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First-order framework for flat brane with auxiliary fields
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This work deals with braneworld models in the presence of auxiliary fields. We investigate the case
where Einstein’s equation is modified with the inclusion of extra, nondynamical terms. We show that the
model supports first-order differential equations that solve the equations of motion, but the standard
braneworld scenario changes under the presence of the parameter that controls the nondynamical or

auxiliary fields that modifies Einstein’s equation.
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I. INTRODUCTION

One important problem in the construction of alternative
theories of gravity with the addition of extra dynamical
fields is the presence of extra degrees of freedom which
in general lead to instabilities in these theories [1,2].
However, as shown very recently by Pani et al. [3], one
may circumvent this problem introducing nondynamical
or auxiliary fields.

The modified gravity with nondynamical or auxiliary
fields has been studied in Refs. [4,5] within the cosmo-
logical context, to see how the auxiliary fields may
contribute to the cosmic evolution. Moreover, it has also
been recently studied within the thick braneworld context,
in five dimensions with a single extra dimension of infinite
extent [6]. There, the authors investigated the problem
numerically and found that the braneworld scenario in the
presence of auxiliary field remains linearly stable.

The above investigations have motivated us to further
study the thick braneworld scenario, but now we extend the
first-order framework developed in Ref. [7] to the presence
of auxiliary fields, searching for exact solutions with a
single extra dimension of infinite extent.

II. PROBLEM

We start with a generalization of Einstein’s equation, in
the form

1
Rah _EgahR = ZTuh =+ Suh(Tah gcd)’ (1)

in five-dimensional spacetime, where we are using
47G®) = 1. Furthermore, the tensor S, is obtained as a
derivative expansion of the energy-momentum tensor 7',
such that it vanishes when T ,, = 0. We note that to keep
the weak equivalence principle we need V,7 = 0; also,
the Bianchi identity implies that V,5% = 0.

Since the energy-momentum tensor 7, may contain
second-order derivatives, up to fourth order in derivatives,
we can write [3]
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Sab = 019apT + 090 T* + 3 TT
+ AGapTeaT + asT Tey
+ A1V VT + 29,07 + p30T
+ 2BV Tyt 2)

where T = ¢°*T,;, and @; and f3 ; are real parameters.

In this paper we search for exact solutions. This can be
achieved if we consider only the lowest-order term in the
above equation (2). Thus, we get the modified Einstein’s
equation

1
Rah - EgabR = 2Tah + aguhT’ (3)
where we have changed a; — a.
The line element that describes a thick brane model in
five-dimensional spacetime can be written as

ds?* = gupdxdx’ = e*n, dx*dx" — dy?, (4)

where 7, is the metric of the four-dimensional flat space-
time, with signature (+ — ——). Of course, in the braneworld
context with a single extra dimension of infinite extent, the
warp function A controls the warp factor ¢>4 and is assumed
to depend only on the extra dimension y, that is, A = A(y).
We also assume that the background scalar field ¢ is
defined by the standard Lagrange density, in the form

1
L =3V.pVp - V(@) (5)
where V(¢) is the potential that specifies the theory. Also,
the scalar field only depends on the extra dimension, that is,

¢ = ¢(y). With this, we can write the energy-momentum
tensor in the form

1
T, = Gap (z P+ V) + V.V, . (6)

In this case, the trace is T = 3¢'>/2 + 5V.
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Using the line element (4), we can write the components
of the Einstein equation (3) as

2 —-3a

6A”% = ¢* - 2+ 5a)V (7)

and
—6A”% —3A" = ?‘4)’2 + (24 5a)V, (8)
or
w==2gn (9)

To find exact solutions, we follow the first-order for-
malism introduced in Ref. [7]. For this we assume that the
warp function A(y) can be written in terms of another
function, W = W(¢), in the form

1
A =3 (10)

where W is the superpotential [8]. This is a first-order
equation, which can be used to obtain, from (9), another
first-order equation,

1
=—W,, 11
=W, (11)
where W, stands for dW/d¢. We see from Egs. (10)
and (11) that the two first-order equations are the same we
get in the standard case, without auxiliary fields. However,
in the present case, the potential has to obey

2 -3a 2

V(¢) :mwé—mv‘ﬂ, (12)

and so it is changed by the modification introduced in
Einstein’s equation. One has to consider a > —2/5, to
avoid a problem with the potential.

Moreover, we can also write the energy density as

w| 2+a 5 2

W2 W2, 13
424 5a) ? 3(2+5a) (13)

p(y) =

and it is also changed by the a term. We note that both the
potential and energy density reproduce the standard results,
for a = 0; see, e.g., Ref. [9].

We can start with a given W(¢) to obtain exact solutions
for ¢ = ¢(y) and A = A(y). Although the solutions are the
same we get in the case of a standard thick brane with the
same W(¢), we note here that the model is different, and
the extra parameter @ may be used to modify the physical
effects in the braneworld scenario.
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III. EXAMPLES

We now consider some specific examples. The first one
is characterized by the polynomial function

W(g) =26 -5 (14)

In the absence of gravity, this choice represents the well-
known ¢* model, with spontaneous symmetry breaking
that has kink solution in the form

¢(y) = tanh(y). (15)

The warp function is obtained by integrating the Eq. (10). It
can be written as

(16)

where S = sech(y).
With the choice (14), we can write the potential (12) as

2-3a 8¢ 1,,)\2
2(2+5a)(1_¢2)2_3(2+5a)<1_§¢2> - (7

The potential (17) is shown in Fig. 1 for some values of the
parameter a. We see that the two local minima of the
potential in ¢ = +1 give V., = —=32/(54 + 135a); also,
the maximum at ¢ =0 is shifted as V, = (2 -3a)/
(4 + 10a). Moreover, the energy density has the form

Vig)=

2
o—2/9+28%/9

- _§%/9132 — 3(26 + 9a)S* — 8S°]. (18
27(2 + 5a) [ (26 +9a) - (18)

p(y) =

It is depicted in Fig. 2, for some values of a.
The second example concerns the sine-Gordon model,
which is defined by the following function:

W(g) = 251n<\/§¢). (19)

FIG. 1. The potential (17), depicted for o =0 (solid line),
a = 0.2 (dashed line), and a = 0.4 (dot-dashed line).
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FIG. 2. The energy density (18), depicted for o = 0 (solid line),
a = 0.2 (dashed line), and a = 0.4 (dotted-dashed line).

Here the kinklike solution has the form

¢oo-—\/§mcgn[mnh<§y>]. (20)

For the sine-Gordom model, we get the warp function in
the form

A(y) =In [sech (%y)} . (21)

Also, we can write the potential as

8§  10-3a 2
Vw):_6+wa+6+ﬁam§<¢%>'(n)

This potential has degenerate minima for each value of a, as
we illustrate in Fig. 3. Moreover, the corresponding energy
density is

B 2sech?(3y)

PO) = =6 15a

[4 — (6 + a)sech? @y)] . (23)

which is depicted in Fig. 4, for some values of a.
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FIG. 3. The potential (22), depicted for @ = 0 (solid line), a =
0.2 (dashed line), and @ = 0.4 (dot-dashed line).
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FIG. 4. The energy density (23), depicted for o = 0 (solid line),
a = 0.2 (dashed line), and a = 0.4 (dot-dashed line).

IV. STABILITY

The investigation of linear stability of the gravity sector
of the braneworld model can be done assuming that the
metric is perturbed in the form

ds* = ey, + h,,(y, x)]dx*dx* — dy*. (24)
Furthermore, the scalar field is written in the form

¢ =p() +p(r.x). (25)

The linear contributions to Einstein’s equations are

1
2 hy, +2A'hy,

1
+5 e™410,0,, + 0,0%h

1 1
- E €_2ADhﬂD - E e_ZAnlwﬁa(?ﬂhaﬂ

- 9,0,h]

ap

1 1 2+ Sa + 1202
— R 2AH — —e AR+ T A
um [2 + ¢ =+ 27 5a
8(1+ a)

+ 2+ S5a

A’zh} =[245a) V& + (2 +3a)d' ' |n,.
(26)

where h = h* .
In the gravity sector, we can simplify the investigation of

stability considering the transverse traceless components of
metric fluctuations, that is,

dh,, = 0; h=0. (27)
Thus, we can check that Eq. (26) reduces to the form

(02 4+ 4A'0, — e **0)h,, = 0. (28)

We introduce the z coordinate in order to make the metric
conformally flat, with dz = ¢4 dy, and we write
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H

w(2) = e P 0n,, (29)

In this case, the four-dimensional components of 4, obey
the Klein—Gordon equation, and the metric fluctuations of
the brane solution lead to the Schroedinger-like equation

(02 + U(2)|Hy = p*H,, (30)
where
9 3
U(z) :ZAg +§AZZ. (31)
In this case, we can write
-02+U(z) =SS, (32)
where
d 3
=———A..
S PERE TS (33)

The operator —92 + U(z) is then non-negative, and the
gravity sector is linearly stable. We note that the stability
behavior in the gravity sector only depends on the warp
factor A(z). Since the warp factor does not depend on
a, the modification introduced by the auxiliary field does
not modify linear stability. For example, for the sine-
Gordon model (19), we can write the quantum potential
explicitly as

9 — 1072

U(z) =— m,

(34)

which was studied before in Ref. [10], in the absence of
auxiliary fields.

V. ENDING COMMENTS

In this work, we extended the first-order framework
developed in Ref. [7] to the new scenario, where Einstein’s
equation is generalized to include nondynamical or aux-
iliary fields. Our results show that the first-order equations
for ¢(y) and A(y) are

1 1
=W, A=—W
¢ 279 3
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and have the very same form we get in the standard
scenario. Although they remain unchanged, the potential
has to obey

2 -3a ’ 2

_ _ 2
824 5a) ? 3(2+5a)

V(o)

It explicitly depends on a, the parameter that controls
deviation from FEinstein’s equation. Thus, the energy
density also depends on a. It is formally given by

24+ a 2
— ,2A W2 _ W2 .
p=e (4(2 Y5a) ¢ 302+ 5a) )

We then see that, although both ¢(y) and A(y) have the
very same form they get in the absence of auxiliary fields,
the potential and the energy density change in this new
scenario.

This is a significant achievement, since the results
suggest a new braneworld scenario with robust gravity
sector which, differently from the standard braneworld
scenario, engenders an extra parameter, «, real. This
parameter can be used to control physical aspects of the
problem under study. Several issues can be investigated,
and here we mention the splitting of the brane, an
interesting effect that appears in specific models, as in
the one-field model described in Ref. [11] and in the two-
field or Bloch brane model described in Ref. [12]. We are
now investigating how the extra parameter a of the current
model may contribute to enhance the splitting of the brane.

We also mention the hierarchy problem and the addition
and entrapment of other fields to the brane [13-17]. Here
we understand that the parameter @ may be of use to drive
the model toward more realistic possibilities. In addition,
the proposed extension can be used to drive the model into
new cosmological scenarios, with a playing interesting
role; see, e.g., Ref. [5]. In the cosmological context,
baryogenesis is an important issue, and the current study
motivates us to approach baryogenesis with the present
extension, as also suggested in Ref. [18].
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