case CP is conserved though, the exact
relation

Fλ;τðθÞ ¼ Fλ;−τðπ − θÞ; ð8Þ

reduces them to only four independent ones.
At the Born level, these are the transverse-Z amplitudes

(λ ¼ �1=2, τ ¼ �1)

FBorn
λ;τ ðθÞ ¼ −

e2fZZH
ffiffiffi
s

p
ffiffiffi
2

p ðs −m2
ZÞ

½gZeLðτ cos θ − 1Þδλ;−

− gZeRðτ cos θ þ 1Þδλ;þ�; ð9Þ

and the longitudinal-Z amplitudes (λ ¼ �1=2, τ ¼ 0)
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FBorn
λ;0 ðθÞ ¼ e2fZZHEZ

ffiffiffi
s

p
sin θ

mZðs −m2
ZÞ

½gZeLδλ;− − gZeRδλ;þ�: ð10Þ

Note that the high energy helicity conservation (HCns) rule
[5,6] requires

λþ λ0 ¼ τ; ð11Þ

which, combined with (7), implies that the transverse
amplitudes in (9) violate HCns, and are indeed suppressed
like mZ=

ffiffiffi
s

p
, according to (9). We call them helicity-

violating (HV) amplitudes.
Contrary to this, the longitudinal-Z amplitudes in (10),

which satisfy (11) and are called helicity conserving (HC),
tend to constants at high energies, given by

FBorn
λ;0 →

e2fZZH sin θ
2mZ

½gZeLδλ;− − gZeRδλ;þ�: ð12Þ

We have checked that this result agrees with the direct
computation of the Goldstone process e−eþ → G0H, and
the asymptotic relation FBornðZlongHÞ ¼ iFBornðG0HÞ
implied by the equivalence theorem in [12,13].

III. ELECTROWEAK CORRECTIONS
AT ONE LOOP

In all explicit amplitude expressions presented in
Secs. III and IV, we assume for simplicity that CP
symmetry is respected in1 SM and MSSM, implying
according to (8) four independent helicity amplitudes,
two HC amplitudes and two HV ones.
The corresponding one-loop amplitudes arise from ZZ

and γZ self-energies and counterterms generating renor-
malized initial and final vertices; triangles (initial and final
in s channel, and up and down in t and u channels); direct,
crossed and twisted boxes; and specific diagrams involving
four-leg bosonic couplings (see [10]). In the MSSM case
additional diagrams exist involving supersymmetric part-
ners like sleptons, squarks, charginos, neutralinos and
additional Higgs bosons. We have recomputed all these
contributions in terms of Passarino-Veltman (PV) functions
[16], which are then expanded, as explained in the next
section, in order to obtain simple high energy expressions.
All one-loop contributions appear in four invariant

forms: the I1 form, already appearing at Born level and
given in (4), and the four new ones

I2¼ v̄ðeþλ0 Þϵ ·p0puðe−λ Þ; I3¼ v̄ðeþλ0 Þϵ ·l0puðe−λ Þ;
I4¼ v̄ðeþλ0 Þϵ ·lpuðe−λ Þ; J1¼−iv̄ðeþλ0 Þϵμνρσγμϵνp0

ρpσuðe−λ Þ;
ð13Þ

the last of which J1 would only appear in the case of
CP-violating couplings; see Sec. V.
Concerning the counterterms, we note that they are

calculated in the so-called on-shell scheme [17], leading
to the usual forms for the renormalized initial Zee and the
final ZZH vertices. We assume that the masses of the final
Higgs bosons are well determined, such that one can apply
the corresponding residue and demixing constraints leading
to a contribution δZH=2 factorizing the Born term. In the
SM case, we thus get

δZHSM
¼ −Σ0

HðM2
HSM

Þ: ð14Þ

Correspondingly in MSSM, where (H1 ¼ h0, H2 ¼ H0),
we have

1

2
δZHi

¼ −
1

2

�
Σ0HiHi

ðM2
Hi
Þ

þ
X
j

fZZHj

fZZHi

½Σ�
HjHi

ðM2
Hi
Þ−ΣHiHj

ðM2
Hj
Þ�

ðM2
Hj

−M2
Hi
Þ

�
þ δcHi

;

ð15Þ

where

δcH1
¼ δ sinðβ − αÞ

sinðβ − αÞ ; δcH2
¼ δ cosðβ − αÞ

sinðβ − αÞ ; ð16Þ

with α being the usual neutral Higgs mixing angle. Using
the purely divergent β renormalization, the quantities in
(16) may be calculated using [18]

δ tan β
tan β

¼ αΔ
16πs2Wm

2
W
ΣfNf

�
m2

f

cos2β
δf;up −

m2
f

sin2β
δf;down

�
;

ð17Þ
while α is kept fixed at the value given by the benchmark
choice. We have checked the cancellation of the divergen-
ces in such a scheme. The counterterms in (14)–(17) are
expressed in terms of the unrenormalized self-energies
ΣHiHj

, ΣZZ, ΣγZ that can be found in [8,9,19].

IV. SUPERSIMPLE (SIM) EXPRESSIONS

For deriving these simple expressions one starts from the
exact one-loop results in terms of PV functions, and then
uses their high energy expansions given in [20]. The sim
results thus obtained for the HC amplitudes are given in
Appendix A, while the corresponding ones for the HV
amplitudes appear in Appendix B.
Before discussing these results, we first note that the

infrared divergencies are regularized by introducing a
photon mass mγ. As usual, these divergencies are canceled
by adding to dσðe−eþ → ZHÞ=d cos θ, the cross section
for bremsstrahlung of an unobservable soft photon con-
tribution given by [10]

1The possibility of CP-violating effects is only considered
with respect to a BSM model in Sec. V.
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dσbrems

d cos θ
¼ dσBorn

d cos θ
δbremsðmγ;ΔEÞ; ð18Þ

with

δbremsðmγ;ΔEÞ ¼ −
α

π

�
2

�
1 − ln

s
m2

e

�
ln

�
2ΔE
mγ

�

þ 1

2
ln2

m2
e

s
þ ln

m2
e

s
þ π2

3

�
; ð19Þ

where ΔE describes the highest energy of the emitted
unobservable soft photon satisfying

mγ ≤ ΔE ≪
ffiffiffi
s

p
: ð20Þ

When (18) is added to dσðe−eþ → ZHÞ=d cos θ (for the
same polarizations of the initial e∓ beams or the final Z
boson), it completely cancels the infrared-photon part,
irrespective of the actual value of mγ , provided that it
can be treated as infinitesimal. As in [7–9], we always
chose mγ ¼ mZ, which satisfies (20) at the high energies
we are interested in, and considerably simplifies the results
in Appendixes A and B.
This way, the infrared divergencies may be handled, not

only in the differential cross sections, but also in the various
asymmetries defined in Sec. VI.
We next turn to the HC and HV amplitudes.

(a) The HC amplitudes:
For the HC amplitudes, which are the leading ones

at high energy, we follow the procedure used in [7–9].
In the process e−eþ → ZH, these HC amplitudes
are the two longitudinal Z amplitudes whose Born
expressions are given in (10). At the one-loop level
though, the direct derivation of the high energy
expressions is very delicate, because of huge gauge
cancellations among individual terms growing likeffiffiffi
s

p
=mZ. But the derivation is facilitated by working

with the amplitudes of the Goldstone process
e−eþ → G0H, which are equivalent up to m2=s
corrections [13].
This way, one obtains the sim expressions in

Appendix A. Explicitly, for the SM case, these are
given by the results (A5), (A6). Correspondingly, for
the MSSM cases of H ¼ h0 and H ¼ H0, the results
are given in (A8), (A9). These expressions clearly
indicate the important dynamical contents.
As in [7–9], these high energy expressions consist

of combinations of the two augmented Sudakov terms
exemplified in (A1), (A2), and the two energy and
mass independent forms (A4), (A3). Such expressions
provide precise high energy predictions, where only
quantities vanishing likepowers of energyare neglected.

(b) The HV amplitudes
The HV amplitudes involve transverse-Z states,

which at Born level are given by (9). Assuming for

simplicity CP invariance for the SM or MSSM
contributions, then the constraint (B1) implies the
existence of only two independent amplitudes. As
such we take F−−, Fþ− given in (B2), (B3) at the one-
loop order. Since these amplitudes are only suppressed
like m=

ffiffiffi
s

p
at high energy, they are not negligible

at intermediate energies, in both SM and MSSM.
To obtain satisfactory expressions for them at inter-
mediate energies, we start from the direct one-loop
expressions in terms of the PV functions, which we
subsequently expanded. The resulting expressions are
less compact than those in the HC cases, because of
more involved mass dependent terms. The reason for
this is due to the nonexistence of any Sudakov rule
for such mass-suppressed amplitudes [11]. This way
we obtain the expressions (B5)–(B10) in SM, and
(B13)–(B16) in MSSM, which must be used in
conjunction with (B2), (B3) mentioned above.
These expressions are quite complicated. Never-

theless, since the HV amplitudes are much less
important than the HC ones, it is possible to obtain
sufficiently accurate fits for them by neglecting mass
differences in the various loop contributions (most
importantly the logarithms) and only consider a
common mass scale for them. Such fits are given in
(B19) and Table III, expressed in terms of squared log,
linear log and constant contributions.

V. OTHER BSM EFFECTS

BSM effects like anomalous Higgs couplings to vector
bosons may be described by effective operators, like e.g. in
[14]. Here we just want to see how one can differentiate
such effects from the one-loop SM contributions, and
whether the accuracy of the sim expressions are adequate
for that purpose.
For a simple illustration we take the two CP-conserving

operators OUB, OUW , and the two CP-violating ones ŌUB,
ŌUW of [14] with couplings dUB, dUW , d̄UB, d̄UW , inducing
the anomalous γZHSM and ZZHSM couplings

dγZ ¼ sWcWðdUB − dUWÞ; dZZ ¼ dUBc2W þ dUWÞs2B;
d̄γZ ¼ sWcWðd̄UB − d̄UWÞ; d̄ZZ ¼ d̄UBc2W þ d̄UWÞs2B:

ð21Þ

Combining them with the SM Zee couplings given in (5)
and the γee couplings g γ

eL ¼ g γ
eR ¼ qe ¼ −1, we obtain the

tree-level BSM contributions to the invariant amplitudes

Aðe−eþ → ZHSMÞ ¼ −
X
V¼Z;γ

e2

ðs−m2
VÞ

½gV1 I1 þ gV2 I2 þ gV3 J1�

× ½gVeLPL þ gVeRPR�; ð22Þ
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where the I1, I2, J1 forms are defined in (4), (13), while the
corresponding effective couplings are

gγ1 ¼ −
2EZ

ffiffiffi
s

p
mZsWcW

dγZ; gZ1 ¼ 2EZ
ffiffiffi
s

p
mZsWcW

dZZ;

gγ2 ¼ −
2

mZsWcW
dγZ; gZ2 ¼ 2

mZsWcW
dZZ;

gγ3 ¼ −
2

mZsWcW
d̄γZ; gZ3 ¼ 2

mZsWcW
d̄ZZ: ð23Þ

The last line in (23) indicates that the presence of CP-
violating BSM physics would induce a J1 contribution
coming from a Z or photon exchange.
For illustrating BSM contributions somehow comparable

to the SM ones at energies below 5 TeV, we use values of
the effective couplings in (23), of the order of 0.0005.
Such BSM corrections, denoted as “eff,” appear in several
figures below.

VI. OBSERVABLES AND
AMPLITUDE ANALYSIS

In the case that no CP-conservation constraint is avail-
able, there exist six independent e−eþ → ZH helicity
amplitudes, which means that at least six independent
observables are needed. If CP conservation holds, this
number reduces to four.
Such observables may be defined by using the two

different initial e� polarizations and the three possible final
Z polarizations. In constructing them, we first note the
differential unpolarized cross section

dσ
d cos θ

¼ βZ
128πs

X
λτ

jFλτðθÞj2; ð24Þ

and its integrated over all angles cross section

σ ¼
Z

1

−1
d cos θ

dσ
d cos θ

; ð25Þ

where βZ is defined in (2), and one sums over λ ¼ � 1
2
and

τ ¼ �1, 0. Cross sections could also be integrated over the
forward (with respect to the e− beam) or the backward
region, leading to σF and σB respectively.
Another possibility of unpolarized beam cross sections is

when the helicity of the final Z is also observed. The
integrated cross section in this case is denoted as σZτ with
(τ ¼ −1, 0, þ1). Similarly σZτ

F and σZτ
B may also be

considered.
Finally, the integrated cross section for initially polarized

e− beams, in the case the Z helicity is not observed, is
denoted as σL;R for the cases λ ¼ − 1

2
and λ ¼ þ 1

2
respectively.
In principle we can also consider more detailed mea-

surements where polarized e− beams are used and the Z

helicity is simultaneously measured. The integrated cross
section may then be denoted as σðλ; τÞ and related useful
definitions are

σðλ; τÞ⇒ σ

�
−
1

2
; τ

�
≡ σLðτÞ; σ

�
1

2
; τ

�
≡ σRðτÞ;

σðλ; τ ¼ −1Þ≡ σZ−ðλÞ; σðλ; τ ¼ 1Þ≡ σZþðλÞ;
σðλ; τ ¼ 0Þ≡ σZ0ðλÞ: ð26Þ

Apart from the unpolarized differential cross section in
(24) and the angularly integrated ones, we next enumerate
some in principle observable asymmetries, for unpolarized
or polarized beams. These are

(i) Initial e−-left-right polarization asymmetries, for the
case that the Z polarization is not looked at,

ALR ¼ σL − σR
σL þ σR

; ð27Þ

or separately for the three cases where the Z helicity
is also measured,

ALRðτÞ ¼
σLðτÞ − σRðτÞ
σLðτÞ þ σRðτÞ

≡ σZτ
L − σZτ

R

σZτ
L þ σZτ

R

; ð28Þ

where τ ¼ �1, 0.
(ii) Left-right asymmetries obtained by restricting an-

gular integrations in the forward direction,

AF
LRðτÞ ¼

σLFðτÞ − σRFðτÞ
σLFðτÞ þ σRFðτÞ

≡ ½σZτ
L − σZτ

R �F
½σZτ

L þ σZτ
R �F

; ð29Þ

and correspondingly in the backward direction.
(iii) Final Z transverse polarization asymmetry for un-

polarized e∓ beams

Apol Z ¼ σZ− − σZþ

σZ− þ σZþ
; ð30Þ

and for a definite e− helicity λ

ApolZðλÞ ¼ σZ−ðλÞ − σZþðλÞ
σZ−ðλÞ þ σZþðλÞ

≡ σðλ; τ ¼ −1Þ − σðλ; τ ¼ þ1Þ
σðλ; τ ¼ −1Þ þ σðλ; τ ¼ þ1Þ : ð31Þ

(iv) Forward-backward asymmetries, in the unpolarized
beam case

AFB ¼ σF − σB
σ

; ð32Þ

or
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AFBðλ; τÞ ¼
σFðλ; τÞ − σBðλ; τÞ

σðλ; τÞ ; ð33Þ

for any definite e− and Z polarizations.
(v) Combining (30)–(33), one also obtains a peculiar

forward-backward asymmetry of the above Z
transverse polarization asymmetry,

ApolZ
FB ¼ ðσZ− − σZþÞF − ðσZ− − σZþÞB

σZ− þ σZþ
; ð34Þ

for unpolarized e� beams, and

ApolZ
FB ðλÞ ¼ ½σZ−ðλÞ− σZþðλÞ�F − ½σZ−ðλÞ− σZþðλÞ�B

σZ−ðλÞ þ σZþðλÞ ;

ð35Þ

for any definite electron helicity λ ¼ L, R. It turns
out that the asymmetries in (34), (35) are very

useful for disentangling SM, MSSM and BSM
corrections.

In case CP is conserved, then (8) would relate the
forward and backward cross sections by

σFðλ; τÞ ¼ σBðλ;−τÞ; ð36Þ

implying through (33) the following conditions:
(i)

AFBðλ;−τÞ ¼ −AFBðλ; τÞ; ð37Þ

which remains true also for unpolarized e∓ beams,
where one sums over λ ¼ ∓1=2, obtaining

AFBð−τÞ ¼ −AFBðτÞ
⇒ AFBðZþÞ ¼ −AFBðZ−Þ;

AFBðZ0Þ ¼ 0: ð38Þ

FIG. 1. Energy dependence of the six Born helicity amplitudes at θ ¼ 60∘, for the SM processes e−eþ → ZH (upper left panel), and
the MSSM processes e−eþ → Zh0, ZH0 (upper right and the lower panels, respectively). For the SUSY cases we use the S1 MSSM
benchmark of [21].

G. J. GOUNARIS AND F.M. RENARD PHYSICAL REVIEW D 90, 073007 (2014)

073007-6



If the Z polarization is not measured, then (38) leads
to AFB ¼ 0.

(ii)

AF
LRðτÞ ¼ AB

LRð−τÞ; ð39Þ

induced by the left-right asymmetries in the forward
and backward directions and the definition (29).
This means

AF
LRðZ−Þ¼AB

LRðZþÞ; AF
LRðZ0Þ¼AB

LRðZ0Þ: ð40Þ

FIG. 2. The six e−eþ → ZH SM amplitudes at θ ¼ 60°, in the Born, one-loop and sim approximations, together with amplitudes
containing “eff” BSM contributions. The upper row gives the HC amplitudes, while the HV ones are shown in the lower ones.
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(iii) And the condition

ApolZ
F ðλÞ ¼ −ApolZ

B ðλÞ; ð41Þ

arising from (31), (36), for any λ ¼ L, R. Note that
the totally integrated asymmetry ApolZðλÞ vanishes.

In the next section we illustrate the above properties for
CP-conserving one-loop corrections to SM or MSSM
models; as well for effective, possiblyCP-violating anoma-
lous couplings of the SM Higgs particle. It turns out that
some of the above asymmetries are particularly sensitive to
the dynamical details, and may be very useful for disen-
tangling SM, BSM and MSSM.

FIG. 3. The six MSSM e−eþ → Zh0 amplitudes at θ ¼ 60°, for the S1 benchmark of [21], in the Born, one-loop and sim
approximations. The upper row gives the HC amplitudes, while the HV ones are shown in the lower ones.
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VII. NUMERICAL ANALYSIS

For the MSSM illustrations, we use benchmarks S1 and
S2 of [21]. In both of them, the electroweak (EW) scale
values of all squark masses are at the 2 TeV level, At ¼
Ab ¼ 2.3 TeV and

μ¼ 0.4; M1¼ 0.25; M2¼ 0.5; M3¼ 2; ð42Þ

where all masses are in TeV. These two benchmarks differ
only in the leptonic and Higgs-sector EW scale parameters
given by

S1 ⇒ m~l ¼ Aτ ¼ 0.5; mA0 ¼ 0.5; tan β ¼ 20;

S2 ⇒ m~l ¼ Aτ ¼ 0.75; mA0 ¼ 1; tan β ¼ 30: ð43Þ

FIG. 4. The unpolarized differential cross sections in SM (left panels) and the S1MSSM benchmark [21] (right panels). The upper row
describes energy dependence at θ ¼ 60°; the middle (lowest) panels give the angular distributions at

ffiffiffi
s

p ¼ 1 TeV (
ffiffiffi
s

p ¼ 5 TeV).
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Such benchmarks are consistent with present LHC con-
straints [21].
The computations and various comparisons have been

made for both benchmarks S1 and S2. The resulting
amplitudes are very similar, the differences being at the
order of 0.5%.Soweonly present illustrations for theS1 case.

A. Comparison of basic amplitudes

We first look at the six Born helicity amplitudes versus
energy, at angle 60∘. Figure 1 shows these Born amplitudes
for e−eþ → HZ in SM, and for e−eþ → h0Z and e−eþ →
H0Z in the MSSM benchmark S1 mentioned above [21].
As seen there, the HVamplitudes are suppressed compared

FIG. 5. The ALR asymmetries for unpolarized Z, as defined in (27). See caption in Fig. 4.
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to the HC ones at high energies (above 1 TeV), but they
become comparable to them shortly below 1 TeV.
Note that the H0 SUSYamplitudes are very small for the

S1 benchmark, due to the coupling factor cosðβ − αÞ≃ 0 in
[21]. This process will probably be unobservable (cross
sections will be about 10−5 times smaller than for h0), and it
will not be useful to consider the one-loop corrections.

Only strong anomalous couplings could lead to observable
effects, in such a case.
We then present the one-loop results for the six ampli-

tudes in e−eþ → ZH (Fig. 2) for SM, and e−eþ → Zh0

(Fig. 3) for MSSM. In both cases, the results are plotted
versus energy at an angle 60°, and compared to their sim
and Born approximations. In the SM case (Fig. 2), we also

FIG. 6. The ALR asymmetries defined in (28), for a final Z of helicity τ ¼ 0. See caption in Fig. 4.
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show what the various amplitudes would look like in the
case that an additional effective anomalous coupling of
0.0005, as described in Sec. V, also exists.
Comparing the upper rows of Figs. 2, 3, with the middle

and lowest ones, one recognizes the large logarithmic
(Sudakov) one-loop corrections to the Born amplitudes
in the HC cases; for the HV amplitudes, these corrections
are relatively smaller. In the SM case (Fig. 2), the sim

accuracy is quite good, already at around 1 TeV. In the h0

case (Fig. 3) though, the accuracy is only at the few percent
level at 1 TeV, but it improves quickly as the various
supersymmetric thresholds are overpassed and the energy
approaches 5 TeV.
As seen in Fig. 2, such a sim accuracy may be sufficient

for discriminating the SM contributions to both the HC and
HV amplitudes, from a BSM contribution, like the one

FIG. 7. The ALR asymmetries defined in (28), for a final Z of helicity τ ¼ −1. See caption in Fig. 4.
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described by the anomalous couplings in Sec. V. For
achieving this, it is assumed of course that an amplitude
analysis of the experimental data, like the one sketched in
Sec. VI, is successfully performed. In our illustrations we
use constant effective couplings, leading to BSM contri-
butions strongly growing with the energy. Obviously such
contributions could be tempered above some given basic
scale by form factors.

We now turn to the various observables introduced
in Sec. VI and study their effects in SM, BSM and MSSM.

B. Unpolarized differential cross sections

Figure 4 shows the unpolarized differential cross section
for e−eþ → ZH in SM (left panels) and for e−eþ → Zh0 in
MSSM (right panels), first versus the energy at 60° (upper

FIG. 8. The ALR asymmetries defined in (28), for a final Z of helicity τ ¼ 1. See caption in Fig. 4.

SUPERSIMPLE ANALYSIS OF e−eþ → ZH … PHYSICAL REVIEW D 90, 073007 (2014)

073007-13



panels), and then versus cos θ at 1 TeV (middle) and at
5 TeV (lowest) panels. The various panels intend to
compare the Born, exact one-loop and the sim approxi-
mation. In the left panels the possible effect of an additional
effective anomalous interaction is also shown.
Note that cross sections become largest at angles around

90°, due to the sin θ dependence of the leading Born HC
amplitudes in (10). The one-loop contribution is of the

order of 20% at 1 TeV, and increasing with the energy. The
sim approximation is already good at 1 TeV and becomes
better at higher energies.

C. Differential asymmetries

Figure 5 shows ALR, defined in (27) using polarized
e∓ beams, for e−eþ → ZH in SM (left panels) and

FIG. 9. ApolZ asymmetries defined in (30), for unpolarized (e−, eþ) beams. See caption in Fig. 4.
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e−eþ → Zh0 in MSSM (right panels), for the cases that
the Z polarization is not looked at. The upper panels
describe the energy dependence at 60°, while the middle
and lower panels show the angular distributions at 1 and
5 TeV respectively.
At the Born level, ABorn

LR ≃ 0.14, with the actual
constant value determined by the factor ½ðgZeLÞ2−ðgZeRÞ2�=
½ðgZeLÞ2þðgZeRÞ2�. In all cases, the one-loop contribution is

quite large, as compared to the Born one, for all energies
and angles. The sim approximation is good at high energy,
but becomes worse as the energy decreases.
We next turn to ALR defined in (28), where, in addition to

using polarized e∓ beams, the Z helicity is also measured.
Figures 6, 7, 8 describe e−eþ → ZH in SM (left panels)
and e−eþ → Zh0 in MSSM (right panels), for Z helicities
τ ¼ 0, −1, þ1 respectively. The upper panels give the

FIG. 10. ApolZðλÞ asymmetries defined in (31) for e− beams with definite helicity λ ¼ L, R. See caption in Fig. 4.
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energy dependencies at 60°, while the middle and lower
panels give the angular dependencies at 1 and 5 TeV
respectively. Comparing the complete one-loop results with
the Born contributions, we realize that the one-loop
corrections are important.
In the τ ¼ 0 case shown in Fig. 6, the Born value

of ALR is again ≃0.14, and strongly affected by one-loop
corrections. In agreement with the CP rule (39), the angular
dependence is forward-backward symmetric.
In the τ ¼ ∓1 cases shown in Figs. 7 and 8, the Born

contributions appear almost forward-backward antisym-
metric; see middle and lower panels. This is due to the
terms ð1� cos θÞ in (9) and to their coefficients gZeL and gZeR
being almost opposite. We also note that for CP-invariant
interactions ALRðZþÞ and ALRðZ−Þ are forward-backward
symmetric to each other; see (39).
When the Z polarization is not looked at, all these τ ¼ 0

and τ ¼ ∓1 effects of course disappear, and the global ALR
appears forward-backward symmetric; see Fig. 5.
These implications of the different ALR measurements

would produce interesting tests of the nature of the various
contributions. The accuracy of sim is again good for high
energies above 1 TeV.

D. Apol Z and Apol ZðλÞ asymmetries

Figure 9 shows ApolZ defined in (30) for unpolarized e∓
beams, while Fig. 10 shows ApolZðλÞ defined in (31)
for polarized e∓ beams with electron helicity λ ¼ L, R.
The left panels correspond to the SM prediction for
e−eþ → ZH, and right panels to the MSSM result for
e−eþ → Zh0. The upper panels give the energy dependence
at 60°, while the middle and lower panels present the
angular distributions at 1 and 5 TeV respectively.
It may be interesting to note that at Born level one has

ApolZBornðλÞ ¼ −ApolZBornð−λÞ; ð44Þ

because of the simple Z exchange with a ϵ coupling. At
one-loop level though, this is no longer the case, because of
various diagrams differing for e−L and for e−R. If CP is
conserved, as is the case for SM and the S1 benchmark
[21], ApolZðLÞ and ApolZðRÞ are both forward-backward
antisymmetric; see (41). But as their Born parts are
opposite and cancel each other, ApolZ is finally smaller
than ApolZðRÞ or ApolZðLÞ separately. Consequently ApolZ

is very sensitive to one-loop contributions, as shown in
Fig. 9. For these reasons, the sim accuracy, although
already good at 1 TeV for ApolZðL;RÞ, needs higher
energies for ApolZ; compare Fig. 10 with Fig. 9.
So finally the comparison of the various polarized

asymmetries in the spirit of the relations written in
Sec. VI should produce fruitful tests of the natures of
the corrections to the Born terms and in particular of their
CP conservation property.

E. Integrated asymmetries

The above illustrations show the angular dependencies at
given energy. In order to accumulate more statistics we can
make angular integrations, over all forward or backward
angles, or only an appropriate domain of angles.
As a nontrivial example we give in Table I the asymme-

tries ApolZ
FB ðLÞ, ApolZ

FB ðRÞ and ApolZ
FB , in SM and S1 [21],

integrated in the forward region at 5 TeV; compare (34),
(35). As seen there, the individual L, R contributions are
similar but of opposite sign. When they are combined
though, in the unpolarized e∓ beam case, a larger sensi-
tivity to the one-loop corrections appears. Table I confirms
what has been seen at the angular level in Figs. 9, 10. Note
that the supersimple expressions reproduce correctly the
exact one-loop contributions.
Turning to CP conservation tests, one may also exper-

imentally check the relations for AFBðλ; τÞ, AF
LRðτÞ and

ApolZðλÞ, written respectively in (37), (40), (41). In par-
ticular the vanishing of AFB, when the e∓ beams are not
polarized and the Z polarization is not measured, and the
vanishing of ApolZðλÞ, when integrated over all angles, are
rather striking.
Summarizing, we have shown in this Sec. VII that the

polarized asymmetries are very powerful for identifying
small corrections to Born contributions, both in SM and in
MSSM cases. In addition the comparison of these various
asymmetries in the spirit of the relations written in Sec. VI
should produce fruitful tests of CP conservation for these
corrections.

VIII. CONCLUSIONS AND POSSIBLE
DEVELOPMENTS

We have analyzed in detail the Born and one-loop
corrections to the amplitudes for the process e−eþ →
ZH in SM and e−eþ → Zh0 in MSSM, at high energies.
We have separately discussed the behavior of the helicity-
conserving and of the helicity-violating amplitudes, and we
have shown that they can be reasonably approximated by
simple expressions, called supersimple (sim), both in SM
and in MSSM cases.
In the case of the HC amplitudes, the simplicity arises

from gauge cancellations of contributions coming from
various diagrams, and in addition, for MSSM, from typical
cancellations between standard and partner contributions,

TABLE I. The asymmetries Apol Z
FB ðLÞ, Apol Z

FB ðRÞ and Apol Z
FB , in

SM and S1 [21], integrated in the forward region at 5 TeV.

SM: H MSSM S1: h0

Born One loop Sim Born One loop Sim

ApolZ
FB ðLÞ 0.74 0.72 0.73 0.74 0.71 0.72

ApolZ
FB ðRÞ −0.74 −0.73 −0.73 −0.74 −0.73 −0.73

ApolZ
FB

0.11 −0.22 −0.21 0.11 −0.20 −0.21
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as we have already observed in previous “supersimplicity”
studies [7–9]. The sim expressions thus obtained allow us
to immediately see the dynamical contents and to make a
quick estimate of the size of the amplitudes. We have
illustrated how much and in which high energy domain
these expressions are useful.
While doing this study we have noticed several interest-

ing properties of the process e−eþ → ZH, for H ¼ HSM,
h0, H0, and we have emphasized the importance of doing a
complete amplitude analysis. It can be obtained by using
the various observables i.e. the cross section measurements
for different e∓ and Z polarizations. We have illustrated the
large sensitivity of the asymmetries ALR, ApolZ, ApolZ

FB to the
one-loop contributions. These asymmetries should allow
us to singularize and identify the nature (SM or MSSM or
other BSM) of the corrections to Born predictions.
This work should be useful to the working groups on the

various projects of high energy e−eþ colliders, for studying
the identification of the nature of the Higgs boson and of its
interactions.

APPENDIX A: THE ONE-LOOP SIM
EXPRESSIONS FOR THE HC AMPLITUDES

IN SM AND MSSM

As has been observed in [7,9], there exist only four
different forms that appear in the sim expressions. These
are the two augmented Sudakov forms2

ln sijðaÞ≡ ln
−s − iϵ
mimj

þ bij0 ðm2
aÞ − 2 ðA1Þ

ln2sVia ≡ ln2
−s − iϵ
m2

V
þ 4LaVi; ðA2Þ

where explicit expressions for bij0 ðm2
aÞ and LaVi are given in

e.g. Eqs. (A.6), (A.5) of [9]. In them, quantity a describes
an on-shell particle, ði; jÞ denote internal exchanges, and V
an internal vector (gauge) exchange; the existence of
nonvanishing tree-order vertices for aij and aVi is
assumed.
The other two forms entering the sim expressions

involve ratios of the Mandelstam variables s, t, u.
Denoting any of them by x, y, these ratios are given by

rxy ≡ −x − iϵ
−y − iϵ

; ðA3Þ

and the two relevant forms by

ln2rxy ¼ ln2rxy þ π2; ln rxy: ðA4Þ

Using the definitions introduced in Sec. II, the complete
sim expressions, to the one-loop order, for the various HC
amplitudes in SM are

F−0 ¼ FBorn
−0

�
1þ α

4π

�
1

4s2Wc
2
W
½−ln2sZee þ 3ln sZeðeÞ− 1� þ 1

2s2Wð2s2W − 1Þ ½−ln
2sWνe þ 3ln sWνðeÞ− 1�

−
c2W

s2Wð2s2W − 1Þ ½ln sWνðeÞ þ 1þ 4ln sWWðZÞ�−
c2W

2s2Wð2s2W − 1Þ
�
1

2
ln2sWZH þ ln sWWðHÞ þ ln sWWðZÞ

�

− 3

�
m2

t ln sttðZÞ
2s2Wm

2
W

þm2
b ln sbbðZÞ
2s2Wm

2
W

�
þ 1

2s2Wð2s2W − 1Þ ½−ln
2sWZH þ 2ln sWWðHSMÞ þ 2ln sWWðZÞ�

þ 1

4s2Wc
2
W
½−ln2sZWH þ 2ln sZZðHÞ þ 2ln sHZðZÞ� þ

c2W
8s2Wð2s2W − 1Þ

h
2ln2sWZH þ 8ln2tWZH þ 8ln2uWZH − 2ln tWWðHÞ

− 2lnuWWðHÞ− 2ln tWWðZÞ− 2lnuWWðZÞ−
4ðu− tÞ

u
ln2rts −

4ðt− uÞ
t

ln2rus þ 4ln rts þ 4ln rus
i�

þ 2sWcW
ð2s2W − 1Þ

Σ̂γZðsÞ
s

−
Σ̂ZZðsÞ

s
þCP

�
; ðA5Þ

Fþ0 ¼ FBorn
þ0

�
1þ α

4π

�
1

c2W
½−ln2sZee þ 3ln sZeðeÞ − 1� þ 1

2s2W
½−ln2sWZH þ 2ln sWWðHÞ þ 2ln sWWðZÞ�

þ 1

4s2Wc
2
W
½−ln2sZWH þ 2ln sZZðHÞ þ 2ln sHSMZðZÞ� − 3

�
m2

t ln sttðZÞ
2s2Wm

2
W

þm2
bln sbbðZÞ
2s2Wm

2
W

��
þ cW

sW

Σ̂γZðsÞ
s

−
Σ̂ZZðsÞ

s

�
;

ðA6Þ

2The augmented Sudakov definitions used in this paper are more precise than those used in our previous work, but fully consistent
with them.
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where Σ̂ denotes renormalized self-energies,3 and CP is the “pinch term” [22]

CP ¼ α

π

c2W
s2Wð2s2W − 1Þ ln sWWðZÞ: ðA7Þ

The corresponding complete sim expressions for the MSSM HC amplitudes with H ¼ h0, H0 are

F−0 ¼ FBorn
−0

�
1þ α

4π

�
1

4s2Wc
2
W
½−ln2sZee þ 3ln sZeðeÞ − 1�

þ 1

2s2Wð2s2W − 1Þ
h
−ln2sWνe þ 3ln sWνðeÞ −

X
i

jZþ
1ij2ln sχi ~νeLðeÞ

i

−
c2W

s2Wð2s2W − 1Þ
h
ln sWνðeÞ þ 4ln sWWðZÞ −

X
i

jZþ
1ij2ln sχi ~νeLðeÞ

i

−
X
i

jZN
1isW þ ZN

2icW j2
4s2Wc

2
W

½ln sχi ~eLðeÞ − 1�

−
c2W

4s2Wð2s2W − 1Þ ½ln
2sWZH þ 2ln sWWðHÞ þ 2ln sWWðZÞ�

þ 1

2s2Wð2s2W − 1Þ ½−ln
2sWZH þ 2ln sWWðHÞ þ 2ln sWWðZÞ�

− 3

�
m2

t ln sttðZÞ
2s2Wm

2
W

�
h0 →

cos α
sin β sinðβ − αÞ ; H

0 →
sin α

sin β cosðβ − αÞ
�

þm2
bln sbbðZÞ
2s2Wm

2
W

�
h0 → −

sin α
cos β sinðβ − αÞ ; H

0 →
cos α

cos β cosðβ − αÞ
��

þ 1

s2W

X
ijk

XijkðHÞln sjkðZÞ
�
h0 →

1

sinðβ − αÞ ; H
0 →

1

cosðβ − αÞ
�

þ 1

2s2Wc
2
W

X
ijk

X0
ijkðHÞln sjkðZÞ

�
h0 →

1

sinðβ − αÞ ; H
0 →

1

cosðβ − αÞ
�

þ c2W
8s2Wð2s2W − 1Þ

�
ln2sWZH þ 8ln2tWZH − 2ln tWWðHÞ − 2ln tWWðZÞ þ ln2sWZH þ 8ln2uWZH

− 2ln uWWðHÞ − 2ln uWWðZÞ −
4ðu − tÞ

u
ln2rts −

4ðt − uÞ
t

ln2rus þ 4ln rts þ 4ln rus

�

þ c2W
2s2Wð2s2W − 1Þ

�
s
2u

ln2rts þ
s
2t
ln2rus

��
h0 →

− cos β sin α
sinðβ − αÞ ; H0 →

cos β cos α
cosðβ − αÞ

�

−
ð2s2W − 1Þ
4s2Wc

2
W

�
s
2u

ln2rts þ
s
2t
ln2rus

��
h0 →

sinðβ þ αÞ
sinðβ − αÞ ; H

0 →
− cosðβ þ αÞ
cosðβ − αÞ

�
þ 1

4s2Wc
2
W
AZðHÞ

�

þ 2sWcW
ð2s2W − 1Þ

Σ̂γZðsÞ
s

−
Σ̂ZZðsÞ

s
þ CP

�
; ðA8Þ

3See e.g. [8,9].
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Fþ0 ¼ FBorn
þ0

�
1þ α

4π

�
1

c2W
½−ln2sZee þ 3ln sZeðeÞ − 1� þ 1

2s2W
½−ln2sWZH þ 2ln sWWðHÞ þ 2ln sWWðZÞ�

−
X
i
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c2W

½ln sχi ~eRðeÞ − 1� þ 1

4s2Wc
2
W
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�
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2
W

�
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cos α
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0 →
sin α

sin β cosðβ − αÞ
�

þm2
bln sbbðZÞ
2s2Wm

2
W

�
h0 → −

sin α
cos β sinðβ − αÞ ; H

0 →
cos α

cos β cosðβ − αÞ
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þ 1

s2W
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ijk

XijkðHÞln sjkðZÞ
�
h0 →

1

sinðβ − αÞ ; H
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1

cosðβ − αÞ
�

þ 1

2s2Wc
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ijk

X0
ijkðHÞln sjkðZÞ

�
h0 →

1

sinðβ − αÞ ; H
0 →

1

cosðβ − αÞ
�

−
1

2c2W

�
s
2u

ln2rts þ
s
2t
ln2rus

��
h0 →

− sinðβ þ αÞ
sinðβ − αÞ ;

H0 → cosðβ þ αÞ
cosðβ − αÞ

��
þ cW

sW

Σ̂γZðsÞ
s

−
Σ̂ZZðsÞ

s

�
; ðA9Þ

where the renormalized gauge self-energies Σ̂ and the pinch term (A7) have been used.
The exact expressions for AZðHÞ for H ¼ h0, H0 used in (A8), (A9) are

AZðh0Þ ¼ sin2ðβ − αÞAh0h0 þ cos2ðβ − αÞAH0h0 þ cos2ðβ − αÞðAAh0h0 − AAH0h0Þ
AZðH0Þ ¼ sin2ðβ − αÞAh0H0 þ cos2ðβ − αÞAH0H0 þ sin2ðβ − αÞðAAH0H0 − AAh0H0Þ; ðA10Þ

with

Ah0h0 ¼ −ln2sZh0h0 þ 2ln sZZðh0Þ þ 2ln sZh0ðZÞ;
AH0h0 ¼ −ln2sZH0h0 þ 2ln sZZðh0Þ þ 2ln sZH0ðZÞ;
AAh0h0 ¼ −ln2sZAh0 þ 2ln sAZðh0Þ þ 2ln sZh0ðZÞ;
AAh0H0 ¼ −ln2sZAH0 þ 2ln sAZðh0Þ þ 2ln sZH0ðZÞ;
Ah0H0 ¼ −ln2sZh0H0 þ 2ln sZZðH0Þ þ 2ln sZh0ðZÞ;
AH0H0 ¼ −ln2sZH0H0 þ 2ln sZZðH0Þ þ 2ln sZH0ðZÞ;
AAh0H0 ¼ −ln2sZAh0 þ 2ln sAZðH0Þ þ 2ln sZh0ðZÞ;
AAH0H0 ¼ −ln2sZAH0 þ 2ln sAZðH0Þ þ 2ln sZH0ðZÞ: ðA11Þ

When the mass differences among (h0, H0, A0, Z), which determine the scales of the various augmented Sudakov terms in
(A10), (A11), are neglected we obtain

AZðh0Þ≃ AZðH0Þ≃ −ln2sþ 4ln s; ðA12Þ

with a common mass scale M.
Similarly, the X0

ijkðHÞ, XijkðHÞ expressions in (A8), (A9) are given by the following equations, where the last lines give
the approximate results in case the (h0, H0, A0, Z)-mass differences are negligible:
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X0
ijkðh0Þ ¼ −

1

2
½ðZN�

4i Z
N
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APPENDIX B: THE ONE-LOOP SIM EXPRESSIONS FOR THE HV AMPLITUDES IN SM AND MSSM

Assuming CP conservation implying (8), which for the HV amplitudes enforces the relation

F−þðθÞ ¼ F−−ðπ − θÞ; FþþðθÞ ¼ Fþ−ðπ − θÞ; ðB1Þ
we end up with the two independent HV amplitudes

F−− ¼ FBorn
−− þ α2mW

�
u

ffiffiffi
2

p
ffiffiffi
s

p NL
1 þ utffiffiffiffiffi

2s
p ðNL

3 − NL
4 Þ
�
; ðB2Þ

Fþ− ¼ FBornþ− þ α2mW

�
t

ffiffiffi
2

p
ffiffiffi
s

p NR
1 −

utffiffiffiffiffi
2s

p ðNR
3 − NR

4 Þ
�
; ðB3Þ

expressed in terms of the Born amplitudes in (9) and the quantities NL
1 , N

L
3 − NL

4 and NR
1 , N

R
3 − NR

4 given below.
Since the HVamplitudes are vanishing at high energies though (albeit rather slowly, like M=

ffiffiffi
s

p
, as we have seen in the

main text), the mass dependent corrections in the augmented Sudakov terms (A1), (A2) can often be suppressed, and a
common mass scale M may be used in the logarithms, leading to the simplification

ln s ¼ ln
−s − iϵ
M2

;

ln2s ¼ ln2
−s − iϵ
M2

: ðB4Þ

In cases this is not sufficient though, the complete augmented Sudakov forms of Appendix A, as well as (A3), (A4), are
used. We thus obtain
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with
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and
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Correspondingly in MSSM, using the parameters in Table II for H ¼ h0, H0, and the sfermion couplings4
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4In (B12), the Higgs-fermion couplings in the last two lines of Table II are used.
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TABLE II. Parameters for the HV amplitudes in MSSM.

h0 H0
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H sinðβ − αÞ cosðβ − αÞ
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H sinðβ þ αÞ − cosðβ þ αÞ
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In (B13)–(B16) some mass averages appear, which for h0 are

TABLE III. Fits of the approximate expression (B19) to the HV amplitudes for the S1 (S2) benchmarks of [21], in the energy range
0.6–5 TeV.

SM: H MSSM S1(S2): h0

a b c a b c

F−−, F−þ −0.0075 0.024 −0.058 −0.015ð−0.013Þ 0.12(0.10) −0.28ð−0.22Þ
Fþ−, Fþþ −0.0046 0.017 0.050 −0.0027ð−0.0026Þ −0.005ð−0.008Þ 0.14(0.16)
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while the corresponding expressions for H0 may be
obtained from them by replacing

sin α → − cos α; cos α → sin α: ðB18Þ
1. A simpler approximation for the HV amplitudes

As the HV amplitudes are less important than the HC
ones, we can try an even simpler approximation at
intermediate energies, by neglecting mass differences
and using a common mass scale mW . Thus at energies
like e.g. in the range 0.6–5 TeV, we try fitting the complete
Born+one-loop contributions by a Sudakov-type expres-
sion5 of the form

FHV ¼ FBorn

�
1þ aln2

s
m2

W
þ b ln

s
m2

W
þ c

�
: ðB19Þ

Using this, the fitted constants are given in Table III for the
benchmarks S1(S2) of Ref. [21].
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